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Abstract

Tournaments are widely used models to represent pairwise
dominance between candidates, alternatives, or teams. We
study the problem of providing certified explanations for
why a candidate appears among the winners under vari-
ous tournament rules. To this end, we identify minimal sup-
ports—minimal sub-tournaments in which the candidate is
guaranteed to win regardless of how the rest of the tourna-
ment is completed (that is, the candidate is a necessary winner
of the sub-tournament). This notion corresponds to an abduc-
tive explanation for the question,“Why does the winner win
the tournament?”—a central concept in formal explainable
AI. We focus on common tournament solutions: the top cy-
cle, the uncovered set, the Copeland rule, the Borda rule, the
maximin rule, and the weighted uncovered set. For each rule
we determine the size of the smallest minimal supports, and
we present polynomial-time algorithms to compute them for
all solutions except for the weighted uncovered set, for which
the problem is NP-complete. Finally, we show how minimal
supports can serve to produce compact, certified, and intuitive
explanations for tournament solutions.

1 Introduction
Tournaments are well-known mathematical structures to
represent pairwise contests between alternatives, be they a
set of candidates in an election, different teams in a sport
league, or competing political proposals. A number of tour-
nament solutions have been proposed and studied in the
literature to aggregate the information represented in such
graphs and select a set of winning alternatives. For an intro-
duction, see Brandt, Brill, and Harrenstein (2016) and Fis-
cher, Hudry, and Niedermeier (2016).

As simple tools for collective decision making, tourna-
ment solutions are valuable for digital democracy. However,
their adoption will remain limited to small-scale, low-stakes
elections until further efforts are made to make them more
transparent and accessible to users (Grossi et al. 2024).
Leveraging techniques from explainable AI (XAI), in this
paper we propose to supplement tournament solutions with a
compact certified explanation, enabling voters to efficiently
verify the winning alternative while at the same time gaining
a clearer understanding of the tournament solution.

Copyright © 2026, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

XAI aims at helping human users to comprehend and trust
the outputs of AI systems. To this end, multiple properties
have been introduced to define effective explanations (see,
e.g., Miller 2019, for an introduction). First, an explana-
tion should contain the right quantity of information, en-
suring sufficiency without excess (see, e.g., the irreducibil-
ity and validity properties by Amgoud and Ben-Naim 2022,
and Amgoud, Cooper, and Salim 2024). Second, to foster
trust, only true statements supported by evidences should be
used (Kulesza et al. 2013). Third, the information provided
must be relevant to the problem at hand. Finally, an explana-
tion should be brief, organized and non ambiguous (see, e.g.,
empirical evidence by Delaunay et al. 2025). Grice (1975)
refers to these four criteria as quantity, quality, relation and
manner.

Since tournament solutions are white-box models, a natu-
ral candidate for an explanation is to provide voters with the
full information on the vote counts, to be able to recompute
the solution and verify it. However, this approach requires
more communication effort than necessary, does not provide
any new insight to understand the outcome, and is only ac-
cessible to experts or at least computer-savvy people for the
more advanced tournament solutions.

In the literature, three main options have been proposed
to explain and justify the choice returned by a given tourna-
ment solution. First, in social choice and welfare economics
(see, e.g., Arrow, Sen, and Suzumura 2010) one is presented
with a set of desirable axiomatic properties or an intuitive
mathematical structure that constitutes the normative justifi-
cation of a tournament solution (Cailloux and Endriss 2016;
Boixel, Endriss, and de Haan 2022; Nardi, Boixel, and En-
driss 2022; Peters et al. 2020). Yet, explaining why a deci-
sion is good does not necessarily help in explaining the ac-
tual decision-making process, since multiple outcomes can
be supported by different good reasons. Alternatively, voters
can be presented with detailed or aggregated data on their
expressed preferences, in the form of statements or features
of the election, manually computed or automatically ex-
tracted (Suryanarayana, Sarne, and Kraus 2022). Although
more accessible, the explanations produced in this way offer
no logical guarantee and may be insufficient to justify a spe-
cific result. Finally, a recent approach by Contet, Grandi, and
Mengin (2024) experiments with the use of abductive and
contrastive explanations from formal explanations in ma-
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Tournament
Solution

Computing
an SMS

Lower bound
on SMS size

Upper bound
on SMS size

Top Cycle O(m2) m− 1 m− 1

Uncovered Set O(m2) m− 1 m− 1

Copeland O(m2) m− 1 (m− 1)
⌊
m−1

2

⌋
Borda O(m2 log n)

⌈
n (m−1)2

m

⌉
(m− 1)

⌊
nm−1

2

⌋
Maximin O(m2 log n)

⌈
n
2

⌉
(m− 1) n(m− 1)

Weighted
Uncovered Set NP-complete n+m− 2 (n+ 1)(m− 1)

Table 1: Overview of our results for various tournament so-
lutions with n voters and m candidates. All bounds are tight.
Closed-form expressions of the SMSs size are also provided
for every solution but the weighted uncovered set.

chine learning (see, e.g., Shih, Choi, and Darwiche 2018,
Darwiche and Hirth 2020, Ignatiev et al. 2020, Marques-
Silva 2022), introducing them to a matrix-based voting set-
ting. However, these formal explanations often are not user-
friendly in view of their size and lack of visual structure.

