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Abstract

The number of n-gram features grows exponentially in n,
making it computationally demanding to compute the most
frequent n-grams even for n as small as 3. Motivated by
our production machine learning system built on n-gram fea-
tures, we ask: is it possible to accurately, deterministically,
and quickly recover the top-k most frequent n-grams? We de-
vise a multi-pass algorithm called Intergrams that constructs
candidate n-grams from the preceding (n−1)-grams. By de-
signing this algorithm with hardware in mind, our approach
yields more than an order of magnitude speedup (up to 33×!)
over the next known fastest algorithm, even when similar op-
timization are applied to the other algorithm. Using the em-
pirical power-law distribution over n-grams, we also provide
theory to inform the efficacy of our multi-pass approach.

Code — https://github.com/rcurtin/Intergrams
Extended version — https://arxiv.org/abs/2511.14955

Introduction
The goal of this work is the problem statement: “I should
be able to find the top-k n-grams of a dataset as quickly as
the disk can give me bytes”. If one has a large set of files
(TBs or larger), and wants to find the k most frequent subse-
quences of length n in that set of files (called n-grams), the
claim is that the bottleneck in computation should be getting
the bytes from the files—not processing them. This problem
is much harder than it looks from the description, but it is
possible to satisfy the claim.

The problem is of interest not because it was lunchtime
banter (although it was), but instead because it is an im-
portant preprocessing step for numerous real-world ma-
chine learning tasks: n-grams are effective features as inputs
to machine learning models. Once the top-k n-grams are
known, it is extremely fast to convert a large set of files into
sparse data that can then be directly used for training—see
Fig. 1. But, for large datasets, k, or n, the time to compute
the top-k n-grams can significantly exceed all other steps.

Probably the most well-known application of this strat-
egy, is malware classification: byte-sequence features are
commonly used to produce simple, interpretable models that
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Figure 1: A typical machine learning pipeline using n-grams
as features. To run this pipeline, the k most common n-
grams from the input data must be known. Often, on large
datasets, the process of computing the top-k n-grams is far
more expensive than the modeling step!

give state-of-the-art performance and extremely fast infer-
ence times (Masud, Khan, and Thuraisingham 2008; Fuy-
ong and Tiezhu 2017; Raff and Nicholas 2018). For very
large datasets, they may even be used for distributed train-
ing of models (Lu et al. 2025, 2024). For text processing,
length-n character sequences have been shown to outper-
form text embedding models for (certain) textual event clas-
sification (Piskorski and Jacquet 2020) and are useful in
large-scale language modeling (Liu et al. 2024). Finally, n-
grams of genomic sequences (known as k-mers) have proven
to be useful for various tasks, from phylogenetic analysis to
species classification (Chor et al. 2009; Yang et al. 2020).

Problem Formalization and Notation
The top-k n-gram problem is straightforward: suppose there
is a dictionary D of possible n-grams; it may be extremely
large. If n-grams are byte sequences, then |D| = 256n

(e.g. there are 18 quintillion possible 8-grams!). Suppose
also there is a dataset that consists of m sequences S =
{s1, s2, . . . , sm}. In a malware detection application, for in-
stance, S may be a collection of files where each si is one
file. Our task is to find one of the following two quantities:

k -argmaxx∈D

∑
si∈S

∑
xj∈si

1(xj = x), (1)

k -argmaxx∈D

∑
si∈S

1(x ∈ si). (2)
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In the first variant (Eq. 1), each n-gram is counted once
every time that it appears. In the second variant (Eq. 2), an
n-gram is only counted once for each sequence si that it
appears in. When using the top-k n-grams as features for
a machine learning model, especially on real-world data, it
is generally more effective to count an n-gram once per se-
quence. This is because it is often the case that a single n-
gram may be present in only a very few sequences of S, but
may occur very many times in those few sequences. If our
goal is to predict the label of a sequence, then these n-grams
carry little predictive value, as their feature values will be 0
for the vast majority of sequences in S. For more details on
this phenomenon, see the discussion in Raff et al. (2018).

As a result, our focus in this paper will be on solving
Eq. 2; however, our algorithms can be readily adapted to
solve Eq. 1 (and they will solve that problem more quickly
as it is an easier problem).

Related Work
The naive approach to solving this problem consists of stor-
ing a large dictionary for each element in D and iterating
over each sequence si, incrementing the appropriate counts
in the dictionary. Then, when all sequences have been iter-
ated over, sort the dictionary by count and keep the top k.

