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Abstract

Probabilistic forecasting is not only a way to add more in-
formation to a prediction of the future, but it also builds on
weaknesses in point prediction. Sudden changes in a time se-
ries can still be captured by a cumulative distribution func-
tion (CDF), while a point prediction is likely to miss it en-
tirely. The modeling of CDFs within forecasts has histori-
cally been limited to parametric approaches, but due to re-
cent advances, this no longer has to be the case. We aim
to advance the fields of probabilistic forecasting and mono-
tonic networks by connecting them and propose an approach
that permits the forecasting of implicit, complete, and non-
parametric CDFs. For this purpose, we propose an adapta-
tion to deep lattice networks (DLN) for monotonically con-
strained simultaneous/implicit quantile regression in time se-
ries forecasting. Quantile regression usually produces quan-
tile crossovers, which need to be prevented to achieve a le-
gitimate CDF. By leveraging long short term memory units
(LSTM) as the embedding layer, and spreading quantile in-
puts to all sub-lattices of a DLN with an extended output size,
we can produce a multi-horizon forecast of an implicit CDF
due to the monotonic constraintability of DLNs that prevent
quantile crossovers. We compare and evaluate our approach’s
performance to relevant state of the art within the context of
a highly relevant application of time series forecasting: Day-
ahead, hourly forecasts of solar irradiance observations. Our
experiments show that the adaptation of a DLN performs just
as well or even better than an unconstrained approach. Further
comparison of the adapted DLN against a scalable monotonic
neural network shows that our approach performs better. With
this adaptation of DLNs, we intend to create more interest
and crossover investigations in techniques of monotonic neu-
ral networks and probabilistic forecasting.

Code and Dataset —
https://github.com/Coopez/CDF-Forecasts-with-DLNs

Extended version —
https://doi.org/10.48550/arXiv.2511.13756

1 Introduction
Probabilistic forecasting is a quickly growing field that aims
to provide more information to a forecast than just a point
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estimate of the future (e.g. (Abdar et al. 2021)). Forecasting
finds application in many fields, including meteorology, eco-
nomics, and energy production (Gneiting, Balabdaoui, and
Raftery 2007). In probabilistic forecasting, the future is pre-
dicted as a probability distribution. This can be used to give
us more details about the future, such as the uncertainty or
risk associated with a prediction. Forecasts about the future
will always have a degree of uncertainty, which should be
modeled (Price et al. 2025). In the energy market, for ex-
ample, renewable energy prices are influenced by inherently
variable weather conditions. Probabilistic forecasts can cap-
ture such variabilities and provide insights that can be used
for informed risk management and bidding decisions by hu-
man or machine operators (Morales et al. 2014). These are
processes in which optimization leads directly to a higher re-
turn in value and efficient use of resources (such as energy).

Generally, probabilistic approaches can be categorized
into parametric and non-parametric approaches. Paramet-
ric approaches assume a specific distribution of the data,
in which prior knowledge about the data can be leveraged
to reach better performance. Non-parametric approaches do
not assume a specific distribution, but are also not bound to
adhere to assumptions about an underlying distribution that
may not hold true.

Quantile regression (QR) (Koenker and Bassett 1978) is a
non-parametric approach that is still actively developed and
applied today. Due to its non-parametric nature, QR has a
natural advantage in flexibility and adaptability compared to
parametric approaches. It is also very much extendable for
usage in time series forecasting (Wen et al. 2017). As a re-
sult of this, QR is widely used in areas like weather and en-
ergy forecasting (Song et al. 2024; Lauret, David, and Pedro
2017). Recently, several novel advances have shown sim-
ilar ways to use neural networks in combination with QR
to implicitly model all quantiles between 0 and 1 contin-
uously in a neural network’s latent space (Tagasovska and
Lopez-Paz 2019; Dabney et al. 2018; Gasthaus et al. 2019).
Related work coined this technique as simultaneous quan-
tile regression (SQR), or Implicit quantile networks (IQN).
Here we will use SQR for brevity. SQR enables us to implic-
itly estimate a non-parametric cumulative distribution func-
tion (CDF). By extension, it transforms a quantile regressor
function into a complete inverse CDF of all quantile values.
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However, QR, and especially SQR (as shown previously in
Narayan et al. (2023)), is vulnerable to so-called quantile
crossover, in which output values of lower quantiles cross
over higher quantile values. Such a crossover decreases in-
terpretability and applicability to real-world solutions. A
modern car navigation system may provide three time-of-
arrival estimates, such as: An optimistic 5 min, a likely 10
min, and a worst-case of 8 min. This does not make sense,
as the worst-case time of arrival should not be shorter than
the likely case. For our purposes, it also invalidates SQR,
providing an implicit CDF, as it violates the monotonicity
constraint of quantiles (Tagasovska and Lopez-Paz 2019).

