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Abstract

We study the computational complexity of explaining pref-
erence data through Boolean attribute models (BAMs), mo-
tivated by extensive research involving attribute models and
their promise in understanding preference structure and en-
abling more efficient decision-making processes. In a BAM,
each alternative has a subset of Boolean attributes, each voter
cares about a subset of attributes, and voters prefer alterna-
tives with more of their desired attributes. In the BAM prob-
lem, we are given a preference profile and a number k, and
want to know whether there is a Boolean k-attribute model
explaining the profile.
We establish a complexity dichotomy for the number of at-
tributes k: BAM is linear-time solvable for k ≤ 2 but NP-
complete for k ≥ 3. The problem remains hard even when
preference orders have length two. On the positive side, BAM
becomes fixed-parameter tractable when parameterized by
the number of alternatives m. For the special case of two vot-
ers, we provide a linear-time algorithm.
We also analyze variants where partial information is given:
When voter preferences over attributes are known (BAM
WITH CARES) or when alternative attributes are specified
(BAM WITH HAS), we show that for most parameters BAM
WITH CARES is more difficult whereas BAM WITH HAS is
more tractable except for being NP-hard even for one voter.

1 Introduction
What patterns underlie sets of human (and other) prefer-
ences in their various applications? Preferences in practice
are not arbitrary orderings; people prefer alternatives that
better satisfy their underlying criteria or possess character-
istics they desire, and the distributions of such criteria and
their desirability are structured. For one example, in a speed-
dating experiment, Fisman et al. (2006) found that on aver-
age the recruited women preferred intelligent partners from
more affluent neighborhoods, men preferred physically at-
tractive partners, and both men and women accepted part-
ners from less densely populated areas. We study the prob-
lem of how to uncover such structure from the pure revealed
preferences.

A parsimonious and interpretable model that captures the
above dynamic between criteria and their desirability arises

Copyright © 2026, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

from binary characteristics. In this framework, each alter-
native possesses some subset of Boolean attributes (e.g., a
restaurant either accepts credit cards or does not), and each
individual cares about some subset of these attributes. An in-
dividual prefers alternative a to alternative b if and only if a
possesses more of the attributes they care about than b does.
For instance, if someone cares about credit card acceptance
and vegan options and restaurant A has both while restaurant
B has only vegan options, then A is preferred to B.

Given a preference profile P (a set of preferences of vot-
ers over alternatives), we are hence interested in a Boolean
attribute model (BAM) for P , that is, (i) a set of attributes,
(ii) an assignment has of a subset of attributes to each alter-
native, and (iii) an assignment cares of a subset of attributes
to each voter such that, for each voter v, all of its pairwise
preferences a ≻ b are explained by a having more attributes
that v cares about than b. For parsimony we aim to mini-
mize the number of attributes in such models. We denote by
BOOLEAN ATTRIBUTE MODEL (BAM) the computational
problem where we are given a preference profile and an in-
teger k and want to determine whether a Boolean attribute
model with at most k attributes exists.

Boolean attribute models and natural continuous variants
are frequent in the literature (see Fisman et al. (2006); Bhat-
nagar, Greenberg, and Randall (2008); Künnemann et al.
(2019); Cheng and Rosenbaum (2023) for just a few exam-
ples). However, we are not aware of work that considers
computing such attribute models (and checking how well
they fit the data). Our goal here is to contribute towards
this direction by studying the computational complexity of
this problem, with the goal of identifying hard and tractable
cases and thereby informing practical algorithm design.

Obtaining (Boolean) attribute models confers several ben-
efits. First, it is intrinsically interesting to check whether
practical preference profiles have attribute models with few
attributes as this would contribute to our understanding of
(human) preference formation and decision making. How-
ever, we currently lack the necessary algorithmic research.

Second, knowing that an application allows for parsimo-
nious attribute models allows us to restrict the domains of
preferences that we consider when understanding proper-
ties of decision-making processes and designing algorithms.
This enables more scalable algorithms: For instance, com-
puting stable matchings generally needs quadratic time in
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Parameter BAM BAM WITH CARES BAM WITH HAS

In general NPc [T1] NPc [T5] NPc [T9]

n ? ? NPh [T9]
O(m) if n = 2 (n ≥ 1)

m FPT [T3] NPh (m ≥ 3) [T5] FPT [T10]

k NPh [T1] NPh (k ≥ 6) [T6] FPT [T11]

n+m – – FPT [T7] – –
n+ k FPT [C1] FPT [C2] – –
m+ k – – FPT [T8] – –

Table 1: Result overview; n is the number of voters, m the
number of alternatives, and k an upper bound on the num-
ber of attributes. “-” means the FPT result follows from the
result for the single parameter m. “NPh (p ≥ c)” means that
the corresponding problem remains NP-hard even if the pa-
rameter p has constant value c.

the number n of agents but if a Boolean k-attribute model is
known, then they can be computed in O(4k ·n · (k+ log n))
time, that is, almost linear time for small k (Künnemann
et al. 2019).

