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Abstract

Humans exhibit time-inconsistent behavior, in which planned
actions diverge from executed actions. Understanding time-
inconsistency and designing appropriate interventions is a
key research challenge in computer science and behavioral
economics. Previous work focuses on progress-based tasks
and derives a closed-form description of agent behavior,
from which they obtain optimal intervention strategies. They
model time-inconsistency using the S—§ discounting (quasi-
hyperbolic discounting), but the analysis is limited to the case
6 = 1. In this paper, we relax that constraint and show that
a closed-form description of agent behavior remains possible
for the general case 0 < § < 1. Based on this result, we de-
rive the conditions under which agents abandon tasks and de-
velop efficient methods for computing optimal interventions.
Our analysis reveals that agent behavior and optimal inter-
ventions depend critically on the value of 4, suggesting that
fixing 6 = 1 in many prior studies may unduly simplify real-
world decision-making processes.

1 Introduction

Human decision making often requires intertemporal
choices, and time preference, which measures how much
future value is discounted, plays a crucial role (Frederick,
Loewenstein, and O’donoghue 2002). Economics has tradi-
tionally modeled time preference using the exponential dis-
counting framework, which discounts value at a constant
rate (Samuelson 1937). In this framework, present and future
values are evaluated consistently, yielding time-consistent
behavior: decisions do not change as time elapses.
However, actual human behavior frequently exhibits fime-
inconsistency, in which planned actions diverge from exe-
cuted actions. For example, consider an individual who is
planning to diet. At the planning stage, they believe that
by foregoing indulgent weekend meals they will succeed in
their diet. However, as the weekend approaches, the immedi-
ate allure of the indulgent meal intensifies, making it impos-
sible to resist; the individual indulges and consequently fails
to adhere to the diet plan. This shift in valuation between
planning and execution is known as time-inconsistency, and
as the example illustrates, it can impede long-term goal
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achievement. Consequently, it has become an important re-
search challenge in behavioral economics and computer sci-
ence to model the mechanisms underlying time-inconsistent
behavior mathematically, predict such behavior, and derive
optimal interventions that support goal attainment.

One prominent example of this line of research is the
Directed Acyclic Graph (DAG) model of time-inconsistent
behavior proposed by Kleinberg and Oren (2014). In this
model, tasks are represented as a DAG, and an agent re-
peatedly selects a path that minimizes cost computed un-
der $-d discounting (with 6 = 1 fixed), thereby repro-
ducing prototypical behaviors such as procrastination and
task abandonment while flexibly capturing diverse real-
world task structures. Building on this, Akagi, Marumo,
and Kurashima (2024) introduced an analytically tractable
model on progress-based tasks, enabling rigorous analysis
of task abandonment conditions and designing interventions
that maximize progress.

These models represent time preferences using 5—4 dis-
counting (quasi-hyperbolic discounting) (Phelps and Pol-
lak 1968; Laibson 1997). Under 5—§ discounting, a pay-
off occurring at time ¢ > 0 is multiplied by the factor
B4, where 0 < 3,5 < 1 are parameters that shape the
discount. The parameter 5 governs the degree of present
bias—the overweighting of immediate value relative to fu-
ture value—while § governs the rate at which future value is
further discounted over time, capturing long-term patience.
This discounting scheme contrasts with the classical expo-
nential model, in which the discount factor is given by §¢.
Figure 1 illustrates the shapes of the discount functions.

Although § and ¢ are essential for modeling human time
preference, prior work has predominantly focused on the ef-
fects of 3, fixing § = 1 to isolate the impact of present bias.
For example, Kleinberg and Oren (2014) analyze agent be-
havior under the assumption 6 = 1, and many subsequent
studies have retained this assumption, discussing only the
role of # (Kleinberg, Oren, and Raghavan 2016, 2017; Ak-
agi, Marumo, and Kurashima 2024; Tang et al. 2017; Albers
and Kraft 2019; Gravin et al. 2016). The assumption § = 1
implies that a reward received after 5 days is valued the same
as one received after 365 days, which is clearly unrealistic
(see Figure 1). Nevertheless, the influence of ¢ on agent be-
havior and the optimal design of interventions under S—0
discounting has received little attention.
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Figure 1: Example of discount functions. For 5 = 0.7 and
d = 0.95, we plot the discount factor D(t) at time ¢ for
exponential discounting with factor §, 5-§ discounting, and
(-1 discounting (-9 discounting with 6 = 1).

This paper analyzes how the parameter ¢ affects agent be-
havior and optimal interventions. To this end, we build on
the analytically tractable model for progress-based tasks in-
troduced by Akagi, Marumo, and Kurashima (2024). First,
we extend their model to the general case § # 1 and show
that the agent’s behavior still admits a closed-form descrip-
tion. Based on this closed-form, we derive theoretically the
conditions under which an agent abandons a task and exam-
ine which combinations of (3, d) make abandonment more
likely. We then address two optimal intervention problems,
goal optimization and reward scheduling, design efficient al-
gorithms to solve them, and use these algorithms to analyze
how optimal interventions vary with the parameters (3, §).