Quantile monotonicity must be guaranteed to ensure an
accurate and legitimate approximation of a CDF. A pro-
posed solution for quantile crossover is to develop a func-
tion approximator that can be monotonically constrained to
the SQR quantile input. Gasthaus et al. (2019) proposed to
use splines in a quantile function with a recurrent neural net-
work output (SQF-RNN). Their model can transform an in-
put into parameters for a monotonic piecewise linear func-
tion of quantiles. Independently, Brando et al. (2022) imple-
mented an approach whereby a positive neural network is
considered the partial derivative of the conditional quantile
function, resulting in a non-crossing inverse CDF. Narayan
et al. (2023) proposed to use a Deep Lattice Network (DLN)
for this task. Lattices are monotonically constrainable look-
up tables (Gupta et al. 2016; You et al. 2017). Narayan et al.
also compared their work to SQF-RNNs and found lattices
to show higher accuracy and faster run times. SQF-RNNs
have been applied to time series forecasting tasks before
(Wang et al. 2022). However, DLN parametric complexity
scales with the number of input features, which led to DLNs
only being applied on problems with a limited number of in-
put features (Narayan et al. 2023). In particular, DLNs have
never been used in time series forecasting.

There is ongoing development in preventing quantile
crossover in QR with predefined quantile outputs. In the
introduction of SQR, Tagasovska and Lopez-Paz (2019)
proposed a penalty function to prevent quantile crossover,
which was built upon in future work (Gupta et al. 2019;
Shen et al. 2024). However, penalty functions do not pro-
vide a guarantee against crossovers. Providing such guaran-
tees, Song et al. (2024) added a positive last layer to a QR-
RNN to prevent quantile crossover in the context of a QR
post-processing step for ensemble weather forecasts. Sim-
ilarly, positive parameters are also used to prevent quan-
tile crossover of QR in forecasting of wind power gener-
ation (Cui, Wan, and Song 2023). Unfortunately, positive
parameter-based approaches are not transferable to SQR as
they rely on a predefined set of quantiles. Similarly, Park
et al. (2022) model a set of quantiles as an integral with non-
negative elements to ensure monotonicity, and can use inter-
polation to extrapolate on non-trained quantiles. However,
this does not model a complete CDF, but just approximates
it.

It is also possible to simply sort the quantiles as a post-
processing step (Chernozhukov, Fernández-Val, and Gali-
chon 2010; Smyl et al. 2026). While this can reportedly in-
crease performance, it discards the trained quantile relations

as part of the output of the function approximator.
There also exist more general monotonic network ap-

proaches, competing and featuring different trade-offs com-
pared to DLNs. Monotonic networks can guarantee mono-
tonicity with respect to one (or more) input feature(s),
which is all that is needed to prevent quantile crossovers
in SQR. Certified monotonic neural networks (CMNNs)
(Liu et al. 2020) reported to offer better performance than
DLNs, while constrained monotonic neural networks (Runje
and Shankaranarayana 2023) were shown to beat CMNNs.
Scalable monotonic neural networks (SMNNs) (Kim and
Lee 2023) outperform CMNNs and DLNs. In their testing,
SMNNs perform similarly to, or slightly better than, con-
strained monotonic neural networks. However, monotonic
network comparisons do not take place in a time series fore-
casting context, which makes it difficult to know if they
could and would work with a forecasting task.

Numerous studies in probabilistic forecasting and mono-
tonic networks have explored different ways that can be used
to prevent quantile crossover. There is also significant inter-
est in non-parametric probabilistic forecasting from an ap-
plied forecasting perspective. Comparatively, however, there
is very little work on combining these probabilistic forecast-
ing and monotonic networks in approaches that try to fore-
cast an inverse CDF with a network that is guaranteed to be
monotonic with respect to its quantile input.

Contributions
In this paper, we propose an adaptation of a DLN to time
series forecasting with SQR. This represents a missing link
between probabilistic forecasting or non-parametric CDFs
and monotonic constraintable networks.

We test this novel approach on a solar irradiance fore-
casting task. Solar irradiance is a particularly relevant ap-
plication of weather forecasting techniques to enable the
day-ahead prediction of photovoltaic energy production (of
which solar irradiance data is an excellent surrogate, e.g.
(Antonanzas et al. 2016)). The increasing prevalence of re-
newable energy sources and their natural, weather-related
variations necessitate making predictions about them (Yang
et al. 2022). Accurate probabilistic forecasting is shown to
play an increasingly important role in the general method-
ology. Ramps, high changes in observed irradiance due to
varying cloud coverage, may only in some cases be possi-
ble to capture by point forecasters, but can be captured by a
CDF of a probabilistic forecaster (Samu et al. 2021). Predic-
tions taking uncertainty and risk into account enable more
informed bidding decisions in the energy market and make
photovoltaic production more economically efficient. By ex-
tension, probabilistic forecasting may facilitate even higher
investment in this area (Morales et al. 2014).

