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Abstract

Although approximate notions of envy-freeness—such as
envy-freeness up to one good (EF1)—have been extensively
studied for indivisible goods, the seemingly simpler fairness
concept of proportionality up to one good (PROP1) has re-
ceived far less attention. For additive valuations, every EF1
allocation is PROP1, and well-known algorithms such as
Round-Robin and Envy-Cycle Elimination compute such al-
locations in polynomial time. PROP1 is also compatible with
Pareto efficiency, as maximum Nash welfare allocations are
EF1 and hence PROP1.
We ask whether these favorable properties extend to non-
additive valuations. We study a broad class of allocation in-
stances with satiating goods, where agents have non-negative
valuation functions that need not be monotone, allowing for
negative marginal values. We present the following results:

• EF1 implies PROP1 for submodular valuations over sati-
ating goods, ensuring existence and efficient computation
via Envy-Cycle Elimination for monotone submodular val-
uations;

• Round-robin computes a partial PROP1 allocation after the
second-to-last round for satiating submodular goods and a
complete PROP1 for submodular monotone valuations;

• PROP1 allocations for satiating subadditive goods can be
computed in polynomial-time;

• Maximum Nash welfare allocations are PROP1 for mono-
tone submodular goods, revealing yet another facet of their
“unreasonable fairness.”

1 Introduction
Proportionality (Steinhaus 1948) is the most important
share-based fairness concept in the fair division literature.
An allocation is proportional if each of the n agents gets at
least a 1/n-th of all items in terms of value. Unfortunately,
for allocation problems with indivisible items, proportional
allocations may not exist. The relaxed concept of propor-
tionality up to some item (PROP1), introduced by Conitzer,
Freeman, and Shah (2017), comes to address this limitation.
PROP1 is well understood in allocation instances with goods
and agents with additive valuations. However, our under-
standing of it in settings with more general agent valuations
is very limited. We aim to fill this gap in this work.
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PROP1 relaxes proportionality in a similar spirit to how
EF1 (envy-freeness up to some item; introduced by Bud-
ish (2011)) relaxes envy-freeness. As proved by Conitzer,
Freeman, and Shah (2017), for additive valuations, EF1 im-
plies PROP1; thus, several results that guarantee the exis-
tence and efficient computation of EF1 allocations trivially
imply the existence and efficient computation of PROP1 al-
locations as well. For example, the well-known Envy-Cycle
Elimination algorithm of Lipton et al. (2004) and the folk-
lore Round-Robin algorithm produce EF1 allocations while
the maximum Nash welfare allocations are EF1 and Pareto-
optimal (Caragiannis et al. 2019). As a corollary of the EF1-
to-PROP1 implication for additive valuations, we can re-
place EF1 with PROP1 in these three results.

Furthermore, the celebrated Envy-Cycle Elimination al-
gorithm works on allocation instances with monotone goods
and computes an EF1 allocation. So, one would even hope
to use it to get PROP1 allocations on instances with mono-
tone valuations. Unfortunately, such a positive result is not
possible. For example, consider the instance with two agents
and three items such that both agents have valuation 2 for the
whole set of items and value 0 for every strict subset of it.
The valuation function is clearly monotone. However, in any
allocation, some agent will get only one item and her value
will be 0 even after adding one additional item to her bundle,
i.e., below the proportionality threshold.

The above example implies that for sufficiently general
(e.g., super-additive) valuations, EF1 allocations are not
PROP1. What is the broader class of allocation instances in
which EF1 implies PROP1? Can we then use well-known al-
gorithms for EF1 (such as the Envy-Cycle Elimination and
Round-Robin) to produce PROP1 allocations? What is the
broader class of allocation instances in which a PROP1 al-
location can be computed in polynomial time? What is the
broader class of allocation instances in which PROP1 is
compatible with Pareto-optimality? These are the questions
we study in this paper, making substantial progress towards
understanding PROP1.

Our contribution. We address the questions above and
present a list of new results on PROP1 allocations for in-
stances with more general than additive valuation functions.
At the conceptual level, we consider valuation functions
over satiating goods. Such functions return non-negative
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values for bundles but the marginal value of adding a good
to a bundle can be negative. An agent typically has positive
value for getting a single item but adding this item into a
bundle that already contains some other items can decrease
her value. The definitions of submodular and subadditive
valuation functions are naturally extended to satiating goods.
Submodularity means non-increasing marginal value while
subadditivity means that the valuation for a bundle of items
is not higher than the sum of valuations for any two disjoint
subsets of it.

Our first technical result is that EF1 allocations are also
PROP1 in allocation instances with satiating submodular
goods. The implication is also true for allocation instances
with two agents and satiating subadditive valuations but
is not true for allocation instances with more agents and
slightly more general than monotone submodular valuations.
As a corollary, we get that the Envy-Cycle Elimination algo-
rithm computes PROP1 allocations for instances with mono-
tone submodular goods. These results appear in Section 3.