In this paper we build on the latter proposal to introduce
the concept of minimal supports (MS) for tournaments so-
lutions, which encapsulate the core reasons why a tourna-
ment winner belongs to the winner set. We define minimal
supports of a winning alternative w for a given tournament
solution S on a tournament G as the set of all minimal sub-
tournaments of G for which w is a necessary winner, i.e., w
is the winner of S in all completions of the MS. MSs provide
a rigorous base to explain the outcome of a tournament, as
they correspond to abductive (or prime implicant) explana-
tions to the question “Why is w the S-winner of tournament
G?”. 1 To show how our explanations can be made acces-
sible, we provide efficient algorithms to select the smallest
MSs (SMS) and we show how to build rigorous, compact and
accessible explanations in natural language using MSs.

After introducing preliminary notions in Section 2, we in-
troduce in Section 3 the concept of minimal support for tour-
naments solutions. While the problem of finding smallest ab-
ductive explanations is often intractable (without constraints
on the classifier, the decision problem is ΣP

2-hard (Liberatore
2005)), in Section 4 we provide polynomial algorithms for
computing smallest minimal supports and closed-form ex-
pressions of their size for the top cycle (TC), the uncovered
set (UC), the Copeland rule (CO), the Borda rule (BO), and
the maximin rule (MM). We also show that the problem is
NP-complete for the weighted uncovered set (wUC). Addi-
tionally, we bound the size of the smallest MSs and show
that have underlying structure. In Table 1 we provide a de-
tailed overview of our technical results. Finally, in Section 5
we show how MSs can be used to deliver certified, compact,
and intuitive explanations in natural language.

1Abduction has been defined in a variety of ways in XAI for
ML and in logic-based explanations. In particular, sometimes it is
limited to “why not” questions (see, e.g., Eiter and Gottlob 1995).
In this paper, we follow the terminology of Ignatiev et al. (2020).

1.1 Related Work

We identified three approaches in the literature aiming to
explain voting outcomes. First, in the realm of voting with
rankings, Suryanarayana, Sarne, and Kraus (2022) com-
pared experimentally crowdsourced arguments with algo-
rithmic explanations using features of a preference profile
such as various notions of score. They showed that both ap-
proaches produce comparable results in terms of acceptance
and legitimacy of the process, and identified a positive effect
on the acceptance of the winner by the less satisfied users.
Second, a stream of papers mentioned earlier (Cailloux and
Endriss 2016; Boixel, Endriss, and de Haan 2022; Nardi,
Boixel, and Endriss 2022; Peters et al. 2020) developed a
logical calculus based on axiomatic properties to justify why
a candidate should be the winner in a preference profile,
building on the normative justification of voting rules. Third,
building on recent work in formal XAI, Contet, Grandi, and
Mengin (2024) explored the use of abductive explanations
in voting with rankings for the Borda rule.

In formal explainability, abductive explanations have a
dual structure called contrastive explanations (Ignatiev et al.
2020). If abductive explanations answer to questions such
as “Why is a the result of classifier F on input I?”, con-
trastive explanations answer questions of the form “Why is
b not the result of classifier F on input I?”. These counter-
factual questions are answered by identifying minimal sets
of input features that have the potential of reverting the clas-
sifier result, or that, if left unchanged, can guarantee that
the same outcome is reproduced. When applied to voting,
contrastive explanations are strongly related to the problem
of bribery, studied under various settings ranging from en-
tire changes of a voter’s ballot to limited modifications (see,
e.g., Faliszewski, Hemaspaandra, and Hemaspaandra 2009,
and Elkind, Faliszewski, and Slinko 2009). The setting con-
sidered in this paper, where each pairwise comparison can
be individually changed ignoring the transitivity of the pref-
erences, was introduced by Faliszewski et al. (2009).

The study of bribery in tournaments has lead Brill,
Schmidt-Kraepelin, and Suksompong (2020) to define the
notion of margin of victory, later extended by Döring and
Peters (2023), in an effort to refine the outcome of tourna-
ment solutions. Since contrastive explanations are answers
to “why not?” questions, they are great tools to show why a
losing alternative was not selected. However, explaining in-
dividually why each losing alternative did not win is not nec-
essarily a good explanation of why the winner was elected
(Lipton 1990).

