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Abstract

Neural network constraint satisfaction is crucial for safety-
critical applications such as power system optimization,
robotic path planning, and autonomous driving. However,
existing constraint satisfaction methods face efficiency-
applicability trade-offs, with hard constraint methods suf-
fering from either high computational complexity or re-
strictive assumptions on constraint structures. The Sampling
Kaczmarz-Motzkin (SKM) method is a randomized iterative
algorithm for solving large-scale linear inequality systems
with favorable convergence properties, but its argmax oper-
ations introduce non-differentiability, posing challenges for
neural network applications. This work proposes the Train-
able Sampling Kaczmarz-Motzkin Network (T-SKM-Net)
framework and, for the first time, systematically integrates
SKM-type methods into neural network constraint satisfac-
tion. The framework transforms mixed constraint problems
into pure inequality problems through null space transfor-
mation, employs SKM for iterative solving, and maps solu-
tions back to the original constraint space, efficiently han-
dling both equality and inequality constraints. We provide
theoretical proof of post-processing effectiveness in expec-
tation and end-to-end trainability guarantees based on un-
biased gradient estimators, demonstrating that despite non-
differentiable operations, the framework supports standard
backpropagation. On the DCOPF casel18 benchmark, our
method achieves 4.27ms/item GPU serial forward inference
with 0.0025% max optimality gap with post-processing mode
and 5.25ms/item with 0.0008% max optimality gap with joint
training mode, delivering over 25 x speedup compared to the
pandapower solver while maintaining zero constraint viola-
tions under given tolerance.

Code — https://github.com/IDO-Lab/T-SKM-Net
Extended version — https://arxiv.org/abs/2512.10461

1 Introduction

Constrained decision problems arise across various disci-
plines, such as the DC Optimal Power Flow (DCOPF)
problem in power systems (Carpentier 1962), which re-
quires minimizing operational costs while satisfying phys-
ical and security constraints of the power system. However,
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directly solving these problems using optimization solvers
requires substantial computational time. Therefore, in sce-
narios demanding rapid or even real-time responses, tradi-
tional solvers often fail to meet timing requirements (Scu-
tari and Sun 2018), motivating researchers to explore more
efficient approximate solution methods.

In recent years, deep learning (Goodfellow et al. 2016)
has demonstrated powerful function approximation capabil-
ities across various complex tasks (Hornik, Stinchcombe,
and White 1989; Cybenko 1989; LeCun, Bengio, and Hinton
2015), providing new insights for solving constrained opti-
mization problems (Smith 1999; Cappart et al. 2023; Hou
et al. 2023; Liu et al. 2024). Constrained decision problems
can be transformed into single forward inference of neural
networks by learning the mapping relationship from prob-
lem parameters to decision variables. However, neural net-
work outputs often cannot guarantee strict satisfaction of the
original constrained decision problem’s constraints, which
limits their use in safety-critical applications.

To address this challenge, researchers have proposed var-
ious methods for integrating constraints into neural net-
works. Existing methods can be mainly categorized into
soft constraints and hard constraints. Soft constraint meth-
ods (Raissi, Perdikaris, and Karniadakis 2019) indirectly
handle constraints by incorporating constraint violation
terms as penalty terms in the loss function. While these
methods are simple to implement and maintain network
differentiability, they cannot strictly guarantee constraint
satisfaction, posing potential risks in safety-critical appli-
cations. Hard constraint methods attempt to strictly sat-
isfy constraints at network output, including differentiable
optimization layers (Amos and Kolter 2017; Donti, Rol-
nick, and Kolter 2021; Min and Azizan 2025), parameter-
ized feasible space methods (Tordesillas, How, and Hutter
2023; Zhang, Tabas, and Zhang 2024), and decision rule
approaches (Constante-Flores, Chen, and Li 2025). How-
ever, these methods still face challenges such as high com-
putational complexity, requirement for pre-computing feasi-
ble points, or limited expressiveness when handling input-
dependent dynamic linear constraints.

To address these limitations, this work proposes the Train-
able Sampling Kaczmarz-Motzkin Network (T-SKM-Net)
framework. The main contributions include: (1) First inte-
gration of the Sampling Kaczmarz-Motzkin method to neu-



ral network linear constraint satisfaction for input-dependent
dynamic constraints; (2) Theoretical proof that this method
can serve as an effective approximation of Lo projec-
tion, providing theoretical foundation for its use as a post-
processing strategy; (3) Theoretical demonstration of end-
to-end trainability of the framework through unbiased gra-
dient estimators (Robbins and Monro 1951; Bottou 2010;
Goda and Kitade 2023), addressing training challenges
caused by non-differentiable argmax operations.