With this application, we show that we can not only con-
nect existing fields in a novel way but also show that the re-
sulting approaches may be directly applied in relevant appli-
cations. We hope that our work can facilitate further interac-
tion between two largely independent research streams, ap-
plied forecasting and monotonic networks, which may lead
to further improvements in the future. Specifically, the list of
our contributions is as follows:
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• We adapt a DLN to time series forecasting with SQR,
which is the first adaptation of a DLN to this task.

• We detail the implementation and special considerations
needed to fit DLN to time series forecasting with SQR.

• We compare our flavor of DLN to popular solar irradi-
ance forecasting approaches and a forecasting adaptation
of SMNNs, which have been shown to outperform DLNs
in other tasks. In these comparisons, our iteration of a
DLN shows better results, highlighting the applicability
of Lattices for use in probabilistic forecasting.

2 Methods
Forecasting Task
In solar irradiance forecasting, the goal is to predict a hori-
zon of future values given a window of past observations.
This could be a useful forecasting application for owners of
a photovoltaic power plant, looking to optimize their sales
on the day-ahead energy market (Samu et al. 2021). For-
mally, we define the forecasting task as given a series of χ
past values containing F features, predict a series of γ fu-
ture values. The past values are defined as a window w of
χ = (xt−w, . . . , xt), with χ ∈ Rw×F , while the future val-
ues are defined as a horizon h of γ = (yt+1, . . . , yt+h) with
γ ∈ Rh×1. The trainable forecaster is a function f mapping
the window of past values to the horizon of future values,
i.e.

γ = f(χ) (1)
As a potential application to the day-ahead energy market,
we choose a forecasting horizon h of 36 hours and 96 as the
past window w, i.e., 4 days.

Quantile Regression
QR in time series forecasting (even if monotonically con-
strained) is usually trained to output a list of predictions
containing a predetermined set of quantiles of interest, e.g.,
[0.1, 0.25, 0.5, 0.75, 0.9]. This can be advantageous against
parametric approaches, as we only learn a categorical sub-
set of the underlying distribution. However, it also contains
less information than parametric approaches, as the resulting
categorical distribution is not a complete CDF.

In QR, we minimize the pinball loss lτ (γ, γ′), with γ rep-
resenting ground truth, and γ′ representing the prediction
of a forecaster. Pinball loss is dependent on a quantile level
0 ≤ τ ≤ 1. The loss function looks as follows:

lτ (γ, γ
′) =

{
τ(γ − γ′) if γ − γ′ ≥ 0,

(1− τ)(γ′ − γ) else.
(2)

Usually, we would now define a set of τ -values and evalu-
ate model output by iterating through and summarizing the
pinball loss depending on τ .

SQR is an adaptation of default non-parametric quantile
regression (Tagasovska and Lopez-Paz 2019; Dabney et al.
2018). Instead of predetermining a set of quantiles to learn,
we add a random quantile to the input of a trainable func-
tion, such as a neural network, and learn to predict that. This
approach enables a neural network to learn an implicit con-
tinuous quantile distribution.

With SQR, we draw τ ∼ U(0, 1) during training and use
it as input into the model and loss function f(χ, τ) = γ′.
Now we can update equation 1 as predicting a probability
distribution when aggregating a set of T = (τ0, ...τq) with
q ∈ N into a set of output values Y ∈ Rτ shaping the inverse
CDF :

Y = (f(χ, τ0), . . . , f(χ, τq)) (3)
In training, we do not need to consider a set of Y , as we are
drawing a different τ for every minibatch. Applying mini-
batches and combining equation 3 and equation 2 we can
thus optimize f as follows:

argmin
f

1

N

N∑
i=1

Eτi∼U(0,1)lτ (f(χi, τi), γi) (4)

N here being the batch size.
Intuitively, f is now an inverse and complete CDF with

respect to τ (Narayan et al. 2023). Nevertheless, QR via
neural networks as described above does not protect against
quantile crossovers, which are violations of the monotonic-
ity constraint of quantiles. Quantiles of a probability distri-
bution are monotonically increasing if,

f(χ, τa) ≤ f(χ, τb) for τa ≤ τb. (5)

A solution to quantile crossover is to use a function approxi-
mator that is monotonically constrainable with respect to (at
least) one of its inputs, such as DLNs. Only by preventing
quantile crossover can we produce a legitimate inverse CDF
(Narayan et al. 2023).

