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Abstract

In this paper, we study the Facility Location Problem with
Scarce Resources (FLPSR) under the assumption that agents’
type follows a probability distribution on [0,1]. In the
FLPSR, the goal is to identify the optimal locations for one or
more capacitated facilities to maximize Social Welfare (SW),
defined as the sum of the utilities of all agents. Since the to-
tal capacity of the facilities is insufficient to serve all agents,
they compete in a First-Come-First-Served game to get ac-
commodated. The main contribution of the paper ties Opti-
mal Transport theory to the problem of selecting a truthful
mechanism tailored to the agents’ distributions. For the case
of a single facility, we show that an optimal mechanism al-
ways exists. We examine three classes of probability distribu-
tions and characterize the optimal mechanism analytically or
provide a routine to numerically compute it. We extend our
results to the case in which we have two capacitated facilities
to place. Initially, we assume that agents are independent and
identically distributed, but our techniques generalize to sce-
narios where agents are not identically distributed. Finally, we
validate our findings through several numerical experiments,
including: (i) deriving optimal mechanisms for the class of
beta distributions, (ii) assessing the Bayesian approximation
ratio of these mechanisms for small numbers of agents, and
(iii) assessing how quickly the expected mechanism SW con-
verges to its limit.

Code — https://github.com/gauricchio93-
boop/aaai26_FLP_with_Scarce_resources

Extended version — https://arxiv.org/abs/2412.00563

Introduction

The m-Capacitated Facility Location Problem (m-CFLP)
extends the m-Facility Location Problem (m-FLP) by incor-
porating a constraint that limits the number of agents a fa-
cility can accommodate (Brimberg et al. 2001; Pal, Tardos,
and Wexler 2001; Aardal et al. 2015). Both m-FLP and m-
CFLP are fundamental subproblems in various applications
within social choice theory, including disaster relief (Bal-
cik and Beamon 2008), supply chain management (Melo,
Nickel, and da Gama 2009), healthcare systems (Ahmadi-
Javid, Seyedi, and Syam 2017), and public facility accessi-
bility (Barda, Dupuis, and Lencioni 1990). At its core, the

Copyright © 2026, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

16647

m-CFLP involves determining the locations of m facilities
based on the positions of n agents, with each facility sub-
ject to a capacity constraint that limits the number of agents
it can serve. While the algorithmic aspects of this problem
have been extensively studied in the literature (Brimberg
et al. 2001), the mechanism design aspects have only re-
cently begun to attract attention of computer scientists (Aziz
et al. 2020b). In mechanism design, facility location prob-
lems are examined under the assumption that each agent
gets a utility that depends on the location of the facility.
When agents self-report their positions, optimizing a com-
munal objective is susceptible to manipulation driven by the
agents’ selfishness. Thus, a property that a mechanism must
possess is truthfulness, which ensures that no agent can ben-
efit by misrepresenting their private information. Truthful-
ness, however, forces the mechanism to select suboptimal
locations, causing an efficiency loss described by the ap-
proximation ratio—the worst-case ratio between the objec-
tive achieved by the mechanism and the optimal objective
attainable (Nisan and Ronen 1999).

In this paper, we study the Facility Location Problem with
Scarce Resources (FLPSR), a variant of the m-CFLP where
the facilities cannot accommodate all the agents (Aziz et al.
2020b). This framework differs from the one proposed in
(Aziz et al. 2020a) for two reasons: (i) the total capacity of
the facilities is lower than the total number of agents, leav-
ing some agents unaccommodated, and (ii) the mechanism
designer does not enforce an agent-to-facility assignment.
Consequently, after the facility positions are determined,
agents compete in a First-Come-First-Served (FCFS) game
to access the facilities. While the classic worst-case analysis
provides valuable insights for scenarios where the mecha-
nism designer lacks prior information on the agents’ posi-
tions, it does not offer flexibility for tuning the mechanism.
In fact, if the agents belong to a population whose density is
known, the best mechanism according to worst-case analysis
may not be the optimal choice, as the next example shows.