2 Related Work

Neural network constraint satisfaction methods can be cat-
egorized into soft constraints and hard constraints based on
constraint handling approaches, where hard constraint meth-
ods can be further subdivided into three main paradigms.

2.1 Soft Constraint Methods

Soft constraint strategies indirectly handle constraints by in-
corporating constraint violation terms as penalty terms in
the loss function (Raissi, Perdikaris, and Karniadakis 2019;
Yang, Zhang, and Karniadakis 2020). While these methods
are simple to implement and preserve network differentia-
bility, they cannot strictly guarantee constraint satisfaction,
posing potential risks in safety-critical applications.

2.2 Hard Constraint Methods

Differentiable Optimization Layers and Projection
Methods These methods ensure constraint satisfaction by
embedding optimization problems into neural networks or
employing projection operations (Chen et al. 2021). Opt-
Net (Amos and Kolter 2017) embeds quadratic program-
ming layers (Butler and Kwon 2023) into neural net-
works but suffers from high computational complexity.
DC3 (Donti, Rolnick, and Kolter 2021) adopts comple-
tion and correction strategies but cannot strictly guarantee
equality constraint satisfaction due to linear approximations.
HardNet (Min and Azizan 2025) provides closed-form pro-
jection expressions but relies on restrictive assumptions such
as constraint matrix full rank. GLinSAT (Zeng et al. 2024)
solves an entropy-regularized linear program with an ac-
celerated first-order method to impose general linear con-
straints, but still requires an inner iterative solver per batch.
Recent works also design feasibility-seeking or projection-
like layers with guarantees, such as homeomorphic projec-
tion for sets homeomorphic to a unit ball (including all com-
pact convex sets and some nonconvex sets) (Liang, Chen,
and Low 2023), feasibility-seeking NNs via unrolled viola-
tion minimization (Nguyen and Donti 2025), and feasibility-
restoration mappings for AC-OPF (Han et al. 2024), but
they introduce additional optimization or invertible-network
components inside the layer.

Parameterized Feasible Space Methods These methods
parameterize neural network outputs to feasible regions.
Zhang, Tabas, and Zhang (2024) uses gauge maps for poly-
hedra mapping but requires the origin to be a strict in-
terior point, making equality constraint handling difficult.
RAYEN (Tordesillas, How, and Hutter 2023) employs ge-
ometric transformations but requires offline computation
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of feasible points, limiting applicability to input-dependent
constraints.

Decision Rule Methods Recent work introduces de-
cision rule-based methods from stochastic optimization.
(Constante-Flores, Chen, and Li 2025) et al. propose a
framework combining task and safety networks through
convex combinations. However, this approach has limited
expressiveness and requires convex constraint sets. Preven-
tive learning (Zhao et al. 2023) calibrates linear inequality
constraints during training to anticipate DNN prediction er-
rors and ensure feasibility without post-processing, but is
tailored to convex linear constraints.

2.3 Sampling Kaczmarz-Motzkin Method

The Kaczmarz method (Karczmarz 1937) and Motzkin re-
laxation method (Motzkin and Schoenberg 1954) are clas-
sical iterative techniques for solving linear systems and
inequalities, respectively. Strohmer and Vershynin (2009)
proved exponential convergence for the randomized Kacz-
marz algorithm. Loera, Haddock, and Needell (2017) uni-
fied these approaches in the Sampling Kaczmarz-Motzkin
(SKM) method for large-scale linear inequality systems.
Morshed, Islam, and Noor-E-Alam (2022) further improved
SKM with global linear convergence guarantees. Despite
favorable theoretical properties, SKM-type methods have
not been integrated to neural network constraint satisfaction
problems.

2.4 Positioning of Our Contributions

Existing methods have various limitations when handling
input-dependent dynamic linear constraints: soft constraints
cannot strictly guarantee constraint satisfaction; differen-
tiable optimization layers and feasibility-seeking architec-
tures (e.g., GLinSAT (Zeng et al. 2024), homeomorphic pro-
jection (Liang, Chen, and Low 2023), FSNet (Nguyen and
Donti 2025), FRMNet (Han et al. 2024), DC3 (Donti, Rol-
nick, and Kolter 2021)) often require solving auxiliary op-
timization problems or running invertible-network subrou-
tines in each forward pass; parameterized feasible space
methods require prior knowledge or offline computation of
feasible points, making them difficult to handle dynamic
constraints; decision rule methods have limited expressive-
ness and typically require convex constraint sets.