Next, in Section 4, we study the Round-Robin algorithm.
Round-Robin is well-known to produce EF1 allocation for
additive goods but fails to do so for more general valua-
tion functions; see Amanatidis et al. (2023b). Hence, the
implication betwen EF1 and PROP1 does not have any im-
plication for Round-Robin in non-additive instances. Some-
what surprisingly, we prove that Round-Robin does produce
a PROP1 allocation on instances with monotone submod-
ular goods. Actually, it almost does so for satiating sub-
modular goods as well. The partial allocation it computes
after its second-to-last round is PROP1. These results are
best possible. The final allocation of Round-Robin may not
be PROP1 when applied on allocation instances with satiat-
ing submodular goods or with monotone valuations that are
slightly more general than submodular.

Our strongest algorithmic result is a new algorithm that
computes a PROP1 allocation for satiating subadditive
goods. The algorithm starts with an arbitrary allocation and
gradually satisfies the PROP1 conditions for more and more
agents by repeatedly moving items from bundle to bundle.
The proof of correctness uses a nice potential function argu-
ment. The algorithm can be combined with Round-Robin to
give a considerably faster algorithm for satiating submodu-
lar goods. These results are presented in Section 5.

Finally, we address the question of whether PROP1 is
compatible with Pareto-optimality. Our main positive re-
sult is another facet of the “unreasonable fairness” of maxi-
mum Nash welfare allocations. Such allocations are PROP1
and Pareto-optimal on instances with monotone submodular
goods. This is the broadest class of monotone instances in
which PROP1 and Pareto-optimality are always compatible.
We present instances with slightly more general monotone
valuation functions than submodular where no PROP1 allo-
cation is Pareto-optimal. These results appear in Section 6.

We continue by discussing the related literature in the rest
of this section. We present useful preliminary definitions in
Section 2 that are necessary for the presentation of our tech-
nical results in Sections 3-6, and conclude with open prob-
lems in Section 7.

Related work. PROP1 was introduced by Conitzer, Free-
man, and Shah (2017). They considered additive valuation
functions and observed, among other results, that EF1 al-
locations are PROP1. Three papers by Aziz, Moulin, and
Sandomirskiy (2020), Barman and Krishnamurthy (2019),
and McGlaughlin and Garg (2020) consider the compatibil-
ity of PROP1 and Pareto-optimality and present related al-
gorithmic results. For instances with additive goods, PROP1
seems to be the simplest fairness property; the recent work
by Garg and Sharma (2025) summarize how PROP1 is im-
plied by other fairness properties (see also the related soft-
ware at https://sharmaeklavya2.github.io/cpigjs/fairDiv/).

Non-additive valuation functions have been considered
extensively recently. Submodular valuation functions are
central in the study of allocation problems since the sem-
inal work of Lehmann, Lehmann, and Nisan (2006), who
also introduced the class XOS (or fractionally subaddi-
tive valuations). In fair division, Amanatidis et al. (2023b)
and Barman and Krishnamurthy (2020) have studied the
Round-Robin protocol on allocation instances with submod-
ular valuations. Subadditive valuations have been consid-
ered in relation to approximate versions of the fairness no-
tions EFX (Chaudhury, Garg, and Mehta 2021; Feldman,
Mauras, and Ponitka 2024; Barman and Suzuki 2024) and
MMS (Seddighin and Seddighin 2025); see also the survey
by Amanatidis et al. (2023a). Subadditive valuations have
been important in the study of utilitarian and Nash welfare
maximization by, e.g., Feige (2009) and Dobzinski et al.
(2024), respectively.

The above results refer to goods, i.e., monotone valuation
functions with non-negative marginals. In fair division, non-
monotonicity has been studied in the model of combined
goods and chores of Aziz et al. (2022). These valuation func-
tions are additive but an item can have positive value for
an agent and negative to another. Our definition of satiating
valuations has non-negative valuations but allows for neg-
ative marginals. Similar valuations (with possibly negative
values for non-empty bundles that do not contain all items)
have been considered very recently by Barman and Verma
(2025), in relation to the equitability fairness concept. The
literature on optimization of set functions has focused ex-
tensively on satiating submodular valuations, starting with
the work of Feige, Mirrokni, and Vondrák (2011); see also
the related survey by Krause and Golovin (2014).

