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Abstract

This paper addresses the challenge of estimating local sur-
face differential properties, specifically surface normals and
curvatures, from raw 3D point clouds. Traditional methods
either rely on fitting pre-defined analytic surfaces risking
model bias, or directly regress normals and curvatures over-
looking their intrinsic geometric correlation. We propose a
learning-based approach that locally fits osculating implicit
quadrics to recover both normals and curvatures simultane-
ously. Drawing on classical differential geometry, we exploit
the fact that every point on a C2 surface admits an osculating
quadric in Monge form that exactly reproduces local differ-
ential properties. However, the Monge frame itself depends
on the very differential quantities being estimated. To bypass
this circularity, we reformulate the Monge-form quadric as
an implicit representation in a canonical local frame derived
solely from point coordinates, enabling supervised learning
without requiring Monge frame alignment. This reformula-
tion allows us to construct a ground-truth dataset of such
local-frame quadrics and train a neural network to predict per-
point weights and offsets for a robust weighted least squares
fitting process. The learned offsets account for the deviations
of neighboring points from the idealized osculating surface.
We further incorporate stable curvature formulations into the
training loss alongside normal supervision to enhance es-
timation fidelity. Extensive experiments on diverse datasets
demonstrate that our method outperforms prior approaches in
normal and curvature estimation from raw point clouds.

Code — https://github.com/bizerfr/OscuFit

Introduction
Estimating local shape differential properties such as sur-
face normals and curvatures from raw point clouds is a fun-
damental yet challenging task due to the discrete nature of
point-based data. The differential quantities are essential for
a variety of downstream applications such as point cloud
registration (Pomerleau et al. 2015; Aoki et al. 2019), se-
mantic segmentation (Kalogerakis, Hertzmann, and Singh
2010; Kim et al. 2013; Thomas et al. 2018), neural ren-
dering (Gouraud 1998; Mildenhall et al. 2020; Verbin et al.
2022), surface reconstruction (Kazhdan, Bolitho, and Hoppe
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2006; Kazhdan and Hoppe 2013; Williams et al. 2019), and
point cloud upsampling (Huang et al. 2013).

Classical methods estimate differential properties by
fitting pre-defined analytic surfaces such as polynomi-
als (Cazals and Pouget 2005) or radial basis functions (Carr
et al. 2001) to the point cloud either locally or globally,
and then derive the desired quantities from the fitted sur-
face. However, these methods suffer from model bias, as
real-world surfaces may not adhere to such restrictive func-
tional forms. Subsequent learning-based approaches, such
as PCPNet (Guerrero et al. 2018), directly regress normals
and curvatures using neural networks, but treat them as in-
dependent targets, neglecting their geometric correlation.
More recently, hybrid methods like DeepFit (Ben-Shabat
and Gould 2020) and Adafit (Zhu et al. 2021) leverage learn-
ing to improve surface fitting through weighted least squares
(WLSQ), where the pointwise weights are predicted by a
neural network and supervised using ground-truth normals.
Nevertheless, they still rely on analytic surface assumptions
and thus inherit model bias. Moreover, curvature estima-
tion is excluded from training due to numerical instability
in backpropagation, offering no guarantees for accurate cur-
vature prediction (Ben-Shabat and Gould 2020). These lim-
itations motivate a new framework that avoids model bias
while jointly estimating normals and curvatures.

From the perspective of differential geometry, osculating
quadric surfaces provides a local approximation of the orig-
inal underlying surface, which exactly matches the surface
normal and curvatures at a given point (Do Carmo 2016).
For any locally C2 surface, there exists an osculating sur-
face that can be expressed in Monge form. The Monge form
is an explicit function defined in a local coordinate system
called Monge frame, whose axes are given by the surface
normal and the two principal directions (Cazals and Pouget
2005). Unlike pre-defined analytic surfaces, the Monge form
introduces no model bias and theoretically guarantees exact
agreement with local differential properties up to the second
order. However, inferring the Monge form from raw point
clouds is challenging. First, the Monge form is defined in
the Monge frame, which itself depends on differential prop-
erties that we aim to predict. Second, the Monge surface is
tangent at the query point, but neighboring points may devi-
ate from it, leading to approximation errors during fitting.

