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Abstract

The region connection calculus (RCC) and Allen’s in-
terval algebra (1A) are two well-known NP-hard spatial-
temporal qualitative reasoning problems. They are solvable
in 297 1987) time. where n is the number of variables, and
IA is additionally known to be solvable in o(n)™ time. How-
ever, no improvement over exhaustive search is known for
RCC, and if they are also solvable in single exponential
time 29 is unknown. We investigate multiple avenues to-
wards reaching such bounds. First, we show that branching
is insufficient since there are too many non-redundant con-
straints. Concretely, we classify the maximum number of
non-redundant constraints in RCC and IA. Algorithmically,
we make two significant contributions based on dynamic pro-
gramming (DP). The first algorithm runs in 4™ time and is
applicable to a non-trivial, NP-hard fragment of 1A, which
includes the well-known interval graph sandwich problem
of (Golumbic and Shamir 1993). For the richer RCC problem
with 8 basic relations we use a more sophisticated approach
which asymptotically matches the o(n)™ bound for IA.

1 Introduction

Infinite structures are a cornerstone in the current artifi-
cial intelligence (AI) revolution, ranging from neural net-
works (which typically approximate functions over contin-
uous structures) to classical formalisms such as qualitative
reasoning. Here, the basic objects are regions in e.g. space/-
time and the task is to determine whether a given config-
uration (with uncertainties) is consistent. These problems
have rich expressive power, are generally NP-complete,
and can be formulated as infinite-domain constraint satis-
faction problems (CSPs). While they admit large tractable
classes (Dylla et al. 2017) their precise exponential com-
plexity is poorly understood. Many finite-domain problems
can be solved in 2°(") time by enumerating functions from
n objects (e.g., variables) to the fixed domain. This can of-
ten be matched with asymptotically tight lower bounds 2°("")
(unless the exponential-time hypothesis fails (Impagliazzo
and Paturi 2001)). For infinite domains exhaustive enumer-
ation is more complicated, and for qualitative reasoning this

only gives 20(n*) time (n is the number of variables) which
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is often improvable to 2€("1°2") time. Clearly, this is much
worse than 2°(") | and the best lower bounds only rule out
2°(") algorithms (Jonsson, Lagerkvist, and Osipov 2021).

In this paper we are interested in narrowing the gap be-
tween infinite and finite structures: when are infinite-domain
CSPs solvable in 2°(") time? We study this via qualitative
reasoning problems since they are well understood from the
angle of classical complexity theory, model theory, and al-
gebra (Bodirsky and Jonsson 2017), and thus form a suitable
microcosmos to tackle the 2°(™) versus 2°(*1°27) question.
We concentrate on the two most well-known formalisms:
Allen’s interval algebra (1A) (Allen 1983) and the region
connection calculus (RCC) (Randell, Cui, and Cohn 1992).
Beating exhaustive search is possible for [A with the first
breakthrough being a O((1.0615n)™) time dynamic pro-
gramming (DP) algorithm (Eriksson and Lagerkvist 2021),
subsequently improved to o(n)™ (Eriksson and Lagerkvist
2023). For RCC-5 and RCC-8 the situation is worse: no
improvement is known over enumerating certain orders,
which solves RCC-8 in O((0.531n)™) time and RCC-5 in
O((0.368n)™) time (Jonsson, Lagerkvist, and Osipov 2021).

We consider two orthogonal approaches. First, if we could
reduce the number of constraints m from O(n?) towards
O(n) then 2°0™) branching would suddenly be theoreti-
cally interesting. Thus, we want to identify constraints that
are redundant in the sense that their removal does not affect
the solution space (constructing prime instances). This is a
classical problem in qualitative reasoning (Dylla et al. 2017)
and prime instances can often be computed quickly (Sioutis,
Li, and Condotta 2015; Hu et al. 2021). Curiously, while
there are complexity results for identifying redundant con-
straints (Li et al. 2015), nothing rigorous is known about the
maximal number of non-redundant constraints. To address
this we describe the maximal n-variable prime instance of
a given relation R (NRD{gy(n)), initially studied due to
its connection to VC-dimension and learnability (Bessiere,
Carbonnel, and Katsirelos 2020). We provide a complete
classification of NRD{ py (n) for all basic relations, and sev-
eral natural macro relations in IA and RCC: NRD g} (n) €
©(n?) for most relations, while NRD{ gy (n) € ©(n) is only
reached when R is the equality or the meets relation in IA.
Thus, improvements to n? can be made but prime instances
with only O(n) constraints are in general impossible.