The T-SKM-Net framework proposed in this work first
introduces SKM methods to the neural network constraint
satisfaction domain, leveraging their computational effi-
ciency and theoretical convergence guarantees. Unlike exist-
ing methods, the T-SKM-Net framework provides two flex-
ible usage modes:

1. Post-processing Method: Used solely as a post-
processing method without incorporation into training
steps. It can be directly applied to any pre-trained neu-
ral network to ensure satisfaction of linear constraints.

2. Joint Training Mode: Integrates the constraint satisfac-
tion layer into the neural network framework, achieving
end-to-end joint optimization that optimizes prediction
performance while satisfying constraints.



3 Preliminaries
3.1 Problem Formulation
Consider the mixed linear constraint system:
A(z)z < b(x)
C(z)z = d(z)

ey
@

where x € R™" is the input, z € R" is the output variable,
A(x) € RP*™, C(x) € R?*™ are constraint matrices, and
b(x) € RP, d(z) € R? are right-hand side vectors. The fea-
sible region is:

Fx)={2z€eR": A(z)z < b(x),C(x)z =d(x)} (3)

In neural network constraint satisfaction, an upstream net-
work fp : R™ — R™ produces output yo = fy(x) that typi-
cally violates constraints (yo ¢ F(x)). A constraint satisfac-
tion layer transforms yg into a feasible solution 2* € F(x).
The layer must satisfy: (1) constraint satisfaction, (2) solu-
tion quality, (3) computational efficiency, and (4) end-to-end
trainability.

3.2 Sampling Kaczmarz-Motzkin Method

The SKM algorithm solves linear inequality systems Az < b
through the following iteration:

(a2 — bir)
2

* )

Zk+1 = 2k —

l|ai

the step size, ¢*

where § > 0 is
arg max;es, (a; 2k — bi)Jr is the most violated con-
straint in the sampled set S, C {1,...,p} with |Sk| = 83,
(-)+ = max(+,0), and a; is the i-th row of matrix A.

4 T-SKM-Net Framework
4.1 Framework Overview

T-SKM-Net (Trainable Sampling Kaczmarz-Motzkin Net-
work) addresses the fundamental challenge of efficiently
handling mixed linear constraint systems in neural networks.
While SKM methods excel at solving pure inequality sys-
tems, directly applying them to mixed constraints faces sig-
nificant geometric challenges: equality constraints define
hyperplanes (zero-measure sets) while inequality constraints
define half-spaces, creating a fundamental mismatch that
leads to inefficient oscillations between constraint types dur-
ing iterative processing.

To address this challenge, T-SKM-Net transforms mixed
constraint problems into pure inequality problems before
applying SKM iterations. The framework accepts upstream
neural network output yy € R™ and input z € R"™, produc-
ing output z* € F(z) that strictly satisfies all constraints
through three key steps (Figure 1):

(1) Constraint Transformation: Convert mixed con-
straints into pure inequalities through SVD-based null space
transformation (Golub and Van Loan 2013), which ad-
dresses the geometric mismatch by decomposing the prob-
lem into equality-satisfying subspace and inequality opti-
mization; (2) SKM Iteration: Apply randomized constraint
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Figure 1: T-SKM-Net framework architecture.

selection and projection in the transformed space, where it-
erations effectively move within the equality constraint man-
ifold while seeking inequality constraint satisfaction; (3) So-
lution Recovery: Map the solution back to the original con-
straint space while preserving both equality and inequality
constraint satisfaction.

4.2 Algorithm Pipeline

Algorithm 1: T-SKM-Net Constraint Satisfaction

Require: Upstream output g, constraints
A(w),b(z), C(a), d(x)
Ensure: Feasible solution z*
1: Constraint Transformation:

2: Compute SVD: C = U VT, obtain N (null space ba-
sis)
30 Zproj = Yo — CT(Cyo — d)
4: Apew = AN, bpew = b — Azproj
5: SKM Iteration:
6: Initialize wy = 0
7: fork=0,1,..., K —1do
8:  Sample constraint set Si, C {1,...,p} with |[S| =
9:  ¢* = argmax;es, (al wp — bIV) 4
T new
10:  wgy = wy — 5%%*
11:  if termination condition met then
12: break
13:  end if
14: end for
15: Solution Recovery:
16: 2" = zpoj + Nwg
17: return z*

The algorithm ensures constraint satisfaction: equality
constraints are satisfied by construction since Nwg €
null(C), while inequality constraints are satisfied when
SKM converges.