To address these challenges, we reformulate the Monge-
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form quadric as an implicit representation in a canonical lo-
cal frame derived solely from point coordinates and propose
a learning-based framework to predict pointwise weights
and offsets for a weighted least squares (WLSQ) fitting
of the osculating surface. Unlike Adafit (Zhu et al. 2021),
our method introduces offsets to account for the deviation
of neighbor points from the real osculating surface. Rather
than fitting the classical Monge form, which requires prior
knowledge of the Monge frame, we fit a reformulated os-
culating implicit quadric in a canonical local frame derived
solely from point coordinates. Moreover, we transform the
WLSQ fitting to a Rayleigh quotient problem, whose opti-
mal solution corresponds to the eigenvector associated with
the smallest eigenvalue of a 3 × 3 matrix. Additionally, we
supervise our network using the transformed Monge form,
surface normals, and curvatures, with mean and Gaussian
curvatures expressed in closed-form and computed via nu-
merically stable formulations. To summarize,

• We present a novel learning-based framework that, for
the first time, incorporates the formulation of osculating
quadrics into point cloud analysis for estimating local sur-
face differential properties. Rooted in differential geom-
etry, our method fits osculating quadrics through learned
weights and offsets, enabling accurate and geometrically
consistent estimation of normals and curvatures.

• We design geometry-aware loss functions that supervise
learning using transformed Monge forms, normals, and
both Gaussian and mean curvatures. All curvature terms
are derived in closed form to ensure numerical stability
and enable effective joint optimization.

• We formulate the WLSQ fitting as a Rayleigh quotient
problem, which can be efficiently solved via eigen decom-
position of a 3× 3 matrix, enabling fast and accurate esti-
mation of the optimal implicit quadric surface in a manner
fully compatible with end-to-end learning.

• We construct a new dataset, ABC-Diff, which provides
precise ground-truth normals, principal curvatures, and
principal directions analytically derived from accurate
CAD geometry. Unlike previous datasets that rely on
mesh-based approximations and often omit principal di-
rections, ABC-Diff offers comprehensive and highly ac-
curate differential properties.

Related Works
Normal Only. The normals represent the first-order differ-
ential property of a surface. Principal Component Analy-
sis (PCA) (Hoppe et al. 1992) estimates normals by com-
puting the eigenvector corresponding to the smallest eigen-
value of the local covariance matrix. A variant of PCA (Mi-
tra and Nguyen 2003) optimizes the neighborhood size
to improve accuracy. Voronoi-based methods (Amenta and
Bern 1998; Alliez et al. 2007; Mérigot, Ovsjanikov, and
Guibas 2010) approximate normals using the Voronoi dia-
gram, where normals are derived from Voronoi poles. Sim-
ilarly, the Randomized Hough Transform (RHT) (Boulch
and Marlet 2012) estimates normals by identifying the max-
imum of a discrete probability distribution over all possible
normal directions. More recently, researchers have focused

on employing deep neural networks to predict normals from
point clouds. NestiNet (Ben-Shabat, Lindenbaum, and Fis-
cher 2019) leverages PointNet-like architectures (Qi et al.
2017) to regress normals from local patches. A deep iter-
ative method (Lenssen, Osendorfer, and Masci 2020) esti-
mates the tangent plane using a weighted covariance ma-
trix. HSurfNet (Li et al. 2022b) employs a more complex
structure, referred to as a hyper-surface, to regress normals
from local patches. NeAF (Li et al. 2023c) estimates nor-
mals for point cloud patch by learning an angular fields. Du
et al. (Du et al. 2023) refine initially estimated normals by
adding angular offsets predicted by an MLP. CMGNet (Wu
et al. 2024) proposes a Chamfer Normal Distance to address
the normal direction inconsistency. Additionally, unsuper-
vised approaches (Li et al. 2023a, 2024b) learn a signed dis-
tance function (SDF), where normal vectors are obtained as
the gradient of the learned SDF. Although normal orienta-
tion is a global property beyond our scope, we also briefly
review relevant methods. SHSNet (Li et al. 2023b, 2024a)
utilizes a neural network to predict a sign function from
globally sampled points to orient normals. Li et al. (Li et al.
2025) incorporate camera parameters as additional inputs to
estimate oriented normals.
Curvatures Only. Curvature represents the second-
order differential property of a surface. Kalogerakis et
al. (Kalogerakis et al. 2007) fit the shape operator of the
surface using pairs of neighbor points with correspond-
ing normals. However, this method is sensitive to noise
and non-uniform sampling. Lejemble et al. (Lejemble et al.
2021) fit algebraic spheres to estimate curvatures. How-
ever, since all normal curvatures on a sphere are equal,
this method only ensures accurate mean curvature. More re-
cently, Lachaud (Lachaud et al. 2023) proposes a method
to estimate the full curvature tensor by generating ran-
dom triangles within the local neighborhood and normaliz-
ing the corrected curvature measures (Lachaud et al. 2020;
Lachaud, Romon, and Thibert 2022) with a corrected area
measure. However, the method relies on high-quality input
normals and is sensitive to hyperparameter settings.
Normal Plus Curvatures. Normal and curvatures can be es-
timated jointly. Jets (Cazals and Pouget 2005) fit pre-defined
local polynomials to a neighborhood of a query point and
then derive differential properties from the fitted polyno-
mials. Wavejets (Béarzi, Digne, and Chaine 2018) adopt a
similar approach but decompose the polynomials into a ra-
dial component and angular oscillations, introducing a new
set of basis functions known as Wavejets. DeepFit (Ben-
Shabat and Gould 2020) further improves jets by incorpo-
rating learned weights from neural networks, reformulating
the fitting process as a weighted least squares (WLSQ) op-
timization. AdaFit (Zhu et al. 2021) improves DeepFit by
introducing learned offsets to address outliers and the order
inconsistency inherent in Jet-based methods. GraphFit (Li
et al. 2022a) leverages graph neural networks to learn point-
wise weights and offsets for WLSQ fitting. However, all
these methods suffer from model bias, as real-world sur-
faces may not conform to restrictive functional forms such
as polynomials, and they often fail to incorporate curvature
estimation into the training due to numerical instability.

