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Abstract

The Information Bottleneck (IB) principle has emerged as a
promising approach for enhancing the generalization, robust-
ness, and interpretability of deep neural networks, demon-
strating efficacy across image segmentation, document clus-
tering, and semantic communication. Among IB implementa-
tions, the IB Lagrangian method, employing Lagrangian mul-
tipliers, is widely adopted. While numerous methods for the
optimizations of IB Lagrangian based on variational bounds
and neural estimators are feasible, their performance is highly
dependent on the quality of their design, which is inher-
ently prone to errors. To address this limitation, we introduce
Structured IB, a framework for investigating potential struc-
tured features. By incorporating auxiliary encoders to extract
missing informative features, we generate more informative
representations. Our experiments demonstrate superior pre-
diction accuracy and task-relevant information preservation
compared to the original IB Lagrangian method, even with
reduced network size.

Code — https://github.com/Hanzhe Yang19/Structure-1B

Introduction

The Information Bottleneck (IB) principle, a representation
learning approach rooted in information theory, was intro-
duced by (Tishby, Pereira, and Bialek 2000). The core idea
of IB is to extract a feature, denoted as Z, that captures
relevant information about the target Y from the input X.
Specifically, IB aims to maximize the mutual information
(MI) between Z and Y while constraining the MI between
X and Z, effectively preserving only information essential
for predicting Y. Mathematically, this is formulated as:

max I(Z,)Y) st I(X,Z) <,
p(Z]X)

ey

where r controls the level of compression.

Solving this constrained optimization problem directly
is challenging. To address this, IB Lagrangian methods
(see, (Tishby, Pereira, and Bialek 2000; Yu et al. 2024;
Rodriguez Galvez, Thobaben, and Skoglund 2020; Shamir,
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Sabato, and Tishby 2010)) introduce a positive Lagrange
multiplier 3, transforming the problem into:

min —I(Z,Y)+ BI(X, Z), )
min ~I(Z,Y)+ BI(X.2)
where [ is typically within the range [0, 1]

(Rodriguez Géalvez, Thobaben, and Skoglund 2020).

IB and its variations (Alemi et al. 2016; Kolchinsky,
Tracey, and Wolpert 2019; Rodriguez Gélvez, Thobaben,
and Skoglund 2020) have been applied to various domains,
including image segmentation (Bardera et al. 2009), doc-
ument clustering (Slonim and Tishby 2000), and semantic
communication (Yang et al. 2023; Xie et al. 2023). Recent
research has linked IB to Deep Neural Networks (DNNs)
in supervised learning, where X represents input features,
Y is the target (e.g., class labels), and Z corresponds to in-
termediate latent representations. Studies (Shwartz-Ziv and
Tishby 2017; Lorenzen, Igel, and Nielsen 2021) have shown
that IB can explain certain DNN training dynamics. Addi-
tionally, IB has been shown to improve DNN generalization
(Wang et al. 2021) and adversarial robustness (Alemi et al.
2016).

Despite their practical success, IB methods face compu-
tational challenges during optimization. Variational bounds
and neural estimators (Belghazi et al. 2018b; Pichler
et al. 2022) have been proposed to mitigate these issues
(Alemi et al. 2016; Kolchinsky, Tracey, and Wolpert 2019;
Rodriguez Gélvez, Thobaben, and Skoglund 2020). How-
ever, the approximations inherent in these methods can de-
viate from the original objective due to the nature of upper
or lower bounds and estimators.

This paper introduces the Structured Information Bottle-
neck (SIB) framework for IB Lagrangian methods. Unlike
traditional IB, which uses a single feature, SIB explores
structured features. We divide the feature extractor into a
main encoder and multiple auxiliary encoders. The main en-
coder is trained using the IB Lagrangian, while auxiliary en-
coders aim to capture information missed by the main en-
coder. These features are combined to form the final fea-
ture. Our experiments demonstrate that SIB achieves higher
I1(Z,Y) for the same compression level I(X, Z), improves
prediction accuracy, and is more parameter-efficient. We
also analyze how auxiliary features enhance the main fea-
ture.



The contributions of our work can be summarized as fol-
lows:

* Proposed a novel SIB framework for IB Lagrangian
methods, departing from the traditional single feature
approach by incorporating multiple auxiliary encoders.
Developed a novel training methodology for SIB, in-
volving a two-stage process: initial training of the main
encoder using the IB Lagrangian, followed by training
auxiliary encoders to capture complementary informa-
tion while maintaining distinctiveness from the main fea-
ture.

