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Abstract

We consider online convex optimization with time-varying
constraints and conduct performance analysis using two strin-
gent metrics: dynamic regret with respect to the online solu-
tion benchmark, and hard constraint violation that does not
allow any compensated violation over time. We propose an
efficient algorithm called Constrained Online Learning with
Doubly-bounded Queue (COLDQ), which introduces a novel
virtual queue that is both lower and upper bounded, allow-
ing tight control of the constraint violation without the need

for the Slater condition. We prove via a new Lyapunov drift
14V .
analysis that COLDQ achieves O(T . ) dynamic regret

and O(T"7) hard constraint violation, where V;, and V cap-
ture the dynamics of the loss and constraint functions. For
the first time, the two bounds smoothly approach to the best-

known O(T%) regret and O(1) violation, as the dynamics
of the losses and constraints diminish. For strongly convex
loss functions, COLDQ matches the best-known O(logT')
static regret while maintaining the O(7T"%) hard constraint
violation. We further introduce an expert-tracking variation
of COLDQ, which achieves the same performance bounds
without any prior knowledge of the system dynamics. Simu-
lation results demonstrate that COLDQ outperforms the state-
of-the-art approaches.

1 Introduction

In many online learning applications, optimization losses
and constraints are dynamic over time. Online Convex Op-
timization (OCO) (Shalev-Shwartz 2012; Hazan 2016), as
the intersection of learning, optimization, and game, is a vi-
tal framework for solving online learning problems under
uncertainty. It has broad applications such as advertisement
placement (Balseiro, Lu, and Mirrokni 2020), load balanc-
ing (Hsu et al. 2021), network virtualization (Shi, Lin, and
Fahmy 2021), and resource allocation (Wang et al. 2023).
In the standard OCO setting, a learner selects online de-
cisions from a known convex set to minimize a sequence
of time-varying convex loss functions. The information of
each loss function, however, is only revealed to the learner
after the decision has been made. Given this lack of current
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information, the objective of the learner becomes to min-
imize the regret, which is the accumulated difference be-
tween the losses incurred by their online decisions and those
of some benchmark solutions. Zinkevich (2003) considered
both static regret to an offline benchmark and dynamic re-
gret to an online benchmark. The proposed online projected
gradient descent algorithm provided a dynamic regret bound

that smoothly approaches to (’)(T%) static regret, as the ac-
cumulated variation of the loss functions reduces, i.e., the
OCO algorithm keeps pace with the dynamics of the losses.

The projection operation to strictly satisfy the constraints
at each time can incur heavy computation. Furthermore, in
many applications, the online decisions are subject to con-
straints that are allowed to be violated at certain time slots.
Mahdavi, Jin, and Yang (2012) initiated the study on OCO
with soft constraint violation, which measures the amount of
compensated violations over time. In contrast, with a goal
to limit the instantaneous violation, Yuan and Lamperski
(2018) introduced a stronger notion of hard constraint vio-
lation that does not allow any compensated violation over
time. For fixed constraints, the best-known soft and hard
constraint violation bounds are both O(1) (Yu and Neely
2020; Guo et al. 2022).

Most existing works on OCO with time-varying con-
straints focused on the static regret (Yu, Neely, and Wei
2017; Wei, Yu, and Neely 2020; Cao, Zhang, and Poor 2021;
Sinha and Vaze 2024). Dynamic regret for time-varying con-
strained OCO was more recently studied (Chen, Ling, and
Giannakis 2017; Cao and Liu 2019; Liu et al. 2022; Guo
etal.2022; Yi et al. 2023; Wang et al. 2023). As the accumu-
lated variation of the constraint functions reduces, the best-
known soft and hard constraint violation bounds for time-
varying constraints approach to O(T'2) and O(T'2 log T),
respectively (Wang et al. 2023; Sinha and Vaze 2024). How-
ever, none of the constraint violation bound recovers the
best-known O(1) violation for fixed constraints, ie., the
constrained OCO algorithms do not keep pace with the dy-
namics of the constraints.

The above discrepancies motivate us to pose the follow-
ing key question: Can a constrained OCO algorithm provide
a dynamic regret bound and a constraint violation bound
that smoothly approach to the best-known O(T%) regret and
O(1) violation, respectively, as the dynamics of the losses
and constraints diminish? Our answer is yes.