4.3 Theoretical Guarantees

We provide three theoretical results establishing the effec-
tiveness and trainability of T-SKM-Net:



Theorem 1 (SKM L2 Projection Approximation). For in-
equality constraint Az < b with feasible region P, the SKM
method starting from zq satisfies:

E[d(zk7 'ZO)] <2 d(ZO’ P) )

where d(zg, P) is the distance from initial point to feasi-
ble region.

Proof Sketch: We construct an auxiliary function V'(z) =
|z — P(20)||* where P(z0) is the L2 projection onto P. The
key insight is that SKM updates exhibit Fejér monotonic-
ity (Combettes 2008): V(zxy1) < V(zg) for 0 < § <
2. Applying Jensen’s inequality and the triangle inequality
yields the bound. Complete proof in appendix.

Theorem 2 (T-SKM-Net L2 Projection Approximation).
For mixed constraint system with feasible region F(x) and
null space basis matrix N, T-SKM-Net satisfies:

E[d(zkayo)] < V 1+ 4E(N)2 : d(yOa P(yO)) (6)

where k(N) is the condition number of N and P(yo) is
the L2 projection. For SVD-based N, k(N) = 1, yielding
Eld(zk, y0)] < V5 - d(yo, P(yo))-

Proof Sketch: The framework decomposes the original
problem through null space transformation: z = Zzpj + Nw.
We exploit orthogonality between the projection error e =
10 — Zproj and the null space component Nw. Combined with
Theorem 1 applied to the transformed subproblem and ma-
trix singular value bounds, the Cauchy-Schwarz inequality
yields the final bound where the condition number ()
controls the approximation quality. Complete proof in ap-
pendix.

Assumption 1 (Regularity Conditions). The parameterized
SKM algorithm with constraints A(x)w < b(x) satisfies:

1.
2.

Non-degeneracy: |a;(z)| > ¢ > 0 forall i,z
Differentiability: A(x),b(x) are differentiable
with ||V, A(z)|| < La, [|Vsb(2)|| < Ly

3. Boundedness: | A(z)||,||b(x)|| < M for all relevant x
4. Step size: 0 < § < 2
5. Non-degeneracy of tie events: Constraint violation dif-

ferences do not vanish identically on open subsets of in-
put space

Let Wi be a random function mapping = to the result
after K steps of random SKM iterate with sampling path w.

Theorem 3 (End-to-End Trainability). Under Assump-
tion 1, the SKM algorithm supports end-to-end training
with: (i) well-defined expected gradients V ,E,[Wk (x,w)],
(ii) finite gradient variance Var(V ;Wi (z,w)) < oo, and
(iii) unbiased gradient estimation E,[V Wk (z,w)]
VB [Wk (2, w)).

Proof Sketch: The main challenge is handling non-
differentiable argmax operations in SKM. We establish
that tie events (where multiple constraints achieve the max-
imum violation) have zero Lebesgue measure under As-
sumption 1(5). On the complement, SKM is piecewise dif-
ferentiable with bounded Jacobians. The gradient bound
IV:Wy]| < kC ensures dominated convergence, enabling
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interchange of expectation and differentiation. Since sam-
pling probabilities are independent of x, gradients are unbi-
ased. Complete proof in appendix.

These results establish that T-SKM-Net produces high-
quality solutions in expectation (Theorems 1 and 2)
while supporting standard backpropagation despite non-
differentiable operations (Theorem 3).

4.4 Usage Modes

T-SKM-Net supports two flexible usage modes:

Post-processing Mode: Applied to pre-trained networks
without modifying parameters. Given network fy and input
x, compute z* = T-SKM(fp(x), z,w), ensuring constraint
satisfaction while preserving network accuracy.