Our analysis yields the following insights:

» Task abandonment. Whether an agent may abandon a
task midway depends not only on /3 but on the combina-
tion (3, ¢). In particular, a smaller 6 makes abandonment
more likely. This contrasts with exponential discounting,
where abandonment never occurs for any §.

Goal-setting optimization. In the problem of deciding
the optimal goal to maximize final progress, ¢ plays a
critical role. Notably, exploitative rewards (announced
rewards that the agent cannot actually obtain) are most
effective when 3 is small and ¢ is large. Though power-
ful, exploitative rewards raise ethical concerns, making
our analysis important for guiding their appropriate use.
* Reward-scheduling optimization. In the problem of op-
timally timing rewards to maximize overall progress, &
has a major influence. In realistic parameter ranges, em-
pirically estimated as 8 ~0.5-0.9, § ~0.90-0.99 (Laib-
son et al. 2024; Cheung, Tymula, and Wang 2021), the
optimal schedule structure is highly sensitive to .

These results demonstrate that § influences agent behavior
and optimal interventions in a fundamentally distinct man-
ner from [, and suggest that fixing § = 1 as in much
prior work may excessively simplify real-world decision
processes.
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Proofs are deferred to Section 9.

2 Related Work

Various time discount functions have been proposed to
model human time preferences. Representative examples in-
clude exponential discounting (Samuelson 1937), long em-
ployed in economics; hyperbolic discounting (Ainslie 1975),
introduced to capture time-inconsistent preferences; and
the S—9 discounting (quasi-hyperbolic discounting), which
plays a central role in this study. Subsequent research has
further generalized these discount functions, such as gen-
eralized hyperbolic discounting (Loewenstein and Prelec
1992) and generalized Weibull discounting (Takeuchi 2011).

Numerous studies have explored time discounting, time-
inconsistency, task abandonment, and optimal intervention.
One of the latest pivotal works is DAG model of time-
inconsistent behavior proposed by Kleinberg and Oren
(2014). This model has gathered widespread attention for
its combination of modeling flexibility (capturing a broad
class of real-world tasks) and tractability (leveraging graph-
theoretic and algorithmic techniques). Subsequent exten-
sions include more complicated biases (Kleinberg, Oren,
and Raghavan 2016, 2017; Gravin et al. 2016) and deriving
optimal interventions (Tang et al. 2017; Albers and Kraft
2019, 2021; Halpern and Saraf 2023; Belova et al. 2024).
Notably, all of these works fix § = 1 in $-§ discounting.

The work most closely related to ours is the analytically
tractable model for present-biased agents in progress-based
tasks introduced by Akagi, Marumo, and Kurashima (2024).
Their model can be interpreted as a combination of the “cu-
mulative procrastination” framework of O’Donoghue and
Rabin (2006) and the DAG-based agent model of Kleinberg
and Oren (2014). It has also been extended to a continuous
time model (Akagi, Kim, and Kurashima 2025), providing a
versatile application framework. Our principal contribution
lies in generalizing this model to the case § # 1 and analyti-
cally characterizing how varying § influences agent behavior
and optimal intervention. For a detailed comparison between
the findings of Akagi, Marumo, and Kurashima (2024); Ak-
agi, Kim, and Kurashima (2025) and ours, see Section 7.

Although many studies have underscored the importance
of the exponential discount factor ¢ in the context of ex-
ponential discounting, relatively few have focused on the
role of § within the 5—§ framework. For example, Meier
and Sprenger (2008) conducted a field experiment using
credit reports and found that §, more so than /3, strongly cor-
relates with individuals’ default behavior and FICO credit
scores. Similarly, Burks et al. (2012) reported that, in a field
study of truck driver trainees, including § as a predictor
improved forecasts of outcomes such as smoking behavior,
credit scores, BMI, and job performance, compared to us-
ing [ alone. Although our theoretical results do not directly
validate these empirical findings, they share the common di-
rection of highlighting the significance of §. We believe that
future work must validate relationships between these stud-
ies through both theoretical analysis and experimental inves-
tigation.



3 Model
3.1 Progress-based Task

This study considers progress-based tasks proposed by Ak-
agi, Marumo, and Kurashima (2024). In this type of task, an
agent accumulates a quantity called progress over a fixed pe-
riod and receives a reward if a pre-specified progress target
is achieved within the time limit. Such tasks frequently oc-
cur in everyday life. For example, the task “exercise for 30
hours within one month to improve one’s health” falls into
this category; here, the period is one month, and the progress
corresponds to the cumulative hours of exercise performed.
We assume that progress is non-decreasing over time'.

