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Abstract

Motivated by the settings where sensing the entire tensor is
infeasible, this paper proposes a novel tensor compressed
sensing model, where measurements are only obtained from
sensing each lateral slice via mutually independent matrices.
Leveraging the low tubal rank structure, we reparameterize
the unknown tensor X* using two compact tensor factors and
formulate the recovery problem as a nonconvex minimiza-
tion problem. To solve the problem, we first propose an al-
ternating minimization algorithm, termed Alt-PGD-Min, that
iteratively optimizes the two factors using a projected gra-
dient descent and an exact minimization step, respectively.
Despite nonconvexity, we prove that Alt-PGD-Min achieves
e-accuracy recovery with O (k”log 1) iteration complex-
ity and O (k°rnslogns (K°r (n1 4 n2) 4+ n1log 1)) sam-
ple complexity, where s denotes tensor condition number of
X’*. To further accelerate the convergence, especially when
the tensor is ill-conditioned with large x, we prove Alt-
ScalePGD-Min that preconditions the gradient update using
an approximate Hessian that can be computed efficiently. We
show that Alt-ScalePGD-Min achieves « independent itera-
tion complexity O(log %) and improves the sample complex-
ity to O (Ii4Tn3 logns (&4r(n1 + n2) + n1log %)) Exper-
iments validate the effectiveness of the proposed methods.

Introduction

Motivated by the well-known compressed sensing and ma-
trix sensing (Candes, Romberg, and Tao 2006; Recht, Fazel,
and Parrilo 2010) problems, tensor compressed sensing
(TCS) has attracted increasing attention in recent years (Shi
et al. 2013; Rauhut, Schneider, and Stojanac 2017; Tong
et al. 2022b; Chen, Raskutti, and Yuan 2019). The goal of
TCS is to recover a tensor X* € R™*"2X"s from a few
measurements y € R™(m < ningns), where y = A (X™)
and A : R™"1*"2xns 5 R™ jg a linear operator. Since this
problem is ill-posed for arbitrary X', the success of TCS re-
lies on the existence of the low dimensional intrinsic struc-
ture in the original high-order tensor X*. Such a structure
has been widely validated and utilized in many real-world
applications such as dynamic MRI (Yu et al. 2014; Gong
and Zhang 2024), video compression (Li et al. 2022; Ma
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et al. 2019; Liu et al. 2023b), snapshot compressive imaging
(Ma et al. 2019; Liu et al. 2023b), quantum computing (Ran
et al. 2020; Kuzmin et al. 2024), image recovery (Fan et al.
2023), and collaborative filtering (Fan 2022).

In the literature, different tensor decompositions can in-
duce different definitions of tensor rank (Kolda and Bader
2009), which are often more complex than matrix rank. Con-
sequently, the non-uniqueness and complexity of the tensor
rank make TCS a non-trivial extension of matrix sensing.
Most works of TCS assume that the ground truth tensor X
has a low Tucker rank (Han, Willett, and Zhang 2022; Luo
and Zhang 2023; Ahmed, Raja, and Bajwa 2020; Mu et al.
2014) or a low tubal rank (Zhang et al. 2020b; Hou et al.
2021; Lu et al. 2018; Liu et al. 2023a), which are induced
by Tucker decomposition (Tucker 1966) and tensor Singu-
lar Value Decomposition (t-SVD) (Kilmer and Martin 2011)
respectively. In these works, the measurements are given by

Y; = <A'L'7X*>; (1)

where A; € R™"1*"2X"3 hag ij.d. zero-mean Gaussian en-
tries and can sense entire X,

It should be pointed out that in many scenarios, it is diffi-
cult to sense the entire tensor X, preventing the application
of the sensing model (1). For instance, due to memory or pri-
vacy limitations, large-scale tensor data may be partitioned
into multiple smaller tensors stored in a distributed network
(Moothedath and Vaswani 2024; Singh and Vaswani 2024;
Wu and Sun 2024). Another example is when the tensor
X’*, such as images or videos, is collected in an on-the-fly
streaming setting (Srinivasa et al. 2019).

To address the challenge, we propose a novel tensor com-
pressed sensing model where each measurement is gener-
ated from locally sensing a slice of X*. Our model is de-
tailed as follows.

Definition 1 (Local TCS) For each lateral slice i € [ns], its
Jj-th local measurement y;; is obtained by

yii = (A, 4,0), X5 (5,4,1), i €na], j€[m], (2

where the A;(:, j,:) € R™*"3 denotes the j-th sensing ma-
trix for i-th lateral slice of X*.