4023



Normal 𝒏

Gaussian
Curvature 𝜅g

Mean
Curvature 𝜅m

Data Pre-processing

Weights 𝑤𝑖

Offsets ∆𝒑𝑖

Predicting Weights
and Offsets Q

u
ad

ric
C

oefficien
ts
𝒖
∗

A Point Cloud 𝑷

Extracting local patch
𝑷𝐾 and applying
transformation

𝒖

𝒏

𝜅g

𝜅m

S
u

p
ervision

GT

s. t. 𝑔2 + ℎ2 + 𝑖2 = 1

WLSQ Fitting

Figure 1: The pipeline of our method for estimating the normal n, Gaussian curvature κg, and mean curvature κm for each
query point of a given point cloud P . First, we extract a local patch for each query using K nearest neighbor search, and
transform the patch into a local coordinate frame in the data pre-processing step. Second, a neural network predicts weights wi

and offsets ∆pi for each points in the local patch. Finally, we perform WLSQ fitting of an osculating implicit quadric using the
offset-adjusted points, from which the differential properties are analytically derived. The network is trained using ground-truth
supervision from the transformed Monge coefficients û, normals n̂, Gaussian curvature κ̂g, and mean curvature κ̂m.

Method
Our method takes as input a point cloud P sampled from
an unknown surface M, and outputs normal, Gaussian and
mean curvatures for each query point p ∈ P . The pipeline
consists of three main steps. First, we extract the K near-
est neighbors for each query point p to form a local patch,
which is then normalized and transformed using PCA into
a local coordinate frame. We denote the transformed local
patch by PK . Second, a neural network takes the trans-
formed local patch as input and predicts weights and offsets
for each neighbor point, where weights guide the weighted
least squares (WLSQ) fitting and offsets correct deviations
of neighbor points from the osculating surface. Third, we
perform WLSQ fitting of an osculating implicit quadric us-
ing predicted weights and offsets for each query, from which
the differential properties are derived. During training, the
neural network is supervised using the transformed Monge
form, surface normals, and both Gaussian and mean curva-
tures. An overview of the pipeline is shown in Fig. 1.

Preliminaries
We begin by briefly reviewing the standard second-order
Monge form, simply referred to as the Monge form. It is de-
fined in the Monge frame, which is centered at a query point
located on M and constructed from an orthonormal basis
formed by the surface normal and two principal directions.
The Monge form is defined as:

z =
1

2
(κ1x

2 + κ2y
2), (1)

where κ1 and κ2 are the principal curvatures. The Monge
form defines a local osculating surface at a query point, that
matches the normal and curvatures, with the normal aligned
to the z-axis of Monge frame, i.e., [0, 0,±1]. Its compact
and analytical structure facilitates the process of estimating
local differential properties.

Data Pre-processing
We follow the data pre-processing strategy of DeepFit (Ben-
Shabat and Gould 2020). For each query point, we extract
its K nearest neighbors to form a local patch, translate it to
center the query at the origin, and normalize it into a unit
sphere using the distance to the farthest neighbor. We then

apply PCA to obtain a local coordinate frame, referred to as
the local PCA frame, with the corresponding rotation matrix
denoted as RPCA, whose columns are the principal directions
of the covariance matrix obtained from PCA. We denote the
normalized local patch in local PCA frame as PK = {pi}K1 .

Beyond DeepFit, we also construct the Monge form us-
ing ground truth differential properties from Eq.(1) for each
query point to serve as training supervision. However, we do
not use the standard Monge form directly. Instead, we trans-
form it into the local PCA frame, where it admits a closed
implicit expression. Direct use of the standard Monge form
is infeasible because it is defined in the unknown Monge
frame. By expressing the Monge form in the local PCA
frame, which is derived solely from local point coordinates,
we enable supervision of the osculating surface without re-
quiring the construction of the Monge frame.