We treat time as a discrete quantity. We denote the to-
tal length of the period by 1" € Z~¢, the goal progress by
0 € R, and the reward by R € R (. The agent’s state is
represented by the tuple (¢, z), where ¢ is the time step and
x is the progress.

3.2 Model Definition

We describe the decision-making model of an agent in a
progress-based task. The proposed model with § = 1 cor-
responds to the model proposed by Akagi, Marumo, and
Kurashima (2024); thus, the proposed model is a general-
ization of their model.

An agent in state (t — 1, 2;_1) computes the cost of the
states sequence (t,yt),..., (T,yr) taken from time ¢ on-
ward as follows:

T
Co(Wer- - ryr) = clye — 1) + > B8 ey —yi1)
i=t+1

— BSTTHIR Ay > 0], (1

where 1[-] is the indicator function, taking the value 1 if
yr > 0 and 0 otherwise, and ¢(A) denotes the cost required
to generate progress A. In this study, we assume

A% ifA >0,
C(A):{ , A >

400, if A <O,
where o > 1 is a parameter determining the shape of the
cost function, and c(A) = 400 for A < 0 reflects the model
assumption that progress cannot decrease.

The cost function C¢(y;, . ..,yr) is designed according
to quasi-hyperbolic discounting (Phelps and Pollak 1968;
Laibson 1997). In quasi-hyperbolic discounting, the param-
eters 5 and ¢ satisfy 0 < 3,6 < 1 and determine the form of
temporal discounting. When an agent is in state (t—1, x4—1),
the immediate cost ¢(y; — 2¢—1) is not discounted, whereas
a cost incurred at time ¢ (> t), ¢(y; —yi—1), is discounted by
the factor 36°~*. The parameter 3 captures the weight given
to all future costs relative to the present, and § captures how
the discounting of future costs increases over time. The third
term represents the reward: if the agent’s final progress yr
meets or exceeds the goal 6, the agent obtains the discounted

'In a dieting task where weight loss is progress, that progress
can decrease (i.e., weight regain). Tasks in which progress may
decline fall outside the scope of this work and are left for future
research.
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Figure 2: An example of the cost of the states sequence
(tvyt)a ceey (T7 yT)

reward 307 ~**1R. The preceding minus sign indicates that
the reward plays the inverse role of costs. Figure 2 illustrates
an example of computation of the cost of the states sequence
(tv yt)a AR (T7 yT)

Atstate (¢t — 1, 24—1), the agent proceeds as follows:

e For each candidate sequence of future states
(ta yt)v sy (T7 yT)7 compute the cost Ct(yt7 o ayT)
using (1) and let (¢,v;),..., (T, y%) be the sequence
that minimizes this cost. If there are multiple sequences
that minimize the cost, we choose the one which
maximizes ;.

* Move from (¢t — 1,z:—1) to (¢, y;).

That is, the sequence of states is determined by £y = 0 and

r; = argmin  min RCt(yt, ceYT). 2)

Yyt €ER  Yt+1,--,YTE

This behavioral model reflects that, at each time step, the
agent evaluates the cost of each candidate future sequence
under $-0 discounting and follows the sequence that yields
the minimal cost.

3.3 Closed Form Progress

Theorem 1. The agent’s progress x; can be written as

min{t,t*}
v=0{1— [ ») 3)
i=1
where
T—t 5
S
Py = Zz—l

Sy 0+ aT
B g, 5o gt
and t* is defined as the smallest t € {0, ...,T—1} satisfying
Tt-1 I—a
( d a4 55“) 1I» >
i=1 i=1

if such a t exists; otherwise, t* = T.

R

07a’ (4)



Theorem 1 indicates that an agent’s progress admits a
closed-form expression. The quantity ¢t* corresponds to the
time step at which the agent abandons the task, and t* = T'
signifies that the agent never abandons the task and com-
pletes it. This result extends the § = 1 case obtained in
(Akagi, Marumo, and Kurashima 2024) to the general case
0 < 1. Following, we analyze the behavior of S—9 agents
based on this expression.

4 Task Abandonment

This section investigates the relationship between the condi-
tions of task abandonment of agents and the discount param-
eters. Understanding this relationship enables the prediction
of task abandonment and helps design intervention strategies
to maximize the agent’s final progress.

First, we extend the concept of the Task-Abandonment In-
ducing (TAI) parameter proposed in (Akagi, Marumo, and
Kurashima 2024) to the case of 5—§ discounting.

Definition 1. For a -6 agent, if there exist 0, R € R>q
such that t* # 0 and t* # T, then the discount parameters
(8, 0) are said to be Task-Abandonment Inducing (TAI).