While bribery is well-studied, its dual prob-
lem—defending against it, akin to finding abductive
explanations—could have been explored in similar depth.
However, to our knowledge, only Chen et al. (2021) studies
the computational complexity of protection against both
constructive and destructive bribery, showing that protection
is generally harder than the bribery problem itself.

Our approach is in line with the work of Beynier et al.
(2024), who provide explanations for the lack of local envy-
free allocations in fair division using formal methods akin to
abductive explanations and present them with graphs.
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(b) 5-weighted tournament Gw

Figure 1: A tournament and a 5-weighted tournament.

2 Preliminaries
Tournaments are well-studied structures used to represent
compactly pairwise comparisons among alternatives. In the
following presentation we use the framework of Aziz et al.
(2015). Formally, a partial tournament is a pair G = (C, E)
where C is a nonempty finite set of candidates or alterna-
tives and E ⊆ C × C is an asymmetric relation on C, i.e.,
(y, x) ̸∈ E whenever (x, y) ∈ E. A tournament G is a par-
tial tournament (C, E) for which E is also complete, i.e.,
either (x, y) ∈ E or (y, x) ∈ E for all distinct x, y ∈ C.

Let the number of voters n be a strictly positive integer. A
partial n-weighted tournament is a pair G = (C, µ) where
C is a nonempty finite set of candidates and µ : C × C →
{0, . . . , n} a weight function such that for all distinct x, y ∈
C, µ(x, y) + µ(y, x) ≤ n. We also assume µ(x, x) = 0
for every candidate x. A (complete) n-weighted tournament
satisfies for all distinct x, y ∈ C, µ(x, y)+µ(y, x) = n. Nat-
urally, (unweighted) tournaments can be seen as 1-weighted
tournaments.
Example 1. Consider tournament G = (C, E) in Figure 1a,
the arrow from node a to node b indicates that a is preferred
to b, or, that a beats b in a pairwise comparison. In the 5-
weighted tournament Gw = (C, Ew) in Figure 1b, the “3”
on the arrow from a to b means that 3 voters prefer a to b,
or, that a beats b in 3 pairwise comparisons.

In the remainder of this paper, edges of weighted tourna-
ment with a weight of zero are not represented.

A tournament solution (or rule) is a function S mapping
a tournament G = (C, E) (or a weighted tournament G =
(C, µ)) to a non-empty set of candidates S(G) ⊆ C. In this
paper we focus on six common and widely studied rules.

Let G = (C, E) be a complete tournament. A nonempty
subset of candidates A ⊆ C is called dominant in G if for
every candidate x ∈ A, for all candidates y ∈ C\A, (x, y) ∈
E. A candidate x ∈ C is said to cover another candidate
y ∈ C if for all z ∈ C, (y, z) ∈ E =⇒ (x, z) ∈ E.
• The top cycle (TC) is the (unique) minimal dominant

nonempty subset of candidates of G, i.e., the top strongly
connected component of G. Alternatively, it can also be
defined as the set of candidates that can reach every other
candidate via a directed path in G.

• The uncovered set (UC) is the (unique) nonempty subset
of candidates not covered by any other candidate in G.
Alternatively, it can also be defined as the set of candi-
dates that can reach every other candidate via a directed
path in G of length at most two.

• The Copeland score of a candidate c ∈ C in G = (C, E)
is σCO(c,G) = |{c′ : c′ ∈ C, (c, c′) ∈ E}|. The
Copeland rule (CO) selects candidates that have a maxi-
mal Copeland score.

Given n voters, let G = (C, µ) be a complete n-weighted
tournament. A candidate x ∈ C is said to weighted cover
another candidate y ∈ C if for all z ∈ C, µ(x, z) ≥ µ(y, z).

• The Borda score of a candidate c ∈ C in G = (C, µ)
is σBO(c,G) =

∑
c′∈C µ(c, c

′). The Borda rule (BO)
selects candidates that have a maximal Borda score.

• The maximin score of a candidate c ∈ C in G = (C, µ)
is σMM(c,G) = minc′∈C\{c} µ(c, c

′). The maximin rule
(MM) selects candidates that have a maximal maximin
score.

• The weighted uncovered set (wUC) is the nonempty sub-
set of candidates that are not weighted covered by any
other candidate in G. A path-based alternative definition
also exists (see Lemma 7).

Observe that these six tournament solutions can be orga-
nized in two families. First, there are the path-based solu-
tions: TC, UC and wUC which are solutions associated to
some notion of paths. Second, CO, BO and MM are rules
which score candidates where each candidate’s score can be
computed using only the pairwise comparisons between it
and the other candidates. We call them myopic-score so-
lutions. This distinction will become useful in Section 3.3
when discriminating between MSs.

