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Abstract

We study a class of two-player zero-sum Colonel Blotto
games in which, after allocating soldiers across battlefields,
players engage in (possibly distinct) normal-form games on
each battlefield. Per-battlefield payoffs are parameterized by
the soldier allocations. This generalizes the classical Blotto
setting, where outcomes depend only on relative soldier allo-
cations. We consider both discrete and continuous allocation
models and examine two types of aggregate objectives: linear
aggregation and worst-case battlefield value. For each setting,
we analyze the existence and computability of Nash equi-
librium. The general problem is not convex-concave, which
limits the applicability of standard convex optimization tech-
niques. However, we show that in several settings it is possi-
ble to reformulate the strategy space in a way where convex-
concave structure is recovered. We evaluate the proposed
methods on synthetic and real-world instances inspired by se-
curity applications, suggesting that our approaches scale well
in practice.

Code — github.com/Coffee AndConvexity/
ColonelBlottoWithBattlefieldGames

Extended version — arxiv.org/abs/2511.06518

1 Introduction

Colonel Blotto games are a classic game class used to
model competitive resource allocation (Borel and Ville
1991; Robersqn 2006; Kovenock and Roberson 2012b). In-
troduced by Emile Borel in the 1920s, Blotto games de-
scribe situations where players simultaneously allocate sol-
diers (resources) between battlefields, after which each bat-
tlefield is “won” by the player who allocated more soldiers
to it. In the classic setting, each battlefield features a winner-
takes-all property, creating an interesting game theoretic co-
nundrum where both players would like to either just barely
win or badly lose every battlefield. Blotto games and their
extensions have been studied in many disciplines includ-
ing computer and social sciences, with applications to poli-
tics (Che and Gale 2008; Laslier and Picard 2002; Myerson
1993) , warfare (Gross and Wagner 1950; Shubik and Weber
1981), and behavioral science (Chowdhury, Kovenock, and
Sheremeta 2013; Arad and Rubinstein 2012).
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In this paper, we consider a variant of a two-player
Colonel Blotto game played over n heterogeneous battle-
fields that features two levels of play. In our setting, each
battlefield ¢ € [n] also comprises a zero-sum “subgame” G,
the structure and payoffs of which depends on the soldiers
each player allocated to ¢. This captures many real-world
settings where players follow-up with individual battlefield-
level strategies. For instance, a political party first allocates
money between state elections, after which, each individual
state decides how they should spend that money. Likewise
in warfare, the tactics at a battlefield level play a huge part
in the success of the overarching conflict; these battlefield
level tactics are themselves games played at a lower level,
the outcomes of which depend greatly on the number of sol-
diers assigned. In more abstract terms, players first simul-
taneously determine a soldier assignment over battlefields
(unobserved by the opponent), then play, in every battle-
field, a subgame whose payoff matrix is parametrized by the
player’s soldier allocation on that battlefield. We refer to this
game as the “two-level Blotto game”. By convention, Player
1 (resp. Player 2) seeks to minimize (resp. maximize) the
payoff. Accordingly, we often refer to Player 1 (resp. Player
2) as the minimizing (resp. maximizing) player.

We analyze three dimensions of the proposed two-level
Blotto games. First, we study discrete versus continuous sol-
dier types; the former implies that individual soldiers cannot
be subdivided, though players are allowed to adopt random-
ization. Second, we study two ways of aggregating payoffs
from individual battlefields — either with sum or min aggre-
gators. Both these axes have been extensively explored in
the Blotto literature (see, e.g, Roberson (2011); Washburn
(2011), or Vu (2020)). Third, we study two strategic set-
tings: the two-sided case, where both players allocate sol-
diers across battlefields and the simpler one-sided case, in
which only the maximizing player is allowed soldier allo-
cations. The one-sided setting is motivated by security ap-
plications, where only the “defending” player has soldiers
to allocate, and provides stronger guarantees of equilibrium
existence and computational tractability.

Our contributions are as follows. First, for every com-
bination of soldier type (discrete vs. continuous), aggrega-
tor (sum vs. min), and strategic setting (two-sided vs. one-
sided), we address the following: (i) does a Nash equilibrium
exist, and (ii) are the max-min and min-max strategies well-



Setting NE Mx/Mn exist.
Two-sided sum v v

Discrete Two-sided min X v
One-sided min v v
Two-sided sum X Ve
One-sided sum X Ve

Continuous One-sided sum (L) v v
Two-sided min X Ve
One-sided min Ve Ve
One-sided min (L) v v

Table 1: Existence of NE and max-min strategies in differ-
ent settings of discrete and continuous Blotto games. * holds
only when the utility u is continuous in the soldiers alloca-
tion. (L) means that battlefield utilities are linear in the max-
imizing player’s soldier allocation.

defined and attained? ! Our results are summarized in Ta-
ble 1. Second, for each of the cases where an equilibrium ex-
ists, we provide algorithms for solving them. In most cases,
these problems reduce to linear programs, though in one spe-
cial case the problem reduces to a quasiconcave problems.
Third, we empirically evaluate these algorithms on synthetic
data, demonstrating that these algorithms are usable.