End-to-End Training Mode: Integrated into network ar-
chitecture for joint optimization. The training objective be-
comes:

mainE[ﬁ(T-SKM(fg (), 2, w), Yirue)] @)
Despite non-differentiable arg max operations, Theorem 3
guarantees unbiased gradient estimation by treating the sam-
pling sequence w as a deterministic path during backpropa-
gation.

4.5 Implementation and Strategy

Computational Optimization Batch tensorization: T-
SKM-Net is implemented as a batched tensor operator, so
all steps (null space transform, SKM iteration, recovery) can
be easily parallelized on GPUs for large-scale problems.
SVD precomputation: In applications where the equality
matrix C is fixed (e.g., DCOPF with fixed topology), we
precompute C = UXV' T once offline and reuse the null-
space basis IV, which removes this cost from the online path.

Parameter Selection Guidelines Step size and sam-
pling: In all experiments we set § = 1.0 and observe a
good trade-off between convergence speed and projection
accuracy. For the sampling size 3, we use small fixed val-
ues (e.g., 5-10) on small problems and scale it roughly like
B = O(y/m) on large problems, where m is the number of
inequality constraints.

Training Strategy Optimization Violation-aware loss:
For joint training, we add simple penalty terms on the equal-
ity/inequality violations of fy(x) to the task loss, which em-
pirically shortens SKM convergence and stabilizes training.
Delayed activation: We often freeze the T-SKM-Net
layer in the early epochs and enable it only in the last
10%—-20% of training, letting the backbone first learn a rea-
sonable initialization before enforcing hard constraints.

Algorithm Variant Support T-SKM-Net is compatible
with SKM variants (e.g., momentum-accelerated updates).

5 [Experiments
We evaluate T-SKM-Net on synthetic constraint satisfaction
problems and real-world DC Optimal Power Flow (DCOPF)

applications. All experiments are conducted on Intel Core
i5-13500 CPU and AMD Radeon Instinct MI50 GPU (if not



. . Max Rel.
Dim Method Time (s) Speedup Vio. Err.
CVXPY 0.164 1.0x 1.78e-14 -
500 OSQP 0.435 0.38x 9.18e-06 0.74
Gurobi 0.073 2.24x  1.69e-14 0.0
T-SKM-Net  0.017 9.65x 4.30e-06 12.1
CVXPY 10.03 1.0x  4.62e-14 -
2000 OSQP 29.80 0.34x  5.90e-05 0.36
Gurobi 1.658 6.05x 3.20e-14 0.0
T-SKM-Net  0.237 42.3x 1.19e-06 7.53
CVXPY 32.59 1.0x 5.51le-14 -
3000 OSQP 96.24 0.34x 1.13e-04 0.44
Gurobi 4217 7.73x  6.04e-14 0.0
T-SKM-Net  0.856 38.1x 6.20e-07 6.19
Table 1: L2 Projection Performance (Medium Scale,
Speedup vs CVXPY)
Dim  Method Time (s) Speedup Max Vio.
4000 Gurobi 9.184 1.0x 7.82e-14
T-SKM-Net  2.001 4.59 x 8.71e-06
3000 Gurobi 60.76 1.0x 1.07e-13
T-SKM-Net  13.30 4.57x 3.41e-07
10000 Gurobi 103.6 1.0x 1.72e-13
T-SKM-Net  22.82 4.54x 1.31e-06

Table 2: L2 Projection Performance (Large Scale, Speedup
vs Gurobi)

specified). We compare against state-of-the-art optimization
solvers and neural constraint satisfaction methods, focusing
on computational efficiency, solution quality, and constraint
satisfaction.

5.1 L2 Projection Efficiency

We first evaluate T-SKM-Net as a post-processing method
for L2 projection onto feasible regions. We construct ran-
dom linear constraint systems with equal numbers of equal-
ity and inequality constraints (both 1/2 where n is the vari-
able dimension), starting from infeasible points with initial
maximum violations on the order of 102.

We compare against three optimization approaches:
CVXPY (using OSQP algorithm (Stellato et al. 2020)),
OSQP library directly, and Gurobi commercial solver. Ta-
bles 1 and 2 show results where ”Speedup” indicates accel-
eration relative to the baseline method, ”Max Vio.” denotes
maximum constraint violation, and ”Rel. Err.” measures the
L2 distance to CVXPY’s solution.