Take the dynamic video sensing mentioned before as an ex-
ample. Under the local TCS model in (2), the entire video
is modeled as X, with each lateral slice X™*(:,1,:) repre-
senting the video frame at i-th timestamp (Li, Ye, and Xu

i€ [m],



2017; Zhou et al. 2017; Wang et al. 2020). The observa-
tions {yji};”:l is obtained by measuring the i-th frame of

video X*. We aim to recover X* € R™ *"2%73 from the

measurements {y;;}, 57" obtained via (2). Under this

framework, fundamental questions to understand are:
Under what conditions can we provably recover X,

and how to compute the solution efficiently?

This paper considers the problem above under the struc-
tural assumption that the ground truth X is of low tubal
rank with 7 < min {ny,n2,n3} (see Definition 8). We fo-
cus on low tubal rank for two key reasons. First, it can be
computed more efficiently by solving multiple SVDs in the
Fourier domain compared to CP and Tucker ranks (Zhang
et al. 2014). Second, the convolution operator in this model
is particularly effective at capturing the “spatial-shifting”
properties of data (Liu et al. 2019; Wu et al. 2022; Wu and
Fan 2024). Our main contributions are summarized as fol-
lows.

e We introduce a novel local TCS model (2) for tensor
compressed sensing with measurements obtained by lat-
eral slice-wise sensing. Compared to the traditional TCS
model (1), local sensing does not rely on the availability
of the entire tensor, which greatly enlarges its applicable
scenarios, such as real-time and distributed processing.
We formulate the recovery problem as a nonconvex min-
imization problem based on the low tubal rank tensor
factorization for X*. An alternating minimization algo-
rithm, called Alt-PGD-Min, is proposed to solve the
problem with efficient computations per iteration. We
show that under suitable conditions on the sensing oper-
ator, with O (HGT’I’L;), log ns (KQ’I“ (n1 + n2) + nq log %))
samples Alt-PGD-Min computes a solution that is e-
close to X* in O (nz log %) iterations, where k is the
tensor condition number of X*.

To improve the dependency of both the sample and
iteration complexity on x, we further proposed Alt-
ScalePGD-Min that preconditions the gradient step
in Alt-PGD-Min using an approximation of the Hes-
sian matrix that is cheap to compute. We show that
by incorporating the preconditioner, Alt-ScalePGD-
Min iteration complexity O(log 1) that is indepen-
dent of k, and improves the sample complexity to
O (,%47%3 log ng (m4r(n1 +n2) + nq log %))

We validated the proposed local sensing model and algo-
rithms on both synthetic and real-world data. Numerical
results show that the proposed algorithms can achieve ef-
fective performance in the local TCS model (2).

Related Work

Tensor Compressed Sensing (TCS). Canonical TCS
problems (1) based on Tucker and t-SVD decompositions
have been extensively investigated in recent years. Stud-
ies in (Shi et al. 2013; Rauhut, Schneider, and Stojanac
2017; Ahmed, Raja, and Bajwa 2020; Mu et al. 2014; Chen,
Raskutti, and Yuan 2019; Han, Willett, and Zhang 2022; Luo
and Zhang 2023) utilized convex or non-convex optimiza-
tion methods to solve low Tucker rank based tensor CS. For
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TCS with low tubal rank under the t-SVD framework, Lu
et al. (2018) proposed a convex method that minimizes the
tensor nuclear norm (TNN) with order optimal sample com-
plexity. Zhang et al. (2020b) proposed a regularized TNN
minimization method with provable robust recovery perfor-
mance from noisy observations based on the defined tensor
Restricted Isometry Property (RIP). Hou et al. (2021) pro-
posed convex methods to solve one-bit TCS from binary
observations and provided robust recovery guarantees. Liu
et al. (2024) developed theoretical guarantees for the non-
convex gradient descent method, which deals with exact low
tubal rank and overparameterized tensor factorizations for
solving the model (1). Liu et al. (2023a) fused low-rankness
and local-smoothness of real-world tensor data in TCS and
obtained the provable enhanced recovery guarantee. How-
ever, all existing TCS studies focus on models where random
measurement tensors have access to the entire ground truth
tensors, rather than recovering the low-rank tensor through
local measurements as proposed in our TCS model in (2).