Related work. Due to space constraints, we only provide
a small sampling of relevant work. Computationally, Ah-
madinejad et al. (2019) provided an LP based approach for
separable battlefields (similar to one of our settings) to solve
Blotto games but using the ellipsoid method; their method
extends to continuous Lotto games (Hart 2008; Dziubiriski
2013), which admit infinite action spaces, though they do
not have subgames. Behnezhad et al. (2023) avoid the im-
practical ellipsoid algorithm and propose a practical LP for-
mulation based on layered graphs, and is very closely re-
lated to one of our approaches. Kvasov (2007) and Rober-
son and Kvasov (2012) study a non-constant (zero) sum
variant of Blotto games, while Hortala-Vallve and Llorente-
Saguer (2012) study pure strategy equilibria in such variants.
Kovenock and Roberson (2012a) study a team variant where
a single player plays against a coalition of 2 other players
while Boix-Adsera, Edelman, and Jayanti (2020) study more
general multiplayer settings. Stephenson (2024) study pay-
offs which depend on a function of allocated soldiers per
player. Powell (2009) and Hausken (2012) consider sequen-
tial variants of Blotto games.

2 Preliminaries

Let n > 0 be the number of battlefields, and m!, m? be the
total number of soldiers available to Players 1 and 2. Let
Z7 denote the set of all possible soldier assignments z7 for
player j € {1,2}, where 27 = (21, ..., z}) is a vector speci-

rn

'A positive answer to both questions implies a valid minimax
theorem in that regime. Moreover, any existence result in the two-
sided model implies the one-sided case by fixing the minimizer’s
allocations to zero.
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fying soldier distributions across the n battlefields, subject to
the budget constraint ;- | 2/ = m?. When soldiers are dis-
crete, we let 27 = k7 € ZZ ), and when soldiers are continu-

ous, 27 = g7 € RZ,. We denote by K7 and 7 the sets of all
possible soldier assignments for player j in the discrete and
continuous case, respectively. Each subgame G is a finite
normal-form zero-sum game defined as a tuple (A}, A?, u;),

where A] denotes the action space of player j € {1,2} in
battlefield 4, and u; : A} x A? x Z! x Z2 — R denotes the
payoff in that battlefield that Player 2 (resp. Player 1) seeks
to maximize (resp. minimize). For each battlefield i € [n],
the payoff u; is a function of both the number of soldiers
players allocated to that battlefield and the actions they play
in the subgame G;. We denote by ;] € A} the action player
J plays on battlefield 7. For battlefield 7 and any allocation
profile (z},22), we let v} (2}, 2?) be the equilibrium value
of subgame G; when player j allocates z soldiers to it. To
compute the overall utility in the two-level Blotto game, we
consider two aggregation functions: 1) the sum of the ex-
pected utilities across battlefields U = ;1 E[u;(.)], and
2) the minimum of the expected utilities in all battlefields
U = min;epn) Elug (1))

Across the variants of the two-level Blotto game we an-
alyze, players choose mixed strategies over their subgame
actions. The use of randomization at the allocation stage
depends on whether the model is discrete or continuous.
In the discrete case, the allocating players (the maximiz-
ing player in the one-sided case and both players in the
two-sided case) randomize over integer allocation vectors.
In the continuous case, players could also mix over alloca-
tions; yet we show that in some settings, equilibrium can
be guaranteed even when players commit to a deterministic
(pure) allocation. This motivates our focus on pure strate-
gies at the allocation stage, which offer simpler representa-
tion and tractable computation. The various strategy repre-
sentations are summarized in the appendix. Finally, a strat-
egy pair (z*,y*) € X x Y is a Nash equilibrium (NE) if
U(z*,y) < U(a*,y*) < Ulx,y*) forallz € X,y € Y,
where X and Y are the strategy spaces of Player 1 and 2,
respectively.

