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Abstract

This paper addresses theory in evolutionary multiobjective
optimisation (EMO) and focuses on the role of crossover op-
erators in many-objective optimisation. The advantages of
using crossover are hardly understood and rigorous runtime
analyses with crossover are lagging far behind its use in prac-
tice, specifically in the case of more than two objectives.
We present a many-objective problem class together with a
theoretical runtime analysis of the widely used NSGA-III to
demonstrate that crossover can yield an exponential speedup
on the runtime. In particular, this algorithm can find the
Pareto set in expected polynomial time when using crossover
while without crossover it requires exponential time to even
find a single Pareto-optimal point. To our knowledge, this is
the first rigorous runtime analysis in many-objective optimi-
sation demonstrating an exponential performance gap when
using crossover for more than two objectives.

Introduction
Evolutionary multi-objective algorithms (EMOAs) mimic
principles from natural evolution as mutation, crossover (re-
combination) and selection to evolve a population of solu-
tions dealing with multiple conflicting objectives to explore
a Pareto optimal set. Those have been frequently applied
to a variety of multi-objective optimisation problems and
also have several applications in practice (Deb 2001; Coello,
Veldhuizen, and Lamont 2013) such as scheduling prob-
lems (Ishibuchi and Murata 1998), vehicle design (Xingtao
et al. 2008) or practical combinatorial optimisation prob-
lems (Li et al. 2024). They are also widely used in machine
learning, artificial intelligence, and various fields of engi-
neering (Qu et al. 2021; Luukkonen et al. 2023; Sharma and
Chahar 2022). Particularly, in real world scenarios, there ex-
ist many problems with four or more objectives (Chikumbo,
Goodman, and Deb 2012; Coello and Lamont 2004). Thus,
it is not unexpected that the study of EMOAs became a very
important area of research in the last decades, especially for
many objectives. However, when the number of objectives
increases, the size of the Pareto front and the number of in-
comparable solutions can grow exponentially and therefore,
covering a high dimensional front, is a difficult task. There
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are already strong differences between two and more objec-
tives. NSGA-II (Deb et al. 2002), the most used EMOA, op-
timises bi-objective problems efficiently (see (Köppen and
Yoshida 2007) for empirical results or (Zheng, Liu, and Do-
err 2022; Dang et al. 2023b; Doerr and Qu 2022; Dang et al.
2023a; Dang, Opris, and Sudholt 2024) for rigorous runtime
analyses) while it perform less when dealing with three or
more objectives (see (Chaudhari et al. 2022) for empirical
results or (Zheng and Doerr 2024a) for rigorous negative re-
sults). The reason is that the so-called crowding distance, the
tie breaker in NSGA-II, induces a sorting only for two ob-
jectives and therefore, Pareto-optimal search points can be
lost between generations. Hence, Deb and Jain (2014) pro-
posed NSGA-III, a refinement of the very popular NSGA-II,
designed to handle more than two objectives, and instead
of the crowding distance, uses reference points (previously
set by the user) to guarantee that the solution set is well-
distributed across the objective space. In particular, Deb and
Jain (2014) empirically showed that NSGA-III can solve
problems between 3 and 15 objectives efficiently. Due to its
versatileness, it gained significant traction (∼5500 citations)
and now has sereval applications (Tang et al. 2024; Bhes-
dadiya et al. 2016; Gu, Xu, and Li 2022). However, theo-
retical breakthroughs on its success have only occurred re-
cently. The first rigorous runtime analyses of the state of the
art NSGA-III were only published at IJCAI 2023 (Wietheger
and Doerr 2023) and GECCO 2024 (Opris et al. 2024) and
hence, its theoretical understanding is still substantially be-
hind its achievements in practice. For example, there are sev-
eral empirical results on the usefulness of crossover in many
objectives, particularly for NSGA-III (Yi et al. 2020; Sekine
and Tatsukawa 2018), but we are not aware of any such the-
oretical result addressing rigorous runtime analysis in more
than two objectives. This is remarkable, because crossover
is a very useful operator in evolutionary computation. In the
bi-objective setting, particularly for NSGA-II, Doerr and Qu
(2023) proved that crossover guarantees a speedup of O(n)
on a certain class of functions or Dang et al. (2023b) showed
that this speedup is even exponential on a more artificial
benchmark. The latter is based on a REALROYALROAD
function constructed by Jansen and Wegener (2005) for sin-
gle objective optimisation, where NSGA-II can optimise this
benchmark in expected O(n3 + µ/n) generations. But par-
ticularly rigorous mathematical proofs on NSGA-III provide
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restrictions and capabilities on how NSGA-III really works
and are able to guide practitioners.
Our contribution: We build on the considerations of (Dang
et al. 2023b) to more than two objectives, and investigate
an example of a pseudo-Boolean function m-RRMO for a
constant number m of objectives serving as a “royal road”
where the use of crossover significantly improves perfor-
mance. When crossover is turned off, NSGA-III requires
expected exponential time to find a single Pareto-optimal
point. In sharp contrast, NSGA-III using crossover can find
the Pareto set of m-RRMO in expected O(n3) generations.
This runtime does not asymptotically depend on the number
m of objectives, and even not on the population size µ in
contrast to (Dang et al. 2023b) for the bi-objective case. For
large population sizes (i.e. µ = Ω(n4)), this is an improve-
ment by a factor of Ω(µ/(n4)) compared to (Dang et al.
2023b). If µ grows exponentially in the number of objec-
tives m, this factor also becomes exponentially large in m.
This is typical for many-objective optimization to ensure ad-
equate coverage of the Pareto front. For our purposes we also
have to adapt the general arguments from (Opris et al. 2024)
about the protection of good solutions of NSGA-III to this
situation.
Related work: As already mentioned in (Dang et al. 2023b),
there are several rigorous results on the usefulness of
crossover on pseudo-boolean functions in single objective
optimisation. An exponential performance gap in the run-
time was proven by Jansen and Wegener (2005). They con-
structed a function REALROYALROAD where EAs without
crossover need exponential time with overwhelming proba-
bility while an easy designed EA with 1-point crossover op-
timises REALROYALROAD in polynomial time. The reason
is that REALROYALROAD yields EAs to evolve strings with
all 1-bits cumulated in a single block, and then with 1-point
crossover the optimal string can easily be generated. For
JUMPk, where a fitness valley of size k has to be traversed,
it has been shown rigorously that uniform crossover gives a
polynomial or superpolynomial speedup, depending on the
parameter k (Jansen and Wegener 2002; Kötzing, Sudholt,
and Theile 2011; Dang et al. 2017; Opris, Lengler, and Sud-
holt 2024). Advantages through crossover were also proven
for the easy ONEMAX(x) problem (Sudholt 2017; Corus
and Oliveto 2018; Doerr, Doerr, and Ebel 2015; Doerr and
Doerr 2018) where just the number of ones in the bit string x
is counted, combinatorial problems like closest string prob-
lem (Sutton 2021) or shortest paths (Doerr, Happ, and Klein
2012; Doerr et al. 2013). Also special NP hard graph prob-
lems like the k-vertex cover or k-vertex cluster problem can
be optimised efficiently with variants of crossover (Sutton
and Lee 2024).
There are only a few papers about EMOAs which gave a
rigorous runtime analysis about this topic. A few variants of
GSEMO with crossover have been studied (Qian, Yu, and
Zhou 2013; Qian, Bian, and Feng 2020; Doerr, Hadri, and
Pinard 2022) and the first improvement of NSGA-II with
crossover on the runtime on the classical LOTZ, OMM
and COCZ problems to O(n2) was provided by Bian and
Qian (2022). However, they used stochastic tournament se-
lection, a special parent selection strategy, and could not out-