Our second contribution is algorithmic and here we pri-
marily explore how DP, which is not sensitive to the num-
ber of constraints, can be exploited to get closer to 2.
First, we consider a non-trivial (but NP-hard) fragment of [A
based around strict partial orders p, p~! and an incompara-
bility relation N. In particular this problem captures the well-
known, NP-hard interval graph sandwich problem (1GSP)
with applications in e.g. molecular biology (Golumbic and
Shamir 1993). We present a DP algorithm that solves IGSP
in O(4™) time (ignoring polynomial factors). The algorithm
is based on partitioning the endpoints of intervals into two
classes V., V5 where endpoints gradually are moved from
the right to the left without introducing inconsistencies. This
is inspired by the DP algorithm by (Eriksson and Lagerkvist
2021) for the CSP problem with first-order definable rela-
tions over (Q, <) of arity at most 3, but the generalization
to interval relations is not without complications. This algo-
rithm cannot (to the best of our knowledge) be generalized
to RCC-8 while preserving the single exponential running
time, and, given that no improvement is known over exhaus-
tive search we first concentrate on matching the o(n)" bound
for IA (Eriksson and Lagerkvist 2023). A straightforward
DP approach for RCC-8, such as iteratively building order-
ings, quickly runs into issues because it is unclear which
intermediate states to build upon when multiple valid ones
exist. Unlike our algorithm for IGSP, early choices in RCC-
8 can significantly impact later stages. We resolve this by
storing all necessary states and the novel idea of comparing
them based on what is not yet solved.

Hence, we not only explain why branching algorithms
cannot give 2°(") bounds for qualitative reasoning problems
but also identify the first fragment solvable in 2°(™) time as
well as giving the first significant improvement for RCC-8.

Many proofs have been omitted due to space constraints.

2 Preliminaries

We sometimes use the notation 2°(") to express running
times 2/(") for f € O(n). This notation allows one to hide
factors polynomial in the input size but it is sometimes also
convenient to express running times dominated by f(n)™ for
reasonably small f, where the constants may be important.
To suppress polynomial factors in the input size we write
O*(f(n)™). We assume that the reader is familiar with ba-
sic notions such as (strict) partial/total orders, reflexivity,
symmetry, and transitivity. For a strict total or partial order
O = (S, <o) we write <o for the non-strict variant of <,
and vice versa if we are given a non-strict order (S, <p).
Similarly, we write =¢ for the equality relation induced by a
given order O. For a set S, we call a partition (S1,...,Sk)
that partitions S into k different sets S1,...,S5; C S a k-
partition of S.

2.1 Constraint Satisfaction Problems

In this paper we are exclusively concerned with binary re-
lations over a fixed (but infinite) domain D. A set of bi-
nary relations I' over D is called a constraint language. If
I' = {Ry,...,R,,} is finite and (1) T = D? (jointly ex-
haustive), (2) R; N R; = () for all i # j (pairwise disjoint),
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B3)Eap = {(z,z) |z € D} € T, (4)if R; € T then T also
contains the inverse R; ' = {(x,y) | (y,2) € R;}, then T
is said to be a partition scheme. Partition schemes are the
predominant way to define qualitative reasoning problems
(cf. (Dylla et al. 2017)). For a set I" C T of relations we
define its macro-relation as R, == |J o R. We define the

closure of I' under macro-relations as I'V == | Jp, - { R }.

In the constraint satisfaction problem over a constraint
language I" (CSP(T")) over a domain D we are given a set of
variables V' and a set of constraints C' of the form R(z,y)
where R € I' and =,y € V, and want to know whether
there exists a satisfying assignment f: V — D such that
(f(x), f(y)) € R for every constraint R(z,y) € C. We
are specifically interested in the case when I is a partition
scheme where CSP(T") is in P, and then want to solve the
richer (and generally NP-complete) problem CSP(I'V). For
these problems, if for z,y € V, there are multiple con-
straints RY (z,y) € C and RY, (z,y) € C, we can always
polynomially reduce to an instance (V,C’) where we re-
place RY (x,y) and RY, (z,y) by RY. s (x,y) in C’, which
is still a CSP(I'Y) constraint by definition. We thus often
assume that for each pair x,y € V, there is at most one
constraint RY (z,y) € C. This allows us to also use the re-
lational network representation where we represent an in-
stance (V, C) of CSP(T'Y) by a total function f defined by
f(z,y) = Sif RY(x,y) € C and f(x,y) = I otherwise.
Note that if |f(z,y)| = 1 for each pair x,y € V where
f(z,y) # T then the instance can be viewed as a CSP(T")
instance. When this distinction is important then we some-
times refer to the former as a multi relational network and
the latter as a simple relational network, or an instantiation.
A simple relational network f is said to be consistent with a
CSP(I'Y) instance (V,C) if f(x,y) € {Ri,..., Ry} for
each constraint Ry 5 o (2,y). We sometimes view a

relational network as a graph (V, E¢) with labeled edges
Eo ={(z,y, f(z,y)) |z,y €V, f(z,y) #T}.