Example 1 (Motivating Example.) Let us consider the
case in which n agents living on a street, modeled as the seg-
ment [0, 1], participate in an eliciting routine to place a sin-
gle facility able to accommodate 20% of the population. The
agents’ density on the road yi is known and is represented by
the density function f,(x) = 2(1 —z), with x € [0,1]. Once
the facility position y is determined, the set of agents accom-



modated by vy is the 20% of the population that is closer to
y, Le. the set of agents accommodated by y is Br(y) where
the radius R > 0 is such that ;((Br(y)) = 0.2. Finally,
an agent located at x that gets accommodated by y gets an
utility equal to 1 — |x — y|. From (Aziz et al. 2020D), it is
known that the truthful mechanism achieving the lowest ap-
proximation ratio is the median mechanism, namely M ed,
which places the facility at the position of the median agent.
We give a graphical representation of the problem in Figure
1. For n large enough, the median mechanism locates the
facility at the median of y (De Haan and Taconis-Haantjes
1979), thatisy = 1 — % ~ 0.29. The median mechanism

thus induces an expected Social Welfare (SW)—defined as the
expected total utility accrued by the agents—equal to

. 0.294+R

E, [SWhrea(X)] %/ (1 o — 0.20])f, (x)dz ~ 0.19
0.29-R

where R ~ 0.07 is the radius of the ball centered in 0.29 that
encompasses 20% of the population. Let us now consider
the decile mechanism (D M ), which places the facility at the
location of the | {5 | leftmost agent. For n large enough, the
decile mechanism places the facility at y' ~ 0.05. Therefore
the expected SW of the decile mechanism is

. 0.05+R

E,[SWpar (X)] ~ / (1—[2—0.05]) £, ()dar ~ 0.2,
0.05—R

where R ~ 0.06 is the radius of the ball centred in 0.05 that

encompasses 20% of the population. Thus, contrary fo the

classic analysis (Aziz et al. 2020b), DM induces a higher

expected SW than the median mechanism.

Motivated by this example, we study the problem of iden-
tifying the optimal mechanism for the Facility Location
Problem with Scarce Resources (FLPSR) when the agents’
positions follow a probability distribution. Under these con-
ditions, we connect the FLPSR to Optimal Transport theory
and show that the expected SW converges when the number
of agents goes to infinity and characterize its limit.

Our Contribution. First, we consider the one facility
case. Given a probability measure . and the facility capacity
g, we introduce the radius function R, ; which, given y re-
turns the unique value of r that satisfies u([y—r, y+7]) = ¢.
The radius function identifies the set of agents accommo-
dated by the facility located at y when the number of agents
goes to infinity. Through R, ,, we connect the FLPSR
to Optimal Transport, allowing us to (i) characterize the
asymptotic expected SW induced by a facility position y and
(ii) show that for every probability distribution there exists
a mechanism whose asymptotic expected SW is equal to the
optimal expected SW attainable. We then extend our results
to the case where agents are not identically distributed.
Second, we extend our study to the two facilities case. We
are interested in Equilibrium Stable (ES) percentile mecha-
nisms, i.e. mechanisms whose outcome induce a unique So-
cial Welfare (Auricchio, Clough, and Zhang 2024). In this
case, defining an ES mechanism whose asymptotic SW co-
incides with the optimal SW attainable is often impossible.
For example, no optimal ES mechanism can be defined when

)
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Figure 1: The agents’ distribution f,, along with the facility
identified by the Median Mechanism (in red) and the facility
identified by the Decile Mechanism (in green). The red and
green area describes the set of agents accommodated by the

red and green facility, respectively.

the sum of the capacities is larger than % We then character-
ize a set of necessary and sufficient conditions under which
there exists an optimal ES mechanism and use it to retrieve
the optimal mechanism for specific cases. When an opti-
mal mechanism does not exist, we consider the best mecha-
nisms, i.e. the ES mechanisms that attain the maximum SW.
In particular, we characterize the best mechanism when p
and ¢ = (¢1,¢2) satisfy some mild assumptions. We con-
clude by proposing a search routine that finds the best ES
mechanism for the cases not covered by previous results.
Lastly, we run several numerical experiments to vali-
date our findings. In particular, we empirically assess the
Bayesian approximation ratio of the percentile mechanisms
found via our routines for small number of agents. Our re-
sults confirm that our mechanisms achieve a small Bayesian
approximation ratio (< 1.02) even when the number of
agents is less than 100. We also evaluate the speed at which
the expected SW attained by the mechanism converges to
its theoretical limit. All our experimental results confirm our
theoretical results and proves that expected SW of the mech-
anisms obtained by our routine is optimal or quasi-optimal.
Due to space limits, proofs are deferred to the Appendix.