perform Covantes Osuna et al. (2020) which used SEMO
with diversity-based parent selection schemes, but without
crossover. Later, in parallel independent work, Doerr and
Qu (2023) and Dang et al. (2023b) showed the first im-
provements on the runtime of NSGA-II with crossover for
classical parent selection mechanisms in the bi-objective set-
ting. The former studied the OJZJ, a variant of the JUMPk-
benchmark for two objectives, and showed that crossover
speeds up the expected runtime by a factor of n. The lat-
ter constructed a REALROYALROADMO-function, similar
to Jansen and Wegener (2005), to show that crossover can
give an exponential speedup on the runtime.

The theoretical analysis of NSGA-III only succeeded re-
cently: Wietheger and Doerr (2023) conducted the first run-
time analysis of NSGA-III on the 3-ONEMINMAX prob-
lem and showed that for p ≥ 21n divisions along each
objective for defining the set of reference points, NS-
GA-III finds the complete Pareto front of 3-OMM in
expected O(µn log(n)) evaluations where the population
size µ coincides with the size of the Pareto front of 3-
OMM. Opris et al. (2024) generalised this result on more
than three objectives and gave also a runtime analysis for
the classical m-COUNTINGONESCOUNTINGZEROES and
m-LEADINGONESTRAILINGZEROES benchmarks (Lau-
manns, Thiele, and Zitzler 2004) for any constant num-
ber m of objectives: NSGA-III with uniform parent se-
lection and standard bit mutation optimises m-LOTZ in
expected O(nm+1) evaluations with a population size of
µ = O(nm−1) and m-OMM, m-COCZ in expected
O(nm/2+1 log(n)) fitness evaluations where µ = O(nm/2)
(coinciding with the size of the Pareto front of m-OMM and
m-COCZ, respectively). They could also reduce the number
of required divisions by more than a factor of 2. However,
all these results do not take crossover operators into account.

