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Abstract

Pairwise learning includes various machine learning tasks,
with ranking and metric learning serving as the primary rep-
resentatives. While randomized coordinate descent (RCD)
is popular in various learning problems, there is much less
theoretical analysis on the generalization behavior of mod-
els trained by RCD, especially under the pairwise learning
framework. In this paper, we consider the generalization of
RCD for pairwise learning. We measure the on-average ar-
gument stability for both convex and strongly convex ob-
jective functions, based on which we develop generalization
bounds in expectation. The early-stopping strategy is adopt-
ed to quantify the balance between estimation and optimiza-
tion. Our analysis further incorporates the low-noise setting
into the excess risk bound to achieve the optimistic bound as
O(1/n), where n is the sample size.

Introduction
The paradigm of pairwise learning has found wide appli-
cations in machine learning. Several popular examples are
shown as the following. In ranking, we aim to find a model
that can predict the ordering of instances (Clémençon, Lu-
gosi, and Vayatis 2008; Rejchel 2012). In metric learning,
we wish to build a model to measure the distance between
instances (Cao, Guo, and Ying 2016; Ye, Zhan, and Jiang
2019; Dong et al. 2020). Besides, various problems such
as AUC maximization (Cortes and Mohri 2003; Gao et al.
2013; Ying, Wen, and Lyu 2016; Liu et al. 2018) and learn-
ing tasks with minimum error entropy (Hu et al. 2015) can
also be formulated as this paradigm. For all these pairwise
learning tasks, the performance of models needs to be mea-
sured on pairs of instances. In contrast to pointwise learn-
ing, this paradigm is characterized by pairwise loss functions
f : H×Z ×Z 7→ R, whereH and Z denote the hypothesis
space and the sample space respectively. To understand and
apply the paradigm better, there is a growing interest in the
study under the uniform framework of pairwise learning.

Randomized coordinate descent (RCD) is one of the most
commonly used first-order methods in optimization. In each
iteration, RCD updates a randomly chosen coordinate along
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the negative direction of the gradient and keeps other coor-
dinates unchanged. This makes RCD especially effective for
large-scale problems (Nesterov 2012), where the computa-
tional cost is rather hard to handle.

The extensive applications of RCD have motivated some
interesting theoretical analysis on its empirical behavior
(Nesterov 2012; Richtárik and Takáč 2014; Beck and
Teboulle 2021; Chen, Li, and Lu 2023), which focuses on
iteration complexities and empirical risks in the optimiza-
tion process. However, there is much less work consider-
ing the generalization performance of RCD, i.e., how mod-
els trained by RCD would behave on testing samples. It is
notable that the relative analysis only considers the case of
pointwise learning (Wang, Wu, and Lei 2021), which is dif-
ferent from pairwise learning in the structure of loss func-
tions. Besides, this work fails to establish the generaliza-
tion bound based on the `2 on-average argument stability
in a strongly convex case. Therefore, the existing theoretical
analysis of RCD is not enough to describe the discrepancy
between training and testing for pairwise learning. How to
quantify the balance between statistics and optimization un-
der this setting still remains a challenge. In this paper, we
develop a more systematical and fine-grained generalization
analysis of RCD for pairwise learning to refine the above s-
tudy. Our analysis can lead to a more appropriate design for
the optimization algorithm and the machine learning model.

In this paper, we present the generalization analysis based
on the concept of algorithmic stability (Bousquet and Elis-
seeff 2002). The comparison between the existing work and
this paper is presented in Table 1. Our contributions are sum-
marized as follows.

1. Under general assumptions on L-smoothness of loss
functions, coordinate-wise smoothness and convexity of ob-
jective functions, we study the `2 on-average argument sta-
bility and the corresponding generalization bounds of R-
CD for pairwise learning. To achieve optimal performance,
we consider the balance between the generalization er-
ror and the optimization error. The result shows that the
early stopping strategy is beneficial to the generalization.
The excess risk bounds enjoy the order of O(1/

√
n) and

O(
√

log(n)/n) for convex and strongly-convex objective
functions respectively, where n denotes the sample size and
σ is the strong-convexity parameter.