3 Minimal Supports for Tournaments
This section adapts the definitions from the literature on for-
mal explanations to the case of tournaments, and proposes
three principles to choose among minimal supports.

3.1 MSs for Unweighted Tournaments
Abductive reasoning applied to tournament solutions ex-
plains the winner of a tournament by exhibiting a minimal
subset of the tournament such that the winner remains un-
changed. Let G = (C, E) and G′ = (C, E′) be two partial
tournaments, we say that G′ is an extension of G, denoted
G ⊆ G′, if E ⊆ E′. If E′ is complete, G′ is called a com-
pletion of G, and we write [G] for the set of completions
of G. To obtain a formal definition we use the concept of
necessary winner (Konczak and Lang 2005).

Definition 1. Given a partial tournament G, a tournament
solution S and a candidate c ∈ C, c is a necessary winner
of S in G if for every completion G′ ∈ [G] we have that
c ∈ S(G′). We write c ∈ NWS(G).

We now define minimal supports for tournaments:

Definition 2. Given a tournament G = (C, E), a tourna-
ment solution S and a winning candidate w ∈ S(G), a min-
imal support (MS) for w ∈ S(G) is a partial tournament
G′ ⊆ G such that:

(a) w ∈ NWS(G
′)

(b) G′ is ⊆-minimal, i.e., all partial tournaments G′′ ⊊ G′

are such that w ̸∈ NWS(G
′′).
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Figure 2: MSs for a ∈ UC(G) from Figure 1a.
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Figure 3: MSs for a ∈ MM(Gw) from Figure 1b.

Example 2. Consider tournament G in Figure 1a. The par-
tial tournament X represented in Figure 2a is an MS for
a ∈ UC(G). Note that X ⊆ G. What X shows is that a is
not covered by b since a is preferred to b; a is not covered
by c since a is preferred to b and b is preferred to c; a is
not covered by d since a is preferred to d. Hence, a is in the
uncovered set. Similar reasoning holds for Y in Figure 2b.

3.2 MSs for Weighted Tournaments
The case of weighted tournaments can be treated analo-
gously by simply defining an inclusion relation for weighted
tournaments. Let G = (C, µ) and G′ = (C, µ′) be two par-
tial n-weighted tournaments, we say that G′ is an exten-
sion of G, denoted G ⊆ G′, if µ(x, y) ≤ µ′(x, y) for all
(x, y) ∈ C×C. A completion of G is a complete n-weighted
extension, and both Definitions 1 and 2 apply.

Example 3. Consider Gw in Figure 1b, both I and J , rep-
resented in Figure 3, are MSs for a ∈ MM(Gw). Observe
that I ⊆ Gw and J ⊆ Gw. I shows that a achieves a max-
imin score of 3 and that no other candidate can beat it since
they all end up with 3 defeats against a. J only secures a
maximin score of 2 for a and uses additional pairwise com-
parisons among other candidates to show that they cannot
outperform a.

3.3 Selecting among MSs for Explanations
For a given tournament there might be an exponential num-
ber of different minimal supports since MSs are an instance
of a Sperner family, a family of subsets which do not con-
tain each others (Sperner 1928). Therefore in this section we
introduce criteria to select the most promising MSs from an
explainability point of view.

Every MS can be a certificate for an explanation since by
definition it is subset minimal and presents precisely enough

information to guarantee the outcome of the tournament.
Hence, looking back at the Gricean principles (Grice 1975)
mentioned in the introduction, all MSs are optimal for qual-
ity. However, we can still use the manner criteria to discrim-
inate between MSs since some can be smaller than others,
i.e., rely on a smaller total amount of information. This is
interesting from the perspective of formal verification since
it is easier to verify the correctness of smaller certificates
(imagine you have to call back participants or re-watch the
games between contestants to verify that the registered pref-
erences are correct).

To measure this amount of information in a general con-
text, we take inspiration from the bribery setting and we fix
the smallest atom of information to be the individual swap,
i.e., the preference of one voter in the pairwise comparison
between two candidates.
Definition 3. Given n voters, a partial n-weighted tourna-
ment G = (C, µ), and a winning candidate w ∈ S(G), we
define the size of an MS X = (C, µX ) for w ∈ S(G) as
|X | =

∑
(c,c′)∈C2 µX (c, c′). X is a smallest minimal sup-

port (SMS) for w ∈ S(G) if and only if for all MSs Y for
w ∈ S(G), we have |X | ≤ |Y|.
Example 4. In Figure 2, |X | = 3, |Y| = 3 and both are
SMSs for a ∈ UC(G). Both I and J in Figure 3 are MSs
for a ∈ MM(Gw). However, I is smaller than J as |I| = 9
and |J | = 13. Only I is an SMS for a ∈ MM(Gw).