Here, t* is the time step at which the agent abandons the
task, as defined in Theorem 1. If ¢* 0, the agent aban-
dons the task from the outset, i.e., never begins. If t* = T,
the agent never abandons and completes the task. Hence, an
agent with TAI parameters may abandon the task midway for
some 6 and R. Conversely, an agent without TAI parameters
will never abandon midway for any 6 or R, and will either
never start or see the task through to completion. The TAI
property thus serves not only as an indicator of propensity
for task abandonment, but also has significant implications
for optimal intervention strategies (see Sections 5 and 6).

Define

Tot-1 l—a
g = ( > 61+/36T—f> I1» )
=1 =1

which is the left-hand side of (4). By Theorem 1, ¢* is the
smallest ¢ satisfying q; > 0%. Therefore, the necessary and
sufficient condition for (3, J) to be TAT is

(6)

max gy 7 qo-

te{0,1,...,T—1}

We derive the necessary and sufficient condition for (3, §)
to be TAIL To present this result, we prepare some prelimi-
naries. First, define

a—1

(a — 1)(1 —xﬁ)

hl(x) = 1 )
€Traoa—1
1 a—1
(a—1) (1 - xﬁ)
ha(x) = ; ; :
xa-1 (1 —a(l- mﬁ))
=D =)

Then we have:
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(a) hl(’yl) = 1, hg(’}/Q) = 1, and h1(1> = hg(l) = 0,
(b) hy is strictly decreasing on [y1,1], and hs is strictly
decreasing on [z, 1].

Hence hy and he admit inverse functions on [y1,1] and
[v2, 1], respectively; denote these inverses by hl_1 and hy 1
With these preparations, we state the following theorem.
Theorem 2. Fix § € (0,1]. Then there exists a threshold
Bo(0) satisfying hy*(8) < Bo(8) < hy'(6), and (B,0) is
TAI if and only if § < Bo(0).

Theorem 2 implies that for a fixed &, the TAI property is
determined by whether  is smaller than the threshold £y (0).
Although deriving an analytic form for 3 (0) is difficult, it is
guaranteed to lie between h; *(8) and h; ' (6). These inverse
functions can be expressed explicitly as functions of ¢§ as
follows:

hr'(6) = <a_i<15>
where

97(0) = \/(O‘ - 1)2<1 - 5ﬁ)2 + da(o — 1)557
—(a— 1)(1 —5%)7
1 \2 R
gt () = \/(a - 1)2(1 _5m) +dafa — 155
+ (o — 1)(1 75ﬁ).

Figure 3 illustrates the relationship among k1, ho, and Sy
in the -4 plane for the case o« = 5 and 7' = 100. The green
dashed line plots the numerically computed 3o(5).> More-
over, Figure 4 plots the same relationship for « = 1.1,7 =
100 and o = 10,7 = 100.

From Figure 3, we observe:

e The 5-¢ space is divided into two connected regions:
one where the parameters are TAI and one where they
are not.

* Smaller values of /3 tend to induce the TAI property.
* Smaller values of ¢ also tend to induce the TAI property.
Furthermore, Figure 4 indicates that the TAI region ex-

pands as « decreases. This observation is supported by the
proposition below.

Proposition 1.

li 1) = 1 Jl0) =1
Jim hy(8) = lim hyt(6) =1,

1 1
lim A71(6) ==, lim h;1(6) = —=
Jim Ry (0) = -, lim hy () 7

for 0 < § <1, where e is Euler’s number.

By Lemma 3 in Section 9.2, £o(9) is the value of 3 satisfying
qo qr—1. Because Lemma 3 guarantees that g0 < gr—1 for
hl_l(é) < ﬁ < 50(5) and qo > qQT-1 for ﬁo(é) < ﬁ < hz_l(5),
for fixed §, we can find 8o(d) numerically via binary search.
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Figure 3: The relationship among h1, ho, and 3y in the S—9
plane for o = 5 and 7' = 100. The green dashed line shows
the numerically computed values of 5y(9).
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Figure 4: Left: the relationship among h1, ho, and By for
a = 1.1, T = 100; Right: the same for o = 10, 7' = 100.

Intuitively, when « is small, the cost of generating a large
amount of progress in a short time is low, making the strat-
egy of “catching up at the end” more attractive and thus
increasing the tendency to procrastinate, resulting in task
abandonment.

These results demonstrate that whether the parameter pair
is TAI depends critically not only on 3 but also on . There-
fore, analyses of agent behavior should pay careful attention
to both discount parameters.