Specifically, let xM ∈ R3 denote the coordinates of a
point in the Monge frame {pW,dW

1 ,d
W
2 ,nW}, where pW is

the position of the query point in the world frame, and dW
1 ,

dW
2 , and nW are the principal directions and surface normal

at p, all expressed in the world frame. The standard Monge
form in Eq. (1) can be rewritten in implicit matrix form as:
xT

MQMxM + bTMxM = 0, where QM = Diag( 12κ1,
1
2κ2, 0) is

a 3× 3 diagonal matrix encoding the principal curvatures in
the Monge frame, and bM = [0, 0,−1]T is a column vector
ensuring unit normal alignment at the origin. For simplicity,
we use x to denote the coordinates in PCA frame. Then, we
have: x = RM�PxM, where RM�P ∈ R3×3 denotes the ro-
tation matrix that aligns the Monge frame to the PCA frame.
And RM�P = RT

PCA[d
W
1 ,d

W
2 ,nW], where RPCA is the PCA

basis matrix whose columns are principal directions of PCA
in the world frame. Finally, the osculating quadric in the lo-
cal PCA frame is:

xT RM�PQMRT
M�P︸ ︷︷ ︸

Q

x+ bTMRT
M�P︸ ︷︷ ︸

bT

x = 0,
(2)

where Q ∈ R3×3 denotes the second-order coefficient ma-
trix, and b ∈ R3 denotes the first-order coefficient vector.
Moreover, ∥b∥ ≡ 1 holds as a structural identity, due to the
fact that rotating a unit vector bM will not change the length.

WLSQ Fitting
The underlying mathematical model of our method is
WLSQ fitting of the Osculating implicit Quadric defined in
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Eq.(2), from which the differential properties are analyti-
cally derived.

Let O = {x ∈ R3|f(x) = 0} denote the quadratic os-
culating surface, where f(x) = xTQx + bTx is the asso-
ciated implicit function in matrix form. By expanding f(x),
we rewrite it in scalar form as: f(x, y, z) = ϕT (x, y, z)u.
ϕ(x, y, z) ∈ R9 is the vector of polynomial terms:

ϕ(x, y, z) = [x2, y2, z2, xy, xz, yz, x, y, z]T , (3)

and u = [a, b, c, d, e, f, g, h, i]T denotes the coefficients
corresponding to Q and b in Eq. (2).

The implicit function f(x, y, z) measures the algebraic
distance from x ∈ R3 to the quadratic surface O. A straight-
forward approach to fitting O to the local patch Pk is to min-
imize the sum of squared algebraic distances:

u⋆ = argmin
u

K∑
i=1

f2(xi, yi, zi), (4)

where each point pi = (xi, yi, zi) ∈ Pk. However, directly
minimizing this objective often yields a trivial solution, i.e.,
u = 0, unless additional constraints such as Pratt’s nor-
malization (Pratt 1987) are imposed. Moreover, the neighbor
points do not necessarily lie on the true osculating surface,
which can further degrade the fitting accuracy.

To address this issue, we reformulate the objective as
a weighted least squares (WLSQ) problem, incorporating
weights wi, offsets ∆pi = (∆xi,∆yi,∆zi), and an addi-
tional constraint to avoid trivial solutions:

u⋆ = argmin
u

K∑
i=1

wif
2(x′

i, y
′
i, z

′
i),

s.t. g2 + h2 + i2 = 1.

(5)

where g, h, and i are the first-order coefficients in u, and
x′
i = xi + ∆xi, y′i = yi + ∆yi, and z′i = zi + ∆zi denote

the coordinates of the displaced points. The offsets account
for the deviation of neighbor points from the osculating sur-
face. The constraint enforces the gradient at the origin to be
a unit vector, aligning with ∥b∥ ≡ 1 in Eq.(2).The objective
function and the constraint can be rewritten in matrix form:

E = uTAu,

s.t. uTBu = 1,
(6)

where B = Diag(0, 0, 0, 0, 0, 0, 1, 1, 1) is a diagonal matrix,
and A ∈ R9×9 is a symmetric matrix:

A =
K∑
i=1

wiϕ(x
′
i, y

′
i, z

′
i)ϕ

T (x′
i, y

′
i, z

′
i). (7)

The objective function (6) reduces to a standard generalized
Rayleigh quotient (Parlett 1998; Horn and Johnson 2012).
Its optimal solution is given by the generalized eigenvector
corresponding to the smallest eigenvalue, with the minimal
algebraic fitting error equal to that eigenvalue. Specifically,
the solution satisfies:{