Smallest MSs for weighted tournaments can be viewed
as MSs such that no strictly smaller MS exists for the ℓ1-
norm (||x||1 =

∑
i∈I |xi|) of the tournament weight vector.

For unweighted tournaments this reduces to minimizing the
number of edges.

To further select MSs, we propose two additional criteria
to choose among SMSs depending of the type of tournament
solution. For the path-based solutions, it is natural for sim-
plicity purposes to look for SMSs containing the shortest
paths between the winning candidate and the other ones.
Definition 4. Given a complete tournament G = (C, µ), a
tournament solution S, and a winning candidate w ∈ S(G),
a shortest-path SMS X for w ∈ S(G), is an SMS such that
for all c ∈ C \ {w}, the directed path from w to c in X is the
shortest in G.
Example 5. Looking back at Figure 2, the path from a to d
is 1-long in X and 2-long in Y as it goes through b. Hence,
we will prefer X with its shorter paths.

For the myopic-score solutions, we argue that it is better
to put more emphasis on the good performances of the win-
ner rather than its opponents bad ones. Typically, if a can-
didate is a Condorcet winner, we would like to show it like
I in Figure 3a. In this perspective, we will prioritize SMSs
containing the highest number of won pairwise comparisons
by the considered tournament winner.
Definition 5. Given n voters, a partial n-weighted tourna-
ment G = (C, µ), a tournament solution S, and a winning
candidate w ∈ S(G). Given an SMS X = (C, µX ) for
w ∈ S(G), we define the win count of X as WC(X ) =∑

c∈C µX(w, c). X is a maxwin-SMS if and only if for all
SMSs Y for w ∈ S(G), we have WC(X ) ≥ WC(Y).
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4 Computing SMS
In this section we present the technical results of this pa-
per, characterizing the MSs and SMSs for common tour-
nament solutions, and providing polynomial algorithms for
their computation when this is possible. All missing proofs
can be found in the full version of this paper (Contet, Grandi,
and Mengin 2025).

4.1 Top Cycle and Uncovered Set
Top cycle (TC) selects the smallest dominating set of can-
didates, or, in graph-theoretic perspective, the top strongly-
connected component. Here we use an alternative charac-
terization based on paths to prove that all MSs for TC are
directed trees.

Proposition 1. Given a complete tournament G = (C, E),
and a winning candidate w ∈ TC(G), for all MSs X for
w ∈ TC(G), X is a w-rooted out-tree, i.e., for all c ∈ C \
{w}, there exists a unique directed path from w to c in X .

Proof. Let X = (C,EX ) be an MS for w ∈ TC(G). Sup-
pose there exists c ∈ C \ {w} such that there is no di-
rected path from w to c in X . Let Y be a completion of
X such that w and all the candidates reachable from w in
X lose their missing pairwise comparisons, i.e. such that
∀(u, v) ∈ Rw × C, (u, v) ∈ Y implies (u, v) ∈ X or
v ∈ Rw where Rw is the set of reachable candidates from
w. Then no new candidate is reachable from w in Y . Thus,
there is no path in Y from w to c. Hence, w ̸∈ TC(Y) and
w ̸∈ NWTC(X ) and X is not a an SMS for w ∈ TC(G).
Contradiction. Hence, for all c ∈ C \ {w}, there exists a
directed path from w to c in X .

Let us now show that for all c ∈ C \ {w}, there exists a
unique directed path from w to c in X . Suppose that there ex-
ists c∗ ∈ C\{w} such that there are two directed paths p′ and
p′′ from w to c∗ in X such that p′ ends with (c′, c∗) ∈ EX ,
p′′ ends with (c′′, c∗) ∈ EX and c′ ̸= c′′. For all c ∈ C\{w},
we know there exists a directed path pc from w to c in X . Let
Y = (C, EY) be such that EY = EX \ {(c′′, c∗)}. If pc does
not contain (c′′, c∗), Y also contains pc. Else, if pc contains
(c′′, c∗), pc can be decomposed as p′′◦p′c where ◦ is the con-
catenation and p′c a path from c∗ to c. p′◦p′c is a directed path
from w to c in Y . For all c ∈ C \ {w}, there exists a directed
path from w to c in Y , thus w ∈ NWTC(Y) but Y ⊊ X so
X is not an MS for w ∈ TC(G). Contradiction.

From the common structure shared by MSs for TC, we
can show that all MSs and thus SMSs have the same size.

Theorem 2. Given a complete tournament G = (C, E) with
|C| = m, and a winning candidate w ∈ TC(G), for all MSs
X for w ∈ TC(G), we have |X |=m− 1.