Such a strategy can be implemented in only a few lines of
code; in fact, this is what is done by the commonly-used
CountVectorizer class from the scikit-learn
package (Pedregosa et al. 2011). But this obviously scales
horrendously for non-trivial sizes of D or k.

A number of stream-based approaches have been devel-
oped, e.g. Charikar, Chen, and Farach-Colton (2002), Cor-
mode and Muthukrishnan (2005), and Jin et al. (2003).
These approaches build a ‘sketch’ of the data as the stream
is processed, discarding n-grams that are found to be infre-
quent. Although these approaches perform better than the
naive strategy described above, they tend to focus on much
smaller k than would be interesting for a machine learning
use case, and require storing significantly more than k par-
tial counts. For instance, the Space-Saving algorithm of Met-
wally, Agrawal, and El Abbadi (2005) requires a number of
counters M >> k for error bounds to be acceptably small.
Further, adapting these algorithms to count an n-gram only
once per sequence (Eq. 2) adds additional overhead.

A more principled approach can be developed by observ-
ing that the n-gram distribution of real-world data is not
uniform but instead follows a Zipfian (power-law) distribu-
tion (Raff et al. 2018). That is, few n-grams appear regu-
larly; the vast majority of n-grams either appear rarely or
not at all (and as such have no chance of being in the top k).

Using this reality, Raff and Nicholas (2018) proposed the
‘hash-gramming’ approach, which is the current best-known
algorithm for finding top-k n-grams for non-trivial k. This
approach computes the hash of each n-gram, mapping it
from a space of size |D| to a more manageable number
of elements; in their implementation, they hash to roughly
231 elements. Processing is done in two passes: in the first
pass, the hashes of each n-gram are counted. Then, the top-k
hashes are computed. In the second pass, exact n-gram val-
ues using an approach like the naive dictionary approach, but

Hierarchy level Capacity Peak Bandwidth Latency
L1 cache 16 KB–64 KB 1 TB+/s ∼ 1 ns
L2 cache 64 KB–512 KB 1 TB+/s ∼ 4 ns
L3 cache 8 MB–256 MB 100-500 GB/s ∼ 40 ns

RAM 1 GB–4 TB 10-100 GB/s ∼ 80 ns
Disk 1 TB+ 500 MB/s–5 GB/s ∼ 8− 80 µs

Table 1: Typical performance characteristics of each level of
the memory hierarchy on modern computers (Brett 2016).
Whenever data is too large to fit in a cache level, access times
become significantly longer, and bandwidth decreases, both
by orders of magnitude.

only for n-grams whose hashes are in the set of top-k hashes.
This reduces the size of memory needed for the second pass
to roughly O(k) memory, which is far faster and more man-
ageable than O(|D|) memory! With a good implementation,
the hash-gramming approach can yield throughput of 10−20
MB/s; although this is orders of magnitude faster than both
the naive dictionary algorithm and the Space-Saving algo-
rithm, it is still far away from the ‘disk speed’ postulated in
the introduction (which would be more like 600 MB/s for a
typical desktop computer with a spinning-disk drive).

Hardware Limitations
Although the algorithms described in the previous section
focus on minimizing overall memory usage they do not fo-
cus on actual performance limitations of physical hardware.
The biggest problem that all of the algorithms described in
the previous section face is non-contiguous memory access
patterns into large blocks of memory.

On a modern computer, data structures that cannot fit
into the processor caches (L1/L2/L3) are instead stored in
RAM. Each level of this memory hierarchy has orders-of-
magnitude different capacity, bandwidth, and latency. Ta-
ble 1 shows typical figures on modern hardware as provided
by Intel (Brett 2016), including for disk speed.

An important reality somewhat masked by Table 1 is that
peak bandwidth numbers are for sequential accesses; ran-
dom non-sequential access into a block of memory can be
orders of magnitude slower. Thus, for some array a, a loop
that modifies a[0], then a[1], then a[2], and so forth is
much faster than a loop that modifies random elements of a.
See Figure 2 for a simulation that shows this effect (imitat-
ing the excellent work of Drepper (2007)).