2 Preliminaries
We consider allocation instances in which a set M of m
goods (or items) has to be allocated to n agents. We identify
the agents using the positive integers in [n] = {1, 2, ..., n}.
Each agent has a valuation function which returns the value
the agent has for each set (or bundle) of goods. We denote
by vi the valuation function of agent i ∈ [n]; it is normal-
ized with vi(∅) = 0 and takes non-negative values, i.e.,
vi(S) ≥ 0, for every bundle S ⊆ M of goods. When S
is a singleton with, say, S = {o}, we simplify notation and
use vi(o) instead of vi({o}). The valuation function vi is
called additive if vi(S) =

∑
o∈S vi(o) for every set of goods

S ⊆M .
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For two disjoint bundles of goods S and T , we use the no-
tation vi(T |S) := vi(T ∪S)− vi(S) to denote the marginal
value the bundle T has for agent i ∈ [n] when it is added to
the bundle S. When T is a singleton with, say, T = {o}, we
simplify notation to vi(o|S) (instead of vi({o}|S)).

The valuation function vi is called submodular if vi(S ∪
T )+vi(S∩T ) ≤ vi(S)+vi(T ) for every sets S, T ⊆M . A
submodular valuation function satisfies vi(o|S) ≥ vi(o|T )
for every two sets of goods S and T with S ⊆ T ⊆ M and
good o ̸∈ T .

Our definition for valuation functions allows for marginal
values to have any sign. We use the term monotone submod-
ular goods for submodular valuation functions with non-
negative marginal values and satiating submodular goods
for general submodular valuation functions.

The next claim applies to the most general definition of
satiating submodular goods and gives an equivalent defini-
tion of submodularity, which we use in our proofs.
Claim 1. The submodular valuation function vi satisfies
vi(X|S) ≥ vi(X|T ) for every set of goods X ⊆ M and
every two sets of goods S and T with S ⊆ T ⊆ M and
X ∩ T = ∅.

Very often in our proofs, we use the following property.
Claim 2. The submodular valuation function vi satisfies
vi(X ∪ T |S) ≤ vi(X|S) + vi(T |S) for every mutually
disjoint sets of goods X , S, and T . Hence, it also satis-
fies vi(T |S) ≤

∑
o∈T vi(o|S) for every two disjoint sets of

goods S and T .

Proof. To prove the first part of Claim 2, we use the defini-
tion of marginal value and submodularity (Claim 1) to get
vi(X ∪ T |S) = vi(X|S) + vi(T |X ∪ S) ≤ vi(X|S) +
vi(T |S).

The valuation function vi is called subadditive if vi(S ∪
T ) ≤ vi(S) + vi(T ) for every two sets of goods S, T ⊆M .
Again, we use the terms monotone and satiating subadditive
goods to distinguish between subadditive valuation func-
tions with non-negative marginal and general subadditive
valuation functions, respectively.

Every submodular valuation function is also subadditive.
In some proofs, we use (monotone) XOS valuation functions
defined as follows. A valuation function vi(·) over bundles
of items is XOS if there are additive valuation functions
f1(·), f2(·), ..., fk(·) such that vi(S) = maxj∈[k] fj(S). A
monotone submodular valuation function is also XOS and a
XOS valuation function is also monotone subadditive. Fig-
ure 1 summarizes the different valuation functions used in
the paper.

An allocation A = (A1, A2, ..., An) is a disjoint parti-
tion of the set of goods M to the n agents. For i ∈ [n],
the set Ai indicates the bundle of goods allocated to agent
i. The allocation A is envy-free if vi(Ai) ≥ vi(Aj) for ev-
ery pair of agents i, j ∈ [n] (i.e., agent i weakly prefers her
own bundle to the bundle of agent j) and is proportional
if vi(Ai) ≥ 1

n · vi(M) (i.e., agent i has a value for her
bundle that is at least as high as her proportionality thresh-
old). An allocation is envy-free up to some good (EF1) if for
every two agents i, j ∈ [n], it is either vi(Ai) ≥ vi(Aj)

satiating goods monotone goods
subadditive

monotone XOS

submodular additive

Figure 1: Relation between the valuation functions over
goods used in the paper.

or there exists a good g in the bundle of agent j such that
vi(Ai) ≥ vi(Aj \ {g}). An allocation is proportional up to
some good (PROP1) if for every agent i ∈ [n], it is either
vi(Ai) ≥ 1

n · vi(M), or there exists a good g not allocated
to agent i such that vi(Ai∪{g}) ≥ 1

n · vi(M). These defini-
tions apply to the most general case of satiating goods. For
monotone goods, we trivially have vi(Ai ∪ {g}) ≥ vi(Ai)
and the first condition in the definition of EF1 and PROP1 is
redundant.

3 Does EF1 Imply PROP1?
Our first technical result generalizes the well-known fact
(see Conitzer, Freeman, and Shah 2017, Lemma 3.6) that
EF1 allocations are also PROP1 to allocation instances with
non-additive and non-monotone valuations.
Theorem 3. In any allocation instance with satiating sub-
modular goods, an EF1 allocation is also PROP1.