5 Goal Optimization

This section examines how to determine the goal ¢ to max-
imize the agent’s final progress xr, given the period 7" and
reward R. Concretely, we consider the optimization problem

max Tp.
9>0

This problem differs fundamentally depending on
whether exploitative rewards are permitted. An exploitative
reward refers to a decoy incentive the agent can never obtain,
since the goal is inherently unreachable. A time-inconsistent
agent may initially believe the goal is attainable and ac-
cumulate progress, only to abandon the task later. In such

cases, although no reward is paid, the agent accumulates
partial progress toward the goal. One can induce the agent
to work without ever paying the reward, and in some set-
tings, exploitative rewards can yield greater final progress
than non-exploitative schemes.

Exploitative rewards raise several ethical concerns: (i) Be-
cause they presuppose the agent’s failure, repeated use in-
creases the number of failures the agent experiences, po-
tentially undermining the agent’s confidence and reducing
their self-efficacy. (ii) They may erode the trust between the
agent and the intervention designer, making the agent more
reluctant to make progress. (iii) Since exploiting agents
with strong present bias is beneficial for the intervention
designer, certain agents may incur disproportionately large
losses, thereby creating inequality. Thus, intervention de-
signers must be careful when using exploitative rewards in
practice.

This study analyzes the optimal goal-setting problem
when exploitative rewards are allowed and when not. Math-
ematically, disallowing exploitative rewards corresponds to
adding the constraint xp > 6 to the original optimization
problem.

Theorem 3 (Non-Exploitative Case). Suppose exploitative
rewards are not permitted.

(a) If (8,0) is not TAL then the optimal goal is

R\ & T-1 ot
o= (1) =rE (o) o
do i=1
and the final progress achieved xp = 6.
(b) If (B,0) is TAL then the optimal goal is
1 T—1 .
R o 5Tft+1
0:( ) :Régégén 1+BT_t7 ,
Ir-1 t=1 2 im0
®)

and again 1 = 0.

Theorem 4 (Exploitative Case). Suppose exploitative re-
wards are permitted.

(a) If (B, 0) is not TAI then the optimal goal remains

a—1

1 [e3

R\ & -1
9:() =R= > 6 +ps" .9
do i=1
as in the non-exploitative case, and x1 = 6.
(b) If (8,0) is TAL then the optimal goal is
()
- \max{qo, q+—1}/
where
t* == argmax uy, (10)
ted{t,.... T}
R g !
U = ———— 1-— i |,
(i) (-10)

and t is the smallest t such that q; > qo. In this case,
T = Upx.
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The right-hand sides of (7), (8), and (9) are strictly in-
creasing in J. Hence, in these cases, a smaller § calls for a
smaller optimal goal 8, resulting in a smaller final progress.

In the case where the parameters (3, ¢) are TAI and ex-
ploitative rewards are permitted (Theorem 4(b)), the optimal
goal is determined by the optimum solution of (10), making
it challenging to derive qualitative properties directly from
the formula. To explore these properties empirically, we plot
the values of u; for several representative cases in Figure 5.

From Figure 5, we observe the following:

(a) As ¢ decreases, u;~ (wWhere t* is defined in (10)) de-
creases; that is, the maximum final progress achievable
becomes smaller.

(b) As ¢ increases, the gap between the maximum u;~ and
ur widens. Since u~ is the maximum progress under
exploitative rewards and up is the maximum progress
when exploitative rewards are disallowed, a larger §
amplifies the exploitative-reward effect.

Uy *

To examine point (b) in more detail, we define 7 := Jt-,
and for fixed @« = 2,5 and T' = 100, we display 7 over
the (3, §) plane as a heat map in Figure 6. Since 7 measures
the ratio of maximum progress with exploitative rewards to
that without, it indicates the effectiveness of exploitative re-
wards. Larger 7 implies a stronger exploitative effect. Fig-
ure 6 suggests that the exploitative effect is most pronounced
when (3 is small and § is large.

These observations indicate that 3 and  exert opposing
influences on the effectiveness of exploitative rewards. We
can interpret this phenomenon as follows. For exploitative
rewards to be effective, the agent must be motivated by an-
ticipating a reward that is both difficult to obtain and tem-
porally distant. A small 3 (strong present bias) makes the
agent prone to procrastination, leading to sustained partial
progress toward an unattainable goal and thus accumulating
considerable progress for exploitative reward. In contrast,
a small  (steep long-term discount) diminishes the agent’s
valuation of distant future rewards, reducing its incentive to
accumulate progress and weakening the exploitative effect.

These insights are crucial to design interventions: we
must distinguish between 3 and , measure them accurately,
and tailor interventions accordingly; otherwise, interven-
tions may be ineffective or unintentionally exploitative.

6 Reward Scheduling Optimization

Next, we consider an optimization problem that aims to
maximize the agent’s final progress by splitting the given to-
tal reward and appropriately presenting it to the agent. This
problem is an extension of the goal-optimization problem in
Section 5, allowing for more flexible interventions. We call
this the optimal reward scheduling problem.