Another important reality of hardware is paging and vir-
tual memory: when we access a random location in mem-
ory, the operating system must first map the given memory
pointer to the true underlying hardware location using the
virtual memory page tables. Virtual memory is organized
into pages (typically of size 4 KB but this can vary) and
therefore the first step in any virtual memory access is to
get the underlying hardware location of the page. The pro-
cessor’s translation lookaside buffer (TLB) assists with this
process by caching entries of recently-used pages. But the
TLB’s capacity is limited; typical modern TLBs may have
only hundreds of entries. Whenever a page is not found in
the TLB, the kernel must perform a time-consuming page
walk; this is seen in Fig. 2.
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Figure 2: Memory bandwidth benchmarks. We vary the size
of the array (x axis), and in each trial we increment all ele-
ments of the array in sequential (blue) or random (red) order.
For sequential access patterns, the hardware prefetcher can
keep bandwidth high, but the 2048-element TLB necessarily
starts to miss at 8 MB (we use 4 KB page sizes). For ran-
dom access patterns, the hardware prefetcher cannot predict
the memory (or page) that is needed next, and throughput
craters as the array size exceeds the size of each level in the
cache hierarchy.

In order to design a fast algorithm for n-gramming,
we must be aware of these hardware concerns. Similar to
the ‘cache-oblivious’ algorithms pioneered by Frigo et al.
(1999) and Demaine (2002), we will use a simple model of
a cache and then ensure that our algorithm operates in a way
that minimizes accesses outside the cache.

Hash-gramming Memory Problems
Existing algorithms for fast top-k n-gram computation
severely violate the understanding of the memory hierarchy
we established above. The working sets of these algorithms
often significantly exceed cache size, and the memory ac-
cess patterns are effectively random. Although the analysis
is similar for the Space-Saving algorithm and others, we fo-
cus here on Hash-Gramming, given in Algorithm 1, as it is
the fastest competitor to our algorithm by orders of magni-
tude and its shortcomings served heavily as inspiration.

Hash-Gramming operates by taking two passes on the
data: in the first pass, a hash function is used to map an n-
gram into one of B buckets. Then, the top-k buckets are re-
tained, and in the second pass, any n-grams whose hashes
are in the top-k buckets are counted; finally, the top-k n-
grams of the second pass are returned. Because of the condi-
tion that an n-gram hashes to the top-k buckets, and k ≪ B,
the second pass is significantly faster.

But let us consider the memory access behavior of this
algorithm: at each step in the first pass, we compute the hash
of an n-gram, h(xi). h(·) must hash n-grams randomly to
one of B buckets, but there is no correlation between the
buckets that two consecutive n-grams will hash to.

Thus, each update to Ti is effectively random. Problemat-
ically, B is large: typically around 231. This means that if Ti

is represented as a bit vector, its size is ∼8 MB. Although
this fits into most L3 caches in the single-threaded case, with
many threads operating on different sequences, the sum total
of all bit vectors Ti can quickly exceed L3 cache.

Worse, the update step for T also exhibits random access
behavior: because of the Zipfian distribution generally seen

Algorithm 1: Hash-Gramming Raff et al. (2019), specialized
to count an n-gram once per sequence.
Require: Bucket size B, hash function h(·), sequence set S, n, k

1: T ← 0B ▷ First pass: compute n-gram hash counts.
2: for all sequence si in S in parallel do
3: Ti ← 0B

4: for all n-gram xi ∈ S do
5: Ti[h(xi)]← 1
6: end for
7: T ← T + Ti

8: end for

9: H ← k -argmaxhi∈T T [hi] ▷ Top-k hash values.

10: D ← empty dictionary ▷ Second pass: compute exact
counts of n-grams.

11: for all Sequence si in S in parallel do
12: Di ← empty dictionary
13: for all n-gram xi ∈ si do
14: if h(xi) ∈ H then
15: Di[xi]← 1
16: end if
17: end for
18: D ← D +Di

19: end for

return k -argmaxxi∈D D[xi] ▷ Return final top-k n-grams.

in real-world data, each Ti is highly sparse (as most n-grams
never appear). The throughput for this update step is very
low, because the size of T is typically 8 or 16 GB, depend-
ing on the precision used. Even when Ti is scanned sequen-
tially, the sparse updates to T cannot benefit from hardware
prefetching and often suffer from page faults.

The second pass also exhibits the same random memory
access patterns, but because the size of D is so much smaller,
and because many n-grams are skipped since they are not in
H , the observed runtime effect is comparatively less.