Proof. Consider an allocation instance with n agents having
submodular valuations for subsets of a set of satiating goods
M , and let A = (A1, A2, ..., An) be an EF1 allocation.

Let i ∈ [n] be an agent. Define Ñ := {j ∈ [n] : vi(Ai) ≥
vi(Aj)} and observe that Ñ is non-empty since i ∈ Ñ . If
Ñ = [n], then applying the condition vi(Ai) ≥ vi(Aj) for
j ∈ [n], we get

n · vi(Ai) ≥
∑
j∈[n]

vi(Aj) ≥ vi(M), (1)

completing the proof. The second inequality in Equation (1)
follows by the subadditivity of the valuation function vi.

Now, assume that Ñ ̸= [n]. For each agent j ∈ [n] \ Ñ ,
let oj be an (arbitrary) item in the bundle Aj such that
vi(Ai) ≥ vi(Aj \ {oj}); since allocation A is EF1 and
vi(Ai) < vi(Aj), we get vi(Aj) > 0, meaning that such
a good clearly exists. Let O := {oj : j ∈ [n] \ Ñ} and set
o∗ := argmaxo∈O vi(o|Ai). We will prove the theorem by
showing that vi(M) ≤ n ·max{vi(Ai), vi(Ai ∪ {o∗})}.

Notice that the set M \O is the disjoint union of the bun-
dles Aj for j ∈ Ñ and Aj \ {oj} for j ∈ [n] \ Ñ . By the
subadditivity of the valuation function vi, we have

vi(M \O) ≤
∑
j∈Ñ

vi(Aj) +
∑

j∈[n]\Ñ

vi(Aj \ {oj})
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≤ n · vi(Ai). (2)

The last inequality follows since the allocation A is EF1.
By the definition of set O, we have Ai ∩ O = ∅. Thus,

Ai ⊆M \O and

vi(O|M \O) ≤ vi(O|Ai) ≤
∑
o∈O

vi(o|Ai)

≤
∑
o∈O

vi(o
∗|Ai)

= (n− |Ñ |) · vi(o∗|Ai). (3)

The first inequality follows by the submodularity of valua-
tion function vi (Claim 1), the second one by Claim 2, and
the third one by the definition of o∗.

By Equations (2) and (3), we have

vi(M) = vi(M \O) + vi(O|M \O)

≤ n · vi(Ai) + (n− |Ñ |) · vi(o∗|Ai). (4)

Now, if vi(o
∗|Ai) < 0, Equation (4) immediately implies

vi(M) ≤ n · vi(Ai). Otherwise, we get

vi(M) ≤ n · vi(Ai) + (n− |Ñ |) · vi(o∗|Ai)

≤ n · vi(Ai) + n · vi(o∗|Ai)

= n · vi(Ai ∪ {o∗}),

again completing the proof.

Theorem 3 has important algorithmic implications. Using
the well-known result of Lipton et al. (2004) that the Envy-
Cycle Elimination algorithm produces EF1 allocations when
applied to monotone allocation instances, we get the follow-
ing corollary.
Corollary 4. Given an allocation instance with monotone
submodular goods, the Envy-Cycle Elimination algorithm
returns a PROP1 allocation.

We will extend and significantly improve Corollary 4 in
Sections 4 and 5, respectively.

The result in Theorem 3 is best possible. The proof of
the next theorem uses an allocation instance with monotone
valuations that are slightly more general than submodular.
Theorem 5. There exists an allocation instance with mono-
tone XOS goods that has an EF1 allocation that is not
PROP1.

Proof. Consider an allocation instance with three agents and
seven items. Each agent has the valuation function v de-
picted in Table 1. Notice that v(S) depends only on the
cardinality of S. We can verify that v is XOS. Indeed, us-
ing the positive integers in [7] to identify the items, we
have v(S) = maxj=0,1,..,7

∑
g∈S fj(g) with f0(g) = 1 for

g ∈ [7], fg(g) = 2 for g ∈ [7], and ft(g) = 0 for t, g ∈ [7]
with t ̸= g.

Now, consider an allocation A = (A1, A2, A3) with
|A1| = 1, |A2| = |A3| = 3. Clearly, agents 2 and 3 are non-
envious. For every strict subset of bundles A2 and A3, agent
1 has value 2, i.e., equal to her value v1(A1) in allocation A.
Hence, allocation A is EF1. It is not PROP1, though. Agent

|S| 1 2 3 4 5 6 7
v(S) 2 2 3 4 5 6 7

Table 1: The valuation function of the agents in the instance
used in the proof of Theorem 5.

1 has still value 2 for any bundle obtained by adding an extra
item to her bundle A1, while her proportionality threshold is
7/3.

