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Abstract

Partially linear models (PLM) have attracted much attention
in the field of statistical machine learning. Specially, the abil-
ity of variable selection of PLM has been studied extensively
due to the high requirement of model interpretability. How-
ever, few of the existing works concerns the false discov-
ery rate (FDR) controllability of variable selection associated
with PLM. To address this issue, we formulate a new Knock-
offs Inference scheme for Linear And Nonlinear Discoverer
(called KI-LAND), where FDR is controlled with respect to
both linear and nonlinear variables for automatic structure
discovery. For the proposed KI-LAND, theoretical guaran-
tees are established for both FDR controllability and power,
and experimental evaluations are provided to validate its ef-
fectiveness.

Introduction
Linear and non-parametric models are two important classes
statistical modeling tools, each with their own unique advan-
tages. The linear model is simple and has fine interpretabil-
ity, but it is limited by the linearity assumption. In contrast,
the non-parametric model is much more flexible and can
adapt to a wide range of functional forms present in the data,
but it tends to be less interpretable. Therefore, a fundamen-
tal accuracy-interpretability tradeoff is need to be taken into
account. Semi-parametric model inherits the interpretation
of the linear model and flexibility of non-parametric model
by allowing covariates to be linear or nonlinear, which can
model complex data in some scientific fields, such as econo-
metrics, social sciences, information sciences, biomedicine,
and so on (Ruppert, Wand, and Carroll 2003; Härdle et al.
2004; Fuller 2009). Partially linear model (PLM) is the clas-
sic example of Semi-parametric model (Engle et al. 1986;
Härdle, Liang, and Gao 2000). For the response variable y ∈
R and input variables (x, t) = (x1, . . . , xp, t1, . . . , tq) ∈
Rp+q , PLM is given by:

y = b+ x⊤β + f(t) + ε, (1)

where b and β are the intercept and the vector of coefficients
for linear terms, respectively. f is a nonlinear function from
Rq to R, and ε ∼ N (0, σ2).
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Variable selection for PLM has drawn extensive attention
over the past two decades. It has usually been studied by
using a specially designed penalty function under different
smooth regression conditions, such as the component selec-
tion and smoothing operator penalty (Lin and Zhang 2006),
the smoothly clipped absolute deviation penalty (Xie and
Huang 2009), and the doubly penalized procedure (Wang
et al. 2014a). Additional methods of variable selection for
PLM can be found in the works of Wang et al. (2014b); Su
and Candès (2016); Lian, Zhao, and Lv (2019); Lv and Lian
(2022). While these methods primarily focus on variable se-
lection, they often lack control of error selections, such as
the false discovery rate (FDR).

One very recent approach for FDR control is knockoffs
which was first proposed by Barber and Candès (2015). The
key idea of knockoff is to construct fake variables which
have a similar structure to the original ones but have no ef-
fect on the response, then computing an importance score
for each variable and selecting those with higher scores than
their fake copies. This work achieved effective FDR control
in the context of Gaussian linear model, where the dimen-
sionality d does not exceed the sample size n. The knockoff
filter was subsequently extended to high-dimensional linear
models with the help of data splitting and feature screening
techniques (Barber and Candès 2016). To achieve FDR con-
trol in general high dimensional nonlinear model, model-X
knockoff (Candès et al. 2018) was proposed. It can accom-
modate arbitrary dependence structure of the response vari-
able y on input variables x and bypass the need of calculat-
ing accurate p-values. Fan et al. (2020) expanded model-X
knockoff to nonparametric additive model. Building on this
work, Xiaowu Dai and Li (2023) proposed a kernel knock-
offs selection method. This allowed the knockoff approach
to be applied in more flexible, non-linear settings, beyond
the original linear model assumptions. Su et al. (2023) first
applied the generalized knockoffs framework for variable
selection in PLM, but it was a linear model by nature. As
far as we know, few existing works studies about knockoffs
inference for PLM with nonlinear settings.

The works described above have all accomplished FDR
control, but a few studies have conducted comprehensive
theoretical analysis for power as in (Fan et al. 2020; Wein-
stein et al. 2022). However, their power analysis was limited
to the linear model setting, and a more general theoretical
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understanding of power across different models remains an
important open challenge.

To fill the aforementioned gaps, a new variable selection
procedure called Knockoffs Inference for Linear And Nonlin-
ear Discoverer (KI-LAND) is proposed to study FDR con-
trol and power analysis for model (1). This is an attempt
to extend knockoff framework to PLM, because there is no
need for limit on p and q in (1). The main contributions of
this paper are summarized as below:

i) PLM-based knockoff inference with automatic structure
discovery. Knockoff framework is expanded to PLM,
where FDR is controlled with respect to both linear and
nonlinear variables for automatic structure discovery.

ii) Theoretical guarantees and empirical effectiveness. The-
oretical analyses for FDR and power are established.
Meanwhile, the experiments validate the effectiveness of
the proposed method.