Although there are a number of small tricks that can be
used to hide the latency and low bandwidth associated with
the hash-gramming approach, these do not change the funda-
mental underlying access patterns. The use of a small LRU
cache or Cuckoo hash table (Pagh and Rodler 2004) to cache
common recently-seen hash values h(xi) and avoid lookups
in or updates to Ti or flushes to T can be helpful, but again
the Zipfian distribution of data hurts: due to the long tail of
the distribution, the vast majority of n-grams are only seen
once or twice and will not remain in the small cache, requir-
ing accesses to Ti and T . Software prefetching with a circu-
lar buffer presents another alluring acceleration, but on many
processors, a TLB miss on a prefetch will cause an immedi-
ate stall and page walk (Intel Corporation 2023). Given the
large size of T , these TLB misses are almost guaranteed with
a page size of 4 KB (the default). It is possible to use large
pages of 2 MB on typical Linux systems1, but while this pro-

1Linux kernel support for 1 GB pages is available, but not ev-
erywhere, and is tedious to reliably build into a distributable soft-
ware product for a variety of non-user-friendly reasons, so we do
not consider it in our work. As with 2 MB pages, it would provide
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Algorithm 2: A fast algorithm to compute the top-k 3-grams
on byte sequences, counting an n-gram once per sequence.
Require: sequence set S, k

1: C ← 016777216 ▷ Size: 64 MB.
2: for all sequence si in S in parallel do
3: Ci ← 016777216 ▷ Bit vector of size 2 MB.
4: for all 3-gram x ∈ Si do
5: Ci[x]← 1 ▷ Random access into bit vector.
6: end for
7: C ← C + Ci ▷ Sequential flush.
8: end for

9: return k -argmaxxi∈C C[xi] ▷ Compute top-k 3-grams.

vides a speedup by reducing the number of TLB misses, the
size of the TLB for 2 MB pages is generally smaller, and it
does not address the underlying issue.

Warmup: Fast 3-grams
To achieve fast speeds for n-gramming, we must address
the memory access patterns and avoid random accesses into
large data structures that cannot fit in processor caches and
spill across many memory pages. We have two desiderata:

1. If we must do random access into a block of memory,
that block of memory should fit in the processor cache.

2. If a block of memory must be larger than the processor
cache, then we must access it sequentially.

When we are passing over all the sequences in S, we will
necessarily be visiting n-grams in effectively random order.
Thus, when we take a pass over the data, we cannot expect
to increment counts or any intermediate data structure in a
sequential manner. To satisfy our first requirement, then, our
intermediate data structure must fit in the processor cache.

Consider what would happen if we were only interested
in computing the top-k 3-grams (e.g. n = 3). If we are using
byte-sequence data, the number of possible 3-grams (that is,
|D|) is 2563 = 16777216. Then, for each sequence si, we
can hold a bit vector with one bit for each of the 16M possi-
ble 3-grams, which has overall size 2 MB: this trivially fits
into the processor cache. Since we cannot assume any order-
ing of the n-grams in the sequences si, our memory access
pattern into this bit vector is effectively random.

After processing the sequence si, we can flush this bit
vector to a global array of 16M elements using a sequen-
tial access pattern. When using 32-bit integers, this has size
64 MB, which still fits comfortably in cache (L3). See Algo-
rithm 2 for a complete description of this algorithm.

This algorithm is embarrassingly parallel; each sequence
can be handled by a different processor, with the only ad-
ditional memory requirement that each processor needs its
own 2 MB bit vector. For most processors, the sum total of
memory required still fits easily in cache. On modern com-
modity hardware, this algorithm can compute n-grams as
quickly as input sequences can be provided from disk.

a small speedup but not address the underlying issue.

There are additional optimizations we can make. First, we
can collect bit vectors Ci to flush simultaneously: instead of
flushing a Ci as soon as a sequence is complete, we wait un-
til a specific number of bit vectors are ready, and then flush
them all simultaneously: C ← C+Ci+Ci+1+ . . .+Ci+8.
Second, we can accelerate each individual flush via the use
of SIMD instructions. Processors that support AVX2 are
able to simultaneously add 8 integers in a single instruction.
In our tuned implementation, we are able to increment 8 el-
ements of C for a single bit vector Ci with only 5 SIMD
instructions. On the powerful system we use for our experi-
ments, this achieves peak disk bandwidth (∼5 GB/s!).

Now, what utility do 3-grams have when we are interested
in general n-grams for n > 3? Intuitively, 3-grams carry
information about larger n-grams: the count of a single 3-
gram in S is the sum of counts for all n-grams with that
3-gram as the prefix. So, for instance, if a 3-gram xi is in the
top-k 3-grams, then it is intuitively likely that some 4-gram
whose prefix is xi will also be a top-k 4-gram.