2.2 Qualitative Reasoning Problems

Let Ig {la,b] | a,b € Q,a < b} be the
set of all nonempty closed intervals on the rational
line. (Allen 1983) introduced a partition scheme 235 =
{pa m,o,s, fa da ¢, d_la f_17 8_15 0_17 m_lap_l} over HQ9
where p, m, o, s, f, d, e stands for precedes, meets, overlaps,
starts, finishes, during, and equals. All these relations can
be formally defined by their endpoints, e.g., for two inter-
valsz = [z, 2| andy = [y, y ™| then zpy iff 2T < y~,
- <zT,andy” <y".

Fragments using macro-relations are also often studied.
For this purpose, we here consider o = R{Um,o}, a b

Rin-10-1C= R pap 7= Ris joagory and
N Rgm\{p,p—l}' These relations induce the lan-

guage A3 = {p,N,p~ '} and A; = {p,p Y a,a”!,C
,C7, eg which induces NP-hard problems CSP(2(Y) and
CSP(2(7) (Golumbic and Shamir 1993). We remark that all
known maximal tractable subclasses of AY; have been iden-
tified (Dylla et al. 2017).
(Randell, Cui, and Cohn 1992)

introduced a
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Figure 1: Illustration of the basic relations of RCC-8 with
two-dimensional disks.
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and DR = R{{]Ec, ey These relations induce the frag-
ment RCC-5 {EQ, PO,DR,PP,PP~1} of RCC
that also forms a partition scheme. CSP(RCC-5Y) and
CSP(RCC-8Y) are both NP-hard and all maximal tractable
subclasses have been identified (cf. (Dylla et al. 2017)).
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3 Redundancy

If T is a partition scheme where CSP(T") is solvable in poly-
nomial time then an arbitrary instance (V,C), |[V| = n,
|C| = m, of CSP(I'Y) can be solved in 2°(™) - (n4m)°M)
time by exhaustive branching (Jonsson, Lagerkvist, and Os-
ipov 2021). Specifically, for CSP(2};) we obtain the bound
2m1og212 . (n 4+ m)©M) | and for CSP(RCC-8Y) the mod-
erately better bound 219827 . (n 4 m)©(), Unfortunately,
since we may have a quadratic number of constraints, these
bounds are asymptotically worse than baseline upper bounds
of 20(n1ogn) . (4 m)O() which can be obtained by enu-
merating orders (Jonsson and Lagerkvist 2017; Jonsson,
Lagerkvist, and Osipov 2021). Hence, in this section we in-
vestigate methods for decreasing m, with a particular focus
on identification of redundant constraints. We give strong
evidence that this method is not likely to bring 2°(™) closer
to 29(") We stress that analyzing expected running times of
branching algorithms equipped with sophisticated heuristics
on such instances is a significantly harder problem.

Let I" be a finite constraint language over a domain D,
and let (V,C) be a CSP(T") instance (where C' is a set
of constraints, i.e., not the network representation). We
say that ¢ € C is non-redundant if there exists a sat-
isfying assignment I : V. — D to (V,C \ {c}) that
does not satisfy (V,C'), and we say that (V,C) is non-
redundant, or prime, if every constraint in C' is non-
redundant. For each n > 1 define NRDr(n) over the set
of m-variable, non-redundant instances Zr(n) of CSP(T")
as NRDp(n) max{|C| | (V,C) € Ir(n)}. This func-
tion is well-defined since there exists a finite number of
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NRD 1 () TA RCC
(R} As | A7 [ s | RCC-5 [ RCC-8
n(n—1) _ _ _ DR, EC,DC,
3 PO PO
Uzl D[N | «o 0 - rep
131150 | » |pc|B5 | PP | NTPP
2n —4 — — m — —
n—1 — e e EQ EQ

Table 1: The non-redundancy NRD{ g} (1) for n > 3 for all
IA relations R € 2; for i € {3,7,13} and for all RCC re-
lations R € RCC-i over R for i € {5,8}. The leftmost
column shows the NRD{py(n) value for all relations R in
that the corresponding rows. Each other column classifies
NRDy¢ gy (n) for all relations of one of these algebras. Con-
verse relations are omitted as they have the same NRD¢ gy (n)
as their converse. The symbol ’-’ marks brackets where an
algebra has no applicable relation R.

n-variable CSP(T") instances, and, furthermore, we have
NRDp(n) € O(n?), as well as maxper NRD{g}(n) <
NRDr(n) < YRrerNRDipy(n) (Bessiere, Carbonnel, and
Katsirelos 2020).