Related Work. The mechanism design aspects of the m-
FLP were firstly considered in (Procaccia and Tennenholtz
2013), where the authors studied the problem of eliciting
the position of a facility from the reports of n self-interested
agents. Following this seminal work, various mechanisms
with constant approximation ratios for placing one or two
facilities on lines (Filos-Ratsikas et al. 2017), trees (Feldman
and Wilf 2013), and generic metric spaces (Meir 2019) were
introduced. In this work, we consider the Facility Location
Problem with Scarce Resources introduced in (Aziz et al.
2020b), where the authors studied the problem of locating a
facility with insufficient capacity in [0, 1]. This framework
was later extended to the case in which there is more than
one facility (Auricchio, Clough, and Zhang 2024).
Bayesian mechanism design (Hartline and Lucier 2010;
Chawla and Sivan 2014) is an alternative framework for
mechanism design where agents’ private information follow



a probability distribution. This framework has been explored
for routing games (Gairing, Monien, and Tiemann 2005),
combinatorial mechanisms (Lucier and Borodin 2010),
and auction mechanism design (Hartline and Roughgarden
2009). To our knowledge, only two other papers have stud-
ied a variant of the FLP within a Bayesian mechanism design
framework: (Auricchio and Zhang 2026, 2024) which stud-
ies the classic m-FLP problem where facilities do not have
a capacity limit and (Auricchio, Zhang, and Zhang 2024)
which examines the m-CFLP under the assumption that the
mechanism designer can force agents to use a specific fa-
cility. Notice that previous works on Bayesian mechanism
design for FLP variants assume that the total facility capac-
ity exceeds the number of agents. In our case in study this
assumption does not hold; making prior techniques inappli-
cable as they overlook the FCFS game dynamics and fail to
ensure the Equilibrium Stability of the mechanisms.

Lately, Optimal Transport-based methods have found
their application within the broad landscape of Theoretical
Computer Science. Notable examples include Computer Vi-
sion (Rubner, Tomasi, and Guibas 1998; Pele and Werman
2009), Computational Statistics (Levina and Bickel 2001),
and Machine Learning in general (Scagliotti 2023; Frogner
et al. 2015; Cuturi and Doucet 2014). However, there have
been limited advancements in applying OT theory to mech-
anism design. To the best of our knowledge, only auction
design (Daskalakis, Deckelbaum, and Tzamos 2013), the m-
FLP (Auricchio and Zhang 2026), and the m-CFLP (Auric-
chio, Zhang, and Zhang 2024) leverage OT theory to design
mechanisms tuned to the distribution of agents’ preferences.

Preliminaries

First we recall the basic notions on FLP with Scarce Re-
sources, Bayesian Mechanisms Design and OT.

The FLP with Scarce Resources. Let & € [0,1]” be the
position of n agents in [0, 1] and let ¢ = (g1, - - ., ¢m ) be the
m-dimensional vector containing the percentage capacities
of the m facilities, so that the j-th facility accommodates
up to |g;n] agents. The total capacity of the facilities is less
than the number of agents, hence ) jerm 4 < 1. We denote

with ¢ = (y1, - .., ym) the positions of the facilities, so that
the j-th facility has position y; and capacity g;.

Once ¢ is fixed, agents compete in a First-Come-First-
Served (FCFS) game to access the facilities. In a FCFS game
each agent selects one of the facilities, so that the set of
strategies of each agent is [m] := {1,2,...,m}. Then, the
|g;n ] agents that are closer to y; and that have selected strat-
egy j get accommodated by y; and receive a utility equal to
1 — |z; — yj|, otherwise the agent gets zero utility. Given a
facility position ¢/, the FCFS game has at least one pure Nash
Equilibrium (Auricchio, Clough, and Zhang 2024). The SW
of the facility location 4 according to a NE, namely -, is the
sum of all the agents’ utilities when agents play according
to vy, ie. SWo(Z,4) = > ey i@, 7). Whenm = 1,
the NE of the FCFS game is unique, however, when m > 2,
the NE is not unique and the SW depends on the NE (Auric-
chio, Clough, and Zhang 2024). The Facility Location Prob-
lem with Scarce Resources (FLPSR) consists in finding the
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locations 3/ that maximizes the SW across all the NEs.

Bayesian Mechanism Design. Given m capacities ¢, a
mechanism for the FLPSR is a function M : [0, 1]" — R™
that maps a vector containing the agents’ reports to a fa-
cility location /. In what follows, we consider the family of
percentile mechanisms (Sui, Boutilier, and Sandholm 2013).
Given a percentile vector € [0, 1], the percentile mecha-
nism induced by 7, namely P.M 5, determines the positions
of the facilities by placing the j-th facility at the position of
the |p;(n — 1)] + 1 leftmost agent. Every percentile mech-
anism is uniquely determined by the percentile vector .