2. We use the low noise condition F (w∗) = O(1/n) to
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Learning Paradigm Algorithm Reference Assumption Noise Seeting Iteration Rate

Pointwise Learning

SGD

Lei (2020)
C, L-S

T � n

O(1/
√
n)

F (w∗) = 0 O(1/n)
C, G-Lip, L-S O(1/

√
n)

SC, G-Lip, L-S O(1/nσ)

Pairwise Learning

Lei (2021)

C, L-S O(1/
√
n)

F (w∗) = O(1/n) O(1/n)
C, G-Lip T � n2 O(1/

√
n)

SC, L-S T � n O(1/nσ)
SC, G-Lip T � n2 O(1/nσ)

RCD This Work C, L-S, Lip-grad T �
√
n O(1/

√
n)

F (w∗) = O(1/n) T � n O(1/n)

SC, L-S, Lip-grad T � log(n) O(
√

log(n)/n)

Table 1: All the above convergence rates are based on excess risk bounds in expectation. C meas the convexity as Assumption
4 and SC means the strong convexity as Assumption 5. G-Lip refers to Assumption 1, L-S refers to Assumption 2 and Lip-grad
refers to Assumption 3. Furthermore, Lei (2020) refers to Lei and Ying (2020), Lei (2021) refers to Lei, Liu, and Ying (2021).

develop shaper generalization bounds under the convex case.
This motivates the excess risk bound O(1/n), which match-
es the approximate optimal rate under the strongly convex
case. However, we should note that the approximate optimal
rate is accessible with a faster computing T � log(n) for
strongly convex empirical risks.

The main work is organized according to the convexity
of the empirical risk. We consider the on-average argument
stability and develop the corresponding excess risk bounds.
The early-stopping strategy is useful for balancing optimiza-
tion and estimation, by which we present the optimal conver-
gence rate. Furthermore, there are two key points about our
proof in comparison with the pointwise case (Wang, Wu, and
Lei 2021): One is applying the coercivity property to bound
the expansiveness of RCD updates since the expectation of
randomized coordinates leads to the gradient descent oper-
ator. The other is following the optimization error bounds
for pointwise learning directly since they both use unbiased
gradient estimations.

Related Work
In this section, we review the related work on RCD and gen-
eralization analysis for pairwise learning.

Randomized Coordinate Descent (RCD). The real-
world performance of RCD has demonstrated its significant
efficiency in many large-scale optimization tasks, including
regularized risk minimization (Chang, Hsieh, and Lin 2008;
Shalev-Shwartz and Tewari 2009), low-rank matrix comple-
tion and learning (Hu and Kwok 2019; Callahan, Vu, and
Raich 2024), and optimal transport problems (Xie, Wang,
and Zhang 2024). The convergence analysis of RCD and its
accelerated variant was first proposed by Nesterov (2012),
where global estimates of the convergence rate were con-
sidered. Then the strategies to accelerate RCD were further
explored (Richtárik and Takáč 2014), for which the corre-
sponding convergence properties were established for struc-
tural optimization problems (Zhao et al. 2014; Lu and Xiao
2015, 2017). RCD was also studied under various settings
including nonconvex optimization (Beck and Teboulle 2021;

Chen, Li, and Lu 2023), volume sampling (Rodomanov and
Kropotov 2020) and differential privacy (Damaskinos et al.
2021). The above study mainly considered the empirical be-
havior of RCD. However, the aim of this paper is to quantify
the generalization performance of machine learning models
trained by RCD.

Generalization for Pairwise Learning. The generaliza-
tion ability shows how models based on training datasets
will adapt to testing datasets. It serves as an important in-
dicator for the enhancement of models and algorithms in the
view of statistical learning theory (SLT). To investigate the
generalization performance for pairwise learning, methods
of uniform convergence analysis and stability analysis have
been applied under this wide learning framework. More de-
tails are described below.