Contributions. We summarize our contributions below.

* We propose an effective algorithm named Constrained
Online Learning with Doubly-bounded Queue (COLDQ)
for tackling OCO problems with time-varying con-
straints. Existing virtual-queue-based approaches rely on
either a lower or an upper bound of the virtual queue to
bound the constraint violation. In contrast, we introduce
a novel virtual queue that enforces both a lower and an
upper bound, without the commonly assumed Slater con-
dition, to strictly control the constraint violation.

We analyze the performance of COLDQ via a new Lya-
punov drift design that leverages both the lower and up-
per bounds of the virtual queue. We show that COLDQ
provides O(T#) dynamic regret and O(T"7) hard
constraint violation, where V,; and V;, capture the dynam-
ics of the losses and constraints (see definitions in (6) and
(7)). For the first time, the two bounds smoothly approach
to the best-known O(T'z) regret and O(1) violation as
Ve —0and V; — 0.

When the loss functions are strongly convex, we show
that COLDQ matches the best-known O(log T') static re-
gret, while maintaining the O(T"7) hard constraint vi-

olation. We further propose a variation of COLDQ with
expert tracking that can achieve the same O(T = ) dy-

namic regret and O(T"V#) hard constraint violation, with-
out any prior knowledge about the system dynamics.

We conduct experiments to evaluate the practical per-
formance of COLDQ on various applications involving
both time-varying and fixed constraints. Numerical re-
sults confirm the effectiveness of COLDQ over the state-
of-the-art approaches.

2 Related Work
2.1 OCO with Fixed Constraints
The seminal OCO work (Zinkevich 2003) achieved O(T'z)

. . 14V .
static regret and a more meaningful O(7'~z ) dynamic re-
gret. For strongly convex loss functions, Hazan, Agarwal,
and Kale (2007) further improved the static regret bound to
O(log T'). Dynamic regret has gained increased attention in
subsequent OCO works (Hall and Willett 2015; Jadbabaie
et al. 2015; Zhang, Lu, and Zhou 2018; Eshraghi and Liang
2020). Some further improvements in the dynamic regret
have been achieved by exploiting the strong convexity and
smoothness properties (Mokhtari et al. 2016; Zhang et al.
2017; Zhao and Zhang 2021). These works all used projec-
tion operations to strictly satisfy the constraints at each time.

To reduce the computational complexity incurred by the
projection operation, Mahdavi, Jin, and Yang (2012) re-
laxed the complicated short-term constraints to long-term
constraints, which need to be satisfied in the time-averaged
manner. The proposed saddle-point-type algorithm achieved
O(T') static regret and O(T'3) constraint violation. Sub-
sequently, Jenatton, Huang, and Archambeau (2016) pro-
vided a trade-off between O(T™*{e:1=¢}) static regret and
O(T'~%) constraint violation. For constraints satisfying the
Slater condition, which excludes equality constraints, the
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virtual-queue-based algorithm (Yu and Neely 2020) reached
O(T'2) static regret and the best-known O(1) constraint vi-
olation. These works all adopted the soft constraint violation
that allows compensated violations over time.

In contrast, Yuan and Lamperski (2018) aimed at limit-
ing the instantaneous constraint violation and considered a
stronger notion of hard constraint violation, which does not
allow any compensated violation over time. The proposed
online algorithm obtained O(T™#x{¢:1=¢}) static regret and
O(T*'~2) violation. The online algorithm in (Yi et al. 2021)

provided O(Tszx ) dynamic regret and O(T'2) hard con-
straint violation.

2.2 OCO with Time-Varying Constraints

For OCO problems with stochastic constraints, Yu, Neely,
and Wei (2017) proposed a virtual-queue-based algorithm
and achieved O(T'7 ) expected static regret and O(T'z ) ex-
pected soft constraint violation, under the Slater condition.
Similar O (T%) performance guarantees were obtained un-
der a weaker assumption on the Lagrangian multiplier (Wei,
Yu, and Neely 2020). For time-varying constraints with
unknown statistics, Cao, Zhang, and Poor (2021) reached
O(T'2) static regret and O(T'7) soft constraint violation.
The modified saddle-point-type algorithm (Chen, Ling,
and Giannakis 2017) attained O(T™>{5%.75%}) gy
namic regret and O(7™a*{1=Va:1=Va}) goft constraint vi-
olation, when the Slater constant is sufficiently large.
Another saddle-point-type algorithm (Cao and Liu 2019)