A mechanism M is said to be truthful if no agents can
misreport their true position to increase their utility, regard-
less of the others agents’ reports and the other agents’ strate-
gies adopted in the FCFS game. More formally,

—

max_ u; (T, M(%);s;,5_;) > max u;(Z, M(7'); s, 5

si€[m] si€[m] v l>7
where (1) & = (x},Z_;) for every z; € [0, 1], (ii) s; rep-
resents the i-th agent strategy, and (iii) Z_; and §_;, are the
vectors containing the positions and strategies of the other
n — 1 agents. A mechanism is Equilibrium Stable (ES) if,
for every possible input &, all the NEs induced by the mech-
anism’s output attain the same SW. If m = 1 each truthful
mechanism is ES, however, when m > 2 a percentile mech-
anism induced by ¢ is ES if and only if

[vj+1(n=1)| = [vj(n—=1)] > [(gj+1 +g;)(n—=1)], (1)

forevery j = 1,...,m — 1. Following the Bayesian mecha-
nism design framework, we assume that agents’ type is rep-
resented by a random variable X; with an associated proba-
bility distribution f;. Given a percentile mechanism PM,
the Bayesian approximation ratio of P M is the ratio be-
tween the expected SW of P M and the expected optimal

SW, that is Bg’ﬁ)(f) = %, where SWopt()Zn) is

the maximum SW attainable across all the NEs and [E de-
notes the expected value over the joint distribution of X,,.

Optimal Transport. Let P(R) be the set of probability
measures over R. Given 1 € P(R) and a positive measure
v over R, such that ¥(R) < 1, the Wasserstein distance be-

tween p and v is defined as
/ ‘Jf - y|d71',
RxR

where TI(u, v) is the set of transportation plans between 1
and v, i.e. the probability measures over R x R whose first
marginal is p and the second marginal stochastically domi-
nates v (Pele and Werman 2009). For a complete introduc-
tion to the Wasserstein distances, we refer to (Villani 2009).

min

Wi (/”'a V) = REM ()

2

Basic Assumptions. Finally, we outline the set of assump-
tions that we tacitly assume to be true throughout the rest of
the paper. First, since agents are located over [0, 1], we as-
sume that the agents’ distribution p is supported over [0, 1].

Second, we assume that y is absolutely continuous, i.e.
it is induced by a probability density f,. Without loss of
generality, we assume f,, to be continuous and positive up



to a finite number of points, as any probability measure can
be approximated by such distribution (Villani 2009).

Third, we restrict our study only percentile mechanisms
since, to the best of our knowldge, these are the only mecha-
nisms know to be ES (Auricchio, Clough, and Zhang 2024).

The One Facility Case

Given a n dimensional vector containing the positions of n
agents T € [0, 1]™, let y be the position at which the facil-
ity is located. We denote with p; the probability distribution
associated to the i-th agent and denote with ¢ the percent-
age capacity of the facility, so that the facility opened at y is
able to accommodate |gn| agents. Since we have only one
facility located at y, the set of agents accommodated accord-
ing to the FCFS game is, up to ties, the set of the & = |¢n |
closest agents to y, for every . For the sake of simplicity,
we first consider the case in which each agent is indepen-
dent and identically distributed, we then extend our finding
to cases in which agents are not identically distributed.

Characterizing the Optimal Mechanism

In this section, we connect the FLPSR with Optimal trans-
port theory and show that there exists a percentile mecha-
nism whose expected SW is optimal when the number of
agents increases, regardless of the agents’ distribution p and
the capacity ¢. Let R, ; : [0,1] — [0, 1] be the radius func-
tion, implicitly defined by the following equation

N([y - Ru,q(y)a Y+ Ru,q(y)]) =q. 3

Lemma 1 Given i and q € [0,1), for every y € [0,1] the
identity i([y — h,y + h]) = q is satisfied by a unique value
of h. In particular, for any vy, the value R,, ,(y) that satisfies
(3) is unique. Moreover, R, 4 is continuous over [0,1], is
differentiable over (0,1), and the following identity holds

1 ifye[F (- 19),1]

. —1
R, (y)={ -1 ify €[0,Fy (%))
fu(y*Ru,q(y))*fu(yﬁLRu,q(y)) otherwise

f;»(y_Ru,q(3/))+fu(3l+Ru,q(y))

Having established the properties of the radius function

R, 4, we connect the FLPSR to Optimal Transport.