Methodology
Problem Setup
This paper assume that all covariates are scaled to [0, 1]
without loss of generality. Consider the i.i.d (independent
and identically distributed) observation {xi, yi}ni=1, where
yi is the response, xi = (xi1, ..., xid)

⊤ is the input, and the
true regression model is

yi = b0+
∑
j∈IL

xijβj+
∑
j∈IN

fj(xij)+
∑
j∈IO

0(xij)+εi. (2)

Here b0 is an intercept, βj is the coefficient for linear term,
fj is an unknown unary nonlinear function, 0(xij) is null
function, and εi is noise. IL, IN , IO denote the index sets
of nonzero linear effects, nonzero nonlinear effects, and
null effects, respectively. We denote the total set as I =
{1, . . . , d} = IL∪IN ∪IO and assume the three subgroups
do not intersect each other. In applications, IL, IN , IO are
generally unknown.

The model (2) can also be considered as a special additive
model

yi = b0 + g1(xi1) + · · ·+ gd(xid) + εi, (3)

where each gj , 1 ≤ j ≤ d is called the component func-
tion. Usually, we assume that each component function sat-
isfies some smoothness conditions and E[gj(xij)] = 0, j =
1, . . . , d.

Specially, we make assumption that gj ∈ Hj , the second-
order Sobolev space on Xi = [0, 1], that means, Hj = {g : g
and g′ are absolutely continuous, g′′ ∈ L2[0, 1]}. In func-
tional analysis, Hj is a reproducing kernel Hilbert space
(RKHS), when having the following norm:

∥gj∥2Hj
={

∫ 1

0

gj(x)dx}2+{
∫ 1

0

g′j(x)dx}2+
∫ 1

0

{g′′j (x)}2dx.

The reproducing kernel (RK) in Hj is R(x, x′) =
R0(x, x

′) + R1(x, x
′) with R0(x, x

′) = k1(x)k2(x
′) and

R1(x, x
′) = k2(x)k2(x

′) − k4(x − x′), where k1(x) =
x − 1

2 , k2(x) =
1
2{k

2
1(x) − 1

12}, and k4(x) =
1
24{k

4
1(x) −

1
2k

2
1(x) +

7
240}. More details in (Wahba 1983) and (Chong

2013). By the analysis in these two references, the space Hj

has the following orthogonal decomposition:

Hj = {1} ⊕H0j ⊕H1j , (4)

where{1} is the mean space, H0j = {gj : g′′j (x) ≡ 0} is the
linear contrast subspace, and H1j = {gj :

∫ 1

0
gj(x) dx =

0,
∫ 1

0
g′j(x) dx = 0, g′′j ∈ L2[0, 1]} is the nonlinear contrast

space. Both H0j and H1j as subspace of Hj are also RKHS,
and have the reproducing kernels R0 and R1 respectively.
Then, by the decomposition (4), for any function gj ∈ Hj

,we can decompose it to linear and nonlinear components

gj(xij) = bj + βj(xij −
1

2
) + g1j(xij), (5)

g(xi) = b0 + g1 (xi1) + · · ·+ gd (xid) , (6)
where bj is the intercept for component function gj , the term
βj(xij − 1

2 ) = βjk1 (xij) ∈ H0j is the linear component
and g1j (xij) ∈ H1j is the nonlinear component. g(xi) is
the function estimated in space H. Further more we have the
decomposition of H :

H =
d⊕

j=1

Hj = {1} ⊕
d⊕

j=1

H0j ⊕
d⊕

j=1

H1j

= {1} ⊕H0 ⊕H1,

where H0 =
⊕d

j=1 H0j and Hj =
⊕d

j=1 H1j . By the
above decomposition, (6) can be rewritten as the following
form:

g(xi) = b+
d∑

j=1

βjk1 (xij) +
d∑

j=1

g1j (xij) , (7)

where b = b0 +
∑d

j=1 bj .
By the above analysis, we are able to distinguish between

linear, nonlinear, and null variables by the following criteria:

Linear index set:IL = {j : βj ̸= 0, g1j ≡ 0},
Nonlinear index set:IN = {j : g1j ̸≡ 0},
Null index set:IO = {j : βj = 0, g1j ≡ 0}.