We now continue classifying the non-redundancy by iden-
tifying n-variable non-redundant instances of all relations in
2; and RCC-j for i € {3,7,13} and j € {5,8}. In most
cases we can show that these are indeed maximal.

Theorem 1. The non-redundancy NRD{gy(n) of all rela-
tions R € ; for i € {3,7,13} and of all RCC relations
R € RCC-i fori € {5,8} can be classified as seen in Ta-
ble 1 forn > 3.

Proof. (Sketch) For relations R with NRD g (n) = %=1,

any instance without reflexive constraints R(x, z) and sym-
metric constraints R(z,y), R(y, «) is non-redundant and the
maximal size of such an instance corresponds to a com-
plete directed graph. For relations R with NRD{gy(n) >
[5]- 5], acomplete binary graph corresponds to a prime
instance. For m € 2(;3, we have a start- and endpoint s and
t and n — 2 paths (s, z;,t) that form a prime instance. Fi-
nally, for e and F(Q), each constraint merges one of the n
equivalence classes of variables, meaning we can have n — 1
non-redundant constraints. O

4 Towards Single Exponential Time

We have proven that branching, in the worst-case, is unlikely
to improve upon 20("*) for RCC-i (i € {5,8}), A3, and
the full algebra ;3. This does not rule out other algorith-
mic ideas, however, and we now use DP to obtain 2€(™) for
CSP(2AY) (Section 4.1) and o(n)™ for CSP(RCC-8Y) (Sec-
tion 4.2). We remark that the former is the first unconditional
(cf. (Eriksson and Lagerkvist 2022)) single exponential al-
gorithm for an NP-hard spatiotemporal reasoning problem
and the latter the first major improvement for RCC-8.



Algorithm 1 Solving CSP(2Y) in O*(4™) time.

Input: Variables V, Network C' : V2 — Y
Output: T'rue exactly if the network is satisfiable

Ve« {z  |zeV}iu{azt|zeV}
2: S <+ Queue((0,V,))

3 M —{(0,Ve)}

4: while S # 0 do

5: (Ve,Vs) «+ S.pop()

6: if V. =V, then

7: return True

8: end if

9: for all z € V5 do
10: s’ (Ve U{a}, Vo \ {z})
11: if (Ve, <) is consistent and s" ¢ M then
12: S.append(s’)
13: M+~ MU{s}
14: end if
15: end for

16: end while
17: return False

4.1 23 and the Graph Interval Sandwich Problem

It is known that every solution to an IA instance (V, C) cor-
responds to an ordering of the 27 interval endpoints z =, z+
of intervals z = (x~,z%) € V on the rational line. In
the case of 23, all endpoints can moreover w.l.o.g. be as-
sumed to be distinct and every relation between intervals
can be uniquely determined by only considering relations
between three of the four endpoints, albeit this does not hold
for an arbitrary selection of three endpoints. E.g. if we have
y~ <y < zT, we might either have y N x or y p z, but if
we have y~ <~ < yT, the relation of the intervals is yN.
Here, we construct all endpoint orderings in a DP fashion by
moving endpoints from the right to the left one endpoint at
a time, i.e. constructing the ordering linearly, appending one
endpoint at a time to it. To ensure that each ordering still cor-
responds to a solution, we fix the relations for each endpoint
x moved by considering all triples of endpoints (z,y~,y™"),
for all other intervals (y~,y™). Still, constructing all pos-
sible endpoints orderings like this would take too long, as
there are 2|V|! different orderings in the worst case. To work
around this issue, we only consider one total order for each
subset of V. When constructing the total order of endpoints,
we partition V' into a set V- of endpoints that are already to-
tally ordered by the so far constructed order and another set
VS that is not yet ordered. E.g. if we have so far constructed
the total order 21 < xo < x3, then Vo = {x1,x2,x3}. For
each 2-partitions (V., V), we then only save one total or-
dering giving us a runtime of O*(4™). We show later that if
there exists a total order on V, this approach suffices to find
it. If there exists no total order corresponding to a satisfying
instance, the instance must be unsatisfiable. Then, we will
not find such a total order under this restriction either and
rightfully reject the instance. Note also that for all z € V_,
we have ¢ < y for all y € V5 in the final total order of all
endpoints that extends the one corresponding to (V, V%).
Formally, let (V, C) be a CSP(21Y) instance and V~ =
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{7 |z € V},Vt = {at | z € V} the sets of endpoints.
We relate to each 2-partition s = (V.,V5) of V- U VT
created by moving endpoints x1, ...,z from V- UV to 0
sequentially the partial order (V~ UV ™, <) corresponding
to the sequence z1,. ..,z of endpoints used to construct it.
As we consider one such sequence for each 2-partition s =
(V, V2), <, is well-defined. We call s consistent exactly if
for all variables x, y € V and the relations R, (z,y) imposed
by (V- UV, <), we have Re(x,y) € {R1,...,Rn} U
{L} foreach RY, 1 \(v,y) € C, where Re(z,y) = L
if the order of endpoints of z,y in (V~ U V™, <) does not
induce a relation in 3.