Au∗ = λminBu∗

(u∗)TBu∗ = 1
(8)

where λmin is the smallest generalized eigen value.
However, directly solving the generalized eigenvalue

problem can be numerically unstable, as B is not full
rank. To address this issue, we reformulate the generalized
Rayleigh quotient into a standard Rayleigh quotient, which
can be efficiently solved via eigen-decomposition of a 3× 3
matrix. By blocking A and B, we have:

A =

[
(A00)6×6 (A01)6×3

(A10)3×6 (A11)3×3

]
, B =

[
06×6 06×3

03×6 I3×3

]
(9)

Let u∗ := [(u∗
0)

T
6 , (u

∗
1)

T
3 ]

T . We then rewrite the first row of
Eq.(8) in block matrix form as:[

A00 A01

A10 A11

] [
u∗
0

u∗
1

]
= λmin

[
0
u∗
1

]
(10)

Eq.(10) can be solved as:{
u∗
0 = −A+

00A01u
∗
1

(A11 −A10A
+
00A01)u

∗
1 = λu∗

1

(11)

where A+
00 is the pseudo inverse. Let Ã := A11 −

A10A
+
00A01. The optimal solutions of Eq.(8) yields:{

Ãu∗
1 = λminu

∗
1

(u∗
1)

Tu∗
1 = 1

(12)

As Ã ∈ R3×3 is a 3 × 3 matrix, the objective reduces to
a standard Rayleigh quotient. The optimal solution u∗

1 is
the normalized eigenvector corresponding to the smallest
eigen value λmin, which can be efficiently solved by eigen
decomposition on Ã. The final coefficients of the osculating
quadric is:

u∗
0 = −A+

00A01u
∗
1, u∗ = [(u∗

0)
T , (u∗

1)
T ]T . (13)

Predicting Weights and Offsets
The WLSQ fitting requires weights wi and offsets ∆pi. To
this end, we employ a data-driven approach by training a
neural network to predict both wi and ∆pi. The network
is supervised using the ground-truth of transformed Monge
form, along with normal, Gaussian and mean curvatures.

Specifically, we adopt the GraphFit (Li et al. 2022a) back-
bone, which builds upon PointNet and EdgeConv layers, to
extract pointwise features Fi ∈ R128 from the input patch
PK . An MLP with tanh activation is used to predict the
pointwise offsets ∆pi = (∆xi,∆yi,∆zi) from Fi, where
the tanh activation ensures that the predicted offsets remain
within the normalized unit sphere. The offset for the query
point itself (the nearest neighbor) is always set to zero, as
the query is assumed to lie exactly on the osculating surface.

Unlike previous works (Ben-Shabat and Gould 2020; Zhu
et al. 2021; Li et al. 2022a), which regress weights using
an MLP with a log-based regularization term to prevent all
weights from vanishing, we argue that zero weights are ac-
ceptable and even beneficial for certain neighbors, particu-
larly outliers or those affected by high noise. In our frame-
work, weights are computed based on feature space dis-
tances to the query point, ensuring that the query point it-
self, being the closest in feature space, always receives the
highest weight. Thus, the weights cannot all vanish.
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Let F1 ∈ R128 denote the feature vector of the nearest
neighbor. Since the query point is identical to its nearest
neighbor, F1 can be directly regarded as the feature vector
of the query point. The feature space distance to the query
point is computed as di = ∥Fi−F1∥. The pointwise weights
wi are then calculated using a softmax over the negative dis-
tances: wi = SoftMax(−di).

Loss Functions
Our loss function consists of four terms that jointly supervise
the neural network, which predicts pointwise weights and
offsets for WLSQ fitting.

The first term is the fitting loss Lfit, which supervises
the solved quadric coefficients u∗ using the transformed
ground-truth Monge coefficients û in the local PCA frame:

Lf = 1− |u∗ · û|
∥u∗∥∥û∥

. (14)

The second term is the normal loss Ln, which supervises
the normal derived from the predicted osculating quadric
at the query point p. Because p is placed at the origin of
the PCA frame, the predicted normal vector corresponds to
the first-order coefficients, given by n = [g, h, i]T . n is a
unit vector, as enforced by the normalization constraint in
Eq. (5). The normal loss Ln is:

Ln = 1− |n · n̂|, (15)

where n̂ denotes the normalized ground-truth normal vector.
Note that the absolute value | · | is applied to make the loss
invariant to normal orientation.