Third, if we know that certain applications admit small
attribute models, then preference learning (Fürnkranz and
Hüllermeier 2010, 2017), more specifically eliciting prefer-
ences from voters, becomes more tractable: Instead of hav-
ing to ask voters for rankings of the (potentially many) al-
ternatives, we can ask them which (of the few) attributes are
important to them. For instance, Benabbou et al. (2016) pro-
vide an application of this principle to compute Borda win-
ners efficiently. See also Feffer et al. (2023) for a recent sur-
vey of preference elicitation in the context of participatory
machine learning.

Our contribution. In general, BAM is NP-hard, which
we show via a reduction from computing proper graph col-
orings. Given this general hardness, we (a) investigate more
closely what parameters p ∈ N of the input make the prob-
lem hard or tractable and (b) check how additional informa-
tion given in the input affects the complexity. An overview
of most of our results is given in Table 1.

As to (a), we obtain either the favorable fixed-parameter
tractability (FPT), meaning that the problem is solvable in
f(p) · |I|O(1) time, where |I| is the input size. In other
words, there are efficient algorithms for small parameter val-
ues. Or we obtain NP-hardness even for constant values of
the parameter p. As parameters p we start with the natural
candidates: the number n of voters, the number m of alter-
natives, and the number k of attributes. For k, we give a
dichotomy for BAM, showing NP-hardness for computing
Boolean 3-attribute models (even for preference orders of
length at most two), whereas for two attributes the problem
is polynomial-time solvable via a reduction to 2-SAT. For
parameter m, the problem turns out to be FPT. For n = 2
voters we show that the problem can be solved in linear time
by deriving lower bounds on the needed number of attributes
and showing that there is always an optimal solution that
meets these lower bounds exactly. We leave the complexity
wrt. parameter n as an open question, but when combining

n with k we obtain FPT. All these results are given in Sec-
tion 3.

As to (b), in some applications BAMs are partially given
already, that is, we may already know (i) which attributes
voters care about, leading to the problem BAM WITH
CARES or (ii) which attributes the alternatives have, corre-
sponding to problem BAM WITH HAS. We show that also
both these problems are NP-hard and we analogously sub-
ject them to a parameterized complexity analysis. Here, gen-
erally BAM WITH CARES turns out to be harder than BAM
(see Section 4) whereas BAM WITH HAS is easier, up to the
parameter n, where BAM WITH HAS is NP-hard already for
one voter (see Section 5).

Related work. Attribute models of preferences are funda-
mental and widely used in decision theory (Yu 1985; Siskos,
Grigoroudis, and Matsatsinis 2016), social choice the-
ory (Lang and Xia 2016), and machine learning (Labreuche
2011). Attribute models have also been used in McFad-
den’s conditional logit model to statistically predict discrete
choices of individuals (McFadden 1974) and as a decision-
making heuristic of Tversky’s elimination by aspects (Tver-
sky 1972). Often the attributes involve larger domains but
Boolean domains are simple, interpretable, and cover rele-
vant basic cases (Lang and Xia 2009).

To relate to other works below it is useful to consider
the following alternative view of BAMs. Implicitly, in a k-
attribute BAM we define a utility function for each voter: We
associate each alternative a (resp. each voter v) with a vector
has(a) ∈ {0, 1}k (resp. a vector cares(v) ∈ {0, 1}k). The
utility of v for a is the scalar product of has(a) and cares(v),
i.e., the weighted sum

∑
i∈[k] has(a)[i] · cares(v)[i]. The so-

defined utilities must rise strictly with voter’s preferences.
Thus, having a k-attribute BAM amounts to learning, for
each voter, a utility function that is the sum of utilities for
the individual attributes.

A further motivation of BAMs comes from explaining
AI systems’ decisions (Holzinger et al. 2020): Here, the in-
put preferences may stem from black-box machine-learning
models. We may even know the attributes (features) that
each of the alternatives have and were taken into consider-
ation by the models. The task is then to select the attributes
that the models relied on in their decision, that is, what at-
tributes they cared about (Labreuche 2011).

A similar set of tasks stems from multi-criteria decision
making (Yu 1985) and preference learning. Herein, one or
multiple (Auriau et al. 2024) decision makers reveal their
preferences and we try to learn their utility functions. So-
called UTA methods (UTilités Additives or additive utilities
in English) (Siskos, Grigoroudis, and Matsatsinis 2016) are
popular for this task: We assume that the utility functions are
weighted sums over the attributes and we try to learn the un-
derlying attributes and the utility gained from each attribute.
In a setting with multiple decision makers we additionally
want to cluster the input preferences and learn a utility func-
tion for each decision maker over his corresponding clus-
ter (Auriau et al. 2024). In BAMs we also try to learn simple
additive utility functions from revealed preferences but we
do not cluster the preferences directly (although a clustering

16640



may be derived from voters with similar cares-mappings).
In social choice theory, voting in combinatorial do-

mains (Lang and Xia 2016) is loosely related to BAMs.
Here, we consider the alternatives to be tuples of attribute
values; often the attributes are Boolean, corresponding to
multiple-issue voting. The voters express (usually com-
plete) preferences over alternatives. Generally, straightfor-
ward issue-wise (attribute-wise) voting rules then lead to
undesirable outcomes and one tries to find better voting
rules. In contrast, in BAMs we assume that voters can only
approve or disapprove of each attribute and we may have
incomplete preferences. Crucially though, in combinatorial
voting it is usually assumed that an attribute model is given
whereas we want to compute such models.