The uniform convergence approach considers the con-
nection between generalization errors and U-statistics, from
which generalization bounds via corresponding U-processes
are developed sufficiently. Complexity measures including
VC dimension (Vapnik, Levin, and Le Cun 1994), cov-
ering numbers (Zhou 2002) and Rademacher complexities
(Bartlett and Mendelson 2001) for the hypothesis space play
a key role in this approach. For pairwise learning, these mea-
sures have been used for studying the generalization of spe-
cific tasks such as ranking (Clémençon, Lugosi, and Vayatis
2008; Rejchel 2012) and metric learning (Cao, Guo, and Y-
ing 2016; Ye, Zhan, and Jiang 2019; Dong et al. 2020). Re-
cently, some work also explored the generalization of deep
networks with these tasks (Huang et al. 2023; Zhou, Wang,
and Zhou 2024). Furthermore, generalizations for the pair-
wise learning framework were studied under various set-
tings, including PL condition (Lei, Liu, and Ying 2021),
regularized risk minimization (Lei, Ledent, and Kloft 2020)
and online learning (Wang et al. 2012; Kar et al. 2013).
As compared to the stability analysis, the complexity analy-
sis enjoys the ability of yielding generalization bounds for
non-convex objective functions (Mei, Bai, and Montanari
2018; Davis and Drusvyatskiy 2022). However, generaliza-
tion bounds yielded by the uniform convergence approach
are inevitably associated with input dimensions (Agarwal
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and Niyogi 2009; Feldman 2016; Schliserman, Sherman,
and Koren 2024), which can be avoided in the stability anal-
ysis.

Algorithmic stability serves as an important concept in
SLT, which is closely related to learnability and consisten-
cy (Feldman 2016; Rakhlin, Mukherjee, and Poggio 2005).
The basic framework for stability analysis was proposed by
Bousquet and Elisseeff (2002), where the concept of uni-
form stability was introduced and then extended to study
randomized algorithms (Elisseeff et al. 2005). The power of
algorithmic stability for generalization analysis further in-
spired several other stability measures including uniform ar-
gument stability (Liu et al. 2017), on-average loss stability
(Shalev-Shwartz et al. 2010; Lei, Ledent, and Kloft 2020;
Lei, Liu, and Ying 2021), on-average argument stability (Lei
and Ying 2020; Deora et al. 2024), locally elastic stability
(Deng, He, and Su 2021; Lei, Sun, and Liu 2023) and Bayes
stability (Li, Luo, and Qiao 2020). While various stabili-
ty measures were useful for deriving generalization bounds
in expectation, applications of uniform stability implied el-
egant high-probability generalization bounds (Feldman and
Vondrak 2019; Bousquet, Klochkov, and Zhivotovskiy 2020;
Klochkov and Zhivotovskiy 2021). Furthermore, the stabili-
ty analysis promoted the study for the generalization of s-
tochastic gradient descent (SGD) effectively (Deng et al.
2023), which was considered under the paradigm of pairwise
learning (Lei, Ledent, and Kloft 2020; Lei, Liu, and Ying
2021) or pointwise and pairwise learning (Wang et al. 2023;
Chen et al. 2023). In contrast to SGD, a more sufficient gen-
eralization analysis of RCD is needed under the framework
of pairwise learning. It provides us guidelines to apply RCD
in large-scale optimization problems for pairwise learning.

Other than the approach based on uniform convergence or
algorithmic stability, the generalization for pairwise learning
was also studied from the perspective of algorithmic robust-
ness (Bellet and Habrard 2015; Christmann and Zhou 2016),
convex analysis (Ying and Zhou 2016), integral operators
(Fan et al. 2016; Guo et al. 2017) and information theoreti-
cal analysis (Dong et al. 2024).

Preliminaries
Let S = {z1, . . . , zn} be a set drawn independently from
a probability measure ρ defined over a sample space Z =
X × Y , where X is an input space and Y ⊂ R is an out-
put space. For pairwise learning, our aim is to build a model
h : X 7→ R or h : X × X 7→ R to simulate the poten-
tial mapping lying on ρ. We further assume that the model
is parameterized as hw and the vector w belongs to a pa-
rameter space W ⊆ Rd. As the essential feature of pair-
wise learning, the nonnegative loss function takes the form
of f :W ×Z ×Z 7→ R. Since ranking and metric learning
are the most popular applications of pairwise learning, we
take them as examples here to show how the learning frame-
work involves various learning tasks. Besides, we present
details of AUC maximization below, which is used as the
experimental validation for our results.