Demonstrated superior performance of SIB compared
to existing methods in terms of achieving higher mutual
information between the compressed representation and
the target variable for the same level of compression, as
well as improved prediction accuracy and parameter effi-
ciency.

Provided a comprehensive analysis of how auxiliary
features enhance the main feature, shedding light on
the underlying mechanisms of the proposed framework.

Relative Work

The IB Lagrangian has been extensively studied in repre-
sentation learning. Several methods have been proposed to
optimize it using DNNs. (Alemi et al. 2016) introduced Vari-
ational Information Bottleneck (VIB), deriving variational
approximations for the IB Lagrangian:

I(X,Z) < Eyz,2) log q(z]z) — Eqy logv(t), (3)
I(Z,Y) = Ep(y,z log qlylz) + H(Y), €

where ¢(-|-) and p(:|-) represent the probabilistic mapping
and variational probabilistic mapping respectively, ¢(-) is
the probabilistic distribution, H(-) is the entropy, and v(-)
is some prior distribution.

Departing from VIB, Nonlinear Information Bottleneck
(NIB) by Kolchinsky, Tracey, and Wolpert (2019) employs
kernel density estimation (Kolchinsky and Tracey 2017) to
bound I(X, Z):

N N
1 1 —Drsla(zle)llg(zle,)]
I(X,Z)S—N;bgﬁze lateimlatzizl, (5)

J=1

where Dy (+]]-) is the KL divergence and N is the total
number of samples in the dataset.

However, Rodriguez Galvez (2019) demonstrated that op-
timizing the IB Lagrangian for different values of S cannot
explore the IB curve when Y is a deterministic function of
X. To address this, they proposed the Square IB (sqIB) by
simply using the square of compression term (I(X, Z))? in-
stead of I(X, Z) in the Lagrangian function. Furthermore,
Rodriguez Galvez, Thobaben, and Skoglund (2020) showed
that applying any monotonically increasing and strictly con-
vex functions on I(X, Z) is able to explore the IB curve.
Additionally, the authors of Yu et al. (2024) extended the IB
for regression tasks with Cauchy-Schwarz divergence.

There are also other approaches that focus on neural esti-
mators for directly approximating MI, entropy, and differen-
tial entropy (see, (Belghazi et al. 2018b; Pichler et al. 2022)),
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Figure 1: The illustration of the network architecture.

enabling direct IB Lagrangian optimization without varia-
tional bounds.

While these methods offer theoretical advancements, their
implementations can be error-prone due to specific imple-
mentation details.

Our proposed SIB framework introduces auxiliary en-
coders to capture complementary information and a novel
training process. Unlike prior work, we leverage the IB La-
grangian for both main and auxiliary encoder training and
include an additional term to prevent feature overlap.

Methodology

In this section, we first present the architecture of the pro-
posed network. Subsequently, the training process will be
illustrated in detail.

Network Architecture

Our network architecture comprises three key components:
the main encoder, auxiliary encoders, and the decoder, as
illustrated in Figure 1. The main encoder extracts the pri-
mary feature from the input, while auxiliary encoders cap-
ture complementary features to enrich the information con-
tent of the primary feature. These features are combined us-
ing a weighted aggregation function f(-) to produce a com-
prehensive feature representation. In this work, we employ
a simple weighted summation, which will be justified in the
following subsection. The decoder processes the aggregated
feature to generate the final output.

Let X and Y represent the input and label, respectively,
with joint distribution p(X,Y’). The main encoder F ex-
tracts the primary feature Z = FE(X), while auxiliary en-
coders FE;, where i = 1,2,..., K and K is the number
of auxiliary encoders, extract supplementary features Z; =
E;(X). These features are weighted by w;,i = 0,1,..., K
and aggregated as follows:

K
Z = w()Z + ZwiZi>

i=1

(6)

where Z denotes the aggregated feature. Ideally, the main
feature should carry the most weight (wy is largest). How-
ever, we do not enforce this constraint explicitly, as our ex-
periments show that w naturally converges to the dominant



weight during training. The decoder D takes the aggregated
feature Z as input and produces the output Y = D(Z).

Training Process

The training process is divided into three stages: training the
main encoder and decoder, training auxiliary encoders, and
optimizing weights.