Finally, preferences with (Boolean) few-attribute models
form a restricted preference domain. Such domains and how
they can allow for more efficient decision-making proce-
dures are a mainstay of social choice theory (Elkind, Lack-
ner, and Peters 2022). The group-separable preference do-
main (Inada 1964, 1969) could be interpreted as having a
sequence of binary attributes with exponentially decreas-
ing weights and voters evaluate attributes positively or neg-
atively. More closely related are the geometric preference
under ℓp norm (Chen, Pruhs, and Woeginger 2017; Peters
2017; Chen et al. 2022) where the voters and alternatives are
located in a geometric space and voters prefer an alterna-
tive that is closer to him (under ℓp norm). Another popular
domain restriction are so-called single-peaked preferences.
However, there is little evidence that real-world preferences
are single-peaked (Sui, Francois-Nienaber, and Boutilier
2013; Przedmojski 2016) and thus researchers called for
investigation into multi-(but low-)-dimensional variants in
particular of single-peaked domains (Barberá, Gul, and Stac-
chetti 1993). In a sense BAMs constitute one of the sim-
plest multi-dimensional restricted preference domains and
thus may inform investigation into more sophisticated vari-
ants.

2 Preliminaries
(Full) proofs for results marked by (⋆) are deferred to the
full version of the paper (Anzinger et al. 2025). In this
section, we present necessary concepts for our Boolean
attribute model and collect some fundamental properties
thereof. Given a non-negative integer t ∈ N, let [t] denote
the set {1, . . . , t}. We assume basic knowledge of parame-
terized complexity and refer to the textbook by Cygan et al.
(2015) for more details.

Preference profiles and BAMs. A preference profile (pro-
file in short) is a triple P = (C,V,R), consisting of a set C
of m alternatives, a set V = {v1, . . . , vn} of n voters, and
a collection R = (≻v1 , . . . ,≻vn) of (possibly incomplete)
strict preference orders such that each ≻i, is a linear order
of a subset of C and represents the preferences (aka. rank-
ing) of voter vi over some subset of C, i ∈ [n]. For instance,
for C = {1, 2, 3, 4}, an incomplete preference order of a
voter v can be 3 ≻ 1 ≻ 2; we omit the subscript if it is clear
from the context which voter we refer to. This means that
voter v prefers 3 to 1, and 1 to 2. Alternative 4 is not ranked

in his preference order. The rank of an alternative c for a
voter v is the number of alternatives that v prefers to c, i.e.,
rv(c) := |{b | b ≻v c}|. rv(c) is undefined if v’s preference
order does not rank c. The length | ≻v | of v’s preference
order is the number of alternatives in≻v . For 3 ≻ 1 ≻ 2, we
infer that rv(2) = 2 and | ≻ | = 3.

A Boolean attribute model for a profile P = (C,V,R)
specifies for each alternative which attributes it has and for
each voter which attributes he cares about. More specifically,
letM = (AT, has, cares) be a triple, where AT denotes a set
of attributes, and has : C → 2AT and cares : V → 2AT two
attribute functions for the alternatives and voters, respec-
tively. We say that an alternative c ∈ C has an attribute α
if α ∈ has(c) (or have, depending on grammatical neces-
sity), and that c has ℓ attributes if |has(c)| = ℓ. A similar
convention applies for the use of cares.

The score of a voter v for an alternative c under M is
defined as scoreMv (c) := |has(c) ∩ cares(v)|. We omit the
superscriptM from the score if it is clear from the context
whichMwe refer to. We say thatM explains the preference
order of voter v ∈ V if for each two alternatives c and d with
c ≻v d it holds that scorev(c) > scorev(d). Note that we
do not require the backward implication to hold since not
every alternative is ranked. Accordingly, we say thatM is a
Boolean attribute model (BAM for short) for P if it explains
the preference order of every voter.

Intuitively, the model aims to explain the voters’ prefer-
ences by assigning each voter a set of attributes they care
about, and assigning each alternative a set of attributes it
possesses. Voters then prefer alternatives that possess more
attributes they care about. If |AT| = k, then M is also re-
ferred to as a k-Boolean attribute model (k-BAM).