T-SKM-Net achieves significant speedups while main-
taining approximation errors orders of magnitude smaller
than initial violations. For large-scale problems where open-
source solvers become impractical, T-SKM-Net consis-
tently outperforms the commercial Gurobi solver with 4-5x
speedups.
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5.2 Constrained Optimization Problems

We evaluate T-SKM-Net on constrained quadratic program-
ming problems to assess both post-processing effectiveness
and end-to-end trainability. We consider the optimization
problem (Nocedal and Wright 2006):

1
arg min §yTQy +ply (8)
st. Ay==z 9

Gy <h (10)

where y € R190 is the decision variable, z € R is the input
parameter, and we vary the number of inequality constraints
from 10 to 150.

We compare T-SKM-Net against optimization solvers
(OSQP, gpth (Amos and Kolter 2017)), differentiable opti-
mization methods (OptNet), and neural constraint satisfac-
tion methods (DC3, gradient-based post-processing). Neu-
ral networks are trained using gradient descent with con-
straint violation penalties in the loss function to approximate
the optimization problem solutions. The neural network
baseline uses gradient-based correction at test time to re-
duce constraint violations (Donti, Rolnick, and Kolter 2021).
We evaluate both end-to-end training and post-processing
modes of T-SKM-Net.

Table 3 shows results as the number of inequality con-
straints (“Ineq.”) varies from 30 to 150, where ”Obj. Val.”
denotes the objective value, "Max Eq./Ineq.” the maximum
equality/inequality violations, and T indicates constraint vi-
olations.

The results reveal distinct performance characteristics
across different approaches. Traditional optimization solvers
(OSQP, gpth) provide exact solutions but with very differ-
ent costs: gpth’s differentiable implementation incurs sub-
stantial overhead (86—-652ms). OptNet, which uses gpth as
its underlying differentiable optimizer, maintains strict con-
straint satisfaction, but its high cost makes it impractical for
real-time applications.

Among neural constraint satisfaction methods, T-SKM-
Net consistently achieves zero constraint violations in both
training and post-processing modes, while DC3 exhibits in-
equality violations in high-constraint scenarios. The neu-
ral network baseline with gradient-based correction, de-
spite achieving competitive objective values, shows persis-
tent equality violations, rendering it unsuitable for safety-
critical applications.

In terms of solution quality, T-SKM-Net is competi-
tive across all constraint densities. For moderate problems
(30-50 inequalities), our method attains objective values
comparable to NN and OptNet while maintaining zero vi-
olations. In high-constraint scenarios (130-150 inequali-
ties), T-SKM-Net matches OptNet’s solution quality while
achieving over 200 x speedup, and clearly outperforms DC3,
which suffers from both constraint violations and deterio-
rated objectives.

The computational efficiency analysis shows that T-SKM-
Net achieves large speedups compared to differentiable op-
timization methods: up to 450x faster than OptNet and



Ineq. Method 2:'11 1]:[(?? Ill\lt?ff Time (ms)
OoSQP -16.33 0.000 0.000 0.3
gpth -16.33 0.000 0.000 86.4
OptNet -14.03 0.000 0.000 71.5
30 DC3 -14.02 0.000 0.000 33
NN, < test -14.09 0.350" 0.000 2.5
Ours (Train) -14.04 0.000 0.000 1.0
Ours (Post) -14.05 0.000 0.000 1.0
OoSQP -15.05 0.000 0.001% 0.8
gpth -15.05 0.000 0.000 106.3
OptNet -12.46 0.000 0.000 101.0
50 DC3 -13.44 0.000 0.000 5.7
NN, < test -12.55 0.351T 0.000 2.5
Ours (Train) -12.53 0.000 0.000 0.9
Ours (Post) -12.52 0.000 0.000 0.9
oSQP -12.73 0.000 0.000 1.1
gpth -12.73 0.000 0.000 492.8
OptNet -10.25 0.000 0.000 450.6
130 DC3 -9.45 0.000 0.002f 109.0
NN, < test -10.32 0.352f 0.000 2.6
Ours (Train) -10.23 0.000 0.000 1.0
Ours (Post) -10.24 0.000 0.000 2.1
OSQP -12.67 0.000 0.001% 1.2
gpth -12.67 0.000 0.000 652.1
OptNet -10.22 0.000 0.000 560.0
150 DC3 -9.06 0.000 0.006 111.2
NN, < test -10.29 0.351T 0.000 2.5
Ours (Train) -10.24 0.000 0.000 1.8
Ours (Post) -10.24 0.000 0.000 14

Table 3: Constrained QP Performance (100 variables, 50
equality constraints). T indicates constraint violations.