We remark that the proof of Theorem 5 uses an instance
with three agents. Interestingly, for two-agent allocation in-
stances and satiating subadditive goods, EF1 implies PROP1
as the next statement indicates.
Theorem 6. In allocation instances with satiating subad-
ditive goods and two agents, any EF1 allocation is also
PROP1.

Proof. Consider an allocation instance with two agents hav-
ing subadditive valuations for subsets of a set of satiating
goods and let A = (A1, A2) be an EF1 allocation. Without
loss of generality, we will focus on agent 1 and prove that
allocation A satisfies the PROP1 condition for this agent.

First, assume that v1(A1) ≥ v1(A2). Using subadditivity
and this inequality, we get

v1(A1 ∪A2) ≤ v1(A1) + v1(A2) ≤ 2 · v1(A1),

completing the proof. Otherwise, due to the fact that alloca-
tion A is EF1, there exists an item g in the bundle A2, such
that v1(A1) ≥ v1(A2 \ {g}). Using subadditivity and this
inequality, we get

v1(A1 ∪A2) ≤ v1(A2 \ {g}) + v1(A1 ∪ {g})
≤ v1(A1) + v1(A1 ∪ {g})
≤ 2 ·max{v1(A1), v1(A1 ∪ {g})},

again completing the proof.

4 Does Round-Robin Compute PROP1
Allocations?

We now focus on the Round-Robin protocol, arguably the
simplest algorithm for allocating indivisible goods. Round-
Robin starts with an empty allocation and runs in rounds. In
each round, the agents act in a fixed order. When it is the turn
of an agent to act, they pick the best item that is still avail-
able, i.e., the available item that has the maximum marginal
value for the agent. For satiating goods, this marginal value
can be negative.

Our main result in this section (Corollary 9) applies to
allocation instances with monotone submodular goods. For
this case, Amanatidis et al. (2023b) have proven that the al-
location returned by Round-Robin is not always EF1. Some-
what surprisingly, we prove that it is PROP1, using different
arguments than those developed in Section 3.

For satiating submodular goods, Round-Robin achieves
PROP1 only partially, as the next statement indicates.
Theorem 7. In every allocation instance with satiating sub-
modular goods, the partial allocation produced by Round-
Robin after the second-to-last round is PROP1.
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One might think that the fact that Theorem 7 refers to the
partial allocation computed at the end of the second-to-last
round, as opposed to the final complete allocation returned
by Round-Robin, is just a weakness in our analysis. This is
not the case, though, as the next statement shows.

Theorem 8. There exists an allocation instance with sati-
ating submodular goods for which Round-Robin does not
produce a PROP1 allocation.

Proof. We use an allocation instance with two agents and
six items a, b, c, d, g1, and g2. Agent 1 has an additive val-
uation function, with value 1 for items a, b, and c and value
0 for items d, g1, and g2. Agent 2 has the valuation func-
tion defined in Table 2. Items g1, g2, a, b, and c have con-
stant marginal values v(·|S) of 3, 3, 2, 2, and 2, respectively,
when added to a bundle S not containing item d. Item d has
marginal value v2(d|S) equal to −5 if set S contains both
g1 and g2, and equal to 2 otherwise. As marginal values are
non-increasing but possibly negative, this is an instance of
satiating submodular goods.

item o bundle S v2(o|S)
g1, g2 d ̸∈ S 3
a, b, c d ̸∈ S 2
d {g1, g2} ̸⊆ S 2
d {g1, g2} ⊆ S −5

Table 2: The valuation function of agent 2 in the proof of
Theorem 8.

By applying Round-Robin, agent 1 picks the items a, b,
and c in the first three rounds. Agent 2 picks items g1 and
g2 in the first two round and is left with item d in the third
round. We have v2(M) = 7 while v2({g1, g2, d, o}) = 3 <
v2(M)/2 for every o ∈ {a, b, c}, violating the PROP1 con-
dition.

Our next positive result for monotone submodular goods
follows easily using Theorem 7 and by arguing about the
additional value the agents get in the last round of Round-
Robin.

Corollary 9. For every allocation instance with monotone
submodular goods, Round-Robin returns a PROP1 alloca-
tion.

Proof. Consider an allocation instance with n agents having
submodular valuations for subsets of a set of satiating goods
M . Let L = ⌈|M |/n⌉ be the number of rounds executed
by Round-Robin. For agent i ∈ [n] and k ∈ [L], denote
by Ak

i the set of items allocated by Round-Robin to agent
i in rounds 1, 2, ..., k and let A = (A1, A2, ..., An) be the
final complete allocation. By Theorem 7, we get that either
vi(M) ≤ n · vi(AL−1

i ) or there exists an item g ̸∈ AL−1
i

such that vi(M) ≤ n · vi(AL−1
i ∪ {g}).