Theorem 2. Algorithm 1 solves CSP(23) in time O* (4™).

Proof. (Sketch) We already argued soundness above. It re-
mains to prove that Algorithm 1 always finds a satisfying
total order if it exists. Consider two different consistent par-
tial orders (V- U V™, <), (V- UV, <) corresponding
tos = s = (V., V) such that (V~ U V™', <) can be
expanded to total order corresponding to a solution, while
(V- U VT, <) cannot. All relations including intervals
z € V withz™,zT € V_ are decided (i.e. fixed by <, <)
and as the orders are consistent, these cannot cause any in-
consistencies in the future. Thus there must be some open
intervals z,y € V withz~,y~ € V. butz™,y* € V5 such
that x~ <y y~ but y~ <y x~. But in either case, we al-
ready fix Ny under <, <, and z, y have the same relations
with all z € V with 27, 2" € V4 in the same expansions
(i.e. if we append the same remaining endpoint orderings
to <5, <g). So (V- UVT <), (V- UVT, <) must ei-
ther both be expandable to a satisfying total order or not. We
conclude that if (V, C) is satisfiable, at least one sequence
Z1,...,T9n, € V7~ U VT corresponding to a satisfying as-
signment for (V,C) is found (as a series of 2-partitions)
by Algorithm 1. Finally, as the set S contains at most ev-
ery two partition of V= U VT, we have a bound of at most

2lV"UVTT — 47 jterations of the outer loop in line 4. O

We can extend this as follows. Call a graph G = (V, E)
an interval graph if and only if (V,Cg) is a satisfiable
CSP(2Y) instance, where N(v,w) € Cr(v,w) if (v,w) €
E and sz’p_l}(v,w) € (g otherwise. In the interval
graph sandwich problem (IGSP) we are then given two
graphs G = (V, F1) and G = (V, E) with By N Ey = 0,
and want to decide if there is an interval graph G = (V, E)
with F1 C F C F1UF5. IGSP is known to be a special case
of CSP(24Y) (Golumbic and Shamir 1993), which, together
with Theorem 2, yields the following corollary.

Corollary 3. IGSP is solvable in O*(4™) time where n =
|V| is the number of vertices.

4.2 An Improved Algorithm for RCC-8

As the final result we present an improved DP algorithm
for CSP(RCC-8Y). We recall that CSP(RCC-8Y) can be
solved in O((0.531n)™) time by enumerating so-called or-
dered partitions, or total orders (Jonsson, Lagerkvist, and
Osipov 2021). Here, the intuition is that for a given total or-
der (V,<r), if x <r y, then the relation between = and



y in our instance is neither EQ, TPP~!, nor NTPP~!,
and the resulting instance can be solved in polynomial time.
Le., total orders function as certificates. We thus need to sig-
nificantly decrease how many total orders we need to han-
dle. We work bottom-up towards defining a recurrence re-
lation R;(S), by focusing on how we compare different to-
tal orders to each other. However, if one attempts to apply
standard DP with total orders as states we quickly run into
problems. Normally there are methods to quickly choose be-
tween two possible states, but this is not the case here since
choices we make early can have a significant impact later.
Hence, for each set S C V, R;(S) thus has to represent a
set of total orders. Our goal is hence to minimize the size
of these sets without losing correctness. We resolve this by
comparing the total orders using what is not yet solved which
then allows us to only keep a subset of all possible total or-
ders.

As a road map, we first define how an instance behaves
under an assumed total order followed by showing that a
sub-instance can be solved in polynomial time and that the
solution in some sense is as general as possible. We then
introduce the crucial concept of inconsistency paths (IPs):
a potential path of transitivity beginning in the part of the
instance that has not yet been considered, but such that the
path ends in the part that has already been handled. Using
IPs, we then see how we can compare total orders and more
importantly, how we can minimize how many of these total
orders R;(S) needs to contain. This works since if we have
two total orders T = (Vp, <r) and T" = (V, </..) and we
know that all IPs relevant for 7" also exist in 7", then 7T is at
least as good as T". Hence, by minimizing R (.S) according
to this, we can guarantee that we keep enough to ensure that
we can construct a solution to the problem (if one exists).
Last, we analyze the sizes of these minimal R ;(S) in order
to achieve the desired complexity.

We start by defining how we apply a partial order to a
given relational network.