Example 1. (Ranking). Ranking models usually take the
form of hw : X 7→ R. Given two instances z = (x, y), z′ =

(x′, y′), we adopt the ordering of hw(x), hw(x′) as the pre-
diction of the ordering for y, y′. As a result, the prediction
hw(x) − hw(x′) and the true ordering sgn(y − y′) joint-
ly formulate the approach to measure the performance of
models. The loss function in this problem is further defined
as the pairwise formulation of f(w; z, z′) = φ(sgn(y −
y′)(hw(x) − hw(x′))). Here we can choose the logistic
loss φ(t) = log(1 + exp(−t)) or the hinge loss φ(t) =
max {1− t, 0}.
Example 2. (Supervised metric learning). For this problem
with output space asY = {+1,−1}, the most usual aim is to
learn a Mahalanobis metric dw(x, x′) = (x−x′)>w(x−x′).
Under the parameter w ∈ Rd×d and the corresponding met-
ric, we hope that the distance metric between two instances
is consistent with the similarity of labels. Let φ be the lo-
gistic or the hinge loss defined in Example 1. We can for-
mulate this metric learning problem under the framework
of pairwise learning by the loss function as f(w; z, z′) =
φ(τ(y, y′)dw(x, x′)), where τ(y, y′) = 1 if y = y′ and
τ(y, y′) = −1 if y 6= y′.

Example 3. (AUC Maximization). AUC score is widely ap-
plied to measure the performance of classification model-
s for imbalanced data. With the binary output space Y =
{+1,−1}, it shows the probability that the model hw : X 7→
R scores a positive instance higher than a negative instance.
Therefore, the loss function for AUC maximization usually
takes the form of f(w; z, z′) = g(w>(x−x′))I[y=1,y′=−1],
where g can be chosen in the same way as φ in Example 1
and I denotes the indicator function. This demonstrates that
AUC maximization also falls into the framework of pairwise
learning.

With the pairwise loss function, the population risk is de-
fined as the following

F (w) = Ezi,zj∼ρ [f(w; zi, zj)] ,

which can measure the performance of hw in real applica-
tions. Since ρ is unknown, we consider the empirical risk

FS(w) =
1

n(n− 1)

∑
i,j∈[n]:i6=j

f(w; zi, zj),

where [n] := {1, . . . , n}. Let w∗ = arg minw∈W F (w) and
wS = arg minw∈W FS(w). To approximate the best mod-
el hw∗ , we apply a randomized algorithm A to the training
dataset S and get a corresponding output model. We then
use A(S) to denote the parameter of the output model.

Comparing the acquired parameter A(S) and the best pa-
rameter w∗, the excess risk F (A(S))−F (w∗) can quantify
the performance of A(S) appropriately. We are interested in
bounding the excess risk to provide theoretical supports for
the practice of learning tasks. To study the risk adequately,
we introduce the following decomposition

F (A(S))− F (w∗) = [F (A(S))− F (w∗)]− [FS(A(S))

− FS(w∗)] + [FS(A(S))− FS(w∗)] . (1)

Taking expectation on both sides of the above equation and
noting ES [FS(w∗)] = F (w∗), we further decompose the
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excess risk as

ES,A
[
F (A(S))− F (w∗)

]
= ES,A [F (A(S))− FS(A(S))]

+ ES,A [FS(A(S))− FS(w∗)] . (2)

The first and the second term on the right-hand side are re-
ferred to as estimation error (generalization gap) and opti-
mization error respectively. We incorporate SLT and opti-
mization theory to control the two errors, respectively.

In this paper, we consider the learning framework below,
which combines RCD and pairwise learning.
Definition 1. (RCD for pairwise learning). Let w1 ∈ W be
the initial point and {ηt} be a nonnegative stepsize sequence.
At the t-th iteration, we first draw it from the discrete uni-
form distribution over {1, . . . , d} and then update along the
it-th coordinate as

wt+1 = wt − ηt∇itFS(wt)eit , (3)

where∇itFS(wt) denotes the gradient of the empirical risk
w.r.t. to the it-th coordinate and eit is a vector with the it-th
coordinate being 1 and other coordinates being 0.

Considering the generalization for the above paradigm,
we leverage the concept of algorithmic stability to handle
the estimation error. Algorithmic stability shows how algo-
rithms react to perturbations of training datasets. Various
stability measures have been proposed to study the gener-
alization gap in SLT, including uniform stability, argument
stability and on-average stability. Here we introduce the uni-
form stability and the on-average argument stability, with the
latter being particularly useful for generalization analysis in
this paper. It is notable that we follow Lei and Ying (2020)
in the definition of `1 and `2 on-average argument stabilities.
The `1 on-average argument stability refers to the `1-norm
of the vector (‖A(S) − A(S1)‖2, . . . , ‖A(S) − A(Sn)‖2),
while the `2 on-average argument stability refers to the `2-
norm of this vector.
Definition 2. (Algorithmic Stability). Drawing indepen-
dently from ρ, we get the following two datasets