Finally, computing a shortest-path SMS for TC can be
achieved in polynomial time with Dijkstra’s algorithm (Di-
jkstra 1959).

Proposition 3. Given a complete tournament G = (C, E)
with |C| = m, and a winning candidate w ∈ TC(G), there
exists an algorithm which computes a shortest-path SMS for
w ∈ TC(G) in O(m2).

Like TC, the uncovered set (UC) has a characterization
based on the existence of directed paths between the win-
ner and the other candidates, except that these paths have a
maximum length of two. Hence, the following results can be
derived from the previous propositions.

Corollary 4. Given a complete tournament G = (C, E),
and a winning candidate w ∈ UC(G), for all MSs X for
w ∈ UC(G), X is a w-rooted out-tree of depth at most 2,
i.e., for alls c ∈ C \ {w}, there exists a unique directed path
of length at most 2 from w to c in X .

Corollary 5. Given a complete tournament G = (C, E)
with |C| = m, and a winning candidate w ∈ UC(G), for
all MSs X for w ∈ UC(G), we have |X |=m− 1.

Corollary 6. Given a complete tournament G = (C, E)
with |C| = m, and a winning candidate w ∈ UC(G), there
exists an algorithm which computes a shortest-path SMS for
w ∈ UC(G) in O(m2).

4.2 Weighted Uncovered Set
To construct SMSs for the weighted uncovered set (wUC),
one can generalize the alternative characterization of the un-
covered set to the case of weighted tournaments given by
Döring and Peters (2023).

Lemma 7 (Lemma 2.2 in Döring and Peters 2023). Given
n voters, a complete n-weighted tournament G = (C, µ),
the weighted uncovered set is the nonempty subset of can-
didates that can reach every other candidate via a directed
path (c, c′) such that µ(c, c′) > µ(c′, c) or a directed path
(c, c′, c′′) such that µ(c, c′) > µ(c′′, c′) in G.

From Lemma 7, we obtain a result similar to Corollary 4
on the structure of any minimal support for wUC.

Proposition 8. Given n voters, a complete n-weighted tour-
nament G = (C, µ), a winning candidate w ∈ wUC(G), for
all MSs X = (C, µX ) for w ∈ wUC(G), X is a w-rooted
out-tree of depth at most 2 such that for all losing candi-
dates c ∈ C \ {w}, µX (w, c) ≥ ⌈(n + 1)/2⌉ or there exists
a unique c′ such that µX (w, c′) + µX (c′, c) ≥ n+ 1.

Even if MSs for wUC follow a structure similar to the
unweighted case, we now show that deciding whether there
exists a MS smaller than a given size is NP-complete.

Theorem 9. Given n ≥ 2 voters, a complete n-weighted
tournament G = (C, µ), a winning candidate w ∈
wUC(G), and an integer k, determining if there exists an
MS of size at most k is NP-complete.

Proof sketch. To prove NP membership, note that Proposi-
tion 8 gives an easy to verify structure to identify if a partial
tournament is an MS for wUC.

To prove NP-hardness, we proceed with a reduction from
the NP-complete SET COVER problem (Karp 1972). Given
an instance of set cover problem with a universe U of p el-
ements and a set S of q subsets of U , we show that there
exists a set cover of size less than k ∈ N if and only if there
exists an MS for wUC of size less than k′ = p+ q+ k for a
designated winner in a specific tournament with candidates
associated to each element of U and S.
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Even if computing SMSs for wUC is a hard problem, we
provide tight bounds on their size.

Proposition 10. Given n ≥ 2 voters, a complete n-weighted
tournament G = (C, µ) with |C| = m ≥ 3, and a winning
candidate w ∈ wUC(G), for all SMSs X for w ∈ wUC(G),
we have n+m− 2 ≤ |X | ≤ (n+ 1)(m− 1).

4.3 Maximin
The maximin rule (MM) selects the candidates with the least
worst performance in a head-to-head against another alter-
native. Thus, an MS for MM must guarantee overall good
performances for the winner while ensuring that the other
candidates perform poorly at least once.

Lemma 11. Given n voters, a complete n-weighted tourna-
ment G = (C, µ), and a winning candidate w ∈ MM(G)
with a maximin score of σw, for all MSs X = (C, µX ) for
w ∈ MM(G), there exists t ≤ ⌈n/2⌉ such that, for all
c ∈ C \ {w}, µX (w, c) ≥ t and there exists c′ ∈ C such
that µX (c′, c) ≥ n− t.

From the previous characterization, we can derive a
closed-form expression for the size of an SMS for MM.