If vi(M) ≤ n · vi(A
L−1
i ), monotonicity yields

vi(A
L−1
i ) ≤ vi(Ai) and, hence, vi(M) ≤ n ·vi(Ai) as well.

If vi(M) ≤ n · vi(AL−1
i ∪ {g}), we distinguish between

two cases. First, if item g is allocated to agent i in the last

round by Round-Robin, we have vi(Ai) = vi(A
L−1
i ∪ {g})

and, hence, vi(M) ≤ n · vi(Ai). Otherwise, monotonicity
implies that vi(AL−1

i ∪ {g}) ≤ vi(Ai ∪ {g}) and, hence,
vi(M) ≤ n · vi(Ai ∪ {g}), completing the proof.

The result in Corollary 9 is best possible. The proof of
the next theorem uses an allocation instance with monotone
valuations that are slightly more general than submodular.

Theorem 10. There exists an allocation instance with
monotone XOS goods for which Round-Robin does not pro-
duce a PROP1 allocation.

Proof. We prove the theorem using an allocation instance
with two agents and six items a, b, c, d, e, and f . Agent 1
has the additive valuation function depicted in Table 3.

item a b c d e f
v1(·) 3 2 1 0 0 0

Table 3: The additive valuation function of agent 1 used in
the proof of Theorem 10.

Agent 2 has an XOS valuation function v2 that uses the
two additive valuation functions f1 and f2 depicted in Ta-
ble 4. In particular, v2(S) = max{f1(S), f2(S)} for every
S ⊆ {a, b, c, d, e, f}.

item a b c d e f
f1(·) 5 5 5 0 0 4
f2(·) 0 0 0 6 2 1

Table 4: The additive valuation functions that are used in the
definition of the XOS valuation function v2 of agent 2 in the
proof of Theorem 10.

Agent 2 has item d as the most valuable singleton. Then,
the marginal valuation v2(o|d) is maximized for item e with
v2(e|d) = 2. Also, the marginal valuation v2(o|{d, e}) is
maximized to 1 for item f ; any other marginal is equal to 0.
So, in any execution of Round-Robin, agent 2 will receive
the items d, e, and f (in this order) if they are available.
Clearly, agent 1 has the items a, b, and c as the most valuable
ones.

Hence, in any of the two possible executions of Round-
Robin (depending on the ordering of the agents), the result-
ing allocation will be A = ({a, b, c}, {d, e, f}). Notice that
v2({a, b, c, d, e, f}) = 19 while for every o ∈ {a, b, c}, it
holds v2({d, e, f, o}) = 9 < v2({a, b, c, d, e, f})/2, imply-
ing that allocation A is not PROP1.

5 Computing PROP1 Allocations for
Satiating Subadditive Goods

In this section, we present our strongest algorithmic result,
stated as follows.

Theorem 11. There exists a polynomial-time algorithm
that, on input any allocation instance with satiating subad-
ditive goods, returns a PROP1 allocation.
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Algorithm 1: An algorithm producing a PROP1 allocation
for allocation instances with satiating subadditive goods

Require: An allocation instance with n agents and a set of
satiating subadditive goods M

Ensure: A PROP1 allocation A
1: A← an arbitrary allocation
2: A← improve(A)
3: while P1(A) ̸= [n] do
4: i← an arbitrary agent in [n] \ P1(A)
5: j ← an arbitrary agent in P (A)
6: g ← an arbitrary item in Aj

7: Aj ← Aj \ {g}; Ai ← Ai ∪ {g}
8: A← improve(A)
9: end while

10: return A

Proof. We will prove Theorem 11 using Algorithm 1. The
input of the algorithm is an allocation instance with n agents
and a set M of m satiating subadditive goods. The algorithm
uses the three subroutines P (·), P1(·), and improve(·). P (·)
takes as input an allocation and returns the set of agents that
satisfy the proportionality conditions. Formally, an agent i
belongs to set P (A) for an allocation A = (A1, A2, ..., An)
if n · vi(Ai) ≥ vi(M). Similarly, P1(·) takes as input an al-
location and returns the set of agents that satisfy the PROP1
conditions. Formally, an agent i belongs to set P1(A) for an
allocation A = (A1, A2, ..., An) if it is either n · vi(Ai) ≥
vi(M) (i.e., if i ∈ P (A)) or there exists an item g ̸∈ Ai such
that n · vi(Ai ∪ {g}) ≥ vi(M).