Knockoff Variable Construction
Now we will introduce how to construct a knockoff random
variable. In (Candès et al. 2018), the model-X knockoff ran-
dom variable x̃ = (x̃1, . . . , x̃d) ∈ Rd of a random variable
x = (x1, . . . , xd) ∈ Rd is constructed with the following
two properties (exchangeability and independence):

i) (x, x̃)
d
= (x, x̃)swap (S), for any S ⊆ {1, . . . , d},

ii) y ⊥⊥ x̃ | x.

Above, d
= denotes identically distributed, the vector

(x, x̃)swap (S) is obtained from (x, x̃) by swapping the en-
tries xj and x̃j for each j ∈ S; for instance, with p = 3 and
S = {2, 3},

(x1, x2, x3, x̃1, x̃2, x̃3)swap ({2,3})
d
= (x1, x̃2, x̃3, x̃1, x2, x3).

21072



There are two classic data-based methods to generate
knockoff variables. The first method is the model-X knock-
offs, which constructs knockoffs by using the expectation
and variance, like the follows:

E[x] = E[x̃],

cov[(x, x̃)] =

[
Ψ Ψ− diag(s)

Ψ− diag(s) Ψ

]
,

where Ψ is covariance matrix of X , diag(s) is a diagonal
matrix with all components of s being positive and such that
cov[(X, X̃)] is positive definite. To obtain a good selection
power, diag(s) should be constructed as large as possible
(Candès et al. 2018). A variant of model-X knockoffs in
(Barber, Candès, and Samworth 2020) is generated by ap-
proximating the distribution of X.

The second method is deep knockoffs (Yaniv Romano and
Candès 2020), a sampling machine based on deep generative
models, which approximates model-X knockoffs for unspec-
ified data distributions. The key idea is to optimize the cri-
terion evaluating the validity of the generated knockoffs by
refining the knockoff sampling mechanism iteratively. This
method leverages higher-order moments, enabling a better
approximation of exchangeability.

In this article, we construct knockoffs with model-X
knockoff when the input data approximately follows a mul-
tivariate normal distribution, and with deep knockoffs oth-
erwise. In the next subsection, we will illustrate how to use
knockoff procedure to implement future selection.

Model Setup
Now we state the following regularization scheme originally
proposed in (Zhang and Liu 2011):

min
g∈H

1

n

n∑
i=1

[yi − g (xi, x̃i)]
2

+ λ1

2d∑
j=1

w0j ∥P0jg∥H0
+ λ2

2d∑
j=1

w1j ∥P1jg∥H1
,

(8)

where

g (xi, x̃i) = b+g1(xi1) + · · ·+ gd(xid)+

gd+1(x̃i1) + · · ·+ g2d(x̃id),

xi, x̃i ∈ Rd are original and knockoff variables, and
P0jg,P1jg project H into H0j and H1j , respectively.
For the linear component, we set ∥P0jg∥H0

= |βj |,
which is equivalent to the lasso penalty (Tibshirani 1996).
In the nonlinear counterpart, we impose ∥P1jg∥H1

=

{
∫ 1

0

[
g′′1j(x)

]2
dx}1/2 to penalize the nonlinear component

of gj . As shown in (Zhang and Liu 2011),

w0j =
1

|β̃j |α
, w1j =

1

∥g̃1j∥γ2
, j = 1, . . . , 2d,

are weight parameters used in optimization computation,
where β̃j , g̃1j are the decomposition of g̃ by (5), || · ||2 is
L2 norm, α ≥ 3/2 and γ ≥ 3/2 are hyperparameters to
tune.

This weight design ensures that components deemed less
significant are penalized more heavily, thereby shrinking
them towards zero. Conversely, components that are crucial
to the function are assigned lighter penalties, which helps
in preserving their non-zero values during the selection pro-
cess. This nuanced weighting strategy aims to balance the
preservation of essential variables with the suppression of
less relevant elements. The similar strategies have been used
in linear models (Zhang and Lu 2007; Zou 2006; Wang, Li,
and Jiang 2007) and SS-ANOVA model (Storlie et al. 2011).