DLNs
DLNs are described as monotonically constrainable look-up
tables (Gupta et al. 2016). A one-dimensional lattice func-
tion maps an input to an interpolated piecewise linear func-
tion. A higher-dimensional lattice function represents the
same piecewise-linear function, but with a D-dimensional
input. D-lattices will have kD number of trainable parame-
ters, where k represents the knots, or keypoints, in the piece-
wise linear function. In other words, a lattice is a hypercube,
spanned by its input features, such that [0, 1]D. This prop-
erty enables it to map all of its inputs to an output value, just
as a lookup table would. It achieves a smooth and nonlinear
function by interpolating inputs between its vertices. Lat-
tices can be trained using backpropagation and are shown to
be able to approximate any bounded, continuous function if
they are supplied with enough knots in their piece-wise func-
tion. In mathematical terms, a lattice maps f(χ) : RD → R
in which

fl(χ) = θTψ(χ) (6)
θ represents the values of the lattice and ψ(x) the interpo-
lation of the input over the interpolation weights (Narayan
et al. 2023). In Gupta et al. (2016), the interpolation step of
a lattice is tested with a multilinear or a simplex approach.
Here we only use multilinear. With vk ∈ [0, 1]D being the
kth vertex of the unit hypercube, the interpolation weight on
vk is shown as:

ψk(χ) =
D−1∏
d=0

χ[d]vk[d](1− χ[d])1−vk[d] (7)
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As vk is either 0 or 1, it determines that χ is multiplied either
as χ[d] or 1− χ[d].

Intuitively, lattices can be applied similarly to regular
neural networks, although featuring some prominent differ-
ences: A single lattice only ever outputs a scalar, even if the
input is a vector (i.e., in practice, the output is a vector of
the same size as the mini-batch size). As mentioned above,
Lattices’ complexity scaling is exponential with respect to
the input dimensions D (kD). A large D quickly becomes
unfeasible to fit onto modern computers, which is why Lat-
tices are usually applied to problems with a limited num-
ber of features. One solution to this is to use an ensemble
in which every lattice only takes a small subsample of the
overall input features (You et al. 2017). In this ensemble,
low-dimensional lattices are initialized to a random subset
of features and then trained.

The originally proposed DLNs, which leverage such en-
sembles, can be built up of several distinct layers as de-
scribed in detail by You et al. (2017).

• Constrainable linear embedding layer: Featuring two
matrices and one bias, which linearly embeds a mono-
tonic input. One matrix is used for monotonic inputs, in
which a monotonic constraint is applied by keeping its
weights restricted to be non-negative. The other matrix
is used for non-monotonic inputs. If splitting between
monotonic weights θq ≥ 0 and non-monotonic weights
θm,

γ =

[
θqχq

θmχm

]
+ b (8)

This has been used in conjunction with calibrators (de-
scribed below) as a form of input layer.

• Calibration layer: A layer of parallel one-dimensional
lattice functions, embedding each feature separately. Any
calibrator is a one-dimensional lattice with k key-value
pairs mapping input to output (a ∈ Rk, b ∈ Rk). Two
values of b that correspond to a values close to the input
are interpolated to get the output. This layer is used as a
preprocessing step or to give the DLN more expressive-
ness with respect to every feature.

• Lattice ensemble: A set of lattices S in which each lat-
tice fl : RA → R, A ⊂ D, in which all A are unique
with respect to each other A ̸= A′. Outputs of this layer
can be sent into another lattice ensemble until the output
becomes scalar, be summarized, e.g., by averaging, or be
sent through a final calibration step.

Even though these layers are suggested to be used in a cer-
tain way in DLNs, they are all monotonically constrainable
and may be stacked freely in any order.

Monotonicity of DLNs In contrast to neural networks, lat-
tice monotonicity constraints are relatively easy to enforce.
As long as every pair of adjacent linearly interpolated look-
up table parameters θs and θr obey θs > θr in the same
direction, then the lattice is monotonic (Gupta et al. 2016)
(also see Gupta et al. (2016) for the formal proof of mono-
tonicity of lattices which applies the calibration layer and
the lattice ensemble). All three different DLN layers, the

Input

LSTM

Lattice EnsembleCalibration 

Constrained
Linear

Output

repeat forward pass for

...
...

...

Network 
Connection

Timeseries Data

Calibrator

Figure 1: Architecture of the LSTM-DLN for SQR. If the
DLN is looped over a set of quantiles, a correspondingly
detailed approximation of a CDF can be accumulated.

constrainable linear, the calibration layer, and the lattice en-
semble, preserve monotonicity across layers by treating the
monotonic output from previous layers as monotonic input
in subsequent layers (You et al. 2017). In practice, lattice
monotonicity is enforced by solving the constrained opti-
mization with Dykstra’s projection algorithm (Narayan et al.
2023).