The main encoder and the decoder: The training of the
main encoder and decoder follows traditional IB methods
like VIB (Alemi et al. 2016) or NIB (Kolchinsky, Tracey,
and Wolpert 2019). The main encoder E' processes the in-
put X to generate the primary feature Z, while the decoder
D directly receives Z to produce a preliminary output Yj.
This forms a Markov chain Z < X <> Y (Witsenhausen
and Wyner 1975; Gilad-Bachrach, Navot, and Tishby 2003).
The goal is to optimize E to learn the optimal probabilis-
tic mapping p(Z|X) and D to approximate the conditional
distribution p(Y'|Z) accurately. This is achieved by maxi-
mizing the MI I(Z,Y") while constraining I(X, Z) through
minimizing the IB Lagrangian (Gilad-Bachrach, Navot, and
Tishby 2003; Rodriguez Gélvez, Thobaben, and Skoglund
2020; Yu et al. 2024):

min Lp(Z|X), p(Y|2); b] = =1(2,Y) + BI(X, Z), (])

where 5 denotes the Lagrange multiplier that balances the
trade-off.

The auxiliary encoders: Auxiliary encoders are trained
sequentially. For the i-th encoder F; (i € [1, K]), the objec-
tive is to extract features that are informative about the target
Y but independent of previously extracted features. To cap-
ture informative content, we employ the IB Lagrangian:

HEHL[p(Zi|X)7P(Y|Zi);5] I(Z;,Y) + BI(X, Z;).
(8)

Notably, to ensure compatibility and seamless integration
of features extracted by different encoders, we maintain a
consistent feature space throughout the network. This is
achieved by fixing the decoder’s parameters after its ini-
tial training with the main encoder. Consequently, the de-
coder remains unchanged during the training of auxiliary
encoders.

To ensure feature independence, we minimize the MI be-
tween the current feature Z; and the concatenation of previ-

ous features Z + Z;;ll Zj:

i1
II]IE}inI(Zi7 Z + Z Z;).

Jj=1

©))

Directly minimizing the mutual information [ (Zi, Z +
Z;;ll Zj), equivalent to the KL divergence D1, [p(Z;, Z +
Z;;ll Z)p(Z)p(Z + Z;;ll Z;)], is computationally chal-
lenging due to the complex distributions involved, each com-
prising a mixture of numerous components (Pan et al. 2021).
To address this, we adopt a sampling-based approach.

First, we generate samples from the joint distribution
p(Zi, Z + Z;;ll Z;) by randomly selecting inputs X from
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the dataset and extracting the corresponding features. Sub-
sequently, we obtain samples from the product distribution
p(Zi)p(Z + Y-~} Z;) by shuffling the samples from the
joint distribution along the batch dimension (Belghazi et al.
2018a).

To estimate the KL divergence, we employ the density-
ratio trick (Nguyen, Wainwright, and Jordan 2007; Kim and
Mnih 2018). A discriminator d is introduced to distinguish
between samples from the joint and product distributions.
The discriminator is trained adversarially using the follow-
ing objective:

i—1

minmax B, 7,751 z,)) log d(Zi, Z + Zl Zj)+
=
i—1
Bz 245t 2 los(l = d(Zi, Z + ) Z))).
j=1

(10)
It should be noted that the I(Z;, Z+ Z;;ll Z;) is minimized
when the Nash equilibrium is achieved (Goodfellow et al.
(2014)).

The weights: The weights w; are optimized to fine-tune
the overall network using the IB Lagrangian. The objective
is to minimize:

LIp(Z|1X),p(Y|2); Bl = —1(Z,Y) + BI(X, Z).

1D
It should be noted that the reason why we use weights
to be the fine-tune parameter instead of retraining the de-
coder is that, retraining the decoder could potentially al-
ter the learned relationships between features and the tar-
get variable Y, affecting the calculated MI I(Z;,Y). By us-
ing weights, we preserve the integrity of the trained features
while optimizing their combined representation.
Detailed implementation specifics are provided in the sup-
plementary materials.

min
{“’i}ie[o.x]

Justification of f(-)

Any function that increases I(Z,Y'), where Z = f(Z,[Z;]),

but does not necessarily increase I(X, Z ), will be appropri-
ate. Here we only justify the choice of weighted sum.