Va 3

achieved O(T1+2 ) dynamic regret and O(T +4Vm) soft
constraint violation. Liu et al. (2022) proposed a virtual-

queue-based algorithm and obtained O(TH’zvx) dynamic

regret and O(T™ax{%.Vs} ) soft constraint violation with-
out the Slater condition. The delay-tolerant algorithm in

(Wang et al. 2023) provided O(Tmax{*5*.Va}

regret and O(Tmax{%’vg}) soft constraint violation un-
der the Slater condition. Unfortunately, as the dynamics of
the loss and constraint functions decrease, i.e., V, — 0 and
Vy — 0, none of the above soft constraint violation bounds
approaches to O(1).

For fixed constraints, Guo et al. (2022) provided the best-
known O(1) hard constraint violation , and was able to keep
the O(T%) static regret. For time-varying constraints, Guo
et al. (2022) provided O(T'3) violation and O(Tz+V=) dy-
namic regret. Yi et al. (2023) achieved (’)(T%) static regret
and O(T'%) hard constraint violation under the distributed
setting. Sinha and Vaze (2024) achieved the current best
O(T'2 log T') hard constraint violation and O(T'2 ) static re-
gret. Unfortunately still, none of the above hard constraint
violation bounds smoothly approaches to O(1) as the system
dynamics reduce.

Comparisons. In Tables 1 and 2, we compare the per-
formance bounds of COLDQ with the most relevant prior
works. The comparison demonstrates that COLDQ keeps
pace with the dynamics of both the losses and constraints.
Below are a few points we would like to highlight.

) dynamic



Reference | Loss Function [ Static Regret, Hard Constraint Violation [ Dynamic Regret, Hard Constraint Violation
Guo et al. (2022) Convex O(T2), O(T3) oTzt"+), O(T?)
Yi et al. (2023) Convex o(T?), O(T1) N/A
Sinha and Vaze (2024) Convex O(Tz), O(TzlogT) N/A
COLDQ (this work) Convex O(T% ), O(T") or =N ), O(T")
Guo et al. (2022) Strongly convex O(logT), O(T% (logT) 2 ) (’)(T% V), O(T% (logT) 2 )
Yi et al. (2023) Strongly convex O(T®), O(T'2) N/A
Sinha and Vaze (2024) | Strongly convex O(logT), O(T% (logT) %) N/A
COLDQ (this work) | Strongly convex O(logT), O(T"%) o = ), O(TV9)
Table 1: Performance bounds for time-varying constraints (V; > 0).
Reference | Loss Function [ Static Regret, Hard Constraint Violation [ Dynamic Regret, Hard Constraint Violation
Yi et al. (2021) Convex O(T%), O(Th) O 2%, O3
Guo et al. (2022) Convex o(T?), O(1) O(T2"), O(logT)
Sinha and Vaze (2024) Convex O(Tz), O(TzlogT) N/A
COLDQ (this work) Convex O(T?), O() or-z"), o)
Yi et al. (2021) Strongly convex O(logT), O(logT) or = ), O(T%)
Guo et al. (2022) Strongly convex O(logT), O(1) o e ), O(logT)
Sinha and Vaze (2024) | Strongly convex O(logT), O(T 2 (log T %) N/A
COLDAQ (this work) | Strongly convex O(logT), O(1) or = ), O()

Table 2: Performance bounds for fixed constraints (V, = 0).

* For time-varying constraints and convex loss functions,
COLDQ improves upon the current best O(T'z log T
hard constraint violation bound (Sinha and Vaze 2024)
and achieves an O(T"V7) bound instead. Furthermore,
COLDQ enhances the current best O(T'2+V+) dynamic

1+Vy )

regret (Guo et al. 2022) to O(T =
¢ For time-varying constraints and strongly convex loss
functions, COLDQ improves the current best O(T'zV*)
dynamic regret and O(T'2 (log T)? ) hard constraint vio-
lation (Guo et al. 2022) to O(T2*) and O(T"%).