Remark 1. For brevity’s sake, we sometimes also use
the following vector representation for a k-BAM M. The
has : C → {0, 1}k (resp. cares : V → {0, 1}k) function de-
fines for each alternative c ∈ C (resp. each voter v ∈ V)
a binary vector of length k, where the attribute set is sim-
ply [k] such that a 1 at coordinate z means the alternative
has (resp. the voter cares about) attribute z.

The score of alternative c ∈ C by a voter v ∈ V is given
by the scalar product: scoreMv (c) := has(c) · cares(v).

Generally, our goal is to find a BAM that explains the vot-
ers’ preferences with as few attributes as possible. We define
the three decision problems that form the core of our work:

BAM
Input: A profile P and a non-negative integer k.
Question: Is there a k-Boolean attribute model for P?

BAM WITH CARES (RESP. BAM WITH HAS)
Input: A preference profile P = (C,V,R) and a func-

tion cares : V → 2[k] (resp. has : C → 2[k]).
Question: Is there a function has : C → 2[k] (resp.

cares : C → 2[k]) s.t. (has, cares) is a k-BAM for P?

Clearly, our central problems are contained in NP:

Observation 1. Checking whether (AT, has, cares) explains
a profile P = (C,V,R) is doable in polynomial time.
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This follows from the fact that one can determine the
score of an alternative for a voter in polynomial time, and
then iterate over every voter and every pair of alternatives to
check if the voter’s preference order is explained.

Fundamental properties. We now consider structural
properties of BAMs. First, we provide some bounds on the
number of attributes cared about by a voter (resp. possessed
by an alternative).

Lemma 1 (⋆). For each k-BAM that explains a preference
profile P = (C,V,R), the following holds.

(i) For all v ∈ V , it holds that | ≻v | − 1 ≤ |cares(v)|
≤ k.

(ii) For all v ∈ V and all c in ≻v , it holds that | ≻v | −
rv(c)− 1 ≤ |has(c)| ≤ k − rv(c).

We can also observe that each k-BAM must be able to
explain the difference in ranks of an alternative in two pref-
erence orders. This leads to the following lemma.

Lemma 2 (⋆). If P = (C,V,R) admits a k-BAM, then for
all c ∈ C, and v, w ∈ V with rv(c) ≥ rw(c), it holds that
| ≻w | − rw(c) + rv(c) ≤ k + 1.

Example 1. We examine each pair of occurrences of an al-
ternative in pairs of voters, and derive a lower bound for k.
Consider the following example, with voters v and w:

v : a ≻ b ≻ c ≻ d ≻ e, and w : f ≻ d ≻ g ≻ h ≻ i.

For alternative d, we have rw(d) = 1 and rv(d) = 3.
Lemma 2 implies that k ≥ | ≻w |−1+3−1 = 6. Intuitively,
alternative d needs to have at least three attributes in order
to explain voter w (since it is ranked higher than three other
alternatives by w), but there should also be at least three
attributes that d does not have in order to explain voter v
(since three other alternatives are ranked higher than d).

Finally, we show that a k-BAM always exists for large
enough k.

Lemma 3 (⋆). For a profile with m alternatives and n vot-
ers, a k-BAM with k ≥ (m − 1) · m or k ≥ (m − 1) · n
always exists.

Remark 2. Lemma 3 immediately implies fixed-parameter
tractability for k-BAM wrt. m since a profile with m alter-
natives has at most O(2m ·m!) different (incomplete) pref-
erence orders.

Moreover, for profiles with complete preferences, we have
by Lemma 1(i) and Lemma 3 that m− 1 ≤ k ≤ m(m− 1).
Therefore, the parameters k and m are equivalent from the
parameterized perspective. In other words, a voting problem
is FPT wrt. m if and only if it is FPT wrt. k.

3 BAM
In this section, we consider the first computational prob-
lem BAM. We first establish NP-completeness and then pro-
pose some parameterized and polynomial-time algorithms
for some special cases.

General complexity. BAM is NP-hard by a reduction
from the NP-complete problem below (Papadimitriou 1994).

3-COLORING
Input: An undirected graph G = (U,E).
Question: Does G admit a proper 3-coloring, i.e., a func-

tion χ : U → [3] s.t. no two adjacent vertices have the
same value?

Theorem 1 (⋆). BAM is NP-complete; it remains NP-hard
even if k = 3 and every preference order has length two.

Proof. NP-membership follows directly from Observa-
tion 1. To show NP-hardness, we reduce from 3-COLORING,
which results in an instance of BAM with k = 3 such that
every preference order has length two.

Let G = (U,E) be an instance of 3-COLORING. W.l.o.g,
assume that no vertices have degree zero. We create an in-
stance I ′ = (P = (C,V,R), k = 3) as follows.
Alternatives. For each vertex u ∈ U , we add an alter-
native cu to C. Additionally, we add to C three groups
of dummy alternatives containing in total seven dummies
D1 := {d11, d21, d31}, D2 := {d12, d22, d32}, and D3 := {d3}.
We will ensure that the alternatives in D1 will each have a
distinct attribute, the alternatives in D2 will each have a dis-
tinct pair of attributes, while the single alternative in D3 will
have all three attributes.
Voters and their preferences.
– For each vertex u ∈ U , we add three voters v1u, v

2
u, v

3
u

with preference orders: v1u : d
1
2 ≻ cu, v2u : d

2
2 ≻ cu, and

v3u : d
3
2 ≻ cu (ensuring cu has at most one attribute).