The subroutine improve(·) takes as input an allocation
A and works as follows. If there is an agent i ∈ [n] with
i ∈ argmaxj∈[n] vi(Aj), improve(A) returns A. Other-
wise, it builds the directed graph G(A) containing a node
corresponding to each agent i ∈ [n]. For each agent
i ∈ [n], G(A) contains the directed edge (i, ei) where
ei is an agent in [n] that agent i envies the most, i.e.,
ei ∈ argmaxj∈[n]\{i} vi(Aj). Since each node of graph
G(A) has out-degree 1, G(A) contains at least one cy-
cle. The call of improve(A) identifies an arbitrary such cy-
cle C = (c1, ...ck) with eck = c1 and ect = ct+1 for
t = 1, 2, ..., k − 1 and redistributes the bundles of A so that
the agent (corresponding to node) ck gets bundle Ac1 and
agent ct gets bundle Act+1 for t = 1, 2, ..., k − 1. By the
definition of subroutine improve(·), we have the following
property.

Lemma 12. Let A be the allocation returned after an appli-
cation of subroutine improve(·). Then, P (A) ̸= ∅. Further-
more, every agent who was reassigned a bundle by subrout-
ing improve(·) belongs to set P (A).

Proof. Consider the application of subroutine improve(·)
on an allocation A. If it did not modify allocation A, this
means that there is some agent i ∈ [n] such that vi(Ai) ≥
vi(Aj) for every agent j ∈ [n]. Summing over these n in-
equalities and using the subadditivity of the valuation func-

tion vi, we get

n · vi(Ai) ≥
∑
j∈[n]

vi(Aj) ≥ vi(M),

implying the proportionality condition for agent i and,
hence, i ∈ P (A).

If the application of subroutine improve(·) modified al-
location A, then a non-empty set of agents were reallo-
cated their most valuable bundle. For each such agent i,
their valuation after the redistribution of the bundles is
vi(Ai) ≥ vi(Aj) for every j ∈ [n] (here, we use A to de-
note the allocation obtained after the application of subrout-
ing improve(·)). Using the same argument as in the previous
paragraph, we get that all these agents satisfy the proportion-
ality conditions and belong to P (A).

Algorithm 1 works as follows. It starts with an arbitrary
allocation (line 1) on which subrouting improve(·) is ap-
plied (line 2). Then, as long as there are agents for whom
the PROP1 condition is not satisfied (i.e., the condition
P1(A) ̸= [n] in line 3), the algorithm runs the following
loop. It identifies an arbitrary agent i for whom the PROP1
condition is not satisfied (line 4) and an arbitrary agent j for
whom the proportionality condition is satisfied (line 5). Such
agents do exist since the algorithm entered the while-loop
and allocation A has been obtained after applying subrou-
tine improve(·). Then, the algorithm picks an arbitrary item
g from the bundle Aj (in line 6; again, such an item exists
because agent j belongs to P (A) and, thus, satisfies the pro-
portionality condition, i.e., vj(Aj) ≥ vj(M)/n > 0). The
current allocation is modified (in line 7) by moving item g
from bundle Aj to bundle Ai, and subroutine improve(·) is
applied to this modified allocation (line 8). When leaving the
while-loop, the algorithm returns the current allocation (line
10).

The above discussion guarantees that all steps in the
while-loop are well-defined. Furthermore, if the algorithm
exits the while-loop and terminates, it will clearly return a
PROP1 allocation (since P1(A) = [n], i.e., all agents would
satisfy the PROP1 condition in this case). To complete the
proof of correctness, we need to prove that the algorithm
terminates given any allocation instance with satiating sub-
additive goods.

We use a potential function argument. Denote by A0 the
allocation obtained after the execution of line 2 of Algo-
rithm 1 and by At the allocation obtained after the t-th exe-
cution of line 8 (i.e., after the t-th execution of the while-
loop). With some abuse in notation, we use P1(At) and
P (At) to denote the set of agents for whom the PROP1 and
proportionality conditions are satisfied in allocation At. The
proof of the next lemma is omitted. It follows due to the fact
that in each execution of the while-loop of Algorithm 1, an
item from the bundle of an agent satisfying proportionality
is given to an agent not satisfying PROP1; after the move,
the first agent still satisfies PROP1.

Lemma 13. For every integer t ≥ 0, P1(At) ⊆ P1(At+1).

Lemma 13 proves the monotonicity of the quantity
|P1(At)| in terms of number of executions t of the while-
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loop of Algorithm 1. To show that the algorithm terminates,
we furthermore need to show that |P1(At)| strictly increases
after a polynomial number of executions of the while-loop.
This is proved in the next lemma.

Lemma 14. For every non-negative integer t with
|P1(At)| < n, there is an integer t′ ≤ t + m such that
|P1(At′)| > |P1(At)|.

Proof. For the sake of contradiction, let t be a non-
negative integer such that |P1(At)| < n and assume that
|P1(At+m)| ≤ |P1(At)|. By Lemma 13, this means that
P1(At+m) = P1(At). Hence, after the t-th execution and
until after the (t+m)-th execution of the while-loop, m dis-
tinct items (i.e., all items) have moved to bundles of agents
in [n]\P1(At+m). Hence, the agents in set P1(At+m) have
no value at all in allocation At+m. Hence, vk(At+m

k ) <
vk(M)/n, for each agent k ∈ [n] and P (At+m) = ∅, which
contradicts Lemma 12, as allocation At+m is obtained after
running the subroutine improve(·).