109x faster than DC3’s reported times, while keeping run-
time comparable to the highly optimized OSQP solver. Most
importantly, unlike baseline neural networks that sacrifice
constraint satisfaction for speed, T-SKM-Net enforces strict
feasibility without compromising computational efficiency.
These results demonstrate T-SKM-Net’s effectiveness in
both usage modes: as a post-processing method, it trans-
forms infeasible neural network outputs into high-quality
feasible solutions; in end-to-end training, it enables joint op-
timization of prediction accuracy and constraint satisfaction,
making it particularly suitable for real-time constrained op-
timization.

5.3 DC Optimal Power Flow

We evaluate T-SKM-Net on the IEEE 118-bus DC Optimal
Power Flow (DCOPF) problem (Hou et al. 2018; Anderson
et al. 2022), a critical real-world application in power system
operations. This experiment is run on NVIDIA RTX 4090.
DCOPF involves minimizing generation costs while satisfy-
ing power balance equations and transmission line capacity
constraints.
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This problem represents a mixed linear constraint system
that is well-suited for evaluating our constraint satisfaction
approach. The DCOPF problem can be formulated as:

min g;(; ¢o P34 +by Pay) (1)
st. Pai—Ppi= Y Bi(0i—0;), VieB,
JEN(D)
PEY < Pg; < PEY*, VieG,
— P2 < By (0; — 0;) < PR, Y (i,4) € L.

where G, B, and L denote the sets of generators, buses,
and transmission lines, respectively, B;; are line suscep-
tances, and the input load demands Pp determine the op-
timal generation dispatch P and voltage angles 6.

We evaluate T-SKM-Net in post-processing mode, joint-
training mode, and joint-training mode with MSE loss pun-
ishment to the upstream output to verify constraint satisfac-
tion for neural network predictions and compare speed and
solution quality under different setups.

We compare against the pandapower (Thurner et al. 2018)
optimization solver as the ground truth baseline, a neu-
ral network baseline without constraint satisfaction, and
DC3 (Donti, Rolnick, and Kolter 2021). All experiments use
single-instance processing (batch size = 1) to reflect real-
time operational requirements. Our method under all 3 se-
tups achieves zero constraint violations under 10=3 toler-
ance while significantly outperforming existing approaches
in both speed and solution quality.

Opt. Gap Max Max

Method Time (ms) (%) Eq. Ineq.

(e-4) (e-4)
pandapower 141.08 0.00 (0.00) 0 0
NN 0.29 4e-4 (3.5e-2) 2997F 6f
DC3 52.15  5.6e-5(2.6e-3) O 4t
Ours (Post) 4.27 1.0e-4 (2.5¢-3) 0 0
Ours (Train) 5.64 7.0e-5(2.0e-3) 0 0
Ours (Train-p) 5.25 5.4e-5(8.0e-4) 0 0

Table 4: DCOPF Performance on IEEE 118-bus System.
indicates constraint violations.

Table 4 shows that T-SKM-Net achieves remarkable com-
putational efficiency, delivering over 25x speedup com-
pared to the traditional pandapower solver and about 10x
speedup compared to DC3, while maintaining superior so-
lution quality. The order-of-magnitude difference in compu-
tational time (~5ms vs 52.15ms) demonstrates the signif-
icant efficiency advantage of our approach. The neural net-
work baseline, while fastest, exhibits obvious constraint vio-
lations, making it unsuitable for practical deployment. DC3
achieves equality constraint satisfaction but violates inequal-
ity constraints. Most importantly, our method under all 3 se-
tups ensures strict constraint satisfaction with zero violations
while maintaining competitive computational efficiency.



Avg Proj.
Method Sharpe Ineq/Eq (1072) time (s)
NN (no proj) 2.16 49.6/0.0 3.0e-4
gpth 242 0.0/0.2 1.41
DC3 297 8.4/0.0 1.1e-1
GLinSAT 2.28 0.0/0.0 2.6e-1
Ours (Post) 2.93 0.0/0.0 2.5¢e-1
Ours (Train) 3.02 0.0/0.0 2.5e-1

Table 5: Predictive portfolio allocation on the S&P 500
dataset. “Avg Ineq/Eq” reports mean absolute inequality/e-
quality violations. All methods share the same backbone;
only the constraint satisfaction layer and training mode dif-
fer.