DLN adaptation to Time Series Forecasting
Even with the changes to lattices introduced by DLNs, they
cannot, out of the box, be applied to higher-dimensional
forecasting problems. First, ensembles are not a perfect tool
to shrink the complexity scaling of kD. Lattices with a
smaller k or D might be too small as they will be less ex-
pressive, or not be able to model many feature interactions.
Too big lattices will run into a complexity bottleneck. Sec-
ond, DLNs’ scalar output size limits architectural freedom
when needing to meet a predefined horizon of forecasts. One
lattice function only maps to one scalar output.

Fortunately, we do not need a DLN to interpret time se-
ries data; we only need it to produce an implicit CDF of
the forecast. As such, we can embed higher-dimensional
data into lower dimensions, with e.g. a neural network, and
use that as input to a DLN. This idea was first discussed in
Narayan et al. (2023), but never actually tested. Long-short-
term memory (LSTM) models are very popular and perform
relatively well in the solar irradiance forecasting (e.g. (Qing
and Niu 2018; Srivastava and Lessmann 2018; Huang et al.
2021)) For this work, we select an LSTM as a trainable
embedding function for the time series data. This is an in-
terchangeable decision, so more sophisticated models like
Deep-AR (Salinas et al. 2020), or Transformers (Vaswani
et al. 2017) may result in even better forecasts. However,
LSTMs show great performance in forecasting tasks and are
a good experimental baseline for our intended comparison
of showing that DLNs can be used to accurately forecast im-
plicit CDFs. In addition to an LSTM, an ensemble of lattices
is used to minimize the input-dependent size of the DLN.

Conversely, fitting the output of a DLN to a predefined
horizon can be achieved by employing a set of parallel lat-
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Algorithm 1: Training of the proposed SQR Architecture.
Input: Collection of minibatches of past and target, (X,Γ)
Output: Trained LSTM f1 and DLN f2

1: Initialize f1 and f2
2: for e← 1 to E do
3: Sample χj , γj from (X,Γ)
4: Sample τj from U(0, 1)
5: Obtain embedded values B from f1(χj)
6: Obtain γ′τj from f2(B, τj)

7: Compute loss L(γj , γ′
τ
j , τj) with eq. 2

8: Apply backpropagation to f1 and f2 with L
9: end for

10: return f1 and f2

Algorithm 2: Exploitation step of the proposed SQR Archi-
tecture.
Input: Time series of past values χ and a set of quantiles
T = (τ0, . . . , τq)
Output: Set of forecasts Y = (f(χ, τ0), . . . , f(χ, τq))

1: Initialize empty set Y
2: B ← f1(χ)
3: for τ in T do
4: Yτ ← f2(B, τ)
5: end for
6: return Y

tices that take the same input and produce a different out-
put timestep, or using the constrained linear embedding pro-
posed by You et al. (2017) as a constrained linear output
layer. The latter is much preferred, as a linear output layer
also permits us to reduce the usage of high-dimensional lat-
tices to a minimum and only use a single layer of ensembles.

Finally, we change the quantile input as proposed by
Narayan et al. (2023). Instead of feeding quantiles into only
one lattice in the ensemble and letting constraints be propa-
gated throughout the ensemble, we reserve one input feature
in every lattice in the ensemble for quantiles. This way, ev-
ery feature receives a directly trained relation to the implicit,
complete CDF. Additionally, calibrators are added before
and after the DLN layer. The resulting architecture is shown
in figure 1. We refer to the LSTM as the input model f1 and
the DLN as the output model f2. f2 needs one forward pass
to model one quantile of the complete CDF. During training,
f1 and f2 are called in sequence for each randomly drawn
quantile, as can be seen in algorithm 1. When desired (for
example, during an exploitation step), f2 can also be run
for every quantile of interest, e.g., to form a highly detailed
approximation of a CDF. This is shown in figure 1 and algo-
rithm 2.

Dataset

The solar irradiance dataset consists of five years (2016-
2020) of hourly surface downwelling shortwave radiation

measurements from 20 stations around southern Norway1.
As additional features, satellite-based irradiance estimates
(from CAMS-RAD2) and estimated weather features (from
NORA33) from the coordinates of all 20 sites are added.
The weather data taken from NORA3 consists of integrated
surface net downward short-wave flux, relative humidity,
wind speed and direction, snowfall, precipitation, temper-
ature, cloud area fraction, and surface air pressure. A clear
sky index, indicating irradiance on a cloudless day, is added
from CAMS McClear4. Lastly, time features for hour of day,
day of week, and week of year are embedded in a circular
sine and cosine component and added to the dataset. Overall,
this results in 12 features per 20 stations with an additional
6 embedded time features, adding up to 246. One station
(station 11, near the west coast of Norway) is chosen as the
target for the forecaster, as it has the least amount of missing
data. Other missing data were mostly night values and were
replaced with zeroes. Norway experiences much longer days
with much higher irradiance amplitudes in summer than in
winter, which models will have to adapt to. Night values are
often removed from the dataset as irradiance is zero. How-
ever, as the window of historical values used for a forecast
is fixed and longer than a day, we need these values to keep
the relative days of available data consistent.