Hence, Lemma 14 implies that every at most m execu-
tions of the while-loop, the number of agent satisfying the
PROP1 conditions increases by at least 1. This means that
Algorithm 1 computes a PROP1 allocation after at most n·m
executions of the while-loop. The proof of Theorem 11 is
now complete.

The proof of Theorem 11 essentially shows that Algo-
rithm 1 computes a PROP1 allocation for satiating subad-
ditive goods after O(n ·m) item allocations or reallocations.
For allocation instances with satiating submodular goods,
we can compute a PROP1 allocation much faster by com-
bining Round-Robin and Algorithm 1. The main change is
to replace line 1 of Algorithm 1 by an execution of Round-
Robin until its second-to-last round. By Theorem 7, the par-
tial allocation computed by Round-Robin after the second-
to-last round satisfies PROP1 for each agent. We can com-
plete this allocation by assigning all items left for the last
Round-Robin round to a single arbitrary agent; this com-
plete allocation satisfies PROP1 for all agents but one. By
running Algorithm 1 using this initial allocation, we have
|P1(A0)| ≥ n − 1 initially, and, using Lemma 14, we get
that all agents will satisfy PROP1 after at most m executions
of the while-loop of Algorithm 1. The following statement
summarizes this discussion.

Theorem 15. There exists a polynomial-time algorithm
which, given an allocation instance with m satiating sub-
modular goods, returns a PROP1 allocation after at most
O(m) item allocations and reallocations.

6 Can PROP1 Allocations Be
Pareto-Optimal?

We now explore the compatibility of PROP1 and Pareto-
optimality. Following Caragiannis et al. (2019), we extend
the definition of the maximum Nash welfare allocation to
capture instances in which no allocation yields positive val-
uation to all agents for their bundles. So, the maximum
Nash welfare allocation is one that maximizes the number of

agents with non-zero valuation for their bundle and, under
this condition, it maximizes the product of non-zero agent
valuations.

Our first result showcases another facet of the “unreason-
able fairness” of allocations with maximum Nash welfare.

Theorem 16. In any allocation instance with monotone sub-
modular goods, the maximum Nash welfare allocation is
PROP1.

We have two proofs of Theorem 16 (both are omitted).
The first one is direct and long. A shorter proof follows by
first using a result of Caragiannis et al. (2019) stating that
maximum Nash welfare allocations have a fairness property
called marginal envy-freeness up to some good (MEF1) and
then proving that MEF1 allocations are also PROP1.

As a maximum Nash welfare allocation is Pareto-optimal,
we obtain the following corollary.

Corollary 17. In any allocation instance with monotone
submodular goods, a PROP1 and Pareto-optimal allocation
exists.

Unfortunately, PROP1 can be incompatible with Pareto-
optimality if slightly more general (i.e., monotone XOS) val-
uation functions are allowed.

Theorem 18. There exists an allocation instance with
monotone XOS goods, in which no Pareto-optimal alloca-
tion is PROP1.

Proof. We use the allocation instance with three agents hav-
ing the same XOS valuation function for seven items that
we used in the proof of Theorem 5. The only PROP1 allo-
cations should give three items to some agent and two items
to each of the other two. Indeed, if an agent got at most one
item, the valuation for any superset including an extra item
would be 2 while the proportionality threshold is 7/3. Then,
the (non-PROP1) allocation that gives five items to the agent
who initially got the three items and one item to each of the
other two agents is a Pareto improvement; the first agent has
strictly better value and the other two are not worse off.

7 Conclusion and Open Problems
We have presented new results regarding the existence and
efficient computation of PROP1 allocations for instances
with non-additive (i.e., submodular and subadditive) and
possibly non-monotone valuation functions over goods. Our
work leaves several open problems, including the follow-
ing. First, is PROP1 and Pareto-optimality compatible on
allocation instances with satiating submodular goods? Sec-
ond, is there a polynomial-time algorithm for computing
a PROP1 and Pareto-optimal allocation for monotone sub-
modular goods? Third, what is the price of fairness with
respect to Nash welfare of PROP1 allocations in subaddi-
tive instances? The proof of Theorem 18 can be modified to
yield a price of fairness lower bound higher than 1. Finally,
for classes of allocation instances in which PROP1 is not
compatible with Pareto-optimality, what is the best approxi-
mation of PROP1 that is compatible with Pareto-optimality?
Can such approximately PROP1 and Pareto-optimal alloca-
tions be computed efficiently?
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