Theorem 12. Given n voters, a complete n-weighted tour-
nament G = (C, µ) with |C| = m, and a winning candidate
w ∈ MM(G) with a maximin score of σw, for all SMSs X
for w ∈ MM(G), we have |X |=n(m − 1) − t|{c : c ∈
C, µ(w, c) ≥ n− t}| where t = min(σw, ⌊n/2⌋).

Proof. According to Lemma 11, for each candidate differ-
ent from w, n = t+n− t pairwise comparisons are needed.
However, one can optimize the size of the MS when w wins
n− t pairwise comparisons against an opponent c by cover-
ing both constraints at once. Indeed, let X = (C, µX ) be an
SMS for w ∈ MM(G) and t ≤ ⌊n/2⌋. For all c ∈ C such
that µ(w, c) ≥ n− t, if we have µX (w, c) = n− t, then for
all completions X ′ of X , we have µX ′(w, c) ≥ n−t ≥ t. For
all the other candidates c ∈ C such that µ(w, c) < n− t, we
take µX (w, c) = t and µX (c′, c) = n− t for some candidate
c′ ∈ C such that µ(c′, c) ≥ n − t. Then for all completions
X ′ of X , we have µX ′(w, c) ≥ t and µX ′(c′, c) ≥ n− t. Let
t = min(σw, ⌊n/2⌋), for all losing candidates c ∈ C \ {w},
either µ(w, c) ≥ n− t and only n− t pairwise comparisons
are needed else n = n − t + t comparisons are needed.
With k = |{c : c ∈ C, µ(w, c) ≥ n − t}|, we have
|X | = (n− t)k + n(m− 1− k) = n(m− 1)− tk.

We provide tight bounds on the size of an SMS for MM.

Corollary 13. Given n voters, a complete n-weighted tour-
nament G = (C, µ) with |C| = m, and a winning candidate
w ∈ MM(G) with a maximin score of σw, for all SMSs X
for w ∈ MM(G), we have

⌈
n
2

⌉
(m− 1) ≤ |X |≤n(m− 1).

Computing a maxwin-SMS for MM can be achieved by
analyzing the local neighborhood of each candidate.

Proposition 14. Given n voters, a complete n-weighted
tournament G = (C, µ) with |C| = m and a winning can-
didate w ∈ MM(G), there exists an algorithm which com-
putes a maxwin-SMS for w ∈ MM(G) in O(m2 log n).

4.4 Borda and Copeland Rules
The Borda rule (BO) chooses the set of candidates with a
maximal total amount of wins across all pairwise compar-
isons with the other candidates.

We show that the size of an SMS for BO only depends
on the Borda score of the winner and its worst performance
against the other candidates.

Theorem 15. Given n voters, a partial n-weighted tourna-
ment G = (C, µ) with |C| = m, and a winning candidate
w ∈ BO(G) with a Borda score of σw. For all SMSs X for
w ∈ BO(G):

• if σw ≤ n(m− 1)−minc̸=w µ(w, c) then
|X |=(m− 1)(n(m− 1)− σw)

• else |X |=n(m− 1)−min(⌊n(1− 1/m)⌋,min
c̸=w

µ(w, c)).

From the characterization of the size of SMSs for BO, we
derive tight upper and lower bounds on SMSs size.

Corollary 16. Given n voters, a partial n-weighted tourna-
ment G = (C, µ) with |C| = m, and a winning candidate
w ∈ BO(G). For all SMSs X for w ∈ BO(G), we have⌈
n(m−1)2

m

⌉
≤ |X | ≤ (m− 1)

⌊
nm−1

2

⌋
.

We now show that we can compute a maxwin-SMS in
polynomial time.

Proposition 17. Given n voters, a complete n-weighted
tournament G = (C, E) with |C| = m, and a winning candi-
date w ∈ BO(G), there exists an algorithm which computes
a maxwin-SMS for w ∈ BO(G) in O(m2 log n).

Finally, we show that all SMSs share a similar structure
centered around the winner’s wins by bounding the differ-
ence in terms of win count between SMSs.

Proposition 18. Given n voters, an n-weighted tourna-
ment G = (C, µ), and a winning candidate w ∈ BO(G),
for all SMSs X ,Y for w ∈ BO(G), we have |WC(X ) −
WC(Y)| ≤ max(1, n

2 ).

Since the Copeland rule (CO) coincides with the Borda
rule on 1-weighted tournaments, the following results are a
special case of the previous results obtained on Borda.

Corollary 19. Given a complete tournament G = (C, E)
with |C| = m and a winning candidate w ∈ CO(G) with a
Copeland score of σw, for all SMSs X for w ∈ CO(G):

• if w is a Condorcet winner then |X |=m− 1

• else |X |=(m− 1)(m− 1− σw).