Empirically validating our intuition is easy: on a dataset of
18GB of executable programs, we compute true 3-grams and
true 4-grams. For a few values of k, we plot the percentage
of 4-grams that are in the top-zk 3-grams, where z is a con-
stant ‘oversampling’ factor. The results are shown in Fig. 3.
The figure’s implication is clear: if we compute the top-zk
n-grams, then we can compute the top-k (n+ 1)-grams us-
ing only the top-zk n-grams as prefixes, which significantly
reduces the size of the n-grams that must be counted.

Intergrams: Intermediate n-gramming
We can use the 3-gram algorithm of the previous section as
a starting point for a fast n-gramming algorithm that we call
Intergrams, following the naming of the programming lan-
guage INTERCAL (Woods and Lyon 1973). The strategy is
simple: suppose that we first computed the top-zk 3-grams.
Then, we would compute the counts of all 4-grams whose
3-gram prefixes were in the top-zk 3-grams. Following this,
we would compute the top-zk 4-grams and repeat the pro-
cess for 5-grams, 6-grams, etc. This turns out to be a very ef-
fective strategy that meets our two hardware-based desider-
ata, and the strategy is formalized in Algorithm 3.

Importantly, at each stage of the algorithm we keep only

1 1.5 2 2.5 3

96%

98%

100%

Oversample factor z

k=10k
k=100k
k=1M

Figure 3: Percentage of top-k 4-grams that have 3-byte pre-
fixes in the top-zk 3-grams on the EMBER dataset, as a
function of z. 100% means that all 4-grams have 3-byte pre-
fixes in the top-zk 3-grams; in this case, we can filter the set
of possible 4-grams significantly, with no loss of accuracy!
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Algorithm 3: Intergrams: a fast algorithm to compute the
top-k n-grams on byte sequences, using c1(·, ·) (e.g. count-
ing an n-gram once per sequence only).
Require: sequence set S, n, k

1: P (3) ← top−zk 3−grams using Algorithm 2
2: for all j ∈ [4, n] do
3: C ← 0256zk

4: for all sequence Si in S in parallel do
5: Ci ← 0256zk

6: for all j-gram x ∈ Si do
7: if x has (j − 1)-gram prefix in P (j−1) then
8: Ci[x]← 1 ▷ Random access into bit vector.
9: end if

10: end for
11: C ← C + Ci ▷ Sequential flush.
12: end for

13: if j < n then
14: P (j) ← zk -argmaxx∈C C[x] ▷ Compute prefixes for

the next round.
15: end if
16: end for
17: return k -argmaxx∈C C[x]

zk prefixes; this means in the next pass we only count 256zk
n-grams. The size of each bit vector Ci will now be 32zk
bytes; this still trivially fits in most processor caches for even
large values of k and z, and thus the random access pattern
into Ci is not a problem on subsequent passes.

When zk is less than 65536, the memory required for the
next iteration’s counts array C is less than the 64 MB needed
for 3-gram computation, meaning that it too comfortably fits
into the processor cache. On some systems, zk can be signif-
icantly larger before overflowing the cache. Even if C does
not fit fully into the cache, the sequential access pattern of
our flushes will still ensure high memory bandwidth.

It is worth considering the operation of determining
whether a prefix is in P . Of course, simple iteration over
all prefixes in P is very inefficient; similarly, we found that
even binary search over a pre-sorted P was too slow. Instead,
a trie structure (Fredkin 1960) should be used for fast lookup
of a prefix’s membership in P . Tries are best described vi-
sually: Fig. 4 gives an example on byte sequence data.

As lookups in this trie are the innermost computation of
our entire algorithm, performance is paramount, and for this
we must again consider the hardware. But we cannot make
lookups sequential in a trie; we will be jumping from node
to node depending on the prefix we are looking up. So our
memory access pattern will appear more random than se-
quential. Thus, keeping the size of the trie data structure
small is very important; if it is too large, it will not fit in pro-
cessor cache or it will force parts of C or Ci to be evicted
from cache. For byte sequence data, each trie node can have
a maximum of 256 children; so we can use an 8-bit unsigned
integer to track the number of children of a node. Each node
must also hold a value; an 8-bit unsigned integer suffices.

During the lookup process, we must find the correct child
of the trie to visit (or if there is no child to visit next, then

root 0x00

0xff

0x00

0x0f

0xff

0x00

0x00

0x01

0x11

0x80

0xff

0xfe

Figure 4: An example trie built on length-3 byte sequence
data. Determining whether a prefix x is in P can be done by
iterating from the root of the trie to a leaf, considering each
element of the prefix in succession. In this trie, we can deter-
mine that the byte sequence 0x013300 is not in P at the first
iteration. Other sequences, like 0x000aaf and 0xff00ff
require more iterations; sequences like 0x000000 are in P
and will reach a leaf during iteration of the trie.

we terminate early). To prevent a potentially long iteration
over children when a node has many children, we can use
a lookup table. For byte data, this table needs only 256 ele-
ments. We found lookup tables to be faster despite their in-
creased memory usage for nodes with as few as 4 children.