CS from Local Measurements. Compared to the canon-
ical CS model, the investigation of CS that recovers from
local measurements as model (2) is less explored. Nayer and
Vaswani (2022); Vaswani (2024); Srinivasa et al. (2019);
Srinivasa, Kim, and Lee (2023); Lee et al. (2023) considered
matrix sensing model that involves recovering a low-rank
matrix from independent compressed measurements of each
of its columns. Srinivasa et al. (2019); Srinivasa, Kim, and
Lee (2023); Lee et al. (2023) proposed convex programming
methods that minimize relevant mixed norms with prov-
able guarantees, while Nayer and Vaswani (2022); Vaswani
(2024) proposed efficient non-convex method and obtained
improved iteration and sample complexities.

Nevertheless, to our knowledge, all existing studies
on CS from local measurements focused solely on two-
dimensional matrices, rather than higher-order tensors that
widely exist in science and engineering. Reshaping a ten-
sor into a matrix format to apply matrix methods overlooks
the interactions across all dimensions and destroys the in-
herent structures of data. Therefore, it is essential to study
TCS from local measurements, as proposed in our model
(2), which has not been addressed in the literature, despite
its significant applications in areas like video compression
for online or distributed settings (Wu and Sun 2024; Srini-
vasa et al. 2019). Our experimental results such as Figures
1 and 4 will demonstrate the superiority of tensor CS over
matrix CS.

Preliminaries
Notations

We use letters x, x, X, X to denote scalars, vectors, matri-
ces, and tensors, respectively. Let {a,,b,},~; be any two

positive series. We write a,, = b, (or a, < by,) if there

exists a universal constant ¢ > 0 such that a,, > c¢b,, (or
an, < cby,). The notations of a,, = Q(b,) and a,, = O (by,)
share the same meaning with a,, 2 b,, and a,, < b,,.

The i-th horizontal, lateral, and frontal slice matrix of
X are denoted as X (i,:,:), X(:,4,:), and X(:,:, ) respec-
tively. The (i, j, k)-th element is denoted as &', ;5. For sim-



plicity, we also use X @) to denote the i-th frontal slice.
X (i) € Rm*1%ns denotes the tensor that only composed
of the ¢-th lateral slice of X'. The inner product of tensors
is denoted as (X,Y) = Zijk X1 Yiji. The Frobenius

norm of tensor is denoted as || X'||r = />, ijk. We use

fft(X, [],3) = X € C™*"2X"s (o denote performing DFT
on all the tubes of X’ € R™*"2%"3_ The inverse FFT on X

can turn it back to the original tensor, i.e., X=ifft(X, [ ], 3).

Definitions, Tensor Factorization and Tubal Rank
Unfold and Fold operators for a tensor are defined as

Unfold (&) i= | X3 X (2] 3)
Fold (Unfold (X)) := X. 4)
Denote the block circulant matrix of X as
x M x (n3) .o X®
x @ xM oo X®)
beirc(X) :=
x()  xm-n . x O

The above beirc(X’) can be block diagonalized as
(Fry ® I, ) - beire(X) - (Fpg @ Iny) = X, (5)

where F';, denotes the n-dimensional discrete Fourier trans-
formation matrix, ® denotes the Kronecker product and X
is defined as:

X := bdiag (X) := diag (7(“; X)L ©)

With the above definitions, we introduce the following
arithmetic operations for tensors.
Definition 2 (Tensor-Tensor product (T-product )) (Kilmer

and Martin 2011) The tensor product between tensors X €
R™Mxm2Xn3 gpd Y € R"2*"4X1s ¢ defined as:

X xY = Fold(bicrc(X)Unfold(Y)) € R™>™X"3_(7)

Definition 3 (Conjugate transpose) (Lu et al. 2020) The
conjugate transpose of X € R™*"2Xn3 jg X that X°(:

1) = (X(1)> L X (s +2—14) = (X(i)) for
2 < i < ng, where X is conjugate transpose of X.
Definition 4 (Identity tensor) (Kilmer and Martin 2011) If

Z(::1) =1,andZ(:,:,i) = 0, for 2 < i < ng, then
T € R"*™X"s s defined as the identity tensor.

Definition 5 (Orthogonal tensor) (Kilmer and Martin
2011) A tensor @ € R"*"*™3 s defined as the orthogo-

nal tensorif @ x Q° = Q°x Q = T.
Definition 6 (Tensor inverse) (Kilmer and Martin 2011) An

nxnxng tensor X has an inverse Y if XxY =TI and Yx
X = T.If X is invertible, we use X ™' to denote its inverse.