Lemma 2 Given ¥ € R" and y € R, we have that
where 6, is the Dirac’s delta centred in y and piz = %(530

Lemma 2 points out that the set of agents accommodated
by a facility in y according to the NE of the FCFS game char-
acterizes the optimal transportation plan between pz and
qd,. Owing to (4), we compute the limit for n — oo of
the expected SW for any y € [0, 1] and any 1 € P([0, 1]).

Theorem 1 Let X ~ u be the random variable describing

the agents’ type, then we have
lim E[SW(X;y)] = ¢ — Wi(u, 4d,), Q)

where y € R is the facility position and E is the expected
value with respect to 1.
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Since ¢ is a constant, the position y that maximizes the
SW of the problem is the solution to the following problem

y+Ryu,q(y)

[

Owing to the properties of u, W is continuous and thus
problem (6) admits a solution. Moreover, any solution to the
problem identifies an optimal percentile mechanism.

o —yldu. (6

) := min

y€[0.1] 1,q(Y)

Theorem 2 Problem (6) admits a solution. Given a solution
U, 0 = (F.(9)) induces an optimal percentile mechanism.

As an example, we implement Theorem 2 to retrieve the
optimal percentile mechanism for the uniform distribution.

Example 2 Let g € [0, 1] be the capacity of a facility and

let 11 be the uniform distribution over [0, 1]. First, given y €
[0, 1], the value R,, 4(y) is determined by the equation

min{y + Ru,q(y)v 1} — max{y — Ru,q(y)v 0} =q.

It is then easy to see that

q—y ify<2
Ry q(y) = % if%gy§1,% (7)
qg—(1—y) otherwise.
Plugging (7) into the right-hand side of (6), we obtain
07+ 5l —y)? ify <4
W) =% fi<y<1i-4
Lg—y)?+3(1-y)? otherwise.

In particular R, , is minimized whenever y € [%,1 — 1],

hence any ' = (Fy,(y)) such that y € [4,1 — 2] is optimal.

We then compute the derivative of W, this result enables
us to use root-finding methods to compute the optimal per-
centile mechanism given p € P([0, 1]) and ¢ € [0, 1].

Theorem 3 Given p and q, the following identity holds
Wi(y) = 2R, q()R, ,(y) — Auly), where A,(y) =
Fu(y + Ru,q(y)) —|—F,L(y - Ru,q(y)) _QFM(:U)~

Computing the Optimal Mechanism

We now apply Theorems 2 and 3 to compute the optimal
percentile mechanisms for three classes of probability dis-
tributions: monotone distributions, Single-Peaked (SP) dis-
tributions, and Single-Dipped (SD) distributions.

First, we restrict the set in which the optimal position y is.

Lemma 3 Let q be a capacity and ps be a probability distri-
bution. Then any solution to problem (6), namely v, is such
thaty € [4,1 - Z].

Notice that if ¢ = 1, Lemma 3 implies that the only op-
timal position is the median of x4, which is consistent with
previous results (Aziz et al. 2020b).



Monotone distributions. First, we consider all the prob-
ability measures whose density is either non-increasing or
non-decreasing. This class of probability distributions in-
cludes Triangular probability distributions as well as the ex-
ponential and the Chi-square distributions restricted to [0, 1].
Without loss of generality, we consider the case in which the
density is non-increasing. For this class of problems, the op-
timal percentile mechanism depends only on the value of q.

Theorem 4 Let f,, be monotone non-increasing. Given q €
[0, 1], the optimal percentile vector is 7 = (£).

2
Single-Peaked (SP) Distributions. We now consider the
class of SP distributions, i.e. distributions whose density has
a unique maximum, including the Beta (with positive pa-
rameters), Bates, and Truncated Gaussian distributions. If
w is an SP and symmetric distribution, the best percentile

mechanism is the median mechanism regardless of q.

Theorem 5 The best percentile mechanism for a symmetric
Single-Peaked distribution is the median mechanism.

Indeed, if p is symmetric and SP, the median of  is the
unique point at which R, , is minimized and A, = 0. For
asymmetric SP distributions, this argument does not hold,
thus to retrieve the optimal percentile mechanism we search
for the zeros of W’ (Pasupathy and Kim 2011).

Single-Dipped (SD) measures. Lastly, we consider the
class of SD distributions, i.e. measures whose density has
a unique minimum. This class of probability measures
includes quadratic distributions, arcsine distributions, and
Beta distributions with negative parameters. When the SD
measure is symmetric the optimal percentile vector depends
only on the capacity ¢. For asymmetric SD distributions,
there are only two possible optimal percentile mechanisms.