S = {z1, . . . , zn} and S′ = {z′1, . . . , z′n}.
We then replace zi in S with z′i for any i ∈ [n] and have

Si = {z1, . . . , zi−1, z′i, zi+1, . . . , zn}.
Let x ∈ Rd be a vector of dimension d. Then we denote the
p-norm ‖x‖p = (

∑d
i=1 |xi|p)1/p and show several stability

measures below.
(a) Randomized algorithm A is ε-uniformly stable if for any
S, Si ∈ Zn the following inequality holds

sup
z,z̃

[f(A(S), z, z̃)− f(A(Si), z, z̃)] ≤ ε.

(b) We say A is `1 on-average argument ε-stable if

ES,S′,A
[ 1

n

n∑
i=1

‖A(S)−A(Si)‖2
]
≤ ε.

(c) We say A is `2 on-average argument ε-stable if

ES,S′,A
[ 1

n

n∑
i=1

‖A(S)−A(Si)‖22
]
≤ ε2.

As indicated below, We prepare several necessary as-
sumptions so that relative generalization bounds can be de-
rived effectively. Assumption 1 and Assumption 2 are useful
for bounding the on-average argument stability. Assumption
3 is mainly applied in the proof of the optimization error.
The other two assumptions show the convexity of the empir-
ical risk, which is the basic condition for the establishment
of relative theorems.
Assumption 1. For all (z, z′) ∈ Z × Z and w ∈ W , the
loss function satisfies the G-Lipschitz continuity condition
as ‖∇f(w, z, z′)‖2 ≤ G.
Assumption 2. For all (z, z′) ∈ Z × Z and w,w′ ∈
W , the loss function is L-smooth as ‖∇f(w; z, z′) −
∇f(w′; z, z′)‖2 ≤ L‖w −w′‖2.
Assumption 3. For any S, FS has coordinate-wise Lips-
chitz continuous gradients with parameter L̃ > 0, i.e., we
have the following inequality for all α ∈ R, w ∈ W , i ∈ [d]

FS(w + αei) ≤ FS(w) + α∇iFS(w) + L̃α2/2.

Assumption 4. FS is convex for any S, i.e., FS(w) −
FS(w′) ≥ 〈w −w′,∇FS(w′)〉 holds for all w,w′ ∈ W .
Assumption 5. FS is σ-strongly convex for any S, i.e., the
following inequality holds for all w,w′ ∈ W

FS(w)−FS(w′) ≥ 〈w −w′,∇FS(w′)〉+σ‖w−w′‖22/2,

where 〈·, ·〉 denotes the inner product of two vectors.
With Definition 1 and Definition 2, we can further quan-

tify stabilities of RCD for pairwise learning. Then we show
connections between the estimation error and stability mea-
sures by the following lemma, which is the key to apply
algorithmic stability effectively in generalization analysis.
While part (a) of Lemma 1 is motivated by the case of point-
wise learning (Hardt, Recht, and Singer 2016) and derived
with the technique similar to Lei, Liu, and Ying (2021),
part (b) and part (c) are introduced from Lei, Liu, and Y-
ing (2021) and Lei, Ledent, and Kloft (2020) respectively.
In part (c), the base of the natural logarithm takes the sym-
bol as e and dαe means rounding up for α.
Lemma 1. Let S, Si be constructed as Definition 2. Then
we bound estimation errors with stability measures below.
(a) Let Assumption 1 hold. Then the estimation error can be
bounded by the `1 on-average argument stability below

ES,A [F (A(S))− FS(A(S))]

≤ 2G

n

n∑
i=1

ES,S′,A [‖A(Si)−A(S)‖2] . (4)

(b) Let Assumption 2 hold. Then for any γ > 0 we have
the following estimation error bound with the `2 on-average
argument stability

ES,A [F (A(S))− FS(A(S))] ≤ L

γ
ES,A [FS(A(S))]