We mathematically formulate this problem. We assume
that exploitative rewards are disallowed. First, the interven-
tion designer is given a total period 7' € Z( and a total
reward R € Ry>q. The intervention designer splits these
into N € Z parts, with subperiods T1,..., Ty € Zsg
and subrewards Ry, ..., Ry € Rx>¢. In the i-th period, the
agent accumulates progress under the condition “increasing
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Figure 5: Relationship between ¢ and u, for varying 3, 6 with
a = 2,7 =100,and R = 1. Top: § = 0.2; bottom: g =
0.4.

progress by #; € R> within period T; yields reward R;”.
The intervention designer’s objective is to determine NN,
(TN, (R;)N.,, and (0;)); so as to maximize the sum of
progress across all periods. Note that rewards are presented
sequentially: while working in period ¢, the agent does not

observe any future rewards or goals for periodsi+1,..., N.
Figure 7 illustrates an example of reward scheduling with
N =4.

Theorem 5. For given (3, 9), define

gaz—t+l

i=1

Fla) =17 Hf;f(l +

ot B otherwise.
Let N, (T;)X_, be the optimal solution to
N N
max ZF(TZ-), s.t. ZT =T, T, € Zvoy, (11)
N 55 i=1

and denote its optimum by N*, (T)N_|. Then the optimal

reward schedule is '
N =N* T, =T}, R« F(T}), §; = R? F(T;)*=".

The optimization problems (11) can be solved exactly in
O(T?) time via dynamic programming (Algorithm 1), so
we can solve the original reward scheduling optimization
problem in O(T?) time. For T = 100, we computed the
optimal schedule over the grid {(3,d) = (0.014,0.015) |
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Figure 6: Heatmap of 7 := - on the (3, 0) plane. Darker
colors indicate a larger effect of exploitative reward.

Progress R,
6, I R3
6: | w
), I R1 ,,,,,,,,,,,
— Time

4

Figure 7: An example of reward scheduling with N = 4.

i, = 1,...,100} by dynamic programming and plotted
N s . .

max;_; T; in Figure 8. In our computations, we observed

max¥, T; — min}Y; T; < 1 for all (3,5), so we can re-

gard max?_; T; as the optimal reward-interval length. From

Figure 8, we see:

* For fixed 3, smaller § leads to shorter optimal intervals.

* Fixing ¢ and varying /3: for « = 2, when § < 0.6, the
optimal interval is 1 (i.e. every time step), regardless of
B. Otherwise, as [ increases from 0, the optimal inter-
val first lengthens, then shortens; the maximal interval
occurs near the TAI boundary 5(J). A similar pattern
holds for o = 5.

These results further indicate the importance of § in inter-
vention design. Even for the same (3, variations in § change
the optimal intervention. In particular, in the human’s pa-
rameter range 5 ~0.5-0.9, § ~0.90-0.99 estimated in field
studies (Laibson et al. 2024; Cheung, Tymula, and Wang
2021), optimal solution is very sensitive to the value of 4.
Therefore, accurate measurement of ¢ is crucial for effective
intervention design.

7 Comparison to Previous Models

This section discusses the relationships and differences
among the insights gained from (Akagi, Marumo, and
Kurashima 2024), (Akagi, Kim, and Kurashima 2025), and
this work. The model of Akagi, Marumo, and Kurashima
(2024) corresponds to fixing 4 = 1 in our framework, and
thus can be viewed as a special case of our model. The model
of Akagi, Kim, and Kurashima (2025) is a continuous-time
model and employs hyperbolic discounting rather than 5-§
discounting. We refer to our model as the 5—¢ model, to Ak-
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Figure 8: Top: heatmap of max[¥ ; T} for « = 2,T = 100.
Bottom: for o = 5,7 = 100. The blue curve denotes the
TAI boundary £y(0).

agi, Marumo, and Kurashima (2024)’s as the 5—1 model, and
to Akagi, Kim, and Kurashima (2025)’s as the continuous-
time hyperbolic model (CTHM).

Task Abandonment The 5-1 model has a threshold [3g
such that the discount parameters are TAI if and only if
B < Bo (Akagi, Marumo, and Kurashima 2024, Theorem
2). In the - model, the analogous generalization (Theo-
rem 2 in this paper) holds: Sy depends on ¢ and tends to
increase as d decreases. In the CTHM , steep discounting in-
duces task abandonment (Akagi, Kim, and Kurashima 2025,
Proposition 1), displaying the same trend as other models.

Goal-Setting Optimization Under the $-1 model, ex-
ploitative rewards become more effective as 3 decreases.
The - model exhibits a similar pattern, but exploitative
rewards are effective only when § is sufficiently large. In
contrast, the CTHM demonstrates that exploitative rewards
are never beneficial: non-exploitative goals always produce
higher final progress. This highlights a fundamental diver-
gence between discrete-time models and the CTHM .