Theorem 6 Let 1 € P(R) be SD and q be a capacity. De-
noted with p' the optimal percentile vector, we have p = (1)

2
if u is symmetric. Otherwise p= (%) or p'= (1 — 1).

2

Dropping the I.D. Assumption

To conclude, we extend our results to the case in which
agents are not identically distributed. Denoted with p; the
probability distribution of the i-th agent, we have

5 n 1 1 1 R
BlSW (i) =31 [l —slau = [ o =i
=1

where [ LS (m and y € [0,1]. Let us now as-
sume that each p; can be expressed as a conditional law
1(o|f) where 8 € © is a parameter that describes the dif-
ferent agents’ distributions. Under this assumption, we have
pii = p(0]0;), hence = 50 pi — p(o]0)n(0) as n — oo,
where 77 € P(O) is the probability distribution that de-
scribes how likely is that an agent distribution is p(o|8).

Theorem 7 Let (X, 0) be a random vector whose associ-
ated law is p(x,0) = p(x|0)n(0). Given y € [0,1], denoted
by p = f® w(o|@)dn and E the expected value with respect
to [, we have

lim E[SW(X;y)] = ¢(1 — Wi(ji, ¢5,)).
Owing to Theorem 7, we can compute the optimal mech-
anism by setting pu := i = [ p(0|0)dn.
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The Two Facilities Case

We now consider the case in which we have to locate two
facilities whose percentage capacities are q; and gs, respec-
tively. Without loss of generality, we assume that ¢; > gs.
Moreover, we assume that agents are i.i.d., as the case in
which agents are not i.i.d. can be obtained via Theorem 7.
When m = 2, the agents accommodated by a facility lo-
cated at y is no longer the set of [gn] closest agents to y
(see the Appendix). For this reason, we define a new ra-
dius function Eu@ : [0,1)%2 — [0,1]? as it follows: when

Y1 < Y2, We set éy,q*(g) = (R1(y1,v2), R2(y1,y2)), where
R; := R;(y1, y2) are the unique values satisfying

z

Y2 — R

(- o e (5~ )+ )] =

u([max {min {y2 — Ry, g}w - Rz},w + R2D = qo.

where z = y1 + y2. When yo < y; the definition is obtained
by swapping y; with ys and ¢; with ¢». Given the capacities
{qi}i=1,2, we search for § = (y1, y2) that minimizes

21

y2—R2
\x—yi\dwr/ |z — yildu,

22

W(y1,y2) = /

y1— R

where z; = min { max {%,1& — R1}7y1 +R2}, 29 =
y1t+y2
2

fortunately, it is not possible to extend Theorem 2 to the case
in which m = 2. Indeed, the percentile mechanism induced
by the couple (y1,y2) that minimizes W is, in general, not
ES. Given the set containing all the minimizers of W, we
then outline a condition to check whether there exists an ES
percentile mechanism whose limit expected SW is optimal.

max < min  ys — Ra,

}yz — Rz}, and {¢; };=1,2. Un-

Theorem 8 Given p and q, let Y be the set of minimizers
of W. Then, Y is non empty and there exists an optimal ES
percentile mechanism if and only if exists yj € Y such that

Fu(y2) = Fu(y1) > a1 + qo- ()

From Theorem 8 we infer two sets of conditions under
which no ES mechanism is optimal.

Corollary 1 Given pand q, if g1 + q2 > % then no ES per-
centile mechanism is optimal. Moreover, if |1 is monotone or
Single Peaked, no percentile mechanism is ES and optimal.

Lastly, we show that only SD distributions admit an opti-
mal ES percentile mechanism, when ¢; + g2 < %

Corollary 2 Let ¢ be a capacity vector such that q1 + g2 <
%. If v is a symmetric SD distributions, the percentile mech-
anism induced by v = (4,1 — %) is ES and optimal.

Searching the Best Percentile Mechanism

In this section, we retrieve the percentile mechanism that at-
tains the lowest Bayesian approximation ratio by minimiz-
ing YV under the additional ES constraint (8).



Theorem 9 Let yy and ys be such that F,(y2) — F,,(y1) >

q1 + go, then R g(§) = (Ryq, (41); Ryugu (y2)). Therefore,
if PMg is an ES percentile mechanism, then

QZ/

B

lim E[STWjz(

n— oo

|z — yildu, (9)

R;l/ q (1/1

where y; = Fl[f ](pi) and R, , is the radius function in (3).

We now propose a search algorithm to find the best ES
percentile mechanism given p, ¢, and a tolerance 6 > 0. Our
search method hinges upon the following result, that reduces
the space in which the minimizers of WV are located.