Minimax theorems play a central role in our analysis, par-
ticularly in establishing equilibrium existence. In fact, the
existence of a minimax theorem for a setting is equivalent
to equilibrium existence (Proposition 1). We rely on Sion’s
minimax theorem (Sion 1958) in several of our proofs and
also examine its applicability across various settings. In the
setting where only Player 2 allocates a continuum of sol-
diers across battlefields and individual subgame payoffs are
aggregated via the minimum operator, we apply a variant
known as the Kneser-Fan minimax theorem (Sion 1958).

Proposition 1. Letu : X XY — R be an arbitrary function
on arbitrary sets X,Y. Then maxgcx infycy u(z,y)
mingcy sup,ex u(x,y) if and only if there exists a NE in
a two-player zero-sum game with action spaces X and Y
and utility function u.

Theorem 1 (Sion’s minimax theorem). Let X and Y be
nonempty convex and compact subsets of two linear topolog-



ical spaces, and f : X XY — R be a function that is upper
semicontinuous and quasiconcave in the first variable and
lower semicontinuous and quasiconvex in the second. Then
minyEY maXgex f(xv y) = mMaXzgex minyEY f($7 y)

Definition 1 (Concavelike, Convexlike, and Concave-con-
vexlike). Consider two spaces X and Y, and let f be a
function f on X X' Y. We say f is concavelike in X if for
every x1,x2 € X and 0 < t < 1, there is an x € X such
that tf(x1,y) + (1 — t)f(z2,y) < f(z,y) Vy €Y, and f
is convexlike in'Y if for every y1,y2 € Y and 0 < t < 1,
there isay €Y such that tf(x,y1) + (1 — t)f(x,y2) >
f(x,y) Vo € X. Finally, f is called concave-convexlike if it
is concavelike in X and convexlike in'Y .

Theorem 2 (Kneser-Fan minimax theorem). Let X be com-
pact, Y any space, and f a function on X X Y that is
concave-convexlike. If f(x,y) is upper semicontinuous in x
for each y, then sup,c x infycy f = infycy sup cx f-

3 Colonel Blotto with Discrete Soldiers

In the discrete two-level Blotto game, players allocate a finite
number of indivisible soldiers across battlefields and ran-
domize over both soldier assignments and subgame strate-
gies. Let k7 = (ki,--- ,kJ) € K’ be player j’s discrete
allocation vector. Then the payoff in battlefield ¢ is given by
wi(al, o, kl, k?). In our two-level formulation, each player
7 adopts a two-level strategy composed of 1) a probability
distribution 77 over soldier assignments, and 2) for each bat-
tlefield ¢ and each soldier count k7, a mixed strategy 5? o
over actions o/ € A} in subgame G;. The action set in
each battlefield is independent of the number of soldiers al-
located to that battlefield (this may be relaxed easily). Since
the number of possible assignments is finite, each subgame
can be viewed as a Bayesian game in which player j has
types {0, ...,m7}, each occurring with probability equal to
the chance that the player assigns that number of soldiers to
the battlefield under 7.

3.1 Sum Aggregator
The overall utility under the sum aggregator is given by

=2 D 2 v (E)Y)

1€[n] k1eK! k2ek?

X Z Z 51k1 1kz( 2)’“1(0‘ az,kzl,ki?

aleAl aZeA?

).

In this setting, we can formulate the two-level Blotto game
as a linear program. For each battlefield 7, and given a
fixed distribution over k! and k2, the optimal subgame strat-
egy corresponds to solving a Bayesian extensive-form game
where nature randomizes over the (m* + 1) - (m? + 1) pos-
sible types. We model this randomization in two sequen-
tial phases — first determining Player 1’s probabilities, then
Player 2’s — thereby inducing a product distribution over
the joint types. By translating the type assignment into two
stages, we can assign the first phase to Player 1 and the sec-
ond phase to Player 2 while retaining perfect recall.
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More precisely, for player j € {1,2}, we define a flow
polytope I with two types of variables. First, the variable

2’ . denotes the probability that player j allocates k/ sol-

k)J

7’1

diers to battlefield ¢ and plays action af in subgame G;.

Second, the flow variable hg’a’b denotes the flow through
battlefield ¢ for player j: it represents the transition from a
remaining soldiers to b remaining soldiers after allocating
a — b soldiers to battlefield i. The polytope I'/ is defined by
the following constraints:

k] J

h 1

0,mi,mi —

h 0y =0 Va,b € [0,m7], (a,b) # (m’,m?),

th l,a,c — thcbVZE

J

h]

zab7

€ [0, 1] such that:

hn—170,0 =1,

,n—1], ¢ € [0,m7],

_ j _
Z xi,ki,a{ Z hirr—k] Vi e [1 n 1]
aled k] <r<mi
ke [O,mj]}.