The third and fourth loss terms supervise curvatures. Un-
like PCPNet (Guerrero et al. 2018), which learns princi-
pal curvatures, or DeepFit (Ben-Shabat and Gould 2020),
which derives them via eigen-decomposition of the Wein-
garten map, we use closed-form expressions to supervise
Gaussian curvature and the product of mean curvature with
the normal vector. This offers two advantages: (1) it avoids
frame-dependent sign ambiguity, since principal curvature
signs depend on the choice of normal orientation and lo-
cal frame; and (2) it improves numerical stability, as eigen-
decomposition of Weingarten map can be unstable in back-
propagation (Ben-Shabat and Gould 2020).

Let κg and κm denote the Gaussian and mean curva-
tures, respectively. We use the closed-form expressions
from (Goldman 2005), evaluated at the query point, i.e., the
origin of the local PCA frame, to compute the Gaussian and
mean curvature respectively:

κg = nTH∗n, κm =
1

2
(nTHn− Trace(H)) (16)

where H denotes the Hessian matrix and H∗ its adjoint.
Then the Gaussian curvature loss Lg is:

Lg = ∥ tanh(κg)− tanh(κ̂g)∥1, (17)

where κ̂g denotes the ground-truth Gaussian curvature. Fur-
thermore, since curvature values can be unbounded, we ap-
ply tanh function to scale it for training.

In contrast, we do not directly supervise the mean curva-
ture. Because its sign, like that of the principal curvatures,

depends on the normal direction and the local frame. How-
ever, this ambiguity can be resolved by supervising the prod-
uct of the mean curvature and the normal vector. The mean
curvature loss Lm is:

Lm = ∥ tanh(κm)n− tanh(κ̂m)n̂∥1, (18)

where κ̂m denotes the ground-truth mean curvature. Finally,
the total loss Ltotal is the sum of all four items:

Ltotal = λ1Lf + λ2Ln + λ3Lg + λ4Lm, (19)

where λ1, λ2, λ3, and λ4 are weighting factors, all set to 1.0
in our experiments.

Experiments
Implementation. The model is trained for 500 epochs with
a batch size of 256 and a patch size K = 256, using Adam
with an initial learning rate of 10−3 decayed every 200
epochs, on a single NVIDIA V100 GPU.
ABC-Diff Dataset. The PCPNet dataset (Guerrero et al.
2018) suffers from limited accuracy and incomplete curva-
ture information, because its ground-truth values are esti-
mated from discrete triangle meshes, which inevitably in-
troduce errors. Moreover, it does not provide principal di-
rections. To address these limitations, we construct a new
dataset based on the ABC dataset (Koch et al. 2019), re-
ferred to as the ABC-Diff dataset. Leveraging its paramet-
ric surface representations, we randomly sample points from
each patch and compute ground-truth normals, principal cur-
vatures, and principal directions using analytical formulas
derived from the underlying CAD geometry. Following the
PCPNet protocol, we further augment each shape by adding
Gaussian white noise at three levels (0.12%, 0.6%, and
1.2%) and applying two types of non-uniform sampling pat-
terns: stripe and gradient.

Comparisons
Baselines. We consider three categories of baselines for
comparison. First, we select methods that estimate both nor-
mals and curvatures, including Jet (Cazals and Pouget 2005),
PCPNet (Guerrero et al. 2018), DeepFit (Ben-Shabat and
Gould 2020), AdaFit (Zhu et al. 2021), and GraphFit (Li
et al. 2022a). Second, we include methods dedicated to nor-
mal, including PCA (Hoppe et al. 1992), HSurfNet (Li et al.
2022b), NeAF (Li et al. 2023c), SHSNet (Li et al. 2023b),
CMGNet (Wu et al. 2024), NGLO (Li et al. 2023a), and
NeuralGF (Li et al. 2024b). Third, we include curvature-
specific methods, including ASO (Lejemble et al. 2021) and
CurvCNC (Lachaud et al. 2023).
Evaluation. We evaluate three types of local differential
properties, including normal, Gaussian curvature, and mean
curvature. Since predicted normals are unoriented, we com-
pute the root mean square error (RMSE) of the angle in de-
grees between predicted and ground-truth normals ignoring
orientation. For curvatures, if the method outputs the princi-
pal curvatures κ1 and κ2, the Gaussian curvature is derived
as κg = κ1 ·κ2 and the mean curvature as κm = (κ1+κ2)/2.
We use rectified RMSE (Guerrero et al. 2018) to measure
the error. Since Gaussian curvature is intrinsic and invariant
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Methods
Normal (×10) [↓] Gaussian Curvature (×10−1) [↓] Mean Curvature (×10−1) [↓]

Noise Density Noise Density Noise Density
Clean 0.12% 0.6% 1.2% Stripe Gradient Clean 0.12% 0.6% 1.2% Stripe Gradient Clean 0.12% 0.6% 1.2% Stripe Gradient