Lastly, to reduce the number of ‘faraway’ memory ac-
cesses, the memory layout of the trie’s children can be or-
dered by frequency. For example, if the prefix 0xBEEF00
is the most common prefix in S, then the trie nodes corre-
sponding to 0xBE, 0xBEEF, and 0xBEEF00 can be laid out
contiguously. The second-most common child of 0xBEEF
can then be placed directly after 0xBEEF00, and so forth.
This means that the most commonly seen prefixes are more
likely to have their trie elements already in the cache, and
less likely to produce cache misses and page faults.

In our implementation, we were able to restrict the size
of the trie to only 2 bytes per trie node plus the memory
required for holding the locations of each trie’s children (up
to 12 bytes if the node has less than four children, and 1
KB for the lookup table otherwise; most nodes do not have
lookup tables). The number of nodes in a trie is linear in the
number of prefixes, so with only zk prefixes, the overall size
of the trie is small compared to C. With these optimizations,
overall Intergrams runtime was reduced by about 10–15%.

Theory: Intermediate Filter Recall
Next we aim to validate our claim that the top-zk n-grams
can effectively filter for the top-k (n + 1)-grams. For this
analysis, we assume that n-grams and (n+1)-grams over S
follow a Zipfian distribution with parameter a. That is, if the
n-grams x1, . . . , x|D| are ordered by decreasing probability
p1, . . . , p|D|, then pi ∝ 1

ia . This assumption is actually pes-
simistic; in general, empirical data is such that the parameter
a is greater for (n+ 1)-grams than for n-grams.

Although Intergrams does not explicitly search for the ex-
act top-k (n + 1)-grams over S , we are able to show that
with high probability, most of the probability mass of the
true top-k (n + 1)-grams is retained. To show this we first
consider the ideal case where the observed n-gram counts
exactly match the underlying Zipfian frequencies (e.g., no
sampling noise). We will use the following facts about the
Zipf distribution.
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Observation 1. Let Mk :=
∑k

i=1
1
ia , and let |D| be the

maximum number of distinct n-grams.

1. The probability of sampling n-gram xi is pi = i−a

M|D|
.

2. The probability of an independently sampled n-gram be-
ing in the top-k most likely n-grams is Mk/M|D|.

We observe that for each sequence si ∈ S, each n-gram
(except for the final one) is the prefix of an (n + 1)-gram.
Given |S| = m such sequences and N collected n-grams
across S, then these are the prefixes of N −m correspond-
ing (n+ 1)-grams. By this reasoning, if the top-zk n-grams
account for some proportion β of all n-grams, then the pro-
portion of (n + 1)-grams prefixed by a top-zk n-gram is
roughly β as well:
Lemma 1. Suppose the top-k′ n-grams account for propor-
tion β of the total n-grams over dataset S. Then the (n+1)-
grams prefixed by one of these top-k′ n-grams account for
at least β′ := β − m

N−m of the total (n+ 1)-grams, with N
the total n-grams over S and m the number of sequences.

In the worst case scenario for Intergrams, the top-zk n-
grams prefix only trivial (n+1)-grams, dispersing the mass
β among less frequent (n + 1)-grams. Yet, if β is large
enough, then even in this adversarial situation we may still
collect most frequent (n + 1)-grams. Let Xn

k be the set of
(n + 1)-grams prefixed by a top-zk n-gram. Our goal is to
lower bound the occurrence of (n+1)-grams within Xn

k that
are also among the top-k (n+ 1)-grams.

Specifically, let u be the index of the most frequent (n +
1)-gram within Xn

k . Then the probability mass between xu

and xk, the k-th most frequent (n + 1)-gram, lower bounds
the relevant mass of (n+1)-grams that Intergrams will retain
in the intermediate round.
Theorem 1. Suppose that n-grams and (n + 1)-grams ex-
actly follow the Zipf distribution (no sampling noise) with
parameter a ̸= 1.2 If Intergrams keeps the top k′ n-grams
from the previous pass, then (1) the most frequent (n + 1)-
gram it finds will be at least the u-th most frequent actual
(n+ 1)-gram, where

u ≤
((
|Dn+1|1−a − a

)
(1− β′) + 1

) 1
1−a − 1. (3)

(2) Furthermore, the j-th most frequent (n + 1)-gram
found will be at least the (u+ j − 1)-th most frequent.