By encoding strategies with a flow polytope, we obtain
a polynomial-size representation of strategies that is pay-
off equivalent to the original strategy space A(K7) x
[Licn A(A7). This flow polytope is a generalization of the
layered graph approach of Behnezhad et al. (2023), with the
addition of subgames.

Theorem 3 (Kuhn’s theorem under two-sided sum ag-
gregator). Consider a discrete two-level Blotto game
with sum aggregator, and suppose 7’ € A(KY),
8 e A, j € {12} Then the overall pay-
oﬁ‘ is bilinear in the strategies x' and x*. Specifically,
U= Z’L Zai Zai Zkll Zk? ’U’Z(al az27 ]{/’37 k?) ;
2

Li k2,02

1,1 "
zki,ai

Theorem 3 implies that rather than optimizing over
A(KT) x [Ticm A(A?), we can optimize over a flow poly-
tope I'V. Computing a NE may be expressed as a bilinear
saddle point problem max, 22> mingi cp1 U. Since I'! and

I'? are compact and convex sets, Sion’s minimax theorem
holds. Then, by Proposition 1, we have:

Corollary 1. Under the sum-aggregator, the discrete two-
level Blotto game admits a NE.

We propose two methods to solve the bilinear saddle point
problem. The first uses a common trick of taking the dual
of the inner optimization problem, converting the min-max
problem into a single minimization problem that can be
solved by a linear program (Behnezhad et al. 2023). For
brevity, details of the LP are deferred to the appendix. The
second method is based on online learning and self-play. In
the classic setting of zero-sum matrix games, each player’s
strategy space is the probability simplex, and it is known that
the recommendations given by the online learners converge



on average to a NE (Hart and Mas-Colell 2000; Rough-
garden 2010). This is readily adapted to imperfect infor-
mation extensive-form games by defining regret minimizers
over the treeplex (Zinkevich et al. 2007). In our setting, the
regret minimizers are over the flow polytopes I'! and I'2,
which may be done using scaled extensions (Farina et al.
2019) or kernel-based approaches (Farina et al. 2022; Taki-
moto and Warmuth 2003). For brevity, we defer details to
the appendix, but remark that the regret minimizers require
O(n - max; ;{m’ (m? + |Al|)}) space (i.e., linear in the
size of the flow polytope), O(n - max; ;{m?(m’ + |Al|)} +
max;{m}m?|A}||.A?|}) time-per-iteration and incurs total
regret at a rate of O(v/T), depending on the implementa-
tion details. Our methods readily extend to settings where
each subgame is a perfect recall extensive-form game. This
is done by reformulating the strategy space in each GG; by the
treeplex (Von Stengel 1996). Our results here extend trivially
to the one-sided case.

Proposition 2. Under the sum aggregator, a NE of the dis-
crete two-level Blotto game is polynomial-time computable.

Remark 1. Note that all results extend directly to the one-
sided setting, in which the minimizing player does not par-
ticipate in the soldier allocation.

3.2 Min Aggregator

When the overall utility is defined as the minimum across all
battlefields, the aggregate utility is given by

6W—mmz Z k%)

klelcl k2eK?

(XX sl az,ki,kf)>

aleAl a?eA?

Unlike with the sum aggregator, when both players allocate
soldiers to battlefields, the two-level Blotto game may not
admit a NE even when battlefield utilities are continuous.

Theorem 4. Consider a two-sided discrete two-level Blotto
game under the min aggregator. Even if all battlefield utili-
ties are continuous, a NE may not exist. Nevertheless, both
the max-min and min-max values are well-defined and are
attained.

This motivates our study of the one-sided model, in which
only the maximizing player allocates soldiers to battlefields,
then both players engage in independent zero-sum sub-
games. This variant captures common security scenarios
where for example, only the defender allocates resources,
and guarantees equilibrium existence while admitting effi-
cient computation. In this setting, the total utility is

InlIl E

k2elc2

(z >

aleAl a?eA?

sz )uz(all?a?,k?)).

This formulation admits a tractable NE.