Definition 7 (F-diagonal tensor) (Kilmer and Martin
2011) If all of frontal slices of X are diagonal matrices,
then X is called an f-diagonal tensor.
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Theorem 1 (t-SVD) (Lu et al. 2020) Let X € R™M *"2xn3,
Then it can be factorized as

X=UxS V", (8)

where U € R™M>mxns y ¢ R"2X"2X13 gre orthogonal
tensors and S € R™"*"2%"s js qn f-diagonal tensor.

Similar to matrices, the tensor QR factorization is defined
as follows.

Theorem 2 (T-QR) (Kilmer and Martin 2011) Let X €
R™MX"2Xn3 Then it can be factorized as

X =09xR, (€))

where @ € R™X™X"s s orthogonal, and R™ "> is
an f-upper triangular tensor whose frontal slices are all up-
per triangular matrices.

Definition 8 (Tubal rank) (Lu et al. 2020) For a tensor
X € R™*m2Xn3 jts tubal rank is defined as the number
of nonzero singular tubes of S, where S is the f-diagonal
tensor obtained from t-SVD of X. Specially,

rank; (X) = # {i: S(i,i,:) #0}. (10)

Lastly, we introduce the tensor spectral norm and condi-
tion number.

Definition 9 (Zensor spectral norm ) (Lu et al. 2018) The
spectral norm of X € R *"2X"s g defined as

1] = O (beire (X)) = max oymax (7(”) Can

1€EN3
where omax(X) denotes maximum singular value of X.

Definition 10 (Tensor condition number) The condition
number of X € R™*"2X"s ig defined as the condition num-
ber of bcirc(X) as

Omax (bcirc (X))

w( &) = r(beire(X)) = e ()

(12)
where the o (beirc (X)) denotes the smallest nonzero
singular value of bcirc(X).

If the condition number « (X) is close to 1, the tensor X’
is said to be well-conditioned. Conversely, if the condition
number x (X) is large, then X is deemed ill-conditioned
(Tong et al. 2022a). From Figure 1 and Figure 2, recovering
the ill-conditioned low-rank tensor X in the TCS problems
is more challenging.

Algorithms and Theoretical Results

Given the local TCS model (2), a natural formulation is to
minimize the fitting loss

m

F0) =303 (s = (Al 4,2), X (5 0,0)))7 . (13)

i=1 j=1

under the constraint that the tubal rank of X is at most equal
to r. Based on the t-SVD, we can reparameterize the vari-
able as X = U x V to incorporate the low-rank constraint,
with U € R™*7"*"s gatisfying the orthogonality constraint



U U =T, and YV € R™*"2%"3_Qverall, the optimization
problem is written as:

mm f bl V ZZ y]z - .7:)71/{ * V(Z,’i, )>)
=1 j=1
st. UxU=T,.

(14)
Note that the reparameterization also significantly reduces
the number of variables under small r, unlocking the poten-
tial of designing low-complexity algorithms. However, as a
tradeoff, it introduces nonconvexity through the tensor prod-
uct in the objective and the orthogonality constraint.

This section proposes algorithms to solve (14) to the
global minimum despite nonconvexity. The approach con-
sists of two stages. The first stage employs a spectral initial-
ization to find an initial point U that is sufficiently close
to the minimizer, thus providing a warm start for the second
stage. The second stage is based on a local search strategy
that alternately optimizes U and V according to (14). In the
remainder of this section, we provide a detailed introduction
to the two stages.

The following mild assumptions are made on X and the
sensing operator {.4;}""*, for obtaining our results.

Assumption 1 The ground truth X* € R™*7"2X"s jgg
tubal rank r < min{ny, na,ng}. Its skinny -SVD is X* =
U xS (V") that U* ]R’””X”S,S* € R™>xms Y* e
R™>"2X13 gqpd Z* = 8* x (V*)°. There exists a finite con-

stant p such that rn[ax] ||Z*(:,i, Me < py /= 1X7].

i€[ne 2

This assumption is similar to the tensor incoherence con-

dition in the low tubal rank tensor recovery literature (Zhang

and Aeron 2016; Lu et al. 2018, 2020; Zhang et al. 2020a)
and ensures that our problem remains well-posed.

Assumption 2 Each sensing tensor A; € R"t*M*"3 /j ¢
[n2], has i.i.d. standard Gaussian entries.