* For fixed constraints and both convex and strongly-
convex loss functions, COLDQ improves the current best
O(log T') hard constraint violation (Guo et al. 2022) to

O(1), while maintaining the O(T%) dynamic regret.

3 Constrained Online Convex Optimization

We can consider the constrained OCO problem as an iter-
ative game between a learner and the system over 7' time
slots. At each time ¢, the learner first selects a decision
x; from a known feasible set X C RP. The loss function
fi(x) : R? — R and the constraint function g;(x) =
(91 (x),...,gN(x)]" : RP — R are then revealed to the
learner, incurring a loss of f;(x;) and a constraint viola-
tion of g;(x;). Both the loss function f;(x) and the con-
straint function g;(x) are unknown a priori and are allowed
to change arbitrarily over time.

The goal of the learner is to select from the feasible set an
online decision sequence that minimizes the total accumu-
lated loss under time-varying constraints. This gives rise to
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the following time-varying constrained OCO problem

T
> filxi)

P: min
L
st gi(x) <0, Vi (1)

When g;(x) = g(x), V¢, P becomes the OCO problem with
fixed constraints.

3.1 Assumptions

We make some mild and common assumptions on X, f;(x),
and g;(x) in the constrained OCO literature.

Assumption 1. The feasible set X is convex and bounded,
i.e., 3R > 0, such that |x — y|| < R,Vx,y € X.

Assumption 2. The loss functions are convex with bounded
subgradient over X, i.e., 3D > 0, such that ||V f;(x)| <
D,Vx € X,Vi.

Assumption 3. The constraint functions are convex and
bounded over X, i.e., 3G > 0, such that |g*(x)| < G,Vx €
X, Vt, Vn.

Note that we do not require the commonly assumed Slater
condition (or any of its relaxed version), on each of the con-
straint function at each time, i.e., 3%; € X and § > 0, such
that g}*(%x;) < —9, Vt, ¥n, (Yu, Neely, and Wei 2017; Chen,
Ling, and Giannakis 2017; Yu and Neely 2020; Wei, Yu, and
Neely 2020; Wang et al. 2023). The Slater condition, i.e.,
the existence of a shared interior point assumption, excludes
equality constraints that are common in many practical ap-
plications.



3.2 Performance Metrics

Finding an optimal solution to P is known to be impos-
sible since the current information about f;(x) and g;(x)
is not available when selecting x; at each time ¢. Instead,
the OCO literature measures the performance of a con-
strained online algorithm, by comparing it with some so-
lution benchmarks. There are two commonly used bench-
marks. One is the fixed offline solution benchmark x* €
arg minxex{zle fi(x)|gt(x) = 0,Vt}. The resulting
static regret is defined as

REG(T) £ @)

N

[ft(xt) ft(X*)]-

~

1

Another one is the dynamic online solution benchmark x} €
arg minye y { fi(x)|ge(x) <0, Vt}. The resulting dynamic
regret is defined as

W

REG4(T) £  [fi(xe) — fo(x})]. 3)

~

—

The difference between the dynamic regret in (3) and the
static regret in (2) can scale linearly with T, i.e., REGq4(T) —
REG,(T) = O(T) (Besbes, Gur, and Zeevi 2015). For a
thorough analysis, in this work, we provide upper bounds
on both the dynamic regret and the static regret.

There are also two commonly used performance metrics
to quantify how much the time-varying constraints (1) are
violated. One is the soft constraint violation defined as

ey [

n=1 =

VIO ( “

where [-] is the projector onto the non-negative space. The
above soft constraint violation allows the violation at indi-
vidual time slots to be compensated over time. Another one
is the hard constraint violation defined as

1255 grx)]

n=1t=1

VIO, (T Q)

This hard constraint violation does not allow the violation at
a time slot to be compensated by any other time slot. From
the definitions of the soft and hard constraint violations in
(4) and (5), we readily have VIO (T") < VIO4(T). In this
work, we provide upper bounds on the hard constraint vio-
lation, which apply to the soft constraint violation as well.