Theorem 1 Assume that Z,7' € RP are independent,
where Z ~ N (p,X), Z' ~ N (i, Y"), D is the dimension,
w, 1" € RP are the means, and 3,5 € RP*P are the di-
agonal positive definite covariance matrices. Moreover, let
d(Z) = WZ : RP — RP be the linear decoder function
with full-rank parameter W € RP*D h() is the one-hot
coding function , andY' = d(Z + Z'). Then, given data X
and its target Y, we have

[(Z'+2,Y)> 1(Z,Y), (12)
when the following conditions are satisfied:
I(h(Y'),Y) = H(Y), (13)
1
) > . 14
det( ) - (27T6)D ( )



Theorem 1 posits that auxiliary features can augment the
information content of the original feature regarding Y by
considering wZ + E;;ll w;Zj as Z and w; Z; as Z' within
the SIB framework.

To validate the assumptions underlying Theorem 1, we
employ variational encoders as suggested by Alemi et al.
(2016) to satisty the Gaussianity assumption. The indepen-
dence condition is enforced through the minimization of
1(Z;,Z + E;;ll Z;). A one-layer MLP decoder with the
dimension of Z matching the number of classes fulfills the
decoder function assumption. Achieving global optimality
during training ensures that I (h(Y”),Y) = H(Y') (Panet al.
2021, Proof of Theorem 2). The condition det(X') > W
typically holds true due to the large number of classes in
practical scenarios. Furthermore, when using NIB, the co-
variance matrix Y can be treated as a hyperparameter rather
than a trainable parameter.

Regarding I(X, A ), we will empirically demonstrate that
incorporating auxiliary features remains at a similar level in

terms of (X, Z) compared to I(X, Z). More effort on the
theoretical analysis of 1(X, Z) will be put on.

We also provide an intuitive explanation of the weighted
summation mechanism. Figure 2 visually represents the fea-
ture spaces of the original IB Lagrangian method and our
SIB approach. In the standard IB Lagrangian method, the
encoder generates a single feature, Z, confined to a spe-
cific subspace (leftmost circle). While theoretically capable
of capturing sufficient information, practical implementa-
tions and approximation bounds might lead to information
loss. Our SIB framework introduces an auxiliary feature,
Z', expanding the feature space (middle circle). Initially, the
subspaces spanned by Z and Z’ may overlap significantly.
Through the proposed training stages, these subspaces be-
come more distinct as we encourage feature independence
i.e.,(I(Z,Z") < e for a small constant €). The subsequent
weight optimization further refines the combined subspace
spanned by Z and Z’ to maximize information about Y as
shown in the rightmost circle.

While the weighted aggregation employed in this work ef-
fectively combines features, it is acknowledged that a more
sophisticated operator capable of fully capturing the intrica-
cies of the feature space could potentially yield even more
refined and accurate representations. Future research will
explore the development of such operators.

Discussion

While primarily developed to augment IB Lagrangian meth-
ods, our proposed framework is theoretically applicable to
any method satisfying the conditions outlined in Theorem
1. Adapting this framework to other methods would pri-
marily involve modifying the encoders and incorporating
the independence-encouraged component into the respec-
tive loss function. However, due to the prevalence of IB La-
grangian approaches and computational constraints, our cur-
rent research focuses on IB Lagrangian implementation.

21925

IB Lagrangian
H(Y) H(Y)
1(Z,Y)
1(Z,Y)
1(Z,Y)
| (I B
The whole  Feature subspace Feature subspace Feature subspace

of the
overlapping part
of two features

feature space  expanded by a

single feature

expanded by two
features

Figure 2: Illustration of the feature space. Left: The entire
feature space (large circle) containing the feature subspace
(ellipse) generated by a single feature vector using the IB La-
grangian method. Middle: The feature subspace (small cir-
cle) spanned by two vectors from an untrained SIB within
the overall feature space (large circle). Due to substantial
overlap, this subspace is limited in its coverage. Right: The
feature subspace (small circle) is spanned by two vectors
from a well-trained SIB within the overall feature space
(large circle). Here, the feature subspace is expanded by two
minimally overlapping features, maximizing its information
content, as demonstrated in Theorem 1.

Experiments

In this section, we will demonstrate our experimental setups
and several results. Specifically, we first evaluate and an-
alyze the performance of the proposed SIB in comparison
with its corresponding IB algorithm. Next, we examine the
behavior of weights in the SIB, followed by an analysis of
both SIB and corresponding IB methods on the IB plane.
Due to space limitations, experiments on encoder dropout,
which show the significance of SIB weights, are provided in
the Appendix.