Data Preprocessing The respective data sources provide
cleaned data sets, so only a min-max scaling is applied to
all features. Additionally, the dataset is split into a training,
validation, and testing set. Testing and validation received
one year each (2016 and 2017, respectively) to be able to
infer performance on a whole year of data. 2017 and 2016
were the least correlated to the rest (2018-2020, which was
used as a training set) to increase forecast difficulty.

Evaluation
We evaluate our adapted DLN on a set of 11 equidistant
quantiles within the interval: [0.025, 0.975]. Training and
Hyperparameter optimization are done on the training and
validation data, while final performance testing is done on
the test set.

Comparisons We designed the adapted DLN to be able
to provide more information about a forecast by forecasting
an implicit complete CDF. We consider this successful if we
can manage to achieve similar performance to unconstrained
versions of the same general architecture. This is the case, as
unconstrained architectures can be expected to be more flex-
ible than constrained ones, thus should return better results if
the architecture can return well-calibrated CDFs. So, we are
interested in testing only different versions of f2 while f1
is retrained, but with hyperparameters kept constant across
different f2.

1https://thredds.met.no/thredds/projects/sunpoint.html
2https://www.soda-pro.com/web-services/radiation/cams-

radiation-service
3https://thredds.met.no/thredds/projects/nora3.html
4https://www.soda-pro.com/web-services/radiation/cams-

mcclear
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We hypothesize that SQR requires a nonlinear model in
the output. Thus, the first comparison is made with a lin-
ear and a constrained linear embedding layer as a singular
output layer. Next, we need to test our constrained approach
against an unconstrained neural network to see if our choice
in architecture mitigates the decline in accuracy due to con-
straints. Further, we identified SMNNs as one of the most
accurate state of the art monotonic networks (Kim and Lee
2023), reportedly showing better results than regular DLNs
in several regression tasks, making the current comparison
very relevant.

We also wanted to compare performance to non-SQR set-
tings. For this purpose, we use two more LSTM-Linear mod-
els, one point predictor trained with mean absolute loss and a
QR with a predefined set of 11 quantiles. These are intended
to show potential trade-offs made by using a probabilistic
model with modeling capacity reserved to represent the im-
plicit CDF instead of a set of discrete quantiles.

Lastly, in solar irradiance forecasting, smart persistence is
seen as the most consistent baseline forecaster, and is used
as a performance validation for more sophisticated models
(van der Meer, Widén, and Munkhammar 2018). Smart per-
sistence assumes that over a short time, irradiance is not
changing significantly, and combines it with future informa-
tion about irradiance under clear sky conditions. If a model
cannot at least match the accuracy of smart persistence, it is
considered ill-adjusted.

f(t) =
x(t)

o(t)
∗ o(t+ h) (9)

With x(t) being observed irradiance, and o(t) being clear
sky irradiance, we estimate future irradiance (in h steps)
based on the difference in observed and clear irradiance at
t. In our condition of forecasting 36 hours into the future,
we use the last day (i.e., 24 hours) as our source of infor-
mation for the next one-and-a-half days. First, the previous
24 hours predict the next 24 hours. Then, the remaining 12
hours of the forecast are predicted by the first half (12 hours)
of the 24 hours of the previous day. This way, each timestep
is predicted by a previous day’s timestep at the same time of
day.

Metrics All models are evaluated following many of the
recommendations for probabilistic solar irradiance forecast-
ing evaluations (Lauret, David, and Pinson 2019). Further, it
should be noted that all metrics are calculated as the aver-
age across the length of the complete forecast horizon. This
averaging is omitted from the equations for brevity.

First, we evaluate the point prediction metrics mean ab-
solute error (MAE), root mean squared error (RMSE), and
skill score (SS), which are evaluated on the 0.5 quantile val-
ues. SS is the fraction between MSEf of the LSTM-DLN
and MSEp from a smart persistence model, such that:

SS = 1− MSEf

MSEp
(10)

Further, we examine continuous rank probability scores
(CRPS) as a probabilistic representation of distributional ac-

curacy. CRPS is usually computed in continuous form as fol-
lows,

CRPS =
1

N

N∑
i=1

∫ +∞

−∞
(F̂i(x)− 1xγi

)2dx (11)

In our case, we employ an approximated version of CRPS
computed by the sum of pinball loss over all evaluated quan-
tiles (Narayan et al. 2023):

CRPS =
1

N

N∑
i=0

lτ (γ, γ
′) (12)

Examining the coverage properties of the CDF, we plot pre-
diction interval coverage percentage (PICP) and reliability
diagrams in addition to computing the average coverage er-
ror (ACE) score. PICP is a percentage of interval points cor-
rectly captured in each predication interval c between the
points [Î0.5− c

2
, Î0.5+ c

2
], which are the pair of opposing quan-

tiles. PICP is better the closer it is to the target percentage
coverage of its respective interval.