Lemma 4 Let v be a probability measure and let ¢
(q1,q2) be a capacity vector. Let Q = q1 + qo be the total
capacity of the facilities and let (1, y2) € ) be a minimizer
of W (without loss of generality, we assume that i1 < ¥, as
the other case is symmetric).

Then, we have that 1 € [0, F[_1](1 — Q)]- Moreover,

denoted with M = F;[L_l]( Fu.(y) + Q) Uo is such that
(g2 € M, F(1=%)]if M < F)(1=%); or (ii) ij2 = M.

In Algorithm 1, we present a routine that, given u, ¢

and a tolerance parameter 6 > 0, finds the best ES per-
centile mechanism by discretizing the set of feasible solu-
tions into intervals of length 4. It then searches for the best
solution among the feasible one determined by the previous
discretization. Since this procedure generates at most [~ 1]
intervals, the time-complexity of Algorithm 1 is O(5~2) as
it needs to compare every possible couple. The asymptotic
SW induced by the percentile mechanism associated with
the vector 5 returned by Algorithm 1 is at most J less than
the SW induced by the best percentile mechanism.

Theorem 10 Let 11 be a probability measure and let ¢ be
the capacity vector. Given § > 0, let y5 be the vector
containing the positions returned by Algorithm 1. Then,

|W(176) —ming g ¢, [Fu(y2)—Fu(y1)|>q1+q2 W(gj’)’ <.

Numerical Experiments

In this section, we run numerical experiments to validate our
theoretical findings. The aim of our tests is threefold: (i) we
assess the feasibility of Algorithm 1 in computing the opti-
mal percentile mechanism for locating one or two facilities
tailored to a given distribution. (ii) We evaluate the perfor-
mance of the computed mechanisms when we have a small
number of agents. (iii) We measure the speed at which the
expected SW attained by the mechanism converges. Due to
space limits, part of the results are deferred to the Appendix.

Throughout our experiments, we consider both the cases
in which we have one or two facilities to locate, hence
m = 1,2. When m = 1, we consider facilities whose ca-
pacity g ranges in {0.2, ...,0.9}. When m = 2, we consider
qd = (q1,q2) with ¢; € {0.2,0.3,0.4} for a total of 6 differ-
ent capacity vectors, up to symmetries. When the agents’ po-
sitions are i.i.d., we consider Beta distributions B(«, ) with
a,fB € {2,...,6}. We focus on this class of distributions as
it can be adjusted to fit various types of data, allowing it to
model symmetric and asymmetric probability distributions.
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Algorithm 1: Search Routine to minimize W

1: Initialize m < 100, val < 0, y1,y2 < 0

2 8et T = {tog=0,....tn, = FL 1= Q)} st t; <
ti+1 and |tl — ti+1| S (5

3: fort € T do

4 M=F, () +Q)

50 if M < F,(1—-%)then

6 Set S = {so = M,...,si,...,sn, = F,(1 —

L)}, where s; < si41 and [s; — siv1| <6

7:  else

8: S ={M}

9: endif

10: forse Sdo

11: val =W(t, s)

12: if val < m then

13: m < Int,y1 < t,ys < s

14: end if

15:  end for

16: end for

17: Return m, y1, Y2

Furthermore, notice that the best percentile mechanism as-
sociated with most of the other standard probability distri-
butions supported over [0, 1] (e.g. the uniform distribution
or the triangular distribution) can be obtained from either
Theorem 4, 5, or 6, thus we do not consider them in our
experiments. When agents are not i.d., we consider a fam-
ily of uniform distributions { 511 ¢ } bei0.1]’ where [ 4(x) is
the indicator function of A, which is equal to 1 if x € A
and equal to 0 otherwise. The agent type 6 has density 362,
thus © = [0, 1] and 7 is the probability measure induced by
fn(60) = 362

Computing the Best Percentile Mechanism. First, we
compute the optimal percentile mechanism associated with
different Beta distributions when we need to locate one or
two facilities. When m = 1, we use a simple bisection
method to find the zeros of W’. When m = 2, we run Al-
gorithm 1 with § = 0.001. We ran our code with various
choices of §. Values of § > 0.001 did not yield significant
improvements in solution quality, while setting 6 < 0.001
led to a sharp decline in quality without notable gains in
computation time. In Table 1, we report our findings for
B(a, B) with a, 8 € {2,3,4,5,6} and (i) ¢ = 0.5 when
m = 1, and (ii) ¢ = (0.2,0.2) when m = 2. Our findings
are in line with Theorem 5: when m = 1 and o = f the
optimal percentile mechanism is the median mechanism.