(3) Finally, the fraction of top-k (n + 1)-grams recalled
by Intergrams is at least

1− (|Dn+1|1−a − a)(1− β′)− a

(k + 1)1−a − 1
. (4)

Intuitively, the faster the tail of the distribution decays, the
higher proportion the top-k represents. When a is not too
tiny, the top-k n-grams can represent a majority of observed
counts, which forces the majority of (n+ 1)-grams to come
from these prefixes. For larger a, such as a > 1, the bound
Eq. 4 can be algebraically inverted to yield asymptotic be-
havior of the form 1 − O((k/|Dn+1|)a−1), which quickly
converges toward successful results for Intergrams.

2This can be re-derived for a = 1 and is conceptually the same.

Now, consider the case where sampling error is present:
henceforth, the counts over si ∼ S follow a multino-
mial generation model with N observations and parame-
ters {pi}|D|

i=1, with empirical probabilities p̂i := ci/N . While
w.l.o.g. the true probabilities follow p1 ≥ . . . ≥ p|D|, we use
the notation p(i) to order by empirical probabilities, so that
p̂(1) ≥ . . . ≥ p̂(|D|). Although easy concentration bounds
exist when the top-k bins are fixed, in our case the empirical
top-k bins are random. Even so we may establish bounds.
Lemma 2. Choose any δ > 0; with probability at least 1−δ,∣∣∣ k∑

i=1

p̂(i) −
k∑

i=1

pi

∣∣∣ ≤ ∆(δ) := 4

√
k2 ln(2|Dn|/δ)

2N
. (5)

Given that the top-zk n-grams are selected empirically
over S, it follows from Lemma 1 and Lemma 2 that with
probability 1 − δ these account for β′′ := β′ − ∆(δ) of
the underlying probability measure. Thus, Theorem 1 can
be easily adapted for the noise case, as follows.
Theorem 2. Suppose the observed n-grams are ranked by
empirical count and the top k′ selected. Let β′′ = β −

m
N−m − ∆(δ). Then with probability 1 − δ, equations (3)
and (4) hold with β′ replaced with β′′.

By setting k′ = zk in each result, we can handle the
oversampling value z. While for byte sequences the maxi-
mum value for |Dn| is 256n, the bound in Lemma 2 can be
strengthened by filtering out prefixes which are not observed
in each prior step.

Experiments
We now demonstrate the superiority of the Intergrams algo-
rithm as compared to other approaches, validating each of
our hardware-based observations along the way. As hash-
gramming is orders of magnitude faster than any other algo-
rithms (Raff and Nicholas 2018), we compare only against
hash-gramming with the ‘small tricks’ discussed earlier.

Our experimental system is a very powerful single system
equipped with 4 32-core Xeon E7-8867 v3 processors, for a
total of 128 cores. Each core has 32 KB L1 cache and 512
KB L2 cache. Each processor shares its 45 MB L3 cache
across cores, giving a total of 180 MB of L3 cache. The sys-
tem is equipped with 2 TB of DDR3-1333 RAM, with a disk
controller capable of serving data from a RAID at∼5 GB/s.

We implemented the Intergrams algorithm carefully in
C++, using the Armadillo library for timing (Sanderson and
Curtin 2016). We process sequences in parallel using thread
pairs: one thread reads the sequence from disk (this thread is
mostly idle, waiting on I/O) while another thread processes

Dataset Type Size m

EMBER3 (Anderson and Roth 2018) bytes 1009 GB 800k
C4 (Raffel et al. 2020) text 751 GB 6.22M
1000gp (Clarke et al. 2012) genomics 1.4 TB 1.58M

Table 2: Datasets used in our experiments. The C4 and
1000gp datasets were chunked such that each sequence con-
tained a few hundred to a few thousand lines of source data.
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Algorithm EMBER (k = 100k) c4 (k = 10k) 1000gp (k = 10k)
Runtime Speedup Jaccard Runtime Speedup Jaccard Runtime Speedup Jaccard

hg-vanilla 9078.5s – – 39787.1s – – 10042.0s – –
hg-cuckoo 8987.9s 1.01x – 37506.8s 1.06x – 9682.3s 1.04x –
hg-largepage 8394.7s 1.08x – 37214.8s 1.06x – 8640.6s 1.16x –
hg-trie 8286.5s 1.10x – 33026.1s 1.20x – 8130.2s 1.24x –
hg-fast 7162.6s 1.27x – 30811.2s 1.29x – 7061.5s 1.42x –
intergrams, z = 1 1413.7s 6.42x 0.71 1183.9s 33.6x 0.91 1215.7s 8.26x 1.0
intergrams, z = 1.5 1458.8s 6.22x 0.91 1373.7s 29.0x 1.0 1152.9s 8.71x 1.0
intergrams, z = 2 1771.4s 5.13x 0.97 1501.9s 26.5x 1.0 1144.6s 8.77x 1.0