PICPc =
1

N

N∑
i=1

si, si =

{
1, if γi ∈ [Î0.5− c

2
, Î0.5+ c

2
]

0, otherwise

(13)
ACE is the average difference of all PICP scores (and thus
all intervals C) and the target percentage coverage of their
respective interval.

ACE =
1

|C|
∑
c∈C

|c− PICPc| (14)

Lastly, reliability diagrams are calculated just as PICP, but
instead of counting values between intervals, we count val-
ues correctly captured within a quantile level.

Implementation
Model training, optimization, and testing are done on a sys-
tem with an AMD EPYC 7702 64-Core CPU and an Nvidia
RTX3090 GPU. All code is written in Python with PyTorch
(Paszke et al. 2019) and the package pytorch-lattice (Bakst
2024).

All models were optimized for hyperparameters in a se-
quential (coarse-to-finer) grid search with subsequent man-
ual adjustment and visual inspection of probability distribu-
tion fit. General performance was assessed with CRPS and
ACE, but additional metrics were also taken into account. A
detailed description of hyperparameter optimization is given
in Appendix A, while optimized model parameters are de-
tailed in Appendix B. Some hyperparameters were kept con-
stant for brevity and based on experience in performance
development. Constant hyperparameters are a batch size of
64 and the Adam optimizer. All probabilistic models were
trained using pinball loss from equation 2.

3 Results
Metric performance observations based on the test dataset
are shown in table 1. Scores of the models are based on the

260



Models CRPS MAE RMSE ACE SS
SP - 52.903 96.472 - -
LSTM-PP - 43.152(0.336) 74.933(0.602) - 0.397(0.019)
LSTM-QR 30.506(0.083) 43.875(0.226) 74.949(0.343) 0.052(0.002) 0.396(0.011)
SQR: LSTM-Lin 24.427(0.247) 45.556(0.360) 77.165(0.414) 0.173(0.003) 0.360(0.014)
SQR: LSTM-NN 27.690(0.099) 42.612(0.525) 72.930(1.009) 0.075(0.003) 0.429(0.032)
SQR: LSTM-CLin 25.920(0.184) 44.619(0.294) 75.472(0.397) 0.190(0.003) 0.388(0.013)
SQR: LSTM-SMNN 29.333(0.657) 47.548(0.974) 81.731(1.691) 0.079(0.657) 0.282(0.059)
SQR: LSTM-DLN 29.175(0.216) 43.266(0.534) 74.520(0.850) 0.061(0.003) 0.403(0.027)

Table 1: Mean model performance comparison over 5 training runs with a different random seed. Standard deviation is dis-
played in brackets. SP is smart persistence, PP is the point predictor, and QR is regular quantile regression. SQR models use
simultaneous quantile regression with an LSTM as f1 and different f2. L is a linear layer, NN is a non-linear neural network,
CL is a constrained linear layer, SMNN is a scalable constrained neural network, and DLN is a deep lattice network.
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Figure 2: Two 36h forecasts of the test data from LSTM-
DLN (row 1), LSTM-SMNN (row 2), and LSTM-NN (row
3). Shown are 11 quantiles between 0.025 and 0.975. Axis
labels are consistent between subplots.

average metric value over a horizon of 36 hours ahead. All
metrics displayed are better when smaller, except SS, which
is better when larger. Results are the average performance
over five optimization runs with different random seeds. In
parentheses, the standard deviation of the metric is shown.
Generally, all models display positive SS and thus are better
forecasters than the standard baseline. In MAE and RMSE,
the unconstrained LSTM-NN and our LSTM-DLN are not
significantly different. The point predictor (LSTM-PP) is
also not significantly different from LSTM-NN and LSTM-
DLN in MAE, but shows a significant performance decline
in RMSE compared to LSTM-NN. SQR approaches show-
ing better performance may be due to regularization caused
by representing all quantiles. In the ACE score, LSTM-QR

performs best, with the second best being the LSTM-DLN.
CRPS results are more complex. Linear and constrained lin-
ear appear to be the best performers. However, this is due to
the way CRPS is approximated here (equation 12). In pin-
ball loss (equation 2), any value of γ′ close to γ will result
in lower loss, no matter the quantile value. As such, this loss
can favour a distribution in which all quantiles have the same
value close to the median of the target values. In both linear
conditions, the CDF is observed to be small in width. This
is why their respective ACEs are much worse than all others
and appear to be ill-calibrated. Their performance in MAE
and RMSE is similar to the non-linear competitors (LSTM-
NN, SMNN, DLN), likely due to the networks being trained
to focus on the median quantile. Due to this ill-calibration,
they are generally performing worse.