Stage I: Truncated Spectral Initialization

The idea of spectral-based initialization, which is used for
providing a “warm start” within the basin of attraction for
X, has been extensively utilized in various non-convex
low-rank matrix and tensor recovery problems (Cai et al.
2019; Liu et al. 2024). Inspired by the truncation tech-
nique (Chen and Candes 2015; Wang, Giannakis, and Eldar
2017; Vaswani 2024), we design the following initialization
method for the local sensing model (2). Specifically, let

: 1 & ,
( 2 :) = miojzzlyj’LA'L(m?a :)

where 1 {lvisl<va) denotes an indicator function that is

Xy 15)

' l{ma‘iIS\/E}’

equal to 1 when |y;;| < /o and O otherwise. mg is the
number of sensing matrix for per lateral slice. The « is the
threshold in truncation and its formula is given in the subse-
quent theorem. The reason for truncation is that we can use
tight sample complexity to bound the concentration of X,
on X*. Subsequently, we perform the QR decomposition:

Xy = Qo * Ro, (16)

2
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and initialize the orthogonal tensor Uy € R™*"*"s to be
the first r lateral slices of Q,, i.e.,

Uy =9Qo(:,1:1,:).
The following measure defines the sine of the largest an-
gle between tensor subspaces spanned by their lateral slices.

Definition 11 (Principal angle distance) For two orthogo-
nal tensors Ay, As € R" "> the principal angle dis-
tance between A, and A; is defined as

Dis (A1, As) = ||(Z, — As % AS) + As||.

Based on this measure, we can prove the effectiveness of the
proposed initialization method in the following theorem.
Theorem 3 Consider the TCS model (2) under Assumption
1 and 2. The initialization U in Algorithm 1 satisfies

0.016

a7)

Dis (Up, U*) < (18)
VrK?
with a probability at least
Comon
1 —exp (01 (n1 +n2)logng — M)
3
mon2

— €xp <_63’W> ) (19

where k is the tensor condition number of X* and c1, co, c3
are universal constants that are independent of model pa-
rameters.

Theorem 3 immediately implies the following sample
complexity for our spectral initialization scheme.

Corollary 1 In the same setting as Theorem 3, if the sample
size my for initialization satisfies

8,22

mong 2, K- p reng(ny + ng) logns, (20)

then (18) holds with probability at least 1 — m

Compared to the total number of entries in U™ and Z*,
which is rn3(n; + ng), Corollary 1 shows a good initial-
ization can be achieved with a sample size only having an
additional factor of r log n3 (modulus constants «, ().

Stage II: Local Search

The second stage concerns iteratively refining the initial
point U, computed by Stage I by local search. Since the
objective f in (14) is bi-convex in U and V, based on this
structure, we first propose the Alt-PGD-Min algorithm that
alternately updates these two factors.

The AI-PGD-Min Algorithm. Let{; and V, be the val-
ues of U and V at iteration ¢.

1) Exact minimization for V: Fixing U+, the lateral slices
of V are decoupled in problem (14). Thus, we can update
each lateral slice V(:, 7, :) in parallel by solving the follow-
ing minimization problem

Vi(i) € argmin Z yii — (U5 + Ai(4), B)?,  21)

BeRrxlan



which can be reformulated as follows based on Definition 2
v € arg min || (beire (US) - Unfold (A;))° - v — y;|* .

3 (22)

The problem (22) is a least squares problem. Thus, for every
i € [ng), a closed-form solution can be derived as follows:

H, ; = beirc (U7) - Unfold (A;) ,
e\ —1
Vi = (Ht,th,i) H;:,y,,
Vt (’L) = Fold ('Ut,i) . (23)
2) Projected gradient descent for U: Although for fixed
V., f is also convex in U, in pursuit of computation-efficient
update, instead of performing exact minimization, we em-
ploy a first-order gradient descent step to update U (Gu et al.