Experiment Setups

Dataset: Several benchmark datasets are used: MNIST (Le-
Cun et al. (1998)) and CIFAR10 (Krizhevsky, Hinton et al.
(2009)). All the results are based on the test set.

Comparing algorithms: Existing variants of the IB La-
grangian, such as VIB, square VIB (sqVIB), and NIB, are
compared to the proposed structured counterparts, SVIB,
sqSVIB, and SNIB. Additionally, the estimators MINE and
KNIFE, along with their structured versions, are evaluated,
whose detailed comparisons is provided in the Appendix.

Network structure: PyTorch (Paszke et al. 2019) is em-
ployed to implement the algorithms. Network architectures
vary based on the specific algorithm and dataset. In particu-
lar, a multilayer perceptron (MLP) is used for MNIST, while
a convolutional neural network is adopted for CIFAR-10.
Detailed network architectures and hyperparameter settings
are provided in the Appendix.

Devices: The experiments were conducted on a system
equipped with a 12th Generation Intel(R) Core(TM) i7-
12700 CPU, operating at a frequency of 2100MHz. The



CPU has 12 cores and 20 logical processors. The system
also includes an NVIDIA GeForce RTX 4070 Ti GPU with
a WDDM driver and a total available GPU memory of
12282MB.

Performance Analysis and Evaluation

The accuracy, I(Z,Y),1(X, Z), and the number of model
parameters with respect to the number of encoders are de-
picted in Figure 3. The Lagrange multiplier S is set to 1
for SVIB and sqVIB, and 0.01 for SNIB. Notably, when
K = 1, the algorithms reduce to the standard IB La-
grangian. Furthermore, to estimate (X, Z), we employ
Monte Carlo sampling (Goldfeld et al. (2018)). Besides,
given that I(Z,Y) = H(Y) — H(Y|Z), we estimate the
conditional entropy H (Y| Z) using the cross-entropy loss. It
is also important to note that H(Y") is a known constant de-
termined by the dataset. Indeed, as depicted in Figure 3, the
upper four diagrams represent results based on the MNIST
dataset, while the lower four diagrams are derived from the
CIFAR10 dataset.

Figure 3 illustrates the accuracy, I(Z,Y),I(X,Z), and
model parameter count in relation to the number of en-
coders. The Lagrange multiplier, 3, is set to 1 for SVIB
and sqVIB, and 0.01 for SNIB. Importantly, the algorithms
reduce to the standard IB Lagrangian when K = 1. MI
I(X, Z) is estimated using Monte Carlo sampling (Goldfeld
et al. 2018), while I(Z,Y) = H(Y) — H(Y|Z) is derived
from the conditional entropy H (Y| Z), calculated via cross-
entropy loss and a dataset-dependent constant H(Y"). The
upper and lower rows of Figure 3 present results for MNIST
and CIFAR-10, respectively.

For MNIST dataset, our structured algorithms consis-
tently outperform the original IB Lagrangian in terms of
accuracy and I(Z,Y’) even when the number of model pa-
rameters is reduced. This improvement is attributed to our
method’s ability to extract supplementary features that en-
hance the information content of the main feature. However,
as K increases, the performance may meet the bottleneck
which will prevent it from surging. Thus, the number of en-
coders which determine the amount of parameters should be
chosen carefully. In most cases, I(X, Z) experiences a slight
decrease as well. However, the mechanism behind this phe-
nomenon should be investigated in the future. The perfor-
mance on the CIFAR10 dataset is similar to that of MNIST.

For the MNIST dataset, our structured algorithms con-
sistently surpass the original IB Lagrangian in terms of ac-
curacy and I(Z,Y), even with reduced model parameters.
This enhancement is attributed to our method’s capacity
to extract complementary features that enrich the primary
feature’s information content. Nevertheless, increasing the
number of encoders K may lead to performance plateaus,
necessitating careful selection of this hyperparameter. While
I(X, Z) generally exhibits a slight decline, the underlying
cause of this behavior warrants further exploration. Notably,
the CIFAR-10 dataset demonstrates performance trends sim-
ilar to MNIST.