+
2(L+ γ)

n

n∑
i=1

ES,S′,A
[
‖A(Si)−A(S)‖22

]
. (5)
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(c) Let n denote the sample size of S. Assume for any S and
(z, z′) ∈ Z × Z , |f(A(S); z, z′)| ≤ R holds for R > 0.
Suppose that A is ε-uniformly-stable and δ ∈ (0, 1/e), then
the following inequality holds with probability at least 1− δ

|F (A(S))−FS(A(S))| ≤ 4ε+ e
(

12
√

2R

√
log(e/δ)

n− 1

+ 48
√

6εdlog2(n− 1)e log(e/δ)
)
. (6)

Remark 1. While estimation error bound (4) is estab-
lished under the Lipschitz continuity condition, (5) re-
move this condition based on the `2 on-average argu-
ment stability measure. Inequality (5) holds with the L-
smoothness of the loss function, which replaces the Lip-
schitz constant in (4) by the empirical risk. Furthermore,
if A is `2 on-average argument ε-stable, we can take
γ =

√
LES,A [FS(A(S))]/(

√
2ε) in part (b) and get

ES,A [F (A(S))− FS(A(S))] ≤
√

2LES,A [FS(A(S))]ε +
2Lε2. If the empirical risk ES,A [FS(A(S))] = O(1/n),
then we further know ES,A [F (A(S))− FS(A(S))] =
O(ε2 + ε/

√
n), which means the estimation error bound

is well dependent on the stability measure ε via the smal-
l risk of the output model (Hardt, Recht, and Singer 2016).
Other than the generalization error in expectation, the link
in high probability (6) presents the convergence rate of
O(n−

1
2 +ε

√
log2(n)) for ε-uniformly stable algorithm. This

result is achieved by combining a concentration inequality
from Bousquet, Klochkov, and Zhivotovskiy (2020) and the
decoupling technique in Lei and Ying (2020).

Besides the estimation error, we need to tackle the opti-
mization error to achieve complete excess risk bounds. The
optimization error analysis for pointwise learning can be di-
rectly extended to pairwise learning since they both use un-
biased gradient estimations. Since pointwise learning and
pairwise learning mainly differ in terms of loss structure,
Lemma 2 from pointwise learning also works for pairwise
learning.

Lemma 2. Let {wt} be produced by RCD (3) with nonin-
creasing step sizes ηt ≤ 1/L̃. Let Assumptions 3,4 hold, then
the following two inequalities holds for any w ∈ W

EA[FS(wt)−FS(w)] ≤
d
(
‖w1−w‖22+2η1FS(w1)

)
2
∑t
j=1 ηj

(7)

and

2
t∑

j=1

η2jEA[FS(wj)− FS(w)]

≤ dη1‖w1 −w‖22 + 2dη21FS(w1). (8)

Let Assumption 5 hold and wS = arg minw∈W FS(w), then
we have the following inequality

EA[FS(wt+1)− FS(wS)]

≤ (1− ηtσ/d)EA[FS(wt)− FS(wS)]. (9)

In the arXiv version, Appendix B restates the above two
lemmas and prepares some other lemmas. The proof for part
(a) of Lemma 1 is given in Appendix B.1. Considering the
stability analysis, we introduce the coercivity property of the
gradient descent operator in Appendix B.3 (Hardt, Recht,
and Singer 2016). Then we show the self-bounding property
of L-smooth functions in Appendix B.4 (Srebro, Sridharan,
and Tewari 2010), which plays a key role in introducing em-
pirical risks into the `2 on-average argument stability.

Main Results
In this section, we show our results on generalization anal-
ysis of RCD for pairwise learning. For both convex and
strongly convex cases, we derive the on-average argument
stability bounds and as well as the corresponding excess risk
bounds. Results are organized according to the convexity of
the empirical risk.

Generalization for Convex Case
This subsection describes the `2 on-average argument stabil-
ities for the convex empirical risk. Based on stability analy-
sis, we consider generalization bounds in expectation under
the setting that applies RCD for pairwise learning.

If the empirical risk is convex and L-smooth, then the
gradient descent operator enjoys the coercivity property ac-
cording to Hardt, Recht, and Singer (2016). Since taking
expectations for the coordinate descent operator yields the
gradient descent operator, the coercivity property is useful
to bound the expansiveness of RCD updates in the stabili-
ty analysis. With the coercivity property of the coordinate
descent operator in expectation, we further incorporate the
self-bounding property of L-smooth functions to measure
the `2 on-average argument stability. Then we handle the
estimation error by plugging the stability measure into part
(b) of Lemma 1. We finally introduce the optimization error
and derive the corresponding excess risk bound. The proof
is given in Appendix C of the arXiv version.