2024), followed by a projection step onto the orthogonality
constraint set. Specifically, we first compute

Ur =Us =133 (i — WS+ AG), Vi)
i=1 j=1
A (5) % (V)€ (24)

with step size 7 > 0. Then we obtain a tensor Qt+1 by the

QR decomposition Z:{tH = Qtﬂ * 7A?,t+1. The updated of
U is given by

Ui = Qt+1(1, 1:r,). (25)

The complete Alt-PGD-Min algorithm is described in Al-
gorithm 1. It is worth mentioning that we use the sample-
splitting technique in Algorithm 1, where we divide the total
samples and measurements pairs of each slice into 27" + 1

groups as {.A(k)}QT+1 The last two groups are used for ini-
tialization that the sample size for each lateral slice is my,
and Alt-PGD-Min draws two fresh groups of samples from
the remaining groups per iteration, where the sample size for
each lateral slice is m.. The splitting strategy ensures statis-
tical independence of the samples across iterations, which
is a key component to simplifying the convergence analysis
and has been used in various low matrix and tensor learning
algorithms (Hardt and Wootters 2014; Jain and Netrapalli
2015; Ding and Chen 2020; Cai, Li, and Xia 2022).

The  computational  complexity  per iteration
in Alt-PGD-Min  for wupdating U and V s
O (nlngmcr + n3mer + ninonzr + n1n37"2) and
@ (nlngngmcr + me(rnz)?ng + (ngr)3n2), respectively.

Theorem 4 In the same setting as Theorem 3, if the initial-
ization U satisfies (18) and n = W with ¢, < 0.9,
then the iterates generated by Alt-PGD-Min satisfies

0.84c,
2

¢
Dis(U;,U*) < <1 — ) -DisUo, U™),

[X4(i) = X" (D)l p < 1.4DisUe,U™) - | X7 (0)]| o (26)
for¥t > 0,14 € [ng] with a probability at least

C5MN N2
1— log ng — 22
P <C4(n1 +r)logns /<a4u2n37">
— exp (logns + rlogng — cgme) , 27

Algorithm 1: Alt-PGD-Min/Alt-ScalePGD-Min

Input: Number of iteration 7', total sensing tensors

with sample splitting {{.A(k)}ﬂ+1 2., corresponding

sample-splitting local measurements {{y, k)}QTH 2
T, K, l4, No, Step size 7.
1: fort=0,1,...,7 —1do
2: > Update U
3: ift = 0 then © Initialization
4: Set A; = AT Y = y*) Vi € [ng),
K22 2
5: Calculate o« = C'= 3 "mZ7 LYt
6: Set A; = Al@TH), (2T+1) Vi € [no,
7: Construct i’o as (15), . . .
8: Conduct QR decomposition Xy = Qg * Ry,
9: Initialize U by top-r lateral slices of Q.
10: else
11: fori=1,2,...,nodo
12: A = ATy =TT i€ ny),
13: H, ;= bcirc(ut_l) Unfold(.A;),
14: bt—l,i = H§_17iUnf01d(vt_1(i)) - Y,
15: Tt*1<:7ia:) = Z;'n:l(bt*Li)jA/i(:aj?:)’
16: end for
1%+ Alt-PGD-Min*##/
17: Ut =U; — 77th1 * Vf,l,
/*#*+Alt-ScalePGD-Min***/
18: th :UtfnTt_l*Vf_l*(Vt_l *Vf_l)fl,
19: Calculate U, as (25) by QR decomposition,
20: end if
> Update V
21: fori=1,2,...,nydo
22: A; = AT gy = gl i [ny),
23: H, ; = bcirc(Uy) - Unfold(.A,L)
24: Vi, = (Ht,in,i)_l H:,y;,
25: V. (i) = Fold(vy ;).
26: end for
> Update X
27: Xt = Ut * vt,
28: end for

Output: Recover tensor Xp_.

where cy4, c5, cg are universal positive constants independent
from model parameters.

Theorem 4 shows that even (14) is non-convex, if the ini-
tialization U, is sufficiently close to the minimizer, the iter-
ations of Alt-PGD-Min will converge at a linear rate to X*.

Corollary 2 In the same setting as Theorem 4, if the n =
% and the sample size m. satisfies
me 2 max {/{ ,u rnins logns/na, logna, rlog TL3} (28)
then it takes T = crr*log  iterations for Alt-PGD-Min to
achieve e-accuracy recovery, i.e.,
Dis Ur,U*) <,
[ X7 (i) = X7 ()| p < L4€ | X" (i) ||, Vi € [n2]  (29)



. . 1
with probability at least 1 — [CREToNE

The sample complexity given by (28) scales linearly with
r, showing improved dependence on r compared to that for
the initialization Stage 1. When the number of lateral slices
is large enough such that ny = k*1%nq log ns, the order of
m, becomes O(rns), which is significantly smaller than the
size of lateral slice ning as r < min(ny, ns).

Combining the results of Corollary 1 and Corollary 2, we
can immediately conclude the overall sample complexity of

Alt-PGD-Min as follows.

