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Abstract

This study introduces a neurosymbolic approach that per-
forms iterative graph expansion guided by a graph neural net-
work to solve symbolic regression problems. Empirical evalu-
ation demonstrates superior performance of the method com-
pared to baseline algorithms. We also integrate the method
with an evolutionary algorithm, which results in further per-
formance improvements.

Motivations
Symbolic regression (SR) (Koza 1994; Schmidt and Lip-
son 2009) is a generalization of the conventional regression,
where both the mathematical formula of the model and its
parameters are synthesised from data. Formally, the task is to
discover a formula that maps d independent variables xi ∈
Rn, represented as columns in matrix X = [x1,x2, . . . ,xd],
to a dependent variable y, aiming to minimise the approxi-
mation error (e.g., Mean Squared Error) on a training dataset
T = {(x(j), y(j))}. Solving SR tasks involves joint combi-
natorial search in the space of symbolically represented for-
mulas and continuous optimization of its parameters. The in-
terplay between these two search spaces is very complex, be-
cause qualitative modifications of the formula (e.g. replace-
ment of a variable or mathematical operator) are discontin-
uous and not differentiable, rendering gradient-based search
methods useless. Also, the number of formulas grows ex-
ponentially with the depth of the expression, and may easily
exhaust memory even for small vocabularies of symbols (SR
is NP-hard (Virgolin and Pissis 2022)).

Method
We present Neuro gUideD Graph sEarch (NUDGE), a neu-
rosymbolic algorithm that explores the space of SR models
using the guidance obtained from a trained graph neural net-
work (GNN). NUDGE iteratively builds candidate SR mod-
els in a bottom-up fashion, gradually merging small models
into larger ones. The search is guided by a GNN queried on
the graph spanning all SR models generated so far.

NUDGE starts from the initial edgeless digraph G0 =
(O ∪ V, ∅), where O is the set of mathematical operators
and V the set of terminals (variables). It builds Gk+1, k > 0
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Figure 1: An example of a graph constructed by NUDGE.

by expanding Gk = (N,E) with a ‘layer’ of new nodes and
edges chosen by the GNN: (i) application nodes Na, each
representing the application of an operation from O to ar-
guments from N , and (ii) value nodes, which represent the
outcomes of those applications. Adding an application node
to N is followed by extending E with the edges that capture
causal dependencies: one incoming edge from an operation
node (∈ O), e ≥ 1 edges (e being the operation’s arity)
incoming from variable, constant, and value nodes created
in previous iterations, and one outgoing edge leading to the
value node v representing the outcome of the operation.

Each graph node is presented to the GNN via its node rep-
resentation, which is a vector that captures (i) the type of the
node, (ii) a one-hot encoded index of the operator (for oper-
ator nodes), and (iii) the value embedding (for vs only). For
the latter, we follow (Kamienny et al. 2022) and consider
two types of value encoding: a binary (BIN) method and
a variant of positional encoding (POS) commonly used in
Transformers (Vaswani et al. 2017). In contrast to our pre-
liminary study (Wyrwiński and Krawiec 2024), where the
GNN was queried independently for each example, the cur-
rent approach utilises a transformer-like Cross-Example At-
tention Mechanism. This mechanism captures not only the
complex dependencies between the independent variables
and the dependent variable, but also models interactions
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across the entire dataset T , effectively aggregating informa-
tion across all examples – similar to sentence classification
or set representation (Devlin et al. 2019; Lee et al. 2019).

We adopt a GNN architecture inspired by the Graph At-
tention Network (GAT) framework (Veličković et al. 2018).
The GNN comprises three layers of GAT, each designed to
facilitate a round of message passing that updates the state
for every node. Each layer consists of four attention heads
operating in parallel. The final state vector for each node is
passed through a sigmoid-activated output layer and use to
partition nodes into those selected for expansion and the rest.

We also devise stateful variants of GAT (GATState) that
maintain memory across iterations of graph expansion as
a global graph state defined as the average of all node states,
to capture temporal dependencies across graph expansions.
GATStateRNN extends GATState by processing the global
graph state with a GRU layer (Chung et al. 2014) before in-
tegrating it with node states.

The training set comprises expressions involving 1 to 6
input variables, constants 0, 1, 2, 3, and π, binary operators
+,−,×,÷, and functions

√
x, x2, x3, sin, cos, log, and exp.