3.3 Variation Measures

In the context of time-varying constrained OCO, it is de-
sirable for an online algorithm to simultaneously achieve
sublinear dynamic regret and sublinear constraint viola-
tion. This dual objective, however, can be intractable due
to the adversarial variations of the losses and constraints.
The performance guarantees of a constrained OCO algo-
rithm are inherently linked to the temporal variations of both
{fe(x)}_, and {g;(x)}L_,. Therefore, it is necessary to
quantify the dynamics of the underlying time-varying con-
strained OCO problem P.
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There are two common variation measures in the litera-
ture. The first one measures the fluctuations in the dynamic
online solution benchmark {x}}7_,, which is also referred
to as the path length (Chen, Ling, and Giannakis 2017; Cao
and Liu 2019; Yietal. 2021; Guo et al. 2022; Liu et al. 2022;
Wang et al. 2023), given by

T
>l
t=2

where V. € [0, 1] represents the time variability of the dy-
namic online solution benchmark.

The other one focuses on the fluctuations in the constraint
functions {gt}le (Chen, Ling, and Giannakis 2017; Liu
et al. 2022; Wang et al. 2023)

T
> max|lg(x)
t=2

where V;, € [0, 1]. Note that for the fixed offline solution
benchmark, i.e., x; = x*, V¢, we have V; = 0. Similarly, for
fixed constraint functions, i.e., g:(x) = g(x), Vt, we have
V, =0.

=Xl = (6)

o(T"),

—gi1(x)|| =0(T"), @)

4 Constrained Online Learning with
Doubly-bounded Queue (COLDQ)

We present the COLDQ algorithm for solving P. In
COLDQ, we introduce a novel doubly-bounded virtual
queue and a new Lyapunov drift design, which will be shown
to provide improved regret and constraint violation bounds.

4.1 Doubly-Bounded Virtual Queue

We introduce a novel virtual queue Q)7 to track the amount
of violation for each time-varying constraint n. At the end
of each time ¢ > 1, after observing the constraint function
g:(x), we update the virtual queue as:

Qf =max {(1-n)Qi_y + g7 x)]+.7} @)
where € (0,1) and v € (0, %) are two algorithm pa-
rameters. Our virtual queue updating rule (8) includes an
additional penalty term —nQ}_; to avoid the virtual queue
from becoming excessively large. Furthermore, (8) enforces
a minimum virtual queue length v to prevent the constraint
violation being overly large. In the following lemma, we
show that without the Slater condition, (8) leads to both a
lower bound and an upper bound on the virtual queue.'

'Existing constrained OCO works that adopt the virtual queue
techniques can be divided into two groups: Yu, Neely, and Wei
(2017); Wei, Yu, and Neely (2020); Yu and Neely (2020); Liu et al.
(2022); Wang et al. (2023) bound the soft constraint violation by
constructing a virtual queue that admits an upper bound only. Guo
et al. (2022) bound the hard constraint violation by constructing
a virtual queue that enforces a lower bound only. In contrast, our
virtual queue construction yields both a lower and an upper bound.
Together with a new Lyapunov drift analysis that leverages both
bounds, COLDQ provides improved performance guarantees over
the current best results.



Lemma 1. Under Assumption 3, the virtual queue in (8) has
both a lower and an upper bound for each time t and each
constraint n, given by
T<QP < g ©
n
As shown in Lemma 1, the parameter 7 can be seen as
a virtual Slater constant for the constraints (1) in P. This
means that the virtual queue upper bound is independent of
the actual Slater constant. Furthermore, the parameter y en-
sures that the virtual queue length is always strictly positive.
Our virtual queue updating rule (8) leads to straightforward
lower and upper bounds on the virtual queue itself. These
virtual queue bounds, however, cannot be directly translated
into a bound on the constraint violation. In the following
section, we will establish a connection between our virtual
queue and the hard constraint violation via a new Lyapunov-
drift-based approach.

4.2 Lyapunov Drift
We define a new Lyapunov drift for each ¢ > 1 as
N

A2 Y@ -

n=1

N

3@ )

n=1

7)? - (10)

Compared with the standard Lyapunov drift that uses the
quadratic virtual queue as the Lyapunov function, each vir-
tual queue @)} is penalized by its lower bound ~ in (10).
The subsequent lemma establishes an upper bound for A;_1,
leveraging both the lower and upper bounds of )7 in (9).