– For each edge {u,w} ∈ E, we add two voters vu,w
and vw,u with preference orders v(u,w) : cu ≻ cw and
v(w,u) : cw ≻ cu. This will ensure simultaneously that
cu, cw have exactly one attribute and they are distinct.

– We add 24 unnamed dummy voters in four
groups V1, V2, V3, V4. These voters ensure that the
dummy alternatives have the desired number of attributes
as mentioned before. The first group V1 has six voters
with preference orders: d11 ≻ d21, d21 ≻ d11, d11 ≻ d31,
d31 ≻ d11, d21 ≻ d31, d31 ≻ d21.
The second group V2 has 9 voters with preference orders:
d12 ≻ d11, d12 ≻ d21, d12 ≻ d31, d22 ≻ d11, d22 ≻ d21, d22 ≻ d31,
d32 ≻ d11, d32 ≻ d21, d32 ≻ d31.
The third group V3 has 6 voters with preference orders:
d12 ≻ d22, d22 ≻ d12, d12 ≻ d32, d32 ≻ d12, d22 ≻ d32, d32 ≻ d22.
The last group V4 has 3 voters with preference orders:
d3 ≻ d12, d3 ≻ d22, d3 ≻ d32,

This concludes the construction, which can clearly be done
in polynomial time. It remains to show the correctness, i.e.,
G has a proper 3-coloring if and only if the constructed pro-
file P admits a 3-BAM. For the “only if” part, let χ : U →
[3] be a proper 3-coloring. It is straightforward to check that
the following functions has : C → [3] and cares : V → [3]
explain our profile.
– For each vertex u ∈ U , let has(cu) := {χ(u)}.
– For each j ∈ [3], let has(dj1) := {j} and has(dj2) :=

[3] \ {j}. Let has(d3) := [3].
– For each dummy voter v ∈ ∪i∈[4]Vi, let xv be the first-

ranked alternative of the voter and cares(v) := has(xv).
– For each vertex u ∈ U , let cares(v1u) = cares(v2u) =

cares(v3u) := [3].
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Algorithm 1: BruteForceM
Input: A profile P = (C,V,R) with m = |C|, k ∈ N
Output: yes if P admits a k-BAM else no

1 if k ≥ m(m− 1) then return yes;
2 foreach has ⊆ 2[k]

m do
3 foreach (v, S) ∈ V × 2[k] do
4 if (has, S) explains v then cares(v)← S;
5 if (has, cares) is BAM for P then return yes;
6 return no

– For each edge {u,w} ∈ E, let cares(v(u,w)) := {χ(u)}
and cares(v(w,u)) := {χ(w)}.

The details are deferred to the full version of the pa-
per (Anzinger et al. 2025).

For the “if” part, let M = (has, cares) be a 3-BAM
for P . We can show that the has function restricted to the
“vertex” alternatives yields a proper 3-coloring by observ-
ing that no two dummy alternatives have the same subset
of attributes and hence every vertex has a single distinct at-
tribute. The proof is also deferred to the full version of the
paper (Anzinger et al. 2025).

Tractability results. We first show that determining a k-
BAM can be done efficiently if all preference lengths ℓ are
maximum possible, i.e., ℓ = k + 1. This complements The-
orem 1 where ℓ = k − 1. The case with ℓ = k remains
open.

Proposition 1 (⋆). If all preference orders in a preference
profile are of length k + 1, then BAM can be solved in time
|P|O(1), i.e., polynomial time.

The following result shows a dichotomy for the complex-
ity of BAM wrt. the number of attributes. Theorem 1 shows
that BAM is NP-hard if there are at least three attributes,
while the next theorem shows that for two or less attributes
the problem becomes tractable.

Theorem 2 (⋆). If k ≤ 2, BAM is solvable in O(n) time,
i.e., linear time.

Next, we consider the number m of alternatives as param-
eter. By Lemma 3 and due to the fact that there are at most
2m · m! many different preference orders, we immediately
obtain a problem kernel wrt. m (that is, the instance size is
bounded by f(m)), which yields FPT result for m by brute-
force searching. Below, we provide an improved approach
by only guessing the attribute set for each alternative.

Theorem 3. BAM is solvable in time 2O(m3) · |P|O(1),
which is FPT wrt. m.

Proof. The idea is to branch into all possible combinations
of attribute subsets for the alternatives and for each branch
check whether every voter can be explained by choosing an
appropriate subset of attributes that he should care about. A
pseudo-code can be found in Algorithm 1.