Theorem 3. Let Assumptions 2, 3, 4 hold. Let {wt}, {w(i)
t }

be produced by (3) with ηt ≤ 1/L based on S and Si respec-
tively. Then the `2 on-average argument stability satisfies

1

n

n∑
i=1

ES,S′,A
[
‖wt+1 −w

(i)
t+1‖22

]
≤ 128L

n2d
(
t

d
+ 1)

t∑
j=1

η2jES,A[FS(wj)]. (10)

Assume that the nonincreasing step size sequence {ηt} sat-
isfies ηt ≤ 1/L̃. Then, for any γ ≥ 0, we have

ES,A [F (wT )− F (w∗)]

= O

(
d(1 + Lγ−1)∑T

t=1 ηt
+
L(L+ γ)(T + d)

n2d

)

+O

(
L

γ
+
L(L+ γ)(T + d)

n2d2

T∑
t=1

η2t

)
× F (w∗). (11)
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Furthermore, for a constant step size as ηt ≡ η, we choose
T � n 1

2 dL−
1
2 and get

ES,A [F (wT )− F (w∗)] = O
(√L

n

)
. (12)

Assuming that F (w∗) = O(Ln−1), we choose T � ndL−1

to give

ES,A [F (wT )− F (w∗)] = O

(
L

n

)
. (13)

Remark 2. For pairwise learning, Eq. (10) shows that RCD
enjoys the `2 on-average argument stability is of the order
ofO

(
L(t+d)

∑t
j=1 η

2
jES,A[FS(wj)]/(n

2d2)
)
. This bound

means that the output model of RCD becomes more and
more stable with the sample size increasing or the number of
iterations decreasing. In further detail, since the estimation
error can be bounded by the stability bound according to (5),
decreasing the number of iterations is beneficial to control-
ling the estimation error. However, increasing the number of
iterations corresponds to the optimization process, which is
the key to control the optimization error. As a result, the ear-
ly stopping strategy is adopted to balance the estimation and
optimization for a good generalization.

Remark 3. Fixing F (w∗), we choose an appropriate num-
ber of iterations for the excess risk bound (12). Besides, we
incorporate F (w∗) into the excess risk bound and get the
convergence rate (13). It is obvious that (13) exploits the low
noise setting to yield the optimistic bound (Srebro, Sridha-
ran, and Tewari 2010). Furthermore, since RCD updates in
expectation is closely related to the gradient descent opera-
tor, we consider the batch setting (Nikolakakis, Karbasi, and
Kalogerias 2023) and find that results here are identical to
those of full-batch GD (Nikolakakis et al. 2023). Turning to
SGD for pairwise learning (Lei, Liu, and Ying 2021), the `2
on-average argument stability takes a slower rate as O(1/n)
under the same setting. The excess risk bound can achieve
the rate of (1/

√
n) in a general setting with ηt = η � 1/

√
T

and T � n. With the low noise setting F (w∗) = O(n−1),
the optimistic bound O(1/n) is also derived.

Generalization for Strongly Convex Case

This subsection presents generalization analysis of RCD for
pairwise learning in a strongly convex setting. In the strong-
ly convex case of pointwise learning (Wang, Wu, and Lei
2021), the `2 on-average argument stability and the corre-
sponding generalization bound were not taken into consid-
eration. Therefore, we not only measure the stability here
but also derive the excess risk bound for the strongly con-
vex empirical risk. We show the proof in Appendix D of the
arXiv version.

Theorem 4. Let Assumptions 2, 3, 5 hold. Let {wt}, {w(i)
t }

be produced by (3) with ηt ≤ β/L for any β ∈ (0, 1) based
on S and Si, respectively. Then the `2 on-average argument

stability is

1

n

n∑
i=1

ES,S′,A
[
‖wt+1 −w

(i)
t+1‖22

]
≤ 128L

n2d

t∑
j=1

( t
d

t∏
k=j+1

(
1− 2ηk(1− β)(n− 2)σ

nd

)2
+

t∏
k=j+1

(
1− 2ηk(1− β)(n− 2)σ

nd

))
η2jES,A[FS(wj)].