To obtain the weights, we first need to get an initial esti-
mation of the function g, which will then allow us to deter-
mine the values of β̃j and g̃1j . For this initial estimation, we
choose SS-ANOVA model (9):

min
g∈H

1

n

n∑
i=1

[yi − g (xi, x̃i)]
2
+ λ

2d∑
j=1

∥P1jg∥2H1
. (9)

Now we could consider to solve (8). As referenced in
(Zhang and Liu 2011), we don’t solve (8) directly, but solve
an equivalent and more convenient problem :

min
θ≥0,g∈H

1

n

n∑
i=1

[yi − g (xi, x̃i)]
2
+λ1

2d∑
j=1

w0j ∥P0jg∥

+ τ0

2d∑
j=1

θ−1
j w1j ∥P1jg∥2H1

+ τ1

2d∑
j=1

w1jθj ,

subject to θj ≥ 0, j = 1, . . . , 2d,

(10)

where τ0 is a fixed constant, (λ1, τ1) are hyperparameters
to tune. The following lemma states that optimization prob-
lems (8) and (10) are equivalent (Zhang and Liu 2011).
Lemma 1. Set τ1 = λ2

2/ (4τ0). (i) If ĝ minimizes (8), set
θ̂j = τ

1/2
0 τ

−1/2
1 ∥P1j ĝ∥; then the pair (θ̂, ĝ) minimizes

(10). (ii) If (θ̂, ĝ) minimizes (10), then ĝ minimizes (8).
Supposing that the input {xi}ni=1 is given, we can use the

representation theory to get the solution of (10):

ĝ(x, x̃) =b̂+
d∑

j=1

β̂jk1 (xj) +
2d∑

j=d+1

β̂jk1 (x̃j)

+
d∑

j=1

θ̂jw
−1
1j

n∑
i=1

ĉiR1j (xij , xj)

+
2d∑

j=d+1

θ̂jw
−1
1j

n∑
i=1

ĉiR̃1j (x̃ij , x̃j) .

(11)

The expression (11) indicates that linearity or nonlinearity
of gj is determined by the case where two parameters β̂j

and θ̂j are 0 or not. Therefore, two parameters are used to
select linear and nonlinear components in (7). It is clearly
that ĝ1j = 0 when θ̂j = 0, we define following index sets:

ÎL =
{
j = 1, . . . , 2d : β̂j ̸= 0, θ̂j = 0

}
,

ÎN =
{
j = 1, . . . , 2d : θ̂j ̸= 0

}
,

ÎO =
{
j = 1, . . . , 2d : β̂j = 0, θ̂j = 0

}
.

(12)
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In the next subsection, we will show how to construct the
important score and knockoff statistic which help us to se-
lect linear and nonlinear components and control the false
discovery rate (FDR).

KI-LAND
In this article, we employ a subsampling strategy analo-
gous to the one described in (Meinshausen and Bühlmann
2010; Dümbgen, Samworth, and Schuhmacher 2013). Let
I ⊂ {1, . . . , n} denote the subsample indices with size
⌊n/2⌋, where ⌊·⌋ means round down. we make set I as train-
ing samples on model (9) and model (10). Then, we will get
the following index sets:

Ŝ(I)L =
{
j = 1, . . . , 2d : β̂j ̸= 0

}
,

Ŝ(I)N =
{
j = 1, . . . , 2d : θ̂j ̸= 0

}
.

(13)

Where Ŝ(I)L and Ŝ(I)N are the index sets of the linear
and nonlinear components based on training data I , respec-
tively. We repeat subsampling subset I without replacement
U times. The probabilities of the linear component and the
nonlinear component being selected can be represented as:

ΠL
j = P(j ∈ Ŝ(I)L),ΠN

j = P(j ∈ Ŝ(I)N ), j = 1, . . . , 2d.
(14)

Where the symbol P denotes the probability. The selection
probabilities ΠL

j and ΠN
j are defined as important scores that

reflect the importance of linear and nonlinear components
of the original and knockoff variables, respectively. Specifi-
cally, the larger the probability value, the more important the
corresponding component is.

Due to the selection probabilities are unknown, they can
be estimated accurately by the empirical selection probabili-
ties. More specifically, repeating the above subsampling and
estimating model (8) and (10) U times, we denote Iu as the
uth time subsampling training set. Then, ΠL

j and ΠN
j in (14)

can be transform into the follows:

Π̂L
j =

1

U

U∑
u=1

1
(
j ∈ Ŝ (Iu)

L
)
, j = 1, . . . , 2d,

Π̂N
j =

1

U

U∑
u=1

1
(
j ∈ Ŝ (Iu)

N
)
, j = 1, . . . , 2d.

(15)

Based on the selection probabilities, we can define the
knockoff statistics for linear and nonlinear components of
the original variable x = (x1, . . . , xd) ∈ Rd.

∆L
j = ΠL

j −ΠL
j+d,∆

N
j = ΠN

j −ΠN
j+d, j = 1, . . . , d. (16)

The higher the value of knockoff statistic ∆L
j or ∆N

j , the
more important the jth linear component or nonlinear com-
ponent of original variables is.