Lemma 2. Under Assumption 3, the Lyapunov drift in (10)
is upper bounded for any t > 1 by

N N
Ay <D Q0 gk (x)ls = Y lo8 (x4

n=1 n=1

GVN
+ T max llge(x) —
The above Lyapunov drift upper bound comprises two key
terms. The second term on the right-hand side (RHS) of (11)
accounts for the hard constraint violation 25:1 (g7 (x¢)]+»
scaled by the virtual queue lower bound . The third term on
the RHS of (11) captures the fluctuation in the two adjacent
constraint functions maxxe x ||g:(x) — gi—1(x)||, scaled by
the virtual queue upper bound % These two terms are cru-
cial for relating the hard constraint violation VIO, (T) to the
constraint variation measure in (7), leading to improved per-
formance bounds over the current-best results.

gi—1(x)| +2NG?. (11)

4.3 Algorithm Intuition

We solve the following per-slot optimization problem P; to
determine the decision x; at each time ¢ > 1

P, : min (Vf_1(xi 1), X —X;1) + ay_q||x — %12
XEX

+2Qt 11911 (%)) +
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Algorithm 1 Constrained Online Learning with Doubly-
bounded Queue (COLDQ)

1:

Initialize non-decreasing sequence {a:} € (0,+00),
€ (0,1), and v € (0, %) Choose x; € X arbitrar-

ily and let Q} = v, Vn.

Ateachtimet = 2,...,T, do the following:

Update decision x; by solving P;.

Observe V fi(x;) and g;(x).

Update virtual queue @7, Vn via (8).

15N

where a;_; > 0 is another algorithm parameter and is non-
decreasing, i.e., a; > «a;—1,Vt > 1. From the Lyapunov
drift upper bound established in Lemma 2, we can see the
intuition behind solving P;. Specifically, the objective is to
greedily minimize the upper bound on the following drift
plus penalty term:

Apy + (Vi1 (xe-1),x — X—1) + a1 [|x — x|

Note that the last two terms on the RHS of (11) are indepen-
dent of x;, and second term is omitted in P; since g;(x) is
not available when choosing x;.

Minimizing the above penalty term (V f;_1(x¢—1),x —
X¢_ 1) + a1 ||x — x¢_1]|? itself is equivalent to performing
the standard gradient descent x;_1 — T V fi—1(xi—1).
The optimal solution to P; depends on the amount of
constraint violation induced by such gradient descent. If
gi1(Xt—1 = 5a—Vic1(x¢-1)) < 0,Vn, ie, the gra-
dient descent does not incur any constraint violation, then
X; € argminge v {xi—1 — 2at 3a— Vfi—1(x¢—1)} is the opti-
mal solution to P;. Otherwise, the gradient descent direction
is shifted towards minimizing QF ;[g;" ;(x+)]+ to reduce
the constraint violation. The virtual queue ()7_; balances
between loss minimization and violation reduction.

4.4 The COLDQ Algorithm

In Algorithm 1, we summarize the proposed COLDQ algo-
rithm. COLDQ consists of two main steps. The first step
updates the decision variable x; at the beginning of each
time ¢ based on the gradient of the previous loss function
V fi—1(x¢+—1) and the previous constraint function g;_; (x).
This primal update is designed to balance the accumulated
loss minimization and the constraint violation control. The
second step updates the virtual queue @7, Vn at the end of
each t, after observing the constraint function g;(x). This
dual update is to track the amount of hard constraint viola-
tion. Note that COLDQ solves at each time ¢ a convex op-
timization problem P,, which can be efficiently solved in
polynomial time. We will discuss the algorithm parameters
oy, 1, 7y to derive the best performance bounds for COLDQ
in Section 5.5.%

?Using time-varying o allows COLDQ to match the current
best static regret bound for strongly convex loss functions (see
Corollary 2 in Section 5.5), and to incorporate the expert-tracking
techniques to bound the dynamic regret without the knowledge of
V. later (see the remark in Section 5.5).



5 Performance Bounds of COLDQ
5.1 Preliminary Analysis

The subsequent lemma establishes a per-slot performance
guarantee of the COLDQ algorithm.