PCA 1.06 1.51 4.84 5.64 1.30 1.44 - - - - - - - - - - - -
Jet 1.02 1.62 5.15 5.76 1.15 1.27 13.5 35.3 67.9 48.0 20.9 27.7 5.78 6.90 9.12 7.80 5.47 5.79
PCPNet 1.18 1.37 2.12 2.93 1.24 1.53 0.30 0.32 0.29 0.21 0.29 0.44 0.68 0.89 0.86 0.98 0.68 1.24
DeepFit 0.77 1.13 2.42 3.39 0.92 0.99 0.95 0.73 0.45 0.39 0.99 0.98 1.42 1.20 0.92 0.88 1.59 1.61
AdaFit 0.66 1.17 2.40 3.37 0.75 0.84 0.44 0.44 0.55 0.70 2.16 0.46 1.38 1.39 1.07 1.02 1.62 1.39
GraphFit 0.55 1.18 2.16 2.92 0.72 0.79 0.32 0.35 0.33 0.30 0.32 0.36 0.64 0.88 0.86 0.90 0.76 0.76
HSurfNet 0.56 1.16 2.13 2.92 0.75 0.76 - - - - - - - - - - - -
NeAF 0.53 1.18 2.15 3.03 0.63 0.70 - - - - - - - - - - - -
SHSNet 0.59 1.15 2.11 2.93 0.78 0.78 - - - - - - - - - - - -
CMGNet 0.59 1.16 2.15 3.06 1.30 0.79 - - - - - - - - - - - -
NGLO 0.57 1.16 2.13 2.94 0.70 0.72 - - - - - - - - - - - -
NeuralGF 1.93 2.04 4.13 5.28 2.00 2.38 - - - - - - - - - - - -
ASO - - - - - - 15.0 15.0 43.6 37.3 14.4 14.3 4.08 4.34 6.91 18.3 4.33 6.07
CurvCNC - - - - - - 0.45 0.45 0.59 0.85 0.45 0.64 5.91 5.73 6.04 7.46 6.45 6.79
OscuFit 0.45 1.06 2.07 2.89 0.49 0.57 0.29 0.31 0.22 0.20 0.28 0.29 0.56 0.80 0.80 0.82 0.58 0.56

Table 1: Comparison of RMSE for normal angle, Gaussian curvature, and mean curvature on ABC-Diff dataset under six
sampling patterns: different noise levels (clean, 0.12%, 0.6%, 1.2%), and varying densities (stripe, gradient). ‘–’ denotes un-
supported outputs.
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Figure 2: Visual comparisons of normal estimation on the
ABC-Diff dataset. Shapes are color-coded by the angular er-
ror in degrees, with blue indicating low error and yellow in-
dicating high error. The numbers show the RMSE.

to normal orientation, we evaluate it using signed values. In
contrast, the sign of mean curvature depends on the normal
and chosen local frame, so we compare mean curvature in
an unsigned manner using absolute value.

As shown in Tab.1, our method outperforms the state-
of-the-art in both normal and curvatures estimation. This
improvement stems from two key factors. First, we explic-
itly supervise the network to fit the ground-truth osculating
quadrics, which are derived analytically from CAD geome-
try. Second, we incorporate curvature supervisions through a
numerically stable formulation, allowing the network to ef-
fectively capture higher-order geometric structures. In con-
trast, prior fitting-based methods such as DeepFit and AdaFit
rely on pre-defined analytic surface and use only normal su-
pervision ignoring curvatures. This not only leads to model
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Figure 3: Visual comparison of Gaussian and mean cur-
vature estimation using rectified errors on the ABC-Diff
dataset. Shapes are color-coded by the error in logarithmic
scale, with blue/yellow indicating low/high error.

bias but also fails to guarantee accurate curvature estimation.
Although direct regression methods such as PCPNet support
supervision of both normals and curvatures, they treat these
differential properties as independent tasks, neglecting their
geometric correlation. Visual comparisons are provided in
Figs.2 and 3.

To further evaluate generalizability, we test the models
trained on the ABC-Diff dataset directly on the PCPNet
dataset without retraining. Our method continues to achieve
state-of-the-art performance. It is worth noting that curva-
ture values are unbounded and sensitive to scale, which can
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Methods
Normal (×10) [↓] Gaussian Curvature [↓] Mean Curvature [↓]

Noise Density Noise Density Noise Density
None 0.12% 0.6% 1.2% Stripe Gradient None 0.12% 0.6% 1.2% Stripe Gradient None 0.12% 0.6% 1.2% Stripe Gradient