Reward-Scheduling Optimization In the /-1 model,
large S favors lump-sum rewards, whereas small /3 favors
reward splitting. The S—4 model also requires parameter-
dependent reward splitting, but the mapping from (8, J) to
the optimal splitting is more intricate, as in Figure 8. By con-
trast, in the CTHM , fine-grained reward splitting is optimal
regardless of parameter values. Here, the discrete-time and



Algorithm 1: Dynamic Programming for Problem (11)

Input: Total period 7', function F'

Output: Optimal segments (71, ..., T})
1: Initialize v[0] - 0 and v[t] <~ —cofort =1,...,T
2: fort =1toT do

3: fors=1totdo

4: if F'(s) + v[t — s] > v[t] then
5: v[t] + F(s) + o[t — s]

6: prev[t] « s

7: end if

8: end for

9: end for

10: t T

11: segments < []

12:
13:
14:
15:
16:
17:

while ¢ > 0 do
s < prev]t]
prepend s to segments
t—t—s

end while

return segments

continuous-time frameworks also yield markedly different
optimal structures.

In summary, while discrete-time models (both S-1 and
(—0) and the CTHM share similar behavior regarding task
abandonment, they diverge completely in their optimal so-
lutions for goal-setting and reward scheduling. The precise
reason for these differences remains unclear. One possible
explanation lies in the differing shapes of the discount func-
tions. In hyperbolic discounting used in the CTHM , the
discount function is given by D(t) ﬁ, where the
single positive parameter k determines both the short-term
and long-term discount rates, by contrast, in the 5—J model,
[ governs short-term discounting and § governs long-term
discounting independently, thereby allowing a wider vari-
ety of discounting behaviors than hyperbolic discounting.
This greater flexibility may introduce more complex ef-
fects on the optimal intervention strategy under 5—§ pref-
erences. More detailed theoretical analyses may clarify this
issue in future work. Additionally, because Akagi, Kim, and
Kurashima (2025) has not undertaken empirical validation,
assessing experimentally which model more accurately cap-
tures real-world human behavior and yields superior inter-
vention strategies is important. Various techniques to esti-
mate parameters of the S—J model have been established
(Laibson et al. 2024; Cheung, Tymula, and Wang 2021), and
by comparing the estimated parameters with observed hu-
man behavior and responses to interventions, such validation
can be carried out.

8 Conclusion

This study extends the time-inconsistent agent behavior
model proposed by Akagi, Marumo, and Kurashima (2024)
to the case 0 # 1, successfully deriving a closed-form math-
ematical description of the agent’s behavior. Based on this
expression, we characterize the conditions of task abandon-
ment, derive optimal intervention algorithms, and analyze
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the relationship between ¢ and the optimal interventions.
Our results demonstrate that § plays a critical role in agent
behaviors and the structure of optimal interventions, sug-
gesting that, unlike prior work which fixes = 1, this as-
sumption may constitute an undue simplification of real-
world decision processes.

9 Proofs

Due to the space limitation, we only provide proof of the
main results (Theorems 1 and 2). For other proofs, please
refer to the full version (Akagi and Kurashima 2025).

9.1 Proof of Theorem 1 »

Proof. For simplicity, let S; == Zle §aT = Zle 6" and

let := BT and & := 65T as defined in Theorem 1.
Consider the inner minimization in (2). If yr < 6, the

minimum is clearly attained at y; = Y41 = -+ = yr,

yielding an objective value of 0. Otherwise, the minimum is

attained at yr = 6. Hence,

min ,YT)

Ct(yta e
Yi41,--,yTER

= min{O,

The second term of C¢(y, . . .
Jensen’s inequality as follows:

min
Ytt1,e-YT—1ER

Ct(yt;~'~7yT1>0)}~

,Y7—1,0) can be bounded by

T
Z 8 i — yi1)® > TS AT (0 — gy,
1=t+1

where equality holds if and only if

L}Z_l =constant, i=t+1,...,T.
6_a—1
Using this, we obtain
Ct(yta T 7yT—179)

> (yr — 2-1)* + BTG STY (0 — yy)”

To further bound the right-hand side, we apply Holder’s in-
equality.

Lemma 1 (Holder’s inequality). Letp, q > 0 satisfy %—i—%
1, and let (a;)?_q, (b;)7_, be real sequences. Then

n % n n
<za,;|p> <Zbi|q> >3 Jaibil,
i=1 i=1 i=1

with equality if there exists a constant C such that |a;|P
C|b;|? for all i.