Theorem 5 (Kuhn’s theorem under one-sided min ag-
gregator). Consider a one-sided discrete two-level Blotto
game with min aggregator, and suppose v* € A(K?),
8 € A(A]),j € {1,2}. Then the overall pay-
off is convex and bilinear in p and x?, where p €
A(n) is a convexification variable and x* is the
treeplex strategy for Player 2. Spectﬁcally, U =

miny, » Za? Zkf Di Ea}~6} [ui(ai, af, k7)|z? ik2 02"

Using the bilinear formulation from Theorem 5
we can now express the min max problem as
ming: maxge ming 7, 3- 02 D g2 Piy k2 ZE[uz(a o?, k?
Exp101t1ng the bilinear structure of the payoff we invoke
Sion’s minimax theorem to interchange the inner maximiza-
tion and minimization operators. By then combining the
two minimizations, we define a sequence-form strategy over
a two-level game for Player 1, in which he first chooses a
battlefield and then plays an action in it, using y' (i, a}) to
denote the product p; - 6} (a}). Under this reformulanon,
we recover the game’s max-min structure, which yields the
following result.

Theorem 6. Consider a one-sided discrete two-level Blotto
game with min aggregator. Then the minimax theorem holds.
Specifically, ming: maxg» 2 minl Elu;(af,a?, k)] =
maxs2 .2 ming: min; Elu; (o, aF, k2))].

The flow polytope representation of Player 2’s strategy
introduces a set of constraints captured by the polytope I'2.
Analogously, the sequence-form product representation of
Player 1’s strategy induces the constraints defined over the
following polytope

Therefore, a NE can be computed by solving a LP over
the polytopes I'? and P, obtained by dualizing either
player’s best-response program. Since both I'? and P have
polynomial-size representations, we have:

Corollary 2. In the one-sided model, a NE of the two-level
Blotto game with min aggregator exists and can be computed
in polynomial time.

4 Colonel Blotto with Continuous Soldiers

In the continuous two-level Blotto game, we focus on equi-
libria where players choose deterministic (pure) soldier al-
locations and may randomize over subgame strategies. Un-
like the discrete setting where equilibrium existence requires
randomization at the resource allocation level, we show that
when soldier allocations are continuous, deterministic al-
locations suffice to guarantee the existence of equilibrium
in some cases. This yields several practical benefits: such
equilibria admit exact representation, are computationally
tractable, and, in applications such as security, can be eas-
ier to deploy when randomization at the allocation level is
impractical or undesirable. We view this setting as a natu-
ral starting point for analyzing randomized allocation strate-
gies, whose equilibria may lack finite representations and

)l-



are more difficult to characterize. We leave the analysis of
such strategies to future work.

In this setting, players allocate any real-valued fraction of
soldiers to each battlefield. Let 07 = (07,--- ,0}) € X7
be player j’s continuous allocation vector. Then the payoff
in battlefield i is u; (o}, a?, 0}, 0?). Considering both the
sum and min aggregators, we show that, in the two-sided
setting, a partially pure Nash equilibrium (PPNE) —i.e. one
in which players use pure soldier allocation strategies and
mixed subgame strategies — may fail to exist under either
aggregator, even when the utility functions in all battlefields

are continuous in the allocation variables.

Theorem 7. Consider a two-sided continuous two-level
Blotto game under the sum or min aggregator. Even if bat-
tlefield utilities are continuous in o, a PPNE may not exist.

We proceed to analyze the one-sided setting. We show that
under the sum aggregator, a PPNE may still fail to exist,
whereas under the min aggregator, a PPNE is guaranteed to
exist. We explain this divergence at the end of the section.

4.1 Sum Aggregator

In the continuous two-sided model, each player
7 deterministically selects a soldier allocation

o) € YJ, and employs a mixed strategy 63 s over

actions o/ € AJ in subgame G;. We can write

the overall in the two-sided model as: U(d, o)

A CoND oY R S )
The total payoff is non-convex non-concave in the mini-
mizing and maximizing player’s strategies, respectively.
This remains true even in the one-sided allocation model.
Consequently, a PPNE may still fail to exist, even when
each u; is continuous in the soldier allocation variables.

1.2 -1 2
o, oy, 0.,0;

Proposition 3. Even in the one-sided case, a continuous
two-level Blotto with continuous battlefield utilities may not
admit a PPNE under the sum aggregator. The max-min and
min-max values are attained but do not coincide.

Although equilibrium existence cannot be guaranteed in
the one-sided model under general continuous utilities, we
show that if each battlefield payoff is linear in the maximiz-
ing player’s allocation, namely u; (cr?) = c¢io?, ¢ > 0,
a PPNE is guaranteed to exist. In fact, with linear battle-
field utilities, the game can be cast as a bilinear saddle
point problem by absorbing the soldier allocation variable
o2 and the subgame distribution over actions 42 into a sin-
gle sequence-form variable y§2 via the treeplex construc-
tion. The product variable yig is defined over a polytope Q
that is represented by the following constraints:

y*(0) = m?,
o) V(20 Z[]y?,g (i) = y*(0),
= 2Z . 2 > 1€[n : ) ]
Yor1:00) 2001 57 42 (i02) = 42, ().
a?EAf ¢ *

The resulting payoff is bilinear in the variables y¢2;2 and &',
which allows us to invoke the minimax theorem and guaran-
tee the existence of a PPNE.
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Theorem 8. Consider a one-sided continuous two-level
Blotto game with sum aggregator, and suppose c* € Y2,
8] € A(A1), j € {1, 2}. Assume that in each battlefield, the
utility is linear in the maximizing player’s allocation, i.e.
u; = ¢ - 0'% for some constant c¢; > 0. Then the minimax
theorem applies.