PCA 0.82 1.20 4.04 5.27 0.95 0.91 - - - - - - - - - - - -
Jet 0.72 1.39 4.53 5.50 0.83 0.82 42.1 >200 >200 >200 71.2 104.9 1.60 7.87 12.3 10.7 1.08 1.22
PCPNet 0.99 1.14 1.82 2.28 1.18 1.22 2.62 2.62 2.56 2.56 2.66 2.90 1.56 1.57 1.61 1.64 1.58 1.73
DeepFit 0.71 0.93 1.75 2.54 0.85 0.80 11.5 7.10 3.23 3.47 2.30 1.74 1.17 0.94 0.78 0.84 0.49 0.62
AdaFit 0.58 0.91 1.77 2.52 0.69 0.67 2.61 11.99 3.62 45.3 1.99 1.96 1.16 1.04 0.83 1.14 0.56 0.60
GraphFit 0.56 0.88 1.68 2.27 0.67 0.64 2.60 1.42 0.77 2.42 1.55 1.55 1.64 0.76 0.75 0.78 0.56 0.56
HSurfNet 0.54 0.89 1.66 2.27 0.74 0.61 - - - - - - - - - - - -
NeAF 0.55 0.91 1.69 2.39 0.65 0.61 - - - - - - - - - - - -
SHSNet 0.56 0.90 1.67 2.38 0.78 0.62 - - - - - - - - - - - -
CMGNet 0.53 0.87 1.68 2.32 1.06 0.60 - - - - - - - - - - - -
NGLO 0.51 0.91 1.65 2.38 0.69 0.56 - - - - - - - - - - - -
NeuralGF 1.47 1.47 3.56 4.93 1.50 1.45 - - - - - - - - - - - -
ASO - - - - - - 17.6 92.8 >200 >200 10.5 34.0 1.35 1.98 6.82 10.4 0.81 1.04
CurvCNC - - - - - - 2.63 2.53 2.54 2.53 2.53 2.54 1.56 1.68 1.78 1.68 1.71 1.71
OscuFit 0.48 0.85 1.64 2.22 0.57 0.54 2.45 0.96 0.59 0.56 1.04 1.31 1.04 0.50 0.70 0.73 0.49 0.53

Table 2: Comparison of RMSE for normal angle, Gaussian curvature, and mean curvature on PCPNet dataset. ‘–’ denotes
unsupported outputs. To evaluate generalizability, all supervised learning-based methods are trained solely on the ABC-Diff
dataset and tested on the PCPNet datasets without retraining.

lead to large estimation errors, especially for Gaussian cur-
vature when the point cloud is of large scale. This is because
κg = κ1 · κ2 amplifies errors from both principal curva-
tures. Despite this challenge, our method still produces ac-
curate curvature estimates, demonstrating strong generaliza-
tion across datasets. Refer to Tab. 2 and Fig. 4.
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Figure 4: Visual comparisons on the PCPNet dataset.

Ablation Studies
Our neural network is trained using four loss terms: fitting
loss Lf, normal loss Ln, Gaussian curvature loss Lg, and
mean curvature loss Lm. We conduct ablation studies to eval-
uate the contribution of each component. As shown in Tab. 3,
training with Lf alone outperforms using only Ln, even when
combined with Lg and Lm. This highlights the advantage
of supervising the osculating surface via the transformed
Monge form, rather than using only differential properties.
Overall, training with all four loss terms yields the best per-

formance. We also analyze the impact of patch size K. A
larger K improves performances but requires more memory.

K Lf Ln Lg Lm
Average [↓]

Nor. (×10) Gaus. (×10−1) Mean (×10−1)

256

✓ 1.30 0.33 0.80
✓ 1.39 0.31 0.96

✓ ✓ 2.10 0.34 0.90
✓ ✓ ✓ 1.35 0.31 0.79

✓ ✓ ✓ ✓ 1.26 0.27 0.69

128 ✓ ✓ ✓ ✓ 1.36 0.29 0.71
64 ✓ ✓ ✓ ✓ 1.88 0.62 0.88

Table 3: Ablation studies on the ABC-Diff Dataset. Results
are the average RMSE over six sampling patterns.

Conclusions
This paper has introduced a novel learning-based approach
for estimating local differential properties of point clouds
by fitting osculating implicit quadrics. The approach avoids
model bias and jointly estimates the surface normal and cur-
vatures, addressing the limitations of prior work that either
fit pre-defined analytic surfaces or directly regress geometric
properties without enforcing their underlying consistency.
To support supervised learning, we constructed the ABC-
Diff dataset, which provides accurate ground-truth osculat-
ing information derived from CAD geometry, including nor-
mals, principal curvatures, and directions. Furthermore, we
proposed a numerically stable formulation for curvature su-
pervision, overcoming the instability challenges that hinder
curvature learning. Experiments on diverse dataset confirm
the effectiveness of our method. This work opens new av-
enues for geometry-aware learning in discrete 3D data.
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