Corollary 3 Consider the TCS model (2) under Assump-
tion 1 and 2. For Alt-PGD-Min to achieve e-accuracy re-
covery as described by (29) with high probability at least

— W the total sample complexity m for each lateral
slice is

1
mng 2 KG/LQ’I‘ng log ng (KZQT (n1 + ng) 4+ n1log 6)
(30)

and m 2, k* max {log na, 7 log nz} log L.

The total sample complexity in (30) comprises two parts:
one is from initialization and the other is from iterative re-
finements. The dependency of the sample complexity on re-
covery accuracy e is because of the sample splitting strategy
introduced in the algorithm, which is common in all the anal-
yses where such a technique is adopted (Jain, Netrapalli, and
Sanghavi 2013; Hardt and Wootters 2014; Ding and Chen
2020; Vaswani 2024).

Alt-ScalePGD-Min: Acceleration by Preconditioning.
To mitigate the influence of large ~ and improve the algo-
rithm efficiency, especially for ill-conditioned problems, we
propose to accelerate by pre-conditioning the gradient step
that is sensitive to . Recall (24) and let b, ; := H f,ivtyi —

Y0 € [no] and T(:,4,:) = 2200 (bra)j - Al Jy2), we
rewrite the updating step as
Uy =Uy — 0Ty % V5. 31)

Comparing to the gradient step (31), the key difference of
Alt-ScalePGD-Min is that it preconditions the search direc-
tion of U, by inverse of V; * V5, i.e.,

Ui =U — T+ Vix (Ve V)1 (32)

Note that the inverse in (32) is easy to compute because
the related tensor has a size of r X r X ng, significantly
smaller than the dimension of the tensor factors. Thus, each
iteration of scaled GD incurs minor additional complexity
O (n17®n3 + r®n3) than the GD of Alt-PGD-Min in (31).

The convergence of Alt-ScalePGD-Min is given in the
following theorem.

Theorem 5 Consider the TCS model (2) under Assumption
I and 2. Let the step size n = —L and all other parameters

are set the same as Theorem 4 then the iterates generated
by Alt-ScalePGD-Min satisfy

Dis (U, U*) < (1 —0.89¢,)" - Dis (U, U*)
with at least the same probability as (27).

(33)
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Corollary 4 In the same setting as Theorem 5, if n = 0 8

and sample size for each lateral slice m. satisfies (28), then
to obtain the e-accuracy recovery as described by (29), the
iteration complexity for Alt-Scale-GD is

1
T = c7log —. (34)
€

Theorem 5 and Corollary 4 show Alt-ScalePGD-Min con-
verges linearly at a rate that is independent of the condition
number k, significantly improving over the O (/<;2 log %)
complexity of Alt-PGD-Min.

Corollary 5 Consider the TCS model (2) under Assumption
1 and 2. The total sample complexity m for each lateral slice
to achieve e-accuracy recovery as (29) with high probability

at least 1 — W is

1
mng > k*p’rnslogns <I€4’I’(TL1 +ng) + nq log 6>
(35

and m Z max {log na, rlog nz} log L.

Due to the same initialization, the first term in (30) and (35)
are the same. However, Alt-ScalePGD-Min improves over
Alt-PGD-Min by a factor of x? in the second term due to
improved convergence rate. When the recovery accuracy is
sufficiently high such that the second term dominates the
first, i.e., log * > r'r(1+ 2), the total sample complexity

of Alt-ScalePGD-Min is O (k*pi*rninglognglog 1), sig-

nificantly improving upon the O (k%u?rninslog nglog 1)
of Alt-PGD-Min for large k.

Experiments

We evaluate our proposed methods on both synthetic and
real-world data. Since model (2) has not been studied in
existing works, we can only compare our method with the
low-rank matrix column-wise CS method (LRcCS) (Nayer
and Vaswani 2022), which is closest to our TCS model
in application. To compare with this method, we conduct
Unfold(X’™) operation which reshapes each lateral slice into

a vector. The performance of algorithms is measured by the

relative recovery error ”T”HF which is plotted concern-

ing the iteration number.

Synthetic Data

We generate a synthetic tensor with n; = ng = 20,ny =
400, = 4, of which the details are in the Appendix. The
sample sizes are mg = 200 and m,. = 100 without sam-
ple splitting. We test three algorithms with the same step
size and sample sizes under different x = 1,2,4. The re-
sults are plotted in Figure 1, which shows that both our pro-
posed methods have linear convergence rates while LRcCS
fails in all cases. The convergence rate of Alt-PGD-Min be-
comes slower with increasing x while Alt-ScalePGD-Min
converges with independence on «, with all curves overlap-
ping.