If k ≥ m(m−1), the algorithm is correct due to Lemma 3.
Otherwise, since line 2 brute-force searches for all com-
binations has of the attribute subsets for the attributes, we

will not miss a correct has function if the instance is a yes-
instance. In Lines 3–6 we inspect for each voter whether
there exists a subset of attribute that together with the
branched has function can explain the voter’s preference or-
der. This is correct by the nature of brute forcing and by the
fact that the cares functions of different preference orders do
not affect each other.

It remains to check the running time: Line 1 runs in con-
stant time. After that it is a triply nested for-loop with at most
(2k)m · n · 2k ≤ n · 2m3

iterations and a |P|O(1) body.

Now, we consider the combined parameter (n, k). By
Lemma 1(ii), we infer that the sum of the lengths of the pref-
erence orders in a profile is at most n · (k+1). Since we can
ignore alternatives that do not appear in any preference or-
der, we can assume w.l.o.g. that m ≤ n · (k + 1). Together
with Theorem 3, it follows:

Corollary 1. BAM is solvable in time 2O((n·(k+1))3) ·
|P|O(1), which is FPT wrt. n+ k.

As for the single parameter n, our attempts at showing
W [1]-hardness have been unsuccessful so far. We weakly
conjecture that BAM is FPT wrt. n and provide a starting
point for investigating the problem.
Theorem 4 (⋆). For n = 2 voters, one can determine the
minimum number k of attributes of a BAM in O(m) time,
i.e., linear time, and compute a corresponding k-BAM in
O(m2) time.

Proof. Observe that with 2 voters, there are 3 different types
of attributes, two being cared about by a single voter, and
one by both. To determine the minimum k, we first com-
pute a BAM where for each voter v and each alternative c,
the scorev(c) is tight, i.e., scorev(c) = | ≻v | − rv(c) − 1.
We can compute in polynomial time the minimum number
of attributes cared about by a single voter, and then the min-
imum number of attributes cared about by both in such a
BAM. This directly yields the cares function for each voter.
Afterwards, we compute the has function and show that the
computed BAM is an optimal one.
Proof outline. We first define attribute types which play a
central role. Afterwards we compute values that keep track
of how many attributes of each type each alternative has.
We show correctness of our procedure by showing that these
values correspond to a BAM that minimizes the number of
attributes.

The correctness proof is split into two parts. We first show
that the computed values represent a BAM with some num-
ber k of attributes that explains the given profile P . Then,
we show that every BAM requires at least k attributes.
The procedure. Let P = (C, {u,w},R).
Attribute types and necessary definitions. We first define the
(attribute) types for a given BAM M = (AT, has, cares).
The type of an attribute α is type(α) := {v | α ∈ cares(v)}.
W.l.o.g., we assume that each attribute is cared for by at
least one voter in M. For two voters there are hence three
types; namely, {u}, {w}, and {u,w}. Define the set of at-
tributes of each type as ATu, ATw, and ATu,w, respectively.
Formally, AT = ATu ⊎ ATw ⊎ ATu,w, where ATu :=
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cares(u) \ cares(w), ATw := cares(w) \ cares(u), and
ATu,w := cares(u) ∩ cares(w).

Similarly, for each alternative c we partition the attributes
it has into hasu,w, hasu, and hasw. Formally, has(c) =
hasu(c) ⊎ hasw(c) ⊎ hasu,w(c), where

hasu(c) := has(c) ∩ ATu, hasw(c) := has(c) ∩ ATw,

hasu,w(c) := has(c) ∩ ATu,w.

Finally, for every alternative c we define some scores:
Su(c) := |hasu(c)|, Sw(c) := |hasw(c)|, Su,w(c) :=
|hasu,w(c)|. Clearly, scoreu(c) = Su,w(c) + Su(c) and
scorew(c) = Su,w(c) + Sw(c).
Computing the necessary numbers of each attribute type.
The formal computation steps are provided in Algorithm 2.
We now additionally give an informal description and intu-
ition. To compute a BAM, the main task is to compute the
values Su,w(c), Su(c), and Sw(c) for each alternative c ∈ C
given above.

Intuitively, these values are lower bounds on the num-
ber of the corresponding attribute types that c requires in
order to attain its ranks in u and w’s preference orders.
Using these values, we compute a (not necessarily unique)
BAM, by determining maxc∈C Su(c) attributes of type ATu,
maxc∈C Sw(c) attributes of type ATw, and maxc∈C Su,w(c)
attributes of type ATu,w. Finally, for each alternative c and
each type ATT , we then arbitrarily assign ST (c) many at-
tributes of type ATT to alternative c.

Recall that for alternative c and voter v, scorev(c) cor-
responds to the number of alternatives that is ranked lower
than c by v, e.g., the last-ranked alternative has score zero.
These values are computed in the for-loop in line 2.