For each SR expression p, we generate a set of n = 50 data
points T = {(x(j), y(j))}, where j ∈ [1, n]. The values of
the independent variables xi are drawn uniformly from the
interval [1, 5], and y(j) is calculated as p(x(j)). Each tuple
(p, T ) thus forms a distinct SR problem instance. With the
inclusion of expressions of height up to 6, we compiled 1032
SR problems and randomly divided them into a training set
of 522 problems and a test set of 510 problems.

The key aspect of the proposed method is the availability
of the target program for each SR problem instance, which
allows us to map out the trajectory that the graph expansion
should follow to construct the desired expression. In train-
ing, we iteratively query the GNN, perform expansions and
determine which subexpressions are present in the target so-
lution (SR model). This partitions the application nodes into
those that should and should not be expanded, which in turn
determines the target values for the binary cross-entropy loss
function applied to the output of the GNN.

To address NUDGE’s challenge of exponential growth
of the ‘search front’, we hybridise it in EvoNUDGE with
an evolutionary algorithm (Wyrwiński and Krawiec 2024).
Given an SR problem, we first invoke NUDGE and allow it
to perform h expansions of the graph. The subexpressions
of the final graph Gh produced by NUDGE are then used to
populate a library l, to be later sampled from by the evolu-
tionary search equipped with library-based initialisation and
mutation operator. For instance, the graph shown in Fig. 1
would translate into a library comprising subexpressions x1,
2, x2, 2x1,

√
x2, 2x1x2, and 2x1 +

√
x2. The evolutionary

search cycles through fitness-based selection, applies mu-
tation and crossover to generate offspring, and updates the
population with the new candidates. As baselines, we use
the search operators that are popular in genetic programming
(GP), i.e. one-point crossover and subtree-replacing muta-
tion. We consider EvoNUDGE variants that use (i) only the
library-based initialisation of the population (I), (ii) only the
library-based mutation (probability 0.2, M ), (iii) the library-
based mutation or the baseline mutation with a 50/50 chance

Method k = 2 k = 3 t = 60s
GAT⋆ BIN 11.20 13.75 14.93
GAT BIN 9.04 11.79 12.57
GATState BIN 10.61 14.54 15.32
GATStateRNN BIN 9.04 11.59 12.38
GAT POS 11.00 12.77 14.34
GATState POS 10.81 13.36 14.73
GATStateRNN POS 10.81 13.36 14.93

Table 1: Success rates (percentage of successful runs) for
various number of graph expansions k or time budget t.

Method h = 1 h = 2 h = 3
GP 21.65 22.68 21.65
GATState BIN 4.12 7.22 7.22

I 22.68 23.71 23.71
M 27.84 27.84 28.87

EvoNUDGE MM 27.84 27.84 27.84
IM 28.87 25.77 27.84
IMM 30.93 25.77 28.87

Table 2: Success rates on the AI Feynman suite of bench-
marks for various heights h of the subtrees.

(MM), and (iv) all these operators simultaneously (IM ,
IMM ). The settings of the evolutionary algorithm are the
same as in (Wyrwiński and Krawiec 2024).

Results
Table 1 presents the performance of NUDGE configura-
tions when tackling the 510 test problems from our gener-
ated database of SR problems. We compare the GAT⋆ base-
line (Wyrwiński and Krawiec 2024) and six configurations
that combine BIN and POS with GAT, GATState, and GAT-
StateRNN. A success is defined as achieving test-set MSE
< 10−10. GATState fares best, corroborating the usefulness
of incorporating the state from the previous iterations.

We evaluated the out-of-sample efficacy of NUDGE and
EvoNUDGE (with GATState (BIN) configuration) by ap-
plying them to the AI Feynman suite of regression prob-
lems (Udrescu and Tegmark 2020) comprising equations ex-
tracted from the Feynman Lectures on Physics (Feynman,
Leighton, and Sands 2010). Table 2 summarises the suc-
cess rates on this suite, including two baselines: the GAT-
State (BIN) (best in Table 1), and the purely evolution-
ary approach (GP), which starts from a randomly initialised
population and does not benefit from NUDGE’s guidance.
The results indicate that EvoNUDGE brings evident bene-
fits. The odds of synthesizing a correct SR model are not
only systematically much higher than those for standalone
NUDGE, but also better than for the purely evolutionary GP.
This holds for all combinations of NUDGE-informed search
operators, though the configurations involving the mutation
operators (M and MM ) benefit the most, suggesting that
it pays off to not only ‘prime’ the initial set of candidate
SR models, but also to continue the guidance throughout the
evolutionary search.
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