The results demonstrate T-SKM-Net’s practical viability
for real-time power system applications, where both compu-
tational speed and constraint satisfaction are critical require-
ments. The sub-10ms inference time enables rapid decision-
making in dynamic grid operations, while zero constraint vi-
olations ensure system safety and operational feasibility.

5.4 Predictive Portfolio Allocation

To further evaluate the generality of T-SKM-Net beyond
synthetic and power system benchmarks, we consider the
predictive portfolio allocation task which maximizes the
Sharpe ratio (Sharpe 1998). Denoting x; as the predicted
portfolio decision variable of asset 7, the portfolio is required
to satisfy linear constraints

n
E €Tr; = 1,
i=1

where S is a set of preferred large-cap technology stocks
(e.g., AAPL, MSFT, AMZN, TSLA, GOOGL) and ¢ = 0.5,
as in (Zeng et al. 2024). Performance is measured by the
average Sharpe ratio over the test horizon.

We compare six methods that share the same network
backbone and differ only in the constraint satisfaction layer
and training strategy: NN (unconstrained network without
any projection layer), qpth (Amos and Kolter 2017) (differ-
entiable QP layer), DC3 (Donti, Rolnick, and Kolter 2021),
GLinSAT (Zeng et al. 2024), Our method with both post-
processing and joint-training mode. For all methods we use
the same training and evaluation protocol as in (Zeng et al.
2024). We report the average Sharpe ratio, the mean abso-
lute inequality/equality violations (“Avg Ineq/Eq”), and the
average projection time per test epoch.

Table 5 shows that the unconstrained NN baseline attains
a moderate Sharpe ratio but exhibits large inequality viola-
tions, rendering many portfolios infeasible. gpth and DC3
significantly reduce one type of violation but still leave a
non-negligible number of infeasible portfolios. GLinSAT
achieves zero infeasibility under a le-3 tolerance, but at the
cost of a noticeably lower Sharpe ratio. In contrast, T-SKM-
Net attains both strict feasibility and superior portfolio per-
formance: even in post-processing mode it matches DC3 in
Sharpe ratio while eliminating all infeasible portfolios, and

dowizg, 0<wm <1,
€S
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in joint training mode it further improves the Sharpe ratio
to 3.02 with essentially zero average violations, at a pro-
jection cost comparable to GLinSAT and much lower than
gpth. This experiment demonstrates that T-SKM-Net pro-
vides state-of-the-art performance on this task.

5.5 Ablation Study

Due to space limitations, we defer detailed ablation studies
on null space transformation, sampling strategies, and SKM
variants to the technical appendix, where we provide addi-
tional efficiency and accuracy comparisons.

6 Conclusion

This work presents T-SKM-Net, the first neural network
framework to leverage Sampling Kaczmarz-Motzkin meth-
ods for linear constraint satisfaction. The proposed frame-
work addresses the fundamental challenge of ensuring strict
constraint satisfaction in neural networks while maintaining
computational efficiency and end-to-end trainability.

The key contributions include: (1) integrating SKM meth-
ods to neural network constraint satisfaction for handling
input-dependent dynamic linear constraints; (2) theoret-
ical guarantees demonstrating L2 projection approxima-
tion in expectation and end-to-end trainability despite non-
differentiable argmax operations; and (3) a flexible frame-
work supporting both post-processing and joint training
modes.

Experimental validation demonstrates significant compu-
tational advantages: 4-5x speedups compared to commer-
cial Gurobi solver on L2 projection tasks, over 25X acceler-
ation compared to pandapower solver on DC Optimal Power
Flow with zero constraint violations, and superior perfor-
mance compared to existing neural constraint satisfaction
methods.

Several limitations warrant future investigation. The
framework is currently restricted to linear constraints, and
the selection of sampling size (§ lacks theoretical guid-
ance, relying on empirical rules. Additionally, backpropa-
gation memory consumption scales linearly with iteration
count. Future research directions include developing theo-
retical frameworks for optimal g selection, exploring nonlin-
ear constraint extensions (requiring fundamentally different
approaches), and investigating memory-efficient optimiza-
tion techniques such as implicit differentiation or selective
computational graph preservation.

The T-SKM-Net framework demonstrates that classical
iterative methods can be effectively integrated into mod-
ern deep learning pipelines, opening new possibilities for
constraint-aware neural network design in safety-critical ap-
plications.
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