Lemma 3. Under Assumptions 1-3, the online decision
sequence generated by COLDQ satisfies the following in-
equality for any t > 1:

N
[fo1(xe-1) = froa(xi_1)] + Z QF 119t 1 (x)]+
n=1

D2
doy_q

< 2Ray_y|x — Xty | + R(as — 1) +
+ (aemallxiy = xeal® = adllxp = xf?). (12)
Lemma 3 is the key to bridge the per-slot optimization
problem P, and the performance bounds of COLDQ. From
Lemma 3, we can separately bound the dynamic regret and
the hard constraint violation by substituting different lower
bounds on QF ;[g7 ;(x¢)]+ into (12). Note that adopting
the soft constraint violation measure necessitates jointly
bounding the regret and constraint violation.

5.2 Bounding Dynamic Regret

The virtual queue length is always positive due to its lower
bound, and the hard constraint violation is non-negative by
definition. Hence, their product Q7 [g" 1 (x¢)]+ in (12) is
guaranteed to be non-negative. Unlike the analysis for soft-
constrained OCO algorithms, this unique property enables
us to bound the dynamic regret of COLDQ in the follow-
ing theorem, without needing to explicitly consider the hard
constraint violation.

Theorem 1. Under Assumptions 1-3, the dynamic regret of
the COLDQ algorithm is upper bounded by
D2~ 1

X;_ 1||+ —

T
T)<2RY oy q|x} - -
t

t=2 t=1

+ R’ar + DR. (13)

From Theorem 1, we readily have an upper bound on the

static regret REG4(T) by substituting x; = x*, V¢ into the
dynamic regret bound (13).

REGq(

5.3 Bounding Hard Constraint Violation

The following theorem establishes a bound on the hard con-
straint violation incurred by the COLDQ algorithm. This is
achieved by converting the term QF_;[g7" 1 (x¢)]+ in (12) to
[97(x¢)]+ through the Lyapunov drift upper bound (11).
Theorem 2. Under Assumptions 1-3, the hard constraint vi-
olation of COLDQ is upper bounded by

VIO (T) G\F — g1 (x)]|
R D &
fZaHuxt xiall+ 3 3 1—
+ (DR + 2NG2)7 TR O;T NG (14
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To establish a hard constraint violation bound for fixed
constraints, we can simply substitute g;(x) = g(x), V¢ into
the bound for time-varying constraints (14).

5.4 Strongly Convex Case

We further consider the case of strongly convex loss func-
tions as in (Yi et al. 2021; Guo et al. 2022; Yi et al. 2023).

Assumption 4. The loss functions are ji-strongly convex in
X for some > 0 ice., fi(y) > fi(x) + (Vfi(x),y —x) +
ully —x|?,vx,y € X, Vt.

The following theorem provides a static regret bound for
COLDQ with Assumption 4.

Theorem 3. Under Assumptions 1-4, the static regret of the
COLDQ algorithm is upper bounded by

T—1
REG(T) < Z (o — gy — p) [ — x|
t=2
D21
-y — — )R>+ DR. (15
+ ;aﬁ( WR* + (15)

5.5 Regret and Constraint Violation Bounds

From Theorems 1-3, we can derive the following corollaries
on the regret and constraint violation bounds of COLDQ.

Corollary 1 (Convex Loss). Under Assumpnons 1-3, for
any Vy, € [0,1] and V,; € [0,1], let oy, = “Sn=T71
and vy = €T, where € € (0,G), COLDQ achzeves

REGy(T) = O(T"2"), VIOL(T) = O(T"). (16)
Corollary 2 (Strongly Convex Loss). Under Assumptions I-
4, for any Vy € [0,1], let oy = pt, n = T, and vy = €T,
where € € (0,G), COLDQ achieves:

REG,(T) = O(logT),

VIOw(T) = O(T"?). (17

From Corollary 1, we readily have a static regret bound
REG(T) = O(T%) by setting V, = 0, and a hard con-
straint violation bound VIOL(T) = O(1) for fixed con-

straints by setting V; = 0. From Corollary 2, we also have
VIO (T) = O(1) for fixed constraints.

Remark. The same (’)( ) dynamic regret and O(T"7)
hard constraint violation in Corollary 1 can be achieved
without the knowledge of V,, to set the algorithm parameter
a. In the full version (Wang, Yan, and Liu 2025), we extend
the basic COLDQ algorithm with expert tracking, which can
achieve the same performance bounds as COLDQ without
any prior knowledge of the system dynamics.