Definition 4. Given a CSP(RCC-8Y) instance I
(V,C) with multi relational network f and a partial or-
der P = (V,<p), we for all x,y € V define the instance
(Pof)(z,y) =

fa,y) \{TPP~', NTPP~',EQ}, ifz<py,
f($7y)\{TPP5NTPP7EQ}a ify<P$7
f(I,y)ﬁ{EQ}, lfl‘ =PY,
f(z,y), otherwise.

Additionally, given two relational networks [ and g, let
(fg)(@,y) = flz,y) Ng(x,y).

Given this we can now show that if an arbitrary instance
I is a yes-instance (i.e. there exists an assignment satisfying
1), there will be a total order T, such that I under 7T is also
a yes-instance.
Lemma 5. If a CSP(RCC-8Y) instance I with multi rela-
tional network f is a yes-instance then there is a total order
T such that T o f is a yes-instance.

Proof. (Sketch) Any relational network satisfying I de-
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scribes a partial order over V. Topologically sorting this par-
tial order yields the desired properties.

If P = (Vp,<p) is a partial order then we write P <
S for the partial order (Vp U S, <p/) where <p/=<p
U{(x,y) |z € Vpandy € S}. Hence, we may write (P <
S)Yo fifVpUS =V.

Definition 6. Given a CSP(RCC-8Y) instance I = (V,C)
with multi relational network f and a total order T =
(Vp, <) with Vi C 'V, we for all x,y € V define
(T <V\Vr)o f)(z,y) =

f(l‘,y)\{TPP_l,NTPP_l,EQ}, lf.%‘ <rY,
f(],‘,y)\{TPP,NTPP,EQ}, ify<T'ra
f(I7y)ﬁ{EQ}7 lfl’ =17Y,
RCC-§, otherwise.

Note that we assume that v <7 y forall x € Vpr andy €
V' \ Vi to simplify the notation.

Additionally we say that (T < V \ V) ® f is reduced
locally k-consistent if for every set S C V with |S| < k then
for every pair x,y € S and for every relation r € (T <
V\ Vr) © f)(z,y) then the instance g over S defined as
gu,v) = (T < V\ Vp) © flw,v) for all u,v € S,
u,v # x,y and g(u,v) = 7, is a yes-instance. Any relation
re (T < V\Vp)® f)z,y) not satisfying the above
criteria is k-excessive.

While the two definitions of (P < V' \ Vp) o f and (T <
V' \ Vr) ® f may seem very similar, there are some key
differences between them: (P < V \ Vp) o f can be hard
to solve since if P = (0, 0) then (P < V\Vp)o f = f,
and (P < V' \ Vp)o f = f.In contrast, as we will soon
prove, (T < V' \ Vr) ® f is tractable, but (T < V' \ Vr) ®
f # f. Additionally, note that if V = V then T © f =
T o f. This means that (T < V \ V) © f will be easy
to work with and preferable to use, but we will not be sure
we are actually on the correct track until V; = V. Given
an arbitrary CSP(RCC-8Y) instance I = (V, C') with multi
relational network f and a total order T = (Vr, <), let
RLC,((T < V' \ V) ® f) be a function outputting (7' <
V' \ Vr) ® f with all k-excessive relations removed.

Lemma 7. The function RLCy,((T <V \ V) ® f) can be
calculated in O(poly(|V])) time for any constant k.

Proof. (Sketch) For any subset of V' of size k any k-
excessive relations can be removed in polynomial time by

brute-force checking. As there are |V|* of these subsets it is
all in O(poly(|V))). O

We order relations in the following way: DC = ¢4,
EC =09, PO =03, TPP = ¢4, and NTPP = o5. Given
o C {o1,...,95} we let 0,5, € © be the smallest element
under this ordering.

Observation 8. By taking the sequence DC' = ¢, EC' =
09, PO = ¢©3, TPP = o4, and NTPP = ¢, and studying
the transitivity of the relations of RCC-8 under some total
order T we can observe the following important properties:



Algorithm 2 Solving (T' < V' \ V) © f in O(poly(||I]]))
Input: Multi relational network g = (T' < V\Vr)® f

1: ¢’ + RLC5(g)

2: forx; € x1 <p ... <p T|vz| do

3: fOI‘.’ﬂj Exi_1>7...>7 21 do
4: gl(x]wrl) — {g/(xijz)mzn}
5: g« RLC3(q")

6: end for

7: end for

8: return ¢’

o For every combination of i € [2,...,5] and j € [5], the
set of allowed relations for x ¢ z given x o; y and y ©; z is
a subset of the allowed relations for x o;_1 y and y ©; z.

* Fori € [5] and every pair j, j' € [5] with j < j', let o; ;
and o; ji be the sets of relations allowed between x and
z given x ©; y and y ©; z, and given T o; y and y oj 2z
respectively. For every o € ©; jr then either o}, € ¢ j,
or for all o € ©; ; we have k' < k.