In summary, our proposed method consistently outper-
forms traditional approaches in terms of accuracy and fea-
ture extraction, even when using smaller network archi-
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Figure 3: The accuracy, MI I(Z,Y"), I(X, Z) and the num-
bers of model parameters (Num. Params., in Millions) v.s.
the number of encoders. The IB Lagrangian versions are
marked by dashed lines. The left four figures are based on
MNIST while the figures in the right are the results of CI-
FAR10.

tectures. To optimize performance and computational effi-
ciency, careful selection of the hyperparameter K is crucial,
as diminishing returns may occur with excessively large val-
ues.

Behavior of Weights

In this experiment, the Lagrange multiplier 5 was set to 1
for SVIB and sqVIB, and 0.01 for SNIB. Additionally, the
achieved accuracies consistently matched those reported in
the previous subsection.

Intriguingly, we observed a consistent pattern where the
main encoder was assigned the largest weight, even without
explicit constraints. As detailed in Table 1, the weights col-
lectively approximated 1 despite lacking explicit normaliza-
tion. Furthermore, normalizing the weights to sum exactly to
one had negligible impact on performance metrics. Conse-
quently, additional weight manipulations were deemed un-
necessary.



MNIST

K SVIB sqSVIB NIB
2 (0.9453, 0.0833) (0.9302, 0.1041) (0.9498, 0.0907)
3 (0.8901, 0.0441,0.1159)  (0.9202, 0.0407, 0.0629) (0.7927, 0.0729, 0.1438)
CIFAR10
SVIB sqSVIB NIB
2 (0.8061, 0.2383) (0.9345, 0.0872) (0.8323,0.2574)
3 (0.8037,0.0889, 0.1659) (0.6684, 0.2058, 0.2626) (0.8457, 0.2040, 0.1275)

Table 1: The weights of encoders.

Furthermore, as detailed in Table 1, the auxiliary encoder
weights are generally larger for the CIFAR-10 dataset com-
pared to MNIST, indicating that these encoders contribute
more significantly to the overall performance on more com-
plex tasks.

Behavior on IB Plane

This section analyzes the behavior of our proposed algo-
rithms and original IB Lagrangian algorithms on the IB
plane, using two encoders, i.e., ' = 2. Figure 4 presents re-
sults for MNIST (left column) and CIFAR-10 (right column)
datasets. Our methods consistently achieve higher I(Z,Y")
compared to the original IB Lagrangian. However, the rate
of decrease in I(X, Z) is generally slower. Notably, SNIB
consistently exhibits lower I(X, Z) than NIB. Furthermore,
the (X, Z) of SVIB and sqSVIB converges to that of VIB
and sqVIB as the Lagrange multiplier 8 increases. Crucially,
our methods demonstrate the ability to attain higher I(Z,Y)
for a given level of I(X, Z) as revealed in the third row.

In summary, our proposed method effectively improves
the informativeness of extracted features while maintaining
or even enhancing data compression (especially for SNIB).
Additionally, our models achieve superior feature utility at
comparable compression levels compared to the original IB
Lagrangian. Significantly, these advantages are realized with
a reduced number of model parameters as shown in Figure
3.

Conclusion and Discussion

This paper introduces a novel structured architecture de-
signed to improve the performance of the IB Lagrangian
method. By incorporating auxiliary encoders to capture ad-
ditional informative features and combining them with the
primary encoder’s output, we achieve superior accuracy
and a more favorable IB trade-off compared to the original
method, even with a significantly smaller network. Our re-
sults highlight the effectiveness of our approach in enhanc-
ing feature utility while maintaining desired compression
levels. Furthermore, we demonstrate the crucial role of aux-
iliary encoders in driving these improvements.

Several limitations warrant further investigation. The cur-
rent linear aggregation function may oversimplify feature
space interactions, necessitating more sophisticated com-
bination strategies. Additionally, theoretical advancements,
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1(Z,Y)
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Figure 4: Behavior of Algorithms on the IB Plane. The origi-
nal IB Lagrangian methods and their structured counterparts
are represented in the same color, differentiated by solid and
dashed lines. The left and right figures correspond to the
MNIST and CIFARI10 datasets, respectively.

such as relaxing the Gaussian assumption and investigating
how to assist the compression, could refine both the aggrega-
tion function and decoder design. While this study focuses
on IB Lagrangian methods, our structured architecture holds
potential for broader applications. Overall, we believe our
proposed framework offers a promising foundation for fu-
ture research.
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