(14)

Let step sizes be fixed as ηt ≡ η ≤ 1/L̃. For any γ ≥ 0, we
develop the excess risk bound as

ES,A [F (wT+1)− FS(wS)]

= O

((
1 +

L

γ

)
(1− ησ/d)T +

L(d+ T )(L+ γ)

(n− 2)2σ2(1− β)2

)
+O

(
L

γ
+

L(d+ T )(L+ γ)

(n− 2)2σ2(1− β)2

)
× E[FS(wS)]. (15)

Choosing T � dσ−1 log(nσL−1) yields

ES,A[F (wT+1)− FS(wS)] = O

(
Ld

1
2

nσ
3
2

√
log
(nσ
L

))
.

(16)

Remark 4. As shown in (14), the stability measure involves
a weighted sum of empirical risks. This demonstrates that
low risks of output models can improve the stability along
the training process. The measure also shows information
including the convexity parameter σ and learning rates ηj
which are closely associated with the interplay between R-
CD and training datasets. Furthermore, the strong convexity
of the empirical risk obviously leads to a better stability as
compared to the convex case (10).
Remark 5. The convergence rate (16) gives the choice
of T to balance the estimation and optimization. Indeed,
the optimal convergence rate lies between O(1/(nσ)) and
O
(√

log(nσ)/(nσ
3
2 )
)
, for which the corresponding choic-

es of T are smaller than that we give. It is notable that the
approximate optimal rate here almost matches the optimistic
bound (13). Besides, the strong convexity promotes the fast
computing T � log(n) as compared to T � n under the
convex case. Results here are the same as those for full-batch
GD (Nikolakakis et al. 2023), which can verify the theo-
rem since the expectation for RCD leads to the gradient de-
scent operator. Considering SGD, Lei, Liu, and Ying (2021)
present the generalization bounds for pairwise learning. Un-
der the same setting of smoothness and strong convexity, S-
GD achieves the excess risk bound O(1/(nσ)). However,
the convergence rate of SGD requires the number of itera-
tions as T � O(n/σ) and a small F (w∗).

Experimental Verification
Here we choose the example of AUC maximization to verify
the theoretical results on stability measures. Figure 1 shows

21550



(a) stability results for hinge loss (b) stability results for logistic loss

Figure 1: Euclidean distance ∆t as a function of the number of passes for the hinge loss.

results based on the usps dataset from LIBSVM (Chang and
Lin 2011). More sufficient experiments about other datasets
are presented in Appendix E of the arXiv version.

We follow the settings of SGD for pairwise learning (Lei,
Liu, and Ying 2021) and compare the results of RCD and
SGD. In each experiment, we randomly choose 80 percents
of the dataset as the training set S. Then we perturb a signal
example of S to construct the neighboring dataset S′. We ap-
ply RCD or SGD to S, S′ and get two iterate sequences, with
which we plot the Euclidean distance ∆t = ‖wt −w′t‖2 in
each iteration. While the learning rates are set as ηt = η/

√
T

with η ∈ {0.05, 0.25, 1, 4} for RCD, we only compare RCD
and SGD under the setting of η = 0.05. Letting n be the
sample size, we report ∆t as a function of T/n (the number
of passes). We repeat the experiments 100 times, and con-
sider the average and the standard deviation.

Considering the comparison between SGD and RCD,
while the term (T/n)2 dominates the convergence rates of
stability bounds for SGD according to Lei, Liu, and Ying
(2021), the on-average argument stability bound (10) for R-
CD takes the order of O(T/n2). The results for the com-
parison are consistent with the theoretical stability bounds.
Furthermore, the Euclidean distance under the logistic loss is
significantly smaller than that under the hinge loss, which is
consistent with the discussions of Lei, Liu, and Ying (2021).

Conclusion
In this paper, we study the generalization performance of
RCD for pairwise learning. We measure the on-average
argument stability develop the corresponding excess risk
bound. Results for the convex empirical risk show us how
the early-stopping strategy can balance estimation and op-
timization. The excess risk bounds enjoy the convergence
rates ofO(1/

√
n) andO(

√
log(n)/n) under the convex and

strongly convex cases, respectively. Furthermore, we incor-
porate the low noise setting F (w∗) = O(1/n) to explore
better generalizations under the convex case.

There remain several questions for further investigation.
Explorations under the nonparametric or the non-convex
case are important for extending the applications of RCD.
RCD for the specific large-scale matrix optimization also de-
serves a fine-grained generalization analysis.
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