LSTM-SMNN displays slightly worse performance than
LSTM-DLN in MAE and RMSE, while not being signifi-
cantly different in CRPS and ACE. In ACE, this is the case,
as its ability to form a wide and well-calibrated CDF ap-
pears to be inconsistent across random seeds. Even for well-
adjusted examples, LSTM-DLN displays better results.

Figure 2 shows two different full 36h forecasts from NN,
SMNN, and DLN. All plots in the same column are from
the same timestamp. We can observe that the fit is not perfect
for either of them, as the forecasting of changes in irradiance
from one day to the next is not trivial. DLN shows the largest
CDF width, which seems to help capture observations within
its CDF. DLNs also seem to display a more skewed and non-
Gaussian distribution compared to NN. SMNN shows more
erratic behavior and poorer fit, reflected by its worse perfor-
mance metrics.

In figure 3, we show CDF coverage performance for all
models across intervals and quantiles. Ideal performance
is marked by the black bar. Apart from constrained linear
(CLin) and linear (Lin), all models seem to be close to the
ideal. This echoes the previous observation that both lin-
ear approaches are ill-calibrated even though their median
fit is good. In terms of interval coverage, the smaller inter-
vals closer to the median show slight overestimation, while
the lateral intervals do not always include all extreme values.
In addition to mistakes in the extreme values, the reliability
diagram shows quantiles between 0.2-0.5 to be more under-
estimated. This likely means that even the better-performing
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Figure 3: PICP (left) and reliability diagram (right). PICP
starts at approx. 0.2 as that is the smallest interval around
the median. The values are means across all 5 models, with
standard deviations displayed as colored areas around the
curve.

models make mistakes in the median of the CDF, leading
to less correct values within the lower and higher quantiles
around the median, which is not captured by the interval.

LSTM-NN, as the most well-performing competitor to
our LSTM-DLN, is unconstrained with respect to quantiles.
The overall average percentage of quantile crossovers dis-
played by the LSTM-NN over the whole test set and all
quantiles is 3.075 % with a standard deviation of 0.0744. On
the other hand, DLNs are still much more complex in terms
of parameter numbers than other networks. The DLN imple-
mentation has more than twice the number of parameters as
SMNN and takes more than 2s for every forward pass when
run on a local laptop. Exact times and trainable parameter
numbers for all models can be seen in Appendix C.

4 Discussion
This work aimed to show the effectiveness of using a DLN
as a CDF multi-horizon forecaster. We do this by comparing
against unconstrained approaches, as they are more flexible,
thus should perform better, and a state of the art monotonic
network approach, which showed better results than DLNs
in a different application context.

The results show that our adaptation has similar perfor-
mance to the unconstrained alternative, but shows better
coverage in its quantiles. In conclusion, the expected lim-
ited expressiveness in the DLN induced by monotonic con-
straints is successfully mitigated by our adaptations. Our
DLN adaptation also shows higher performance than an
SMNN-based implementation, highlighting the competitive-
ness of this approach for time series forecasting within the
state of the art of monotonic networks. Further, we show the
necessity of a non-linear forecaster by comparing it against
a linear representation of the implicit CDF, as LSTMs with
both types of linear output layers display notably worse cali-
bration compared to all other models. Well-performing SQR
approaches do not show many tradeoffs to point predictor or
predetermined QR. QR shows an edge in coverage perfor-
mance; however, the other top-performing models also have
very good coverage.

Overall, our approach represents a successful way to ap-
ply DLNs on multi-horizon time series forecasting of CDFs.

It should be highlighted that this implementation is highly
modular, and we would encourage further investigation with
other embedding models, more comparisons across quan-
tile modelling techniques, or the usage of the DLN output
layer in different contexts. In its current implementation, the
SQR-based DLN can be considered useful for highly de-
tailed modeling of a variable-sized (partial) inverse CDF.
Contrary to approaches outside of monotonic networks, it
can also be used to constrain more features (than just quan-
tiles) monotonically. Lastly, an implementation that does not
need further embedding before applying a Lattice may bene-
fit from its increased explainability. In contrast to neural net-
works, lattices are interpolated look-up tables that model the
whole range of possible outputs. As such, relations between
input and output features are not hidden in a black-box and
may even be plotted.

Nevertheless, DLNs still suffer from a very high complex-
ity in the number of trainable parameters and execution time,
the decrease of which remains an ongoing research question.

5 Conclusion
In this work, we show that monotonous network research
can be successfully connected with probabilistic forecasting
applications. DLNs can be applied to time series forecasting,
yielding a complete, implicit CDF with performance compa-
rable to that of the unconstrained alternative and surpassing
the state of the art monotonic network competitor.
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