The computation then proceeds as follows: In the for-loop
in line 4, we first compute intermediary values, tu,w, tu, and
tw for alternatives c that are ranked by both voters. These
values shall represent the least amount of attributes needed
to ensure that c attains its ranks. In other words, we use
as many attributes of type {u,w} as possible, and fill the
gap to the corresponding ranks with attributes of type {u}
and {w}, respectively. It is intuitive that these “filler” at-
tributes are necessary since their role cannot be taken over
by attributes of other types. Since the attribute types are used
across the alternatives, in line 6 we compute the maximum
over all filler attributes that only u resp. only v cares about,
i.e., Mu := maxc∈C tu(c) and Mw := maxc∈C tw(c).

We remark that the tu,w-value is not necessarily a lower
bound on the number of attributes of type {u,w} since we
may reserve more filler attributes of type {u} (resp. {w}) in
line 6 and could “reuse” them. Intuitively, if we set the num-
ber of attributes of type {u} and {w} to Mu and Mw, re-
spectively, they are already minimum possible. Thus it now
remains to minimize the number of attributes of type {u,w}.
The idea in the for-loop in line 7, is thus to determine for
each relevant alternative c the number convc of attributes
that can be reused. Then we reduce tu,w(c) accordingly to
obtain our desired Su,w(c) value, which shall be the mini-
mum number of attributes of type {u,w} needed for c.

Finally, in the for-loops in lines 9 and 11, the alternatives
ranked by only one voter will receive their values. Again, we
do so by giving them exactly as many attributes as needed

Algorithm 2: Value-Computation
Input: A profile P = (C, {u,w},R)
Output: Minimum k, and number of attributes MT

and score values ST (c) for all
∅ ⊂ T ⊆ {u,w} and all c ∈ C.

1 Initialize all used variables as 0;
2 foreach (c, v) ∈ C × V do

3 λv(c) :=

{
| ≻v | − rv(c)− 1, if v ranks c
0, otherwise.

4 foreach c ∈ C that is ranked by both voters do
5 tu,w(c) := min(λu(c), λw(c)),

tu(c) := λu(c)− tu,w(c),
tw(c) := λw(c)− tu,w(c)

6 Mu := maxc∈C tu(c) and Mw := maxc∈C tw(c)
7 foreach c ∈ C that is ranked by both voters do
8 convc := min(Mw− tw(c),Mu− tu(c), tu,w(c)),

Su,w(c) := tu,w(c)− convc,
Su(c) := tu(c) + convc, and
Sw(c) := tw(c) + convc

9 foreach c ∈ C only ranked by u do
10 Sw(c) := 0, Su(c) := min(λu(c),Mu),

Su,w(c) := λu(c)− Su(c)
11 foreach c ∈ C only ranked by w do
12 Su(c) := 0, Sw(c) := min(λw(c),Mw),

Su,w(c) := λw(c)− Sw(c)
13 Mu,w := maxc∈C Su,w(c); k := Mu,w +Mu +Mw;
14 return k, MT and ST (c) for all c ∈ C and
∅ ⊂ T ⊆ {u,w}

for their position. For alternatives c ∈ C ranked only by voter
v ∈ {u,w}, we set Sv(c) := min{Mv, | ≻v | − rv(c) − 1}
and Su,w(c) = rv(c)− 1− Sv(c). Informally, we assign al-
ready existing attributes from ATv if possible, and then use
attributes from ATu,w for the rest and, if necessary, create
new attributes in the set ATu,w. This concludes the infor-
mal description. Note that k is the total number of attributes
used by a BAM corresponding to our computed values. Now
that we have described the computational steps, it remains to
show the correctness of the computed values. In other words,
it remains to show that a BAM using a minimum number of
attributes can be generated from the computed values.

We defer the complete proof of correctness to the full ver-
sion of the paper (Anzinger et al. 2025), but give a brief
overview of the correctness proof. It is straightforward to
verify that using the values a k-BAM can be found. One can
simply generate MT attributes of type ∅ ⊂ T ⊆ {u,w} and
assign ST (c) many arbitrary attributes of type T to alterna-
tive c. To show that the computed value for k is indeed min-
imum, we show the existence of two types of alternatives:
– An alternative c that must have all attributes in ATu,w and

all attributes in either ATu or ATw.
– An alternative b that must have all attributes in ATu (resp.
ATw) and none of the attributes in ATw (resp. ATu).

We then show that in order to explain the rankings of these
alternatives for the voters, we require at least k attributes. We
show this by lower-bounding the score of alternative/voter-
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pairs and lower-bounding the number of attributes that are
in has(b) \ has(c) and has(c) \ has(b), respectively.

4 BAM with Cares
In this section we study the restriction on the BAM prob-
lem, where the cares-function is given, and the question
is whether a has-function exists that completes a valid k-
BAM. Unfortunately, for all single parameters, except for n,
this problem remains NP-hard even for constant parameter
value. We complement this by providing FPT-algorithms for
all 2-parameter combinations.

General complexity. The next two theorems show that
BAM WITH CARES is NP-complete. In both cases we re-
duce from the well-known NP-complete 3-SAT problem.

Theorem 5 (⋆). BAM WITH CARES is NP-complete. BAM
WITH CARES remains NP-hard even if m = 3.