The most important step is to control FDR of the selected
linear and nonlinear components. Given the target nominal
FDR q, we need to choose data-dependent threshold values
TL and TN for linear and nonlinear components selection
respectively. There are two ways to construct threshold, one

is the classic knockoff filter (Barber and Candès 2015; Xi-
aowu Dai and Li 2023) to choose thresholds as the follows:

T =min

{
t ∈ {|∆j | : |∆j | > 0} : # {j : ∆j ⩽ −t}

# {j : ∆j ⩾ t}
⩽q

}
.

(17)
∆j is the knockoff statistic and we set T = ∞ if the above
set is null set. Another one is a more conservative knockoff
filter but being used commonly as follows:

T+=min

{
t∈{|∆j | : |∆j |>0} : #{j :∆j⩽−t}+ 1

# {j : ∆j ⩾ t}
⩽q

}
.

(18)
After threshold values TL and TN are constructed via

(17) or (18), the final sets of selected linear and nonlinear
components are ŜL and ŜN respectively:

ŜL =
{
j ∈ {1, . . . , p} : ∆L

j ⩾ TL
}
,

ŜN =
{
j ∈ {1, . . . , p} : ∆N

j ⩾ TN
}
.

(19)

Now we can choose linear variables and nonlinear vari-
ables based on (19). The index set (12) can be redefined as
follow:

ÎL =
{
j = 1, . . . , d : j ∈ ŜL, j /∈ ŜN

}
,

ÎN =
{
j = 1, . . . , d : j ∈ ŜN

}
,

ÎO =
{
j = 1, . . . , d : j /∈ ŜL, j /∈ ŜN

}
.

(20)

Algorithm
The knockoff procedure described before can be summa-
rized in 10 steps, please see Algorithm 1. Step 1 is to gen-
erate the knockoff variables via model-X knockoff or deep
knockoffs. Steps 2 to 5 are carried out U times repeatedly
over a number of subsampling replications. By doing this, it
not only can calculate the importance scores, but can also re-
duce the impact of randomness. Steps 6 to 9 are for variables
selection and the final step is output.

Theoretical Analysis
In this section, we build theoretical guarantees for the KI-
LAND procedure in terms of controlling FDR and power
asymptomatic property. All proofs can be seen in supple-
mentary material.

FDR Analysis
In this subsection, theoretical analysis shows that KI-LAND
procedure is able to control FDR at any given nominal level
q and sample size. In subsection Problem Setup, we em-
ploy kernel function method to learn the function gj in (3)
of each dimension’s variable, and build a mapping between
the RKHS and the original function space. By construc-
tion, the kernel matrix of the knockoff variables is designed
to mimic the structure of the kernel matrix of the original
variables, despite the knockoffs being unassociated with the
response when conditioned on the original variables (Xi-
aowu Dai and Li 2023). For the stability of the results, we
use a subsampling technique. Finally, KI-LAND controls the
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Algorithm 1: KI-LAND procedure
Input: training data {(xi, yi)}ni=1, the number of subsam-
pling replications U and the nominal FDR level q ∈ (0, 1).
Output: ÎL, ÎN , ÎO.

1: Step 1: construct the knockoff {x̃i}ni=1 via model-X
knockoff or deep knockoffs.

2: for u = 1 to U do
3: Step 2: sampling without replacement to obtain a

training set Iu ⊂ {1, . . . , n} of size ⌊n/2⌋.
4: Step 3: estimate the weights w0j and w1j by the SS-

ANOVA model (9) .
5: Step 4: solve the equivalence problem (10) to get β̂j

and θ̂j .
6: Step 5: record the selected index sets (13) of the lin-

ear and nonlinear components.
7: end for
8: Step 6: compute the important scores by (15), i.e., the

empirical selection frequency based on U times estima-
tion of model (9) and (10).

9: Step 7: compute knockoff statistics based on the impor-
tant scores ∆L

j and ∆N
j via (16).

10: Step 8: select data-dependent thresholds TL and TN by
(17) or (18).

11: Step 9: choose the final sets of linear and nonlinear
components via (19).

12: Step 10: output linear variable set ÎL, nonlinear vari-
able set ÎN and null variable set ÎO.

finite-sample FDR, the same to the existing knockoff meth-
ods (Barber and Candès 2015; Candès et al. 2018).

We first show that the knockoff statistics ∆L
j and ∆N

j in
(16) have symmetric properties for a null linear or nonlinear
component j ∈ ŜL or ŜN respectively. The symmetric prop-
erty of the null components are crucial for the KI-LAND
procedure, which then selects a data-dependent threshold
while controlling the FDR (Barber and Candès 2015).
Assumption 1 (PLM decomposition). For input x =
(x1, . . . , xd) ∈ Rd, the response y can be represented as
follow by the decomposition (5)

y = yL + yN + εL + εN

=
d∑

j=1

βjk1 (xj) +
d∑

j=1

g1j (xj) + εL + εN .