Setting n = 2 and

q

1 T—t41 o=l
ap =y —x—1, ag=P6 o Sy 3 (0—wy),
bi=1, by=f w6 ST,
p=a, q=3%,



we obtain

(e = we0)* + BT 157570 (0 — 9)°)

-

o

(l+ﬁ w16 D‘HlST t)aT_lZG—xH,
hence
(ye — we1)™ + BST STV (0 — )
> (1+5 15T"‘t+15T t) (0471)(9_%71)&.

Equality holds if and only if

St_ixi_1 + BST‘t“G
ST—t _|_BST—t+1

Yr = (12)

Consequently, when

r+1

~(a-1) .
T Sp_ t) (0 —x-1)
—BéT_tJrlR < 0

(1+ﬂ e

G 20— R (Sr_ + AT T (13)

holds, the minimum in (2) is attained by (12), and otherwise
the minimum is attained at y; = x;_1. Therefore, for ¢ =
1,...,T,

St +poT—t+1

25T —t+1
. Sr_me 1 t00 70 if (13) holds,
L=
Ti 1 otherwise.

A simple calculation shows the right-hand side of (13) is
strictly increasing in ¢, so there exists t* € {0,...,T} such
that

Sp_+BoT !

ST—tzt—lfﬁgT7t+10 t S t*,
Ty = .
Ti_1 otherwise,

and by unrolling this recursion we obtain (3). Finally, ¢* is
the smallest t € {0,...,T — 1} satisfying

t -1
0 (1 — Hpi> <60 - Ré (ST,t,1 + BST_t)T,

i=1

which is easily seen to be equivalent to (4). O

9.2 Proof of Theorem 2
Proof. First, we prove the following lemma.
Lemma 2. Fix «, 6, and T. Then the followings hold:

(@) If B < hy'(6), thengy < q1 < -+ < qr-1.
(b) If hy'(6) < B < hy'(8), then there exists t €
T =1} suchthatqo > q1 > -+ > gt < qry1 <
< gr-1-
(©) If B> hy'(0), then gy > q1 > ---

Proof. By the definition (5) of q;, we have

log L& = (a— 1)10g<1 - 1_5) —1og<1 + 66>7
qt—1 x x

> qr-1.-

St_
Wherem = 53:71 = 1+%+5%++(§T7%de-

creases monotonically in ¢ and always lies in [1,00) for
t=1,...,T — 1. We investigate the function

f@) = —(a—1) 1og(1 - ﬂ) - 1og(1 + @)
‘We have

li = |
a;\i?iﬁf(x) oo x—l>I—Poof()

) = (BS —(a—1(1 - @))m — oz_B_g(l )
r(z — (1= B)) (= + B9)
hold.

Case (a): 3 < hy*(6).

In this case, 30 — (o —1)(1-3) <
0 and af5(1 — B) > 0,50 f'(z) < Oforallz > 1 — }j.
Because f is decreasing on (1 — (3, 00), we get f(x ) > 0 fo
all x > 1. Therefore log(q:/q:—1) > 0fort =1,..., T —1
proving (a).

Case (b): h;'(6) < B < hy'(6). In this case, 36 —
(a— 1)1 -p) >0, nd we can check f’(1) < 0. Thus

=

fl(z) <0forx < Wandf( ) > 0forz >
% So, there is a unique threshold 7 < 1 — j3

and f(z %> 0 for x < Z and f(x) < 0 for > Z. Since
St_4+/81t decreases in t, this yields the claimed pattern of
monotonicity in (b).

Case (¢): 3 > hy ' (6). Inthiscase 30— (a—1)(1—3) >0
and f'(1) > 0, so f'(z) > 0 for all z > 1. Hence f is
strictly increasing on [1, 00), we have f(z) < 0 for z > 1.
Therefore log(q:/q:—1) < Oforallt =1,...,T—1, proving
©). O]

Next through a more detailed analysis of the case
hi'(8) < B < hy'(8), we obtain the following lemma.
Lemma 3. Fix o, 6, and T. There exists a unique

Bo € (h1(8),hy " (6))
such that:
(a) Ifhl_l((S) < ﬁ < ﬁo, then qo < qp_1.
() If B = Po, then qo = qr—1.
(C) Ifﬁo < ﬁ < hg_l(é), then qo > qT-1.

Proof. Observe that
!

dr—1 _ (Sr_,4 ST—1 y St_¢ @
= ()" I (s re)

t=1

is strictly decreasing in 3. By Lemma 2, at 8 = h; *(8) we
have qr_1/qo > 1, and at 8 = hy ' (6) we have gr_1/qo <
1. The intermediate value theorem yields a unique 3y satis-
fying gr—1/qo = 1, and the proof completes. O

Finally, to prove Theorem 2, recall that (3, ) is TAI if
and only if

max
i—0 R # qo

by (6). Combining Lemma 2 and Lemma 3 completes the
proof. O
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