Using a similar reduction, we show that even for a con-
stant number of attributes the problem remains NP-hard.

Theorem 6 (⋆). BAM WITH CARES remains NP-hard even
if k = 6.

Tractability results. We now consider the two parameter
combinations. For (n,m), we obtain FPT result via integer
linear programming (ILP).

Theorem 7. BAM WITH CARES can be solved in time
(2n ·m)O(2n·m) · |P|O(1), which is FPT wrt. n+m .

Proof. We solve this problem using an ILP with O(2n ·m)
variables and 2n · m + n · m constraints. It is known that
ILPs can be solved in FPT time wrt. the number of vari-
ables (Frank and Tardos 1987). The intuition behind the ILP
is to group the attributes according to types. Similarly to
Theorem 4, an attribute’s type is defined by the subset of
voters that care about it. For each attribute type and each al-
ternative we create a variable that stores how many attributes
of that type the alternative has. We ensure the preference
profile is explained by adding constraints for each voter v
and each pair of alternatives that are consecutive in v’s pref-
erence order. We now describe the variables and constraints
in the ILP:
– For every T ⊆ V and every a ∈ C, we add a variable xT,a.

We compute the number of attributes of type T , mT =
|{α ∈ AT | ∀v ∈ T : α ∈ cares(v) ∧ ∀v ∈ V \ T : α /∈
cares(v)}| and add the constraint, xT,a ≤ mT .

– For every voter v ∈ V , we add constraints in the following
way. Let v : a1 ≻ · · · ≻ am′ be the preferences of the
voter. We add the following constraint for each i ∈ [m′ −
1] :

∑
v∈T xT,ai

≥ 1 +
∑

v∈T xT,ai+1
.

Correctness can be checked straightforwardly: The value
of each variable corresponds exactly to the number of at-
tributes of that type that alternative a has. If there exists a
k-BAM with the given cares, then setting the variables ac-
cording to the BAM satisfies the constraints. On the other
hand, if the ILP has a feasible solution xT,a, then we can
add xT,a attributes for each type T to alternative a. As the
number of variables of each type does not exceed the ex-
isting attributes of that type and the constraints added for

each i ∈ [m′ − 1] must be satisfied, this leads to a valid k-
BAM containing cares. Since ILP feasibility can be checked
in O(p2.5p+o(p) ·L) time, where L is the size of the ILP and
p the number of variables (Frank and Tardos 1987), it fol-
low that our running time is O((2n ·m)2.5·(2

n·m)+o(2n·m)) ·
|P|O(1) = (2n ·m)O(2n·m) · |P|O(1).

Using Lemma 1(ii), we can then derive the following re-
sult from Theorem 7.
Corollary 2 (⋆). BAM WITH CARES is solvable in (2n ·n ·
(k + 1))O(2n·n·(k+1)) · |P|O(1) time, i.e., FPT wrt. n+ k.

Finally, we can get an FPT algorithm for the parameter
m+ k by brute-forcing through all possible has functions.
Theorem 8 (⋆). BAM WITH CARES can be solved in time
(2k)m · |P|O(1), which is FPT wrt. m+ k.

5 BAM with Has
We now study the restriction on the BAM problem, where
the has-function is given, and the question is whether a
cares-function exists that yields a valid k-BAM. We show
that the problem is already hard even if there is only one
voter, but is FPT wrt. the other parameters.

General complexity. We show hardness by giving a re-
duction from the NP-complete RESTRICTED EXACT 3-SET
COVER problem (Gonzalez 1985).
Theorem 9 (⋆). BAM WITH HAS is NP-complete. BAM
WITH HAS remains NP-hard even if n = 1.

Tractability results. For the parameter m, we can run a
separate ILP using O(2m) many variables to compute the
cares(v) for each voter v since the cares-functions do not
affect each other. This immediately yields FPT result for m.

Theorem 10 (⋆). BAM WITH HAS can be solved in time
(2m)O(2m) · |P|O(1), which is FPT wrt. m.
Finally, we can branch over all 2k possibilities of assigning
attributes for each of the voters, giving the following result.
Theorem 11 (⋆). BAM WITH HAS can be solved in time
2k · |P|O(1), which is FPT wrt. k.

6 Conclusion and Open Questions
On the positive side, we found tractability results if the num-
ber m of alternatives is small or if the number n of voters and
the number k of attributes are small. On the negative side,
we had to leave the tractability status with respect to n open
and the practically interesting parameterization by k turned
out to be intractable. Since the latter parameterization is re-
lated to graph coloring, it seems most promising to consider
additional, structural parameters of the instance or solution
to obtain more islands of tractability. For instance, based on
a BAM we can define a tri-partite graph consisting of the
voters, alternatives, and attributes, representing which vot-
ers rank which alternatives, which voters care about which
attributes and which alternatives have which attributes. Per-
haps if we restrict the structure of this graph, the problem
becomes more tractable?
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