Assumption 2 (Irrepresentable Condition in RKHS). For
j ∈ {1, . . . , d}, xj ̸=

∑d
k=1;k ̸=j βkxk, for any βk ∈ R; and

gj (xj) ̸=
∑d

k=1;k ̸=j gk (xk), for any functions gk ∈ H1.

Proposition 1. Suppose Assumption 1 and 2 hold.
i) j ∈ SL

0 , if and only if βj = 0, for j = 1, . . . , d;
ii) j ∈ SN

0 , if and only if gj = 0, for j = 1, . . . , d.

Lemma 2. Take any subset S of null components, then
i) For S ⊂ SL

0 , [X, X̃] | Y L d
= [X, X̃]swap(S) | Y L;

ii) For S ⊂ SN
0 , [R, R̃] | Y N d

= [R, R̃]swap(S) | Y N .

Remark 1. [X, X̃] ∈ Rn×2d is the gram matrix of origi-
nal and knockoff variables. [R, R̃] ∈ Rn×2nd is consist of
kernel matrix of original and knockoff variables. For more
details, please see the appendix. SL

0 , SN
0 are true nulls of

nonlinear and nonlinear component index set. SL, SN are
true linear and nonlinear component index set.

Lemma 3 (Sign-flip property for the nulls). Suppose As-
sumptions (1) and (2) hold. Let (ϵ1, . . . , ϵd) be a set of inde-
pendent random variables,
i) such that ϵj = 1 if j ∈ SL, and ϵj = ±1 with

equal probability 1 / 2 if j ∈ SL
0 Then,

(
∆L

1 , . . . ,∆
L
d

) d
=(

∆L
1 · ϵ1, . . . ,∆L

d · ϵd
)
.

ii) such that ϵj = 1 if j ∈ SN , and ϵj = ±1 with

equal probability 1 / 2 if j ∈ SN
0 Then,

(
∆N

1 , . . . ,∆N
d

) d
=(

∆N
1 · ϵ1, . . . ,∆N

d · ϵd
)
.

The following part introduces that KI-LAND procedure
controls the false discovery for any sample size well. The re-
sults which are established without the need for prior knowl-
edge of the noise level are robust to the distribution and
number of predictor variables. we adopt a modified FDR
(mFDR) to approximate FDR when using the threshold T
(17) (Barber and Candès 2015). For a true set S , selected set
Ŝ and true nulls S0, FDR and mFDR are defined as,

FDR(Ŝ) = E

[
|Ŝ ∩ S0|
|Ŝ| ∨ 1

]
,mFDR(Ŝ) = E

[
|Ŝ ∩ S0|
|Ŝ|+ 1/q

]
.

Theorem 1 (FDR control of KI-LAND). For any q ∈ (0, 1)
and any sample size n, choose the threshold TL > 0

and TN > 0 via T (17) . Then mFDR(ÎL) ≤ q and
mFDR(ÎN ) ≤ q; Meanwhile, choose the threshold TL >

0 and TN > 0 via T+ (18). Then FDR(ÎL) ≤ q and
FDR(ÎN ) ≤ q.

Remark 2. Theorem 1 controls the valid FDR with no re-
striction on the dimension d and the sample size n.

Power Analysis
As far as we know, the current literature lacks thorough
theoretical analysis about power for knockoff methods, ex-
cept (Fan et al. 2020; Weinstein et al. 2022) which analyzed
the power for linear regressions under the model-X knock-
off framework and for thresholded Lasso knockoffs respec-
tively. In this section, we will show that the KI-LAND pro-
cedure has a full power as the n → ∞. To obtain the theoret-
ical results, some basic regularity conditions are introduced.

Assumption 3 (Minimum signal). For some slowly
diverging sequence κn → ∞, as n → ∞, let
η ≡ cη{n−β/(2β+1) + [(log d)/n]1/2}. For some
constant cη > 0, such that, minj∈SL |βj | ≥
κn{(log d)/n}1/2,minj∈SN ∥g1j (xj)∥2 ⩾ κnη, where the
RKHS H1j is embedded to a βth order Sobolev space with
β > 1.

In order to introduce the following conditions, some nota-
tions are given. Σ = [R, R̃] ∈ Rn×2nd, ΣSN ∈ Rn×2n|SN |
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is the design matrix consisted of the jth and j+dth columns
of Σ for j ∈ SN . The same to other matrixs [X, X̃]⊤SL ,XSL .