The Bayesian Approximation Ratio. We now assess the
quality of the mechanisms outlined by our theoretical results
or by Algorithm 1. We first consider agents whose positions
aren = 20,...,1001.i.d. samples of a Beta distribution. We
then compute the expected optimal SW and the expected SW
induced by the optimal mechanism as the mean of 10000 in-
stances. In Figure 2, we plot the Bayesian approximation
ratio for B(6,2) when m = 1,2. Since the Confidence In-
terval of all our results is less than 0.005, we omit it from
our plots. For B(6,2), the Bayesian approximation ratio is
at most 1.02 in all the instances considered and, for m = 1,



SOl s 4 s s a 7 2 3 4 5 6

7 T05 042 039 037 035 2 02,0.8) (0.84,024) (0.86,0.24) (0.86,0.26) (0.87,0.27)

3 1058 05 046 044 043 3 (0.24,0.84)  (0.2,0.8) (0.82,0.22) (0.82,0.22) (0.84,0.24)

4 061 054 05 048 046 4 (0.26,0.86) (0.22,0.82)  (0.2,0.8) (0.81,0.21) (0.82,0.22)

2 ggg 8;? 8;21 (?552 %458 5 (0.26,0.86) (0.22,0.82) (0.21,0.81)  (0.2,0.8)  (0.8,0.21)
: : : : : 6 (0.27,0.87) (0.24,0.84) (0.22,0.82) (0.21,0.8)  (0.2,0.8)

Table 1: The optimal percentiles associated to several Beta distributions. In the left table, we report the optimal percentile when
m = 1 and ¢ = 0.5. In the right table, we report the best percentile vectors when m = 2 and ¢; = g2 = 0.2.
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Figure 2: In the first row, we report the Bayesian approximation ratio (y-axis) depending on the number of agents (z-axis) of the
mechanism considered. The leftmost and central plot, reports the Bayesian approximation ratio for i ~ B(6,2), m = 1, and
m = 2, respectively. The rightmost plot reports the Bayesian approximation ratio when the agents are not i.d.. In the second
row, we report a logarithmic plot of the absolute error (y-axis) depending on the number of agents (z-axis). In the leftmost and

central plot, we report the log-absolute error for u ~ B(6,2), m
log-absolute error when the agents are not i.d.. In all three figures,

it consistently decreases as n increases. This proves that the
mechanism found using the bisection method or Algorithm 1
is almost optimal even for small values of n. In the appendix,
we report the missing results, which are in line with the anal-
ysis presented so far. We then consider the case of non-i.d.
agents. We set © = [0, 1], assume that an agent whose type
is 0 is distributed uniformly on [0, 6], and set f,(6) = 362.
From Theorem 7, we get f,(z) = 3(1 — 2?). Since fj is
non-increasing, the optimal percentile mechanism is  (see
Theorem 4). In Figure 2 we plot the Bayesian approxima-
tion ratio of the optimal percentile mechanism for non-i.d.
agents. In line with Theorem 7, we observe no difference
between the results presented for the i.i.d. case.

Convergence Speed. Lastly, we evaluate the speed at
which the SW attained by the mechanism converges to its
limit, by computing the absolute error of the mechanism
erraps = [E[SW(X)] — E[SW,p(X)]|. In Figure 2, we
plot the log-scale of the best mechanism’s absolute error for
m = 1,2 and p ~ B(6,2), or when the agents are not i.d..
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= 1, and m = 2, respectively. The rightmost plot reports the

we plot the function n~°5 (in pink) for comparison.

Conclusions and Future Works

In this paper, we studied the Facility Location Problem with
Scarce Resources from a Bayesian mechanism design per-
spective. We introduced a criterion for retrieving optimal
mechanisms from the agents’ distribution and facility capac-
ities. We then identified the best mechanisms—both analyt-
ically and algorithmically—for locating one or two facili-
ties when agents are independent and or not identically dis-
tributed. We validated our findings through numerical exper-
iments, proving that mechanisms derived from our theoreti-
cal results or routines achieve a low Bayesian approximation
ratio that quickly converges to its theoretical limit.

Future work includes extending our search routine to
more than two facilities, improving its efficiency, and adapt-
ing it to alternative objectives such as Nash welfare. We
also aim to identify when the independence assumption on
agents’ distributions can be relaxed. Finally, exploring a
broader class of Equilibrium Stable mechanisms may fur-
ther improve performance with few agents.
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