We now establish correctness of Algorithm 2 which
shows that (T' < V' \ V) ® f can be solved in polynomial
time.

Lemma 9. Given a CSP(RCC-8Y) network (T < V \
Vr) @ f for some total order T = (Vr, <r) and network
f, Algorithm 2 returns g(xz,y) = 0 for all z,v € Vr if
(T < V\ Vr)©® f is a no-instance. Otherwise Algorithm 2
returns a relational network g such that

o g satisfies (T <V \ Vr) ® f, and
e there is no relational network g’ # g satisfying (T <
V' \ V) ® f such that there is a pair x,y € V where if

9'(z,y) = {oi} and g(z,y) = {o;} then i < j.

Proof. RLC} is correct by definition as it only removes rela-
tions that cannot be used to satisfy the original instance. Ad-
ditionally, if the relational network ever becomes inconsis-
tent, every relation is ). For the remainder of the algorithm it
comes down to three things: assigning g(z;, z;), g(z;, zx)
and g(x;,xy) for i < j < k. By Line 4 and the ordering
of the looping, we ensure g(z;, ;) is always assigned first,
and assigned according to the first of DC, EC, PO, TPP,
and NT PP, as desired by our stated properties. By Obser-
vation 8, we can see that this ensures maximum allowed re-
lations for g(x;, xy), as well as allowing g(x;, xy) to be as
early relations from DC, EC, PO, TPP, and NTPP as
possible. Hence, assigning relations in this way fulfills the
properties stated in the lemma. O

Now we are finally ready to introduce inconsistency
paths, i.e., our representation of what is not yet solved.

Definition 10. Given a CSP(RCC-8) network [ over V
and a partial order P over V such that x1 <p --- <p
x;, let Ri(xq,...,x;) be the set of relations allowed be-
tween x1 and x; given transitivity when going from x; to
xj_1 forall j € [2,...,i] and the assumption that P is
applied to f, i.e. that the network is now P o f. An in-
consistency path (IP) for a relational network g satisfying
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(T < V\ Vp) @ f for some relational network f and total
order T = (Vp,<r), is a pair (h,t) such that there is a
sequence x1 <p -+ <p x <t {x1,...2} C Vp,anda
sequence yi, . .., Yi, = Y1, h = Yi» {y17 . y’b} c |4 \ VT
such that g(x1,h) N Re(x, ... 2k, t, ..., h) = 0.

Let Z¢(g) be the set of all IPs in g. Finding all IPs, and
hence everything that is yet to be solved, turns out to be easy.

Lemma 11. Z;(g) can be calculated in O(poly(V)) time.

Proof. There are |V \ Vr|? possible IPs and checking them
can be done by e.g. breadth-first search. O

We also need to compare different relational networks.
Definition 12. We say g1 <¢ g2 if Zs(g1) C Z¢(g2), 1 =¢
92 i Zp(g1) = Zy(g2), and g1 Ny g2 if neither g1 <y go,
g2 <y g1 nor g1 =y go, i.e. g1 and go are incomparable.

Note that g; and g5 are not necessarily over the same to-
tal orders 77 = (Vp, <) and T = (Vp, <r,). Now, by
Lemma 9 we know that we can get the best relational net-
work for each T'.

Lemma 13. The relational network g over T' returned by
Algorithm 2 is < y-minimal, i.e. there is no other relational
network g' over T that also satisfies (T <V \ Vr) ® f and
such that g’ <y g.

Proof. (Sketch) Follows by Observation 8 and the fact that
Algorithm 2 assigns according to the ordering DC, EC,
PO, TPP,NTPP. O

With Lemma 13 we can now use 7 in place of any re-
lational network g satisfying (T < V' \ V) @ f, i.e., we
can assume that Z;(T') = Zy(g’), where ¢’ is the output of
Algorithm 2.

Definition 14. Given a set of total orders T over a set of
variables Voo C 'V and a multi relational network f over
V, let IT"f”i"(T) be a maximal subset of T such that (1) for
noT,T' € I‘I?’i”(T) we have T =y T' and (2) for every
T € Mp*"(T) there is no T' € T such that T' <; T.
Additionally, if (T < V \ Vr) ® f is a no-instance, then
T¢ FI’]Z””(T).

Note here the last property, as this will allow us to keep
only total orders that are actually of interest to us. We can
achieve, and keep, this property by running Algorithm 2 on
every total order. With the minimal sets defined, we also
want to know what the cost is to compute them.

Lemma 15. Given a set T of total orders over a set of vari-
ables Vi C 'V and a multi relational network f over V, we

can compute I‘I?”” (T) in O*(|T|?) time.