Assumption 4 (Minimal eigenvalue). Suppose here is a
constant Cmin > 0, such that the minimal eigenvalue λmin

of matrix E[n−1[X, X̃]⊤SL [X, X̃]SL ] and E[n−1Σ⊤
SNΣSN ]

satisfies that,

λmin(E[n−1[X, X̃]⊤SL [X, X̃]SL ]) ⩾ Cmin,

λmin(E[n−1Σ⊤
SNΣSN ]) ⩾ Cmin.

Assumption 5 (Mutual incoherence). Suppose there exists
a constant 0 ⩽ ξ < 1, such that,

max
j /∈SL

∥[X, X̃]Tj [XSL , X̃SL ]

([XSL , X̃SL ]T[XSL , X̃SL ])−1∥2 ≤ 1− ξ.

Assumption 6 (Mutual incoherence). Suppose d < en and
there exists a constant 0 ⩽ ξΣ < 1, such that,

max
j /∈SN

∥{Σj}⊤ΣSN [Σ⊤
SNΣSN ]−1∥2 ⩽ ξΣ,

ξΣ
√

|SN |+ 1

λ2
η + ξΣ

√
|SN | < 1,

where Σj is the the jth columns of Σ.

Remark 3. All these assumptions are reasonable and used
frequently in current literature. In detail, Assumption 3 is a
minimum regulatory effect condition which ensures that the
solution of LAND model (8) does not overlook a great por-
tion of important variables. We can find the same assumption
in (Zhao and Yu 2006; Ravikumar, Wainwright, and Lafferty
2010). Assumption 4 is the minimal eigenvalue condition,
which states that the Gram matrix of the important set on
the augment design matrix is invertible. Similar assumptions
have been imposed in Lasso regressions (Ravikumar, Wain-
wright, and Lafferty 2010; Raskutti, J Wainwright, and Yu
2012; Fan et al. 2020). Assumptions 5 and 6 indicate that
the correlation between the true signals and nulls should
not exert an strong effect (Zhao and Yu 2006; Ravikumar,
Wainwright, and Lafferty 2010; Wainwright 2019).

With these regularity conditions in place, we are now
ready to characterize the statistical power of the KI-LAND
procedure. For a true set S and a selected set Ŝ , the power is
defined as,

Power(Ŝ) = E

[
|Ŝ ∩ S|
|S| ∨ 1

]
.

Theorem 2 (Power of KI-LAND). Suppose Assumptions 3-
6 hold, Then, the oracle KI-LAND procedure has a asymp-
tomatic property that Power(ÎL) → 1 and Power(ÎN ) →
1, as n → ∞.

Remark 4. Theorems 1 and 2 show that the KI-LAND pro-
cedure can simultaneously provide good false discovery rate
(FDR) control and statistical power properties under some
regularity settings. In contrast to Theorem 1, Theorem 2
holds for d < n and n < d < en.

Experiments
In this section, we conduct experiments to evaluate the em-
pirical performance of the proposed KI-LAND, where vari-
ous data settings are considered including the different cor-
relation, the different sample size and the different dimen-
sion of variables. In all cases, we set L = 100, and select
the tuning parameter (λ1, τ0, τ1) by cross-validation. And
the target FDR of ÎL and ÎN are 0.2.

The simulated data is generated to demonstrate the empir-
ical performance of the KI-LAND procedure. We compare
the KI-LAND with LAND (Zhang and Liu 2011), KKO (Xi-
aowu Dai and Li 2023), and Model-X (Candès et al. 2018).
The following functions on [0, 1] are used for building com-
ponents of response y:

f1(x) =x, f2(x) = cos(2πx),

f3(x) = sin(2πx)/(2− sin(2πx)),

f4(x) = cos(2πx)/(2− cos(2πx)),

f5(x) =0.1 sin(2πx) + 0.2 cos(2πx) + 0.3(sin(2πx))2

+ 0.4(cos(2πx))3 + 0.5(sin(2πx))3,

f6(x) =(3x− 1)2, f7(x) = (3x− 1)3.

where f1 is a linear function, f2, ..., f5 are pure nonlinear
function, and f6, f7 are consist of linear and nonlinear func-
tions. For x = (x1, . . . , xd) ∈ Rd, y is generated by the
model:

y =
10∑
j=1

f1(xj) + f2(x11) + 3f2(x12) + f3(x13)

+ 2f3(x14) + f4(x15) + 4f4(x16) + f5(x17)

+ f5(x18) + f6(x19) + f7(x20) + ε,

where ε ∼ N (0, 1), the designed matrix X ∼ N (0,Ω),
Ω =

(
ρ|i−j|)

1≤i,j≤p
, ρ = corr (Xi, Xj) for all i ̸= j. It is

clearly that x1, ..., x10 are the linear variables, x11, ..., x20

are the nonlinear variables, and the rest is d− 20 noise vari-
ables. So |IL| = 10, |IN | = 10, |IO| = d− 20.