It follows from Theorem 8 that the continuous two-level
Blotto game with sum aggregator and linear utilities admits
an equilibrium, which can be computed by solving a linear
program defined over the polytope Q. Since Q has a poly-
nomial size representation, we have:

Corollary 3. When battlefield utilities are linear in the max-
imizing player’s allocation, a PPNE of the one-sided contin-
uous two-level Blotto game with sum aggregator exists and
can be computed in polynomial time.

4.2 Min aggregator

In the two-sided model, when the overall payoff is
defined as the minimum of the expected utilities
across battlefields, it can be written as U(d,0) =

minieg ( Sap S 81013 07 s )

Since a PPNE may fail to exist in the two-sided setting
(Theorem 7), we focus on the one-sided model. We show
that equilibrium non-existence arises only if the utility func-
tion in every battlefield i is discontinuous in o2.

T .2 1 2
oy, 5, 0,,0;

Theorem 9. Consider a one-sided continuous two-level
Blotto game with min aggregator. Then a PPNE may not ex-
ist when battlefield utilities are discontinuous.

However, when the payoff in each battlefield is a contin-
uous function of the soldier allocation, the continuous two-
level Blotto game with min aggregator admits a saddle point
in the one-sided formulation: the max-min and min-max val-
ues coincide and are attained, so a PPNE exists. We establish
this by invoking the Kneser-Fan minimax theorem. Suppose
that only Player 2 allocates soldiers to battlefields, and both
players employ mixed strategies to engage in the battlefield
subgames. Then, the min-max formulation of the continuous
two-level Blotto game is:

. . 12 2
rr;%n ggli];)z( Lfg[lerl] E [Uz (ai y OG5 0y )]
:minmaxminz )ui(a%aa?a(f%)'

ol 62,02 i€[n]
R

Z 511 (0471) 62270'72 (0‘12
o?

Ideally, we would like to invoke Sion’s minimax theorem
to interchange the outer minimization and maximization,
thereby recovering the equivalent max-min formulation of
the game and establishing the minimax identity. However,
the inner objective function cannot be made simultaneously
quasiconvex in the minimizing player’s strategy and quasi-
concave in the maximizing player’s strategy under any re-
ordering of the operators and/or regrouping of the variables.
Consequently, Sion’s conditions are not met. Therefore, we
appeal to the Kneser-Fan minimax theorem (Theorem 2).
Taking the dual of the inner minimization problem over
i € [n], allows us to obtain the following result:



10. one-sided  continuous

continuous  battlefield
theorem holds. Specif-
azl ) 0%2’ 01'2 )] =

)]

Remark 2. This approach does not extend to any of
the other settings we analyzed in the continuous domain,
which is consistent with the non-existence results established
in Theorem 7 and Proposition 3. In particular, (1) in the
one-sided continuous setting with sum aggregator, the payoff
fails to be concavelike in the maximizing player’s strategy,
which immediately extends to the sum-aggregated two-sided
setting; whereas (2) in the two-sided continuous setting with
min aggregator, convexlikeness of the payoff in the minimiz-
ing player’s strategy cannot be guaranteed.

Consider a
Blotto game with
Then the minimax
ming: maxsz ;2 min; Efu,(

1,2 42
oy, Q5,075

Theorem
two-level
utilities.
ically,
maxs2 ,2 ming: min; Efu,

For the special case where battlefield utilities are linear in
o2, we obtain a sequence-form representation of the strate-
gies of both players defined over the polytopes P and Q.
Hence, we have the following theorem:

Theorem 11. Consider a one-sided continuous two-level
Blotto game under the min aggregator, and suppose o €
$2, 67 € A(AD),j € {1,2}. Assume that in every battle-
field, the utility is linear in the maximizing player’s alloca-
tion, i.e. u; = c; - 01-2 for some constant c; > 0. Then we can
compute a PPNE of the game by solving a linear program.