6 Experiments

We conduct experiments to evaluate the performance of
COLDQ for both time-varying and fixed constraints. In the
full version (Wang, Yan, and Liu 2025), we provide all the
algorithm parameters used in our experiments, and detailed
problem settings of the application to online job scheduling.
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Figure 2: Experiment on online quadratic programming.

6.1 Experiment on Time-Varying Constraints

Similar to the problem considered in (Guo et al. 2022; Yi
et al. 2023), we set the loss function as f;(x) = |[H;x —
y¢||?, where H; € R¥0 x ¢ R!9 and y, € R%
Each element of H; is uniformly distributed, i.e., H;”? ~
U(—1,1),Vi,j. Each element of y; is generated as !
2;0:1 H;” + €;, where ¢; follows a standard normal distri-
bution. We set the constraint function as g;(x) = A;x — by,
where A; € R?* andb; € R%Z,and X = {x |0 < x =<
5}. We generate Ay ~ U(0,1),Vi,j and b ~ U(0, 1), Vi.

We compare COLDQ with the state-of-the-art time-
varying constrained OCO algorithms: RECOO (Guo et al.
2022) and Algorithm 1 (Yi et al. 2023). Fig 1 shows the ac-
cumulated loss and hard constraint violation. We can see that
COLDQ achieves over 40% lower constraint violation than
RECOO without sacrificing the accumulated loss.

6.2 Experiment on Fixed Constraints

We consider an online quadratic programming problem sim-
ilar to (Yi et al. 2021). We set the loss function as f;(x)
|x — 6:]|> + 20(6;,x), where 8, = 0} + 67 + 6> ¢
R? and x € R2. The time-varying parameters 6; are set
as 07 ~ U(—tY/10 ¢1/10) . 27 ~ U(—1,0),V; for
t e [1,1500] U [2000,3500] U [4000,5000], and 677 ~
U(0,1),Vj otherwise; and 07 = (—1)#*,Vj with the
sequence of u; being a random permutation of the vec-
tor [1: 5000]. We set the constraint function as g(x)
Ax — b, where A € R?**2 and b € R?® with Ay ~
U(0.1,0.5),¥i,5, and b; ~ U(0,0.3), Vi, and the feasible
setas X = {x | 0 < x < 1}. We also experiment on the
online linear programming problem considered in (Yi et al.
2021) and (Guo et al. 2022), by setting f:(x) = (0, %) and
keeping the rest of the problem settings unchanged.
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Figure 4: Experiment on online job scheduling.

We compare COLDQ with the current-best time-invariant
constrained OCO algorithms: Algorithm 1 (Yi et al. 2021)
and RECOO (Guo et al. 2022). As shown in Figures 2 and 3,
COLDQ demonstrates significant reductions in the hard con-
straint violation compared to RECOO (Guo et al. 2022).

6.3 Application to Online Job Scheduling

We further apply COLDQ to online job scheduling using
real-world datasets similar to (Yu, Neely, and Wei 2017; Guo
et al. 2022). Figure 4 shows the time-averaged energy cost
and the number of delayed jobs. COLDQ demonstrates a
significant reduction in the energy cost without compromis-
ing the service quality, compared with RECOO (Guo et al.
2022) and Algorithm 1 (Yi et al. 2023).

7 Conclusions

We propose an effective COLDQ algorithm for OCO with
time-varying constraints. We design a novel virtual queue
that is bounded both from above and below to strictly control
the hard constraint violation. Through a new Lyapunov drift

analysis, COLDQ achieves (’)(Tl+2vm ) dynamic regret and
O(T"+) hard constraint violation. For the first time, the two

bounds smoothly approach to the best-known (’)(T%) regret
and O(1) violation, as the dynamics of the losses and con-
straints represented by V., and V;, diminish. We further study
the case of strongly-convex loss functions, and demonstrate
that COLDQ matches the best-known O(logT') static re-
gret while maintaining the O(T"7) hard constraint violation.
Moreover, we extend COLDQ with expert tracking capabil-
ity, which allows it to achieve the same dynamic regret and
hard constraint violation bounds without any prior knowl-
edge of the system dynamics. Finally, experimental results
complement our theoretical analysis.
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