In the second setting, the data generation is the same
as the first. However, we validate the performance under



- —— Alt-PGD-Min-x = 1
= O e AI-PGD-Min-s = 2
>~ —— Alt-PGD-Min-x = 4
= _10 X — =Alt-ScalePGD-Min-x = 1
= N « — = Alt-ScalePGD-Min-r = 2
= S = =Alt-ScalePGD-Min-x = 4
o -20 O LRcCS-k =1
| &\ |=e== LRcCS-k = 2
N LRcCS-k = 4
a2 -30 N
=
&0 -40
—= 0 500 1000

Iteration number

Figure 1: Spectral initialization with m = 200, m. = 100.

random initialization, which has i.i.d. standard Gaussian
entries. Without good initialization, we increase the m,
slightly to m, = 120. The results depicted in Figure 2 show
that both of the proposed algorithms converge with linear
rates after a small number of iterations during the initial
phase while LRcCS still does not work. With larger x, Alt-
PGD-Min slows down significantly while the convergence
speed of Alt-ScalePGD-Min remains almost the same with
almost negligible initial phases.

= ——Alt-PGD-Min-x = 1
= 10 —— Alt-PGD-Min-x = 2
a —— Alt-PGD-Min-x = 4
— 0 — =Alt-ScalePGD-Min-x = 1
= — - Alt-ScalePGD-Min-x = 2
- -10 = =Alt-ScalePGD-Min-x = 4
2N LReCS-k =1
| 208 N LRcCS-x =2
O I i M LRcCS-x = 4
= -30 N
=
&0 -40
—~ 0 100 200 300 400

Iteration number

Figure 2: Random initialization with m, = 120.

Video Compressed Sensing

We test the proposed TCS model (2) in the plane video se-
quence (only approximately low tubal rank) that has been
used in previous work such as (Nayer, Narayanamurthy, and
Vaswani 2019). It has 105 frames and each frame has been
resized into 48 x 64. We use the same samples with size
m = 1600 for initialization and iteration. We set » = 10
for three methods. For each method, we tune the step size to
guarantee it converges and achieves performance as good as
possible. The visual and quantitative comparison results are
shown in Figure 3 and Figure 4, respectively. Alt-ScalePGD-
Min has the fastest convergence rate with the best recov-
ery performance (Figure 3. (a) selected at 20-th iteration).
Both Alt-PGD-Min and LRcCS converge very slowly with
unsatisfied performance (Figure 3. (c) and (d) are selected
by running 8000 iterations). This is because the video has
very large matrix and tensor condition numbers that result
in slow convergence rates.

We can observe that while Alt-PGD-Min outperforms
LRcCS in synthetic data experiments, it performs worse in
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(a) Original (b) LRcCS

i

]
-

(¢) Alt-PGD-Min

(d) Alt-ScalePGD-Min

Figure 3: Visualization of frame-7 in recovered videos.

video compressive sensing. This discrepancy is because the
synthetic data is generated to be exactly low-tubal-rank with
a controlled tensor condition number. In contrast, the video
data is only approximately low tubal rank and has a sig-
nificantly larger tensor condition number compared to its
reshaped matrix condition number. As a result, given the
same number of iterations, Alt-PGD-Min performs worse
than LRcCS in the video CS scenario.

—LRcCS
— Alt-PGD-Min
— Alt-ScalePGD-Min|

——LRcCS
—o— Alt-PGD-Min
—s— Alt-ScalePGD-Min

40 60 80 100
Frame

(a) PSNR for each frame

s

—

20 50

Iteration number

100

(b) Convergence comparison

Figure 4: Quantitative comparison

Conclusion

We introduced a novel local TCS model for low-tubal-rank
tensors and developed two algorithms to solve this model
with theoretical guarantees. The numerical results demon-
strated the effectiveness of our method. There are several
problems worth studying in the future. For instance, it would
be valuable to investigate whether the current theoretical
guarantees can be established without the sample-splitting
technique. Additionally, exploring the possibility of achiev-
ing global convergence under random initialization, without
spectral initialization, remains challenging. Lastly, improv-
ing the complexity dependence on the tensor condition num-
ber is another interesting direction for future work.
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