Corollary 4. When battlefield utilities are linear in the sol-
dier allocation of the maximizing player, the one-sided con-
tinuous two-level Blotto game with min aggregator admits a
PPNE that can be computed in polynomial time.

Computing the max-min strategy In this paragraph, we
focus on computing the max-min strategy for Player 2 in the
one-sided continuous two-level Blotto game with min aggre-
gator. We show that it can be reformulated as a maximization
over the minimum Nash value across battlefields and hence
it can be computed using a subgradient ascent algorithm.

Proposition 4. Consider a one-sided continuous two-
level Blotto game with min aggregator, and suppose
o? € ¥2, 8/ € A(A)),j € {1,2}. Then the maxmin
problem can be formulated as a maximization prob-
lem over the minimum Nash value across battlefields.
Specifically, maxg2 ,2 ming min; E[u;(a}, o, 0?)]
max,2 minep,) v (07).

Let V(0?) := min; v (0?) denote the objective function
of this maximization problem. We show that this function is
quasiconcave. Notice that, contrary to the sum, the min ag-
gregator preserves quasiconvcavity. Hence, to achieve over-
all quasiconcavity of V' (o?), it suffices to have that the indi-
vidual terms v} (o) are quasiconcave.

1.2

Lemma 1. If for each battlefield i € [n], u;(a},a?,0?) is
increasing in o? for all o} € Al and o? € A2, then the
aggregate Nash value function V (02) is quasiconcave.

Since V/(0?) is quasiconcave on the compact convex set
of soldier assignments .2, then finding the optimal o* =
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arg max,2cy2 V (02) reduces to maximizing a quasicon-
cave function over a convex set. Moreover, under the as-
sumption that each battlefield utility function u;(c?) is Lip-
schitz continuous on the soldiers assignments simplex Y2,
not only does a global maximizer o2* exist, but one can actu-
ally compute it using a simple projected subgradient-ascent
(PSA) method. Specifically, at each iteration ¢, we select a
subgradient g, € OV (07), a step size 17, > 0 and perform the
update 67, = Ps2 (07 +1; g¢), where P2 denotes the pro-
jection onto Player 2’s soldiers’ simplex. For completeness,
the full pseudocode is given in the appendix. Next, we de-
rive a closed-form description of the subdifferential OV (o7),
which enables efficient computation of each g;.

Proposition 5. Consider the two-player zero-sum sub-
game G; on battlefield i. Suppose that for every pure
profile (aj,0f) € Ap x A the payoff ui(oj,af,of)
is Lipschitz; continuous in o2. Let (3}*,62*) be any
NE of G; at a given o?. Then the vector g;

aledr azen? 0:°(07) 07(aF) Zataz, Zataz €

Dr2u;( 2), is a subgradient of v} (a?).

1 .2
Qg , o, 0y

Corollary 5. Under the assumptions of Proposition 5, V
is Lipschitz on ¥? and its subdifferentials OV (0?) lie in

Conv{afuj (0°) +i € argminep,) v} (02)}.

Finally, to obtain the optimal soldier allocation o2* for
Player 2, we run the PSA algorithm. Each iteration ¢ requires
a subgradient g; € 9V (07). By Corollary 5, it suffices to
pick any active battlefield i* € argmin; v} (07) and use its
subgradient. Proposition 5 then provides a concrete “Nash
subgradient” for battlefield ¢+*: choose for each action pair
(aj,af) a subgradient 2,1 o2 € Jp2, wi-(af, af, 07.), and
set gt =3 a1 a2 Sk (al) 62 (a?) € Ovi(o}). This

g 1s exactly the update direction used in the PSA algorithm.

Zal o2
ai,ai

Convergence Guarantees By Lemma 1 and Corollary 5,
our aggregate Nash-value function V' is quasiconcave and
Lipschitz continuous on the soldiers simplex. Hence, the
projected subgradient-ascent iterates {07} satisfy the gen-
eral basic-inequality conditions (H1)-(H2) of (Hu, Li, and
Yu 2020), which guarantee global convergence of any se-
quence with a suitably chosen step size rule. Moreover, they
establish in Theorems 3.3-3.5 that, under an additional weak
sharp minima of Hélderian order assumption and upper-
bounded noise, such a sequence converges at a linear rate
when the Holder exponent equals 1. In our maximization
context, this translates into a weak sharp maxima condition:

Definition 2 (Weak Sharp Maxima). There exist constants
€ >0, p € (0,1] such that Vo* € ¥2, V(02*) — V(0?) >
€|lo? — o*||P, where a** is the unique maximizer of V.