Table 3: Runtime results for Intergrams and variants of the hash-gramming approach. In every case the Intergrams algorithm is
able to provide significant speedup (up to 30x!), while still recovering nearly every true top-k n-gram (sometimes exactly!).

104 105 106

103

103.5

Value of k

R
un

tim
e

(s
)

Figure 5: Runtime results for a sweep of k on the EMBER
dataset. Y-axis is logarithmic.

data that the other has buffered. This thread pair strategy is
necessary because Intergrams is bottlenecked by disk; thus,
a thread entirely for I/O ensures maximum disk throughput.

We also implemented hash-gramming carefully in C++;
however, due to its poor memory access patterns, it cannot
saturate disk bandwidth and thus each sequence is assigned
to its own thread, which performs both I/O and the hash-
gramming computations. We applied the performance tricks
detailed earlier to hash-gramming, producing these variants:

• hg-vanilla is hash-gramming implemented as written.
• hg-largepage uses 2 MB page sizes to reduce the TLB

misses to the global counts array.
• hg-prefetch uses software prefetching to mask the la-

tency of fetching the global counts array from RAM.
• hg-cuckoo uses cuckoo hashing (Pagh and Rodler

2004) to minimize the updates to the global counts array.
• hg-fast uses our tuned trie structure for the second

pass, as opposed to the standard C++ unordered map.

The optimizations in each variation are cumulative:
that is, hg-cuckoo also contains the optimizations from
hg-prefetch and hg-largepage, and so forth. As we
designed Intergrams with all these optimizations in mind,
ablating them individually does not make sense. Instead, to
control the accuracy of Intergrams, we take z ∈ {1, 1.5, 2}.

For datasets, we used three large datasets from different
application areas, detailed in Table 2. Our implementations
were tuned to byte data, and so we processed the text and
genomic data at the character (byte) level. Note that for
both plaintext (ASCII) and genomics data, the size of |D|
is smaller than 256n, meaning that additional optimization
implementations could be made (see the trie discussion).

Step Runtime Throughput

3-gram pass 228.2s 4.42 GB/s
top-zk 3-grams/trie building 3.25s –
4-gram pass 205.95s 4.90 GB/s
top-zk 4-grams/trie building 0.97s –
5-gram pass 189.37s 5.33 GB/s
top-zk 5-grams/trie building 1.16s –
6-gram pass 190.57s 5.29 GB/s
top-k 6-grams 0.29s –

Table 4: Runtime breakdown for each step of the Intergrams
algorithm on EMBER with k set to 10k and z = 1.5.

Table 3 contains runtime results for each of the datasets.
Intergrams significantly outperforms all variants of hash-
gramming, even the most optimized. In the best cases, In-
tergrams provides 20–30x speedup due to its hardware-
informed design. In addition, even with z = 1, it returns
n-grams that match those returned by hash-gramming.

Next, we consider the effect of increasing k on the run-
time. Figure 5 shows each algorithm’s runtime on the EM-
BER dataset when k is swept from 1k to 1M. Jaccard simi-
larities were comparable to what is seen in Table 3.

Lastly, to show the relative cost of each step of the Inter-
grams algorithm, Table 4 shows the breakdown of each step
of the Intergrams algorithm on each of the three datasets.
Since no trie lookup is necessary for the 3-gram pass, that
step is the most efficient and can maximize disk through-
put. The top-zk steps and trie building steps are negligible
compared to the time it takes to pass over the data. In later
passes of the algorithm, the trie gets more selective (as com-
pared to |D|) and this phenomenon accounts for the 5-gram
and 6-gram passes being faster than the 4-gram pass.

Conclusion
We introduced the Intergrams algorithm, a fast algorithm for
computing the top-k n-grams on very large datasets. Its em-
pirical performance beats all known other algorithms, and
it has favorable theoretical guarantees. Code can be found
at github.com/rcurtin/Intergrams. We are exploring
further improvement by exploiting the Zipf distribution to
skip data for a slight loss in accuracy, as in Raff et al. (2025).
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