For the different variable dimensions d =
{50, 100, 200, 400}, we set n = 200, ρ = 0.2, these
cases examine whether the proposed method performs well
in terms of FDR and statistical power when the important
variables become more sparse. For the different sample size
n = {50, 100, 200, 400}, we set d = 100, ρ = 0.2, these
cases examine whether the proposed method performs well
in term of power when the sample size becomes larger. The
above cases include both d > n and d < n. For the different
correlations ρ = {0, 0.2, 0.5, 1}, we set d = 100, n = 200,
these cases examine whether the proposed method performs
well when the correlation between variables is increasing.

Table 1 and Figure 1 show that KI-LAND procedure can
achieve a good performance in terms of FDR control and
power. As the sample size increasing, the power of both
the linear and nonlinear components exhibits an upward
trend. Conversely, the power shows an opposite trend of
change when the variable dimension decreases or the cor-
relation increases. This phenomenon is in line with expecta-
tions. Although KI-LAND has a weaker power than KKO, it
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FDR Power
KI-LAND (L) KI-LAND (N) KKO Model-X LAND KI-LAND (L) KI-LAND (N) KKO Model-X LAND

n

50 0.1667 0.2000 0.1875 0.2000 0.3333 50.00% 40.00% 65.00% 20.00% 60.00%
100 0.1250 0.1429 0.1500 0.1667 0.3684 70.00% 60.00% 85.00% 25.00% 60.00%
200 0.2000 0.1429 0.1429 0.1429 0.3182 80.00% 60.00% 90.00% 30.00% 75.00%
400 0.1818 0.1111 0.1429 0.2000 0.2963 90.00% 80.00% 90.00% 40.00% 95.00%

d

50 0.1111 0.1111 0.1429 0.2000 0.2727 80.00% 80.00% 90.00% 40.00% 80.00%
100 0.1818 0.1111 0.1905 0.1667 0.3000 90.00% 80.00% 85.00% 25.00% 70.00%
200 0.1250 0.1429 0.1500 0.1667 0.3684 70.00% 60.00% 85.00% 25.00% 60.00%
400 0.1429 0.1429 0.2000 0.2000 0.4211 60.00% 60.00% 80.00% 20.00% 55.00%

ρ

0 0.1000 0.2000 0.0500 0.1429 0.2500 90.00% 80.00% 95.00% 30.00% 75.00%
0.2 0.1250 0.1429 0.1500 0.1667 0.3684 70.00% 60.00% 85.00% 25.00% 60.00%
0.5 0.1429 0.1429 0.1000 0.2000 0.3000 60.00% 60.00% 90.00% 20.00% 70.00%
1 0.1667 0.1667 0.2000 0.2000 0.4000 50.00% 50.00% 80.00% 20.00% 60.00%

Table 1: Comparisons in terms of FDR and power with the different sample sizes, variable dimensions and correlations.
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Figure 1: Empirical performance and comparisons in terms of FDR and power with the different (a) sample sizes, (b) variable
dimensions and (c) correlations. (L) and (N) denote the experiments of KI-LAND on the set ÎL and ÎN , respectively.

can identify linear and nonlinear variables while KKO just
implements variable selection. The low power of model-
X requires further explanation, as it stems from the use of
Lasso which is unable to capture nonlinear relationships.
The changing trend of FDR value are more complex, but we
focus on whether it can be controlled below the target level
q = 0.2. Table 1 shows that FDR can be controlled by all
knockoffs methods including KI-LAND, KKO and model-
X. Compared to LAND, KI-LAND can control FDR suc-
cessfully while LAND inflates FDR. The experiments with
real-world dataset are in the supplementary materials.

Conclusion
This paper formulates a new Knockoffs Inference scheme
for Linear And Nonlinear Discoverer (KI-LAND), where
FDR is controlled with respect to both linear and nonlinear
variables for automatic structure discovery. Compared with
the most related works (Zhang and Liu 2011; Xiaowu Dai
and Li 2023), experimental results have shown that the pro-
posed KI-LAND exhibits strong competitiveness. In theory,
we have established the fine-grained characterizations on the
FDR controllability and the power performance. The full
version of the paper (including supplementary materials) can
be found at arXiv.
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