When battlefield utilities are affine functions of o2, the in-
duced Nash value v} (0?) remains an affine function of o?.
It follows that the aggregate function V' = min; v; is con-
cave on the soldiers simplex ¥.2. Applying the subgradient
inequality at the maximizer 02* € arg maxy> V then yields
the following sharp-max error bound for V.

Proposition 6. If every battlefield utility is affine in Player
2’s soldier allocation, i.e. u;(0?) = ¢; 02 + d; with ¢; >
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Figure 1: Convergence of the PSA algorithm in the one-sided min-aggregated setting with affine (left), quadratic (middle), and

security-inspired (right) battlefield utilities.

0, then V satisfies the weak sharp-maxima condition with
exponent p = 1.

It follows immediately from Theorem 3.3 of (Hu, Li, and
Yu 2020) that the subgradient ascent iterates converge lin-
early to the optimal o*.

5 Empirical Evaluation

Discrete two-sided with sum-aggregator We first evalu-
ate in the most basic setting of discrete soldiers under the
sum aggregator (Section 3.1). We consider (i) the LP-based
approach similar to Behnezhad et al. (2023) and (ii) our ap-
proach based on online learning. The i € [n] battlefield has
value 7, such that winning (resp. losing) it gives +i (resp.
—1) reward. For consistency, we re-normalize values of bat-
tlefields such that they sum to 1. The i-th battlefield is won
by player 1 with probability &} /(k} + k2), with a random
winner selected if no soldiers are allocated. For each sub-
game, players decide whether to double their stakes. If just
one player doubles, payoffs and losses for that battlefield are
doubled; if both players double, they are quadrupled.

We report running times for both methods. For the for-
mer, we use the default configuration for Gurobi (Gurobi
Optimization, LLC 2024). For the latter, we adopt the Re-
gret Matching-Plus (RM+) algorithm (Tammelin 2014) and
construct I'V using scaled extensions (Farina et al. 2019). We
declare convergence when the saddle-point gap is less than
0.002. More details on experimental setup are reported in the
appendix. The results are shown in Table 2. We observe that
when the game is small, the LP finds the NE easily. How-
ever, as the size of the game grows, LPs slow down dramati-
cally and online learning approaches begin to shine. In fact,
for larger instances Gurobi’s sometimes fails to converge be-
cause of numerical issues or simply going out-of-memory.?
In contrast, methods based on online learning scale better.

Continuous one-sided with min-aggregator We evalu-
ate the PSA algorithm on randomly generated and security-

’In our experiments, it is unclear if Barrier or Primal/Dual sim-
plexes are superior. For larger games, it would appear as though
simplex performs better in practice, while barrier tends to lead to
non-convergence.
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n mt m? [T |12 LP [s] RM+ [s]
30 100 50 85,49 91 0.02
35 125 70 281k, 92k 4.8-103 121
40 150 100 1M, 262k 5.4-10° 525
50 200 100 12.6M, 2.05M |NA (> 2.6-10%) 9.5-103

Table 2: Runtime for discrete soldiers with sum aggregators.

inspired battlefield utilities. For random instances, we con-
sider (i) affine utilities u;(0?) = c¢;0% + d;, and (ii)
quadratic utilities u;(0?) = b; (62)? + ¢; 0% + d;, with
b, ¢i, d; ~ Uniform[0, 100]. Player 2 is given 20 soldiers to
allocate across 5 battlefields. We vary players’ action spaces
in {20, 30,40} and generate 10 independent instances per
game size. In the first 2 plots of Figure 1, we show the ag-
gregate normalized value V* and its standard error SE(t) =

VI si= 2 S (VE - V)?, across £ = 10 in-
stances, where V! denotes the normalized objective value
on instance £ at iteration ¢. Under both utility functions, all
three sizes reach near-optimality with very low dispersion.
Next, we consider a real-world scenario inspired by security
applications. We model a one-sided min-aggregated con-
tinuous two-level Blotto game where Player 2 allocates 10
soldiers across three battlefield, each featuring a two-player
zero-sum security subgame where Player 2 is the defender’s
and Player 1 the attacker. We follow the framework of (Kr-
ever et al. 2025). More details on the experimental setup are
provided in the appendix. The rightmost plot of Figure 1
confirms the algorithm’s robustness in this practical setting.

6 Conclusion

In this paper, we introduced and analyzed a two-level variant
of the Colonel Blotto game, where players allocate resources
across battlefields then engage in parametrized subgames.
We studied multiple modeling dimensions — soldier types,
payoff aggregation methods, and strategic settings — and
established equilibrium existence, provided solution algo-
rithms, and validated their practicality through experiments.
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