Corollary 20. Given a complete tournament G = (C, E)
with |C| = m and a winning candidate w ∈ CO(G), for all
SMSs X for w ∈ CO(G)m− 1 ≤ |X | ≤ (m− 1)

⌊
m−1
2

⌋
.

Corollary 21. Given a complete tournament G = (C, E)
with |C| = m and a winning candidate w ∈ CO(G), there
exists an algorithm which computes a maxwin-SMS for w ∈
CO(G) in O(m2).
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a is part of the uncovered set because
• a is not covered by b since a is preferred to b

• a is not covered by c since a is preferred to b and b is preferred
to c

• a is not covered by d since a is preferred to d
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3

d

3
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(g)

a is part of the maximin set because
• a wins at least 2 pairwise comparisons in each head-to-head
• b wins at most 2=5-3 pairwise comparisons in one head-to-head
• c wins at most 2=5-3 pairwise comparisons in one head-to-head
• d wins at most 2=5-3 pairwise comparisons in one head-to-head

(h)

Figure 4: From a tournament (a) and a weighted tournament (e), we compute a smallest minimal support for a ∈ UC(G) (b) and
for a ∈ MM(G) (f). We identify and visualize their underlying structure as a a-rooted tree (c) or by mean of the out-going edges
in the neighborhood of the winning candidate and the in-going edges in those of the losing candidates (g). Finally, we produce
textual explanations based on these structures (d) and (h). Examples for the remaining tournament solutions are available in the
full version of this paper (Contet, Grandi, and Mengin 2025).

5 Certified User-Friendly Explanations
We now inspect MSs in light of the four Gricean principles
underpinning effective explanations that we sketched in the
introduction: quantity, quality, relation and manner (Grice
1975). The formal grounding of MSs ensure that the rea-
soning is sound, thus covering quality. By definition, MSs
provide the minimal information necessary to ensure that a
designated candidate is among the election winners. Thus,
MSs are informative enough to support our goal and verify
both the quantity and relation principles. Regarding manner,
or the way information is delivered, it is possible to create
explanations containing the smallest amount of information
necessary thanks to our algorithms efficiently computing the
smallest MSs for five out of the six studied solutions.

However, MSs still suffer from two flaws that limit their
explanatory power. First, MSs are (multi-)sets of pairwise
comparisons, with a flat structure that makes it hard to gain
insights from the unfolding of the tournament solution. Sec-
ond, their formal nature renders them more suited to be han-
dled by machines or by domain experts than end-users. We
propose to address these shortcomings by capitalizing on our
structural results for MSs to organize the explanation, and by
showcasing how to automatically produce intuitive textual
explanation from MSs.

Figure 4 presents two examples of this process. For path-
based rules such as UC, MSs can be presented as a rooted
out-tree encompassing all directed paths from the winner
to the other candidates (Figure 4c), with each path corre-
sponding to a bullet point in the textual explanation (see
Figure 4d). For myopic-score rules such as MM, MSs can
present the neighborhoods of each candidate (see Figure 4g)
from which candidates’ scores can be bounded to create a
compact textual explanation (see Figure 4h).

6 Conclusions
Minimal supports are compact structures that can serve as
certified explanations for tournament solutions. In this pa-
per we have characterized the structure and given the size of
smallest minimal supports for well-known tournament so-
lutions, and provided polynomial algorithms for their com-
putation for all but one case. By exploiting our characteri-
zations we have also provided rigorous intuitive visual and
textual presentations of a minimal support to demonstrate
their applicability as human-oriented explanations.

Minimal supports also have far-reaching connections with
several classical problems in computational social choice. In
contrast with previous results on the margin of victory (Brill,
Schmidt-Kraepelin, and Suksompong 2020; Döring and Pe-
ters 2023) for the top cycle, the uncovered set, Copeland, and
Borda, we prove that the size of a smallest minimal support
is the same for every candidate in the winner set, prevent-
ing its use as a refinement of those tournament solutions.
From a query complexity perspective, while the top cycle
and the uncovered set require Ω(m2) queries (Maiti and Dey
2024, Theorem 3.5 & 3.8), we show that, with a perfect ora-
cle, exactly m− 1 queries are needed. Although finding the
smallest minimal explanation is generally hard, we provide
algorithms for the top cycle, the uncovered set, Copeland,
maximin and Borda with complexity O(m2 log n), which
corresponds to the size of a tournament.

Several key directions merit further exploration: empir-
ically evaluating the usefulness of the presented explana-
tions, studying a broader range of rules, and analyzing struc-
tural properties of minimal supports. Finally, in an approach
similar to that of De Donder, Le Breton, and Truchon (2000),
minimal supports for different rules on the same tournament
could be compared from a set-theoretical perspective.
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