Proof. We can brute-force compare all orders in T. Com-
paring two orders can be done in polynomial time by
Lemma 11, and the last property of Definition 14 is done
by Algorithm 2, which is polynomial in |V|. O

While the factor |T|? does not seem too costly, we will
later see that this is actually the main bottleneck of the final
algorithm, and any improvement here would have a signif-
icant impact. Before turning to the the main result of this
section we introduce two simplifying notations.



Definition 16. For any set S, let S~ be the total order
(S, {z = y|x,y € S}), i.e. the total order where all vari-
ables are equivalent. For a total order T = (Vp,<r) (as-
suming Vr NS = () we then by T < S~ mean the rotal
order constructed by first taking T', and then adding the set
S as a new partition that comes after all the ones in T

We are now ready to define the main recurrence relation
R;(S) (which constitutes our algorithm) as
{(0,0)} if S = 0, and otherwise

{”}”i"(UvTcs{(T < (S\Vp)7)|T € Ry(Vr)})

First we establish correctness.

Lemma 17. If, and only if, R;(V) # 0 then f, and hence
I =(V,C), is a yes-instance.

Proof. By Lemma 5 we know that T exists, and if
Rf(V) # 0, then, since MM} calls Algorithm 2, we
must have a yes-instance by Lemma 9. For the other
direction the only thing that can introduce non-correctness
is going from T to M}*""(T). Assume (T" < V' \ Vr)o f
is a yes-instance while (T < V \ Vr) o f is a no-
instance, with T <; 7', T,T7" € T, and T" & M7""(T).
Hence, there must be a function h: (V \ V7)? —
{DC,EC, PO, TPP,NTPP,TPP-',NTPP~',EQ}

such that (77 < V' \ V) o f) N h is a yes-instance. Since
Zy(T) C Z;(T") then (T' < V \ V) o f) N h must also
be a yes-instance. Hence, (T7 < V\Vp)o f = (T <
VA\Vr)of. O

What remains to prove is the bound on the size of
e (T), since this is extremely relevant for the complexity
analysis of the algorithm.

Lemma 18. Given a set T of total orders over a set of vari-
ables Vir C V and an multi relation network f over V with
n = |V| then | H;{”:" (T)| € O*((en/logn)™'?) for some
constant c.

Proof. (Sketch) By assuming that | M7 (T)

g(m, k) =F)/m wwere g(m, k') describes the maximum
number <-minimal total orders containing m variables and
using k' IPs. This then gives contradictions for anything
larger than g(m, k')("=K)/m < p1(n=k(k=1)/k 4 the max-
imum number of <-minimal total orders occurs when every
variable in each subset has one unique IP for every other
variable in the same subset, and for no two IPs (h,t) and
(h', ") used in the same subset should ¢t = t'.

<

We combine everything and give the first o(n)™ result for
CSP(RCC-8Y) (where ¢ > 0 stems from Lemma 18).

Theorem 19. An arbitrary CSP(RCC-8Y) instance I =
(V,C) with n. = |V| is solvable in O*((cn/logn)™) time
and O*((cn/logn)™'?) space.

Proof. By Lemma 17 we have a correct algorithm in
R;(S), by Lemma 18 we know that for all S C V then
|R;(S)| € O*((cn/logn)™/?), using a DP approach to cal-
culate Ry(S) for all S C V can be done in 3"-steps by
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standard methods, and lastly, calculating I’l?“'" in every step

of the recurrence function/DP is in O*((2!°1|R;(5)[)?) time
by Lemma 15. Combining all this gives that [ is solvable in
O*((en/logn)™) time and O*((cn/logn)™?) space. [

While the DP part of the algorithm has been reasonably
hidden until this last theorem (or until the recurrence relation
for the astute reader) the concept has been very relevant for
why we want to minimize I‘I}”m (T) and why focusing on
IPs are relevant in the first place.

5 Concluding Remarks

Our work opens up mathematically and algorithmi-
cally motivated questions. First, non-redundancy of finite-
domain CSPs has recently shown to coincide with e-
sparsifiability (Brakensiek and Guruswami 2025). Is this
possible for qualitative reasoning problems (often w-
categorical) and other types of infinite-domain CSPs? This
would allow one to sparsify instances via coding theory
merely by knowing NRDr. Second, are there any other (NP-
hard) fragments of qualitative reasoning problems solvable
in single-exponential time? Here, one can get reasonable
candidates by selecting a maximal tractable class and adding
an arbitrary relation which makes the problem hard. For ex-
ample, can we find 2°(") fragments of e.g. the cardinal di-
rection calculus or the star calculus in this way? In the other
direction, one may conjecture that NP-hard qualitative rea-
soning problems are solvable in o(n)™ time but not substan-
tially faster. Can this be formally established under e.g. the
exponential-time hypothesis (Impagliazzo and Paturi 2001)?
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