Preliminaries
Let ln be the logarithm to base e and [m] := {1, . . . ,m}
for m ∈ N. For a finite set A we denote by |A| its cardinal-
ity. For two random variables X and Y on N0 we say that
Y stochastically dominates X if P (Y ≤ c) ≤ P (X ≤ c)
for every c ≥ 0. The number of ones in a bit string x is de-
noted by |x|1. The number of leading zeros in x, denoted by
LZ(x), is the length of the longest prefix of x which contains
only zeros, and the number of trailing zeros in x, denoted by
TZ(x), the length of the longest suffix of x containing only
zeros respectively. For example, if x = 00110110110000,
then LZ(x) = 2 and TZ(x) = 4.
This paper is about many-objective optimisation, particu-
larly the maximisation of a discrete m-objective function
f(x) := (f1(x), . . . , fm(x)) where fi : {0, 1}n → N0 for
each i ∈ [m]. When m = 2, the function is also called bi-
objective. Let fmax be the maximum possible value of f in
one objective, i.e. fmax := max{fj(x) | x ∈ {0, 1}n, j ∈
[m]}. Denote by 1⃗ := (1, . . . , 1) ∈ Nm the unit vector. For
N ⊆ {0, 1}n let f(N) := {f(x) | x ∈ N}.
Definition 1. Consider an m-objective function f .
1) Given two search points x, y ∈ {0, 1}n, x weakly dom-

inates y, denoted by x ⪰ y, if fi(x) ≥ fi(y) for all
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Algorithm 1: NSGA-III on an m-objective function
f with population size µ and crossover probability
pc (Deb and Jain 2014)

1 Initialise P0 ∼ Unif(({0, 1}n)µ)
2 for t := 0 to ∞ do
3 Initialise Qt := ∅
4 for i = 1 to µ/2 do
5 Sample p1, p2 from Pt uniformly at random
6 Sample r ∼ Unif([0, 1])
7 if r ≤ pc then
8 Create c1 by 1-point crossover on p1, p2
9 Create c2 by 1-point crossover on p1, p2

10 else
11 Create c1, c2 as copies from p1, p2

12 Create s1, s2 by standard bit mutation on
c1, c2 with mutation probability 1/n

13 Update Qt := Qt ∪ {s1, s2}
14 Set Rt := Pt ∪Qt

15 Partition Rt into layers F 1
t , F

2
t , . . . , F

k
t of

non-dominated fitness vectors
16 Find i∗ ≥ 1 such that

∑i∗−1
i=1 |F i

t | < µ and∑i∗

i=1|F i
t | ≥ µ

17 Compute Yt =
⋃i∗−1

i=1 F i
t

18 Choose F̃ i∗

t ⊂ F i∗

t such that |Yt ∪ F̃ i∗

t | = µ with
Algorithm 2

19 Create the next population Pt+1 := Yt ∪ F̃ t
i∗

i ∈ [m] and x (strictly) dominates y, denoted by x ≻ y,
if one inequality is strict; if neither x ⪰ y nor y ⪰ x then
x and y are incomparable.

2) A set S ⊆ {0, 1}n is a set of mutually incomparable so-
lutions with respect to f if all search points in S are in-
comparable.

3) Each solution not dominated by any other in {0, 1}n is
called Pareto-optimal. A mutually incomparable set of
these solutions that covers all possible non-dominated
fitness values is called a Pareto(-optimal) set of f .

The NSGA-III algorithm (Deb and Jain 2014) is shown
in Algorithm 1 (compare also with (Wietheger and Doerr
2023) or (Opris et al. 2024)). At first, a population of size
µ is generated by initialising µ individuals uniformly at ran-
dom. Then in each generation, a population Qt of µ new
offspring is created by conducting the following operations
µ/2 times. At first two parents p1 and p2 are chosen uni-
formly at random. Then 1-point crossover will be applied on
(p1, p2) with some probability pc ∈ [0, 1) to produce two
solutions c1, c2. If 1-point crossover is not executed (with
probability 1− pc), c1, c2 are exact copies of p1, p2. Finally,
two offspring s1 and s2 are created with standard bit mu-
tation on c1 and c2, i.e. by flipping each bit independently
with probability 1/n.
During the survival selection, the parent and offspring pop-
ulations Pt and Qt are merged into Rt, and then partitioned
into layers F 1

t+1, F
2
t+1, . . . using the non-dominated sorting

Algorithm 2: Selection procedure based on a set Rp

of reference points for maximising a function
1 Compute the normalisation fn of f
2 Associate each x ∈ Yt ∪ F i∗

t with its reference point
rp(x) such that the distance between fn(x) and the
line through the origin and rp(x) is minimised

3 For each r ∈ Rp, set ρr := |{x ∈ Yt | rp(x) = r}|
4 Initialise F̃ i∗

t = ∅ and R′ := Rp

5 while true do
6 Determine rmin ∈ R′ such that ρrmin is minimal

(where ties are broken randomly) Determine
xrmin ∈ F i∗

t \ F̃ i∗

t which is associated with rmin

and minimises the distance between the vectors
fn(xrmin

) and rmin (where ties are broken
randomly)

7 if xrmin
exists then

8 F̃ i∗

t = F̃ i∗

t ∪ {xrmin}
9 ρrmin = ρrmin + 1

10 if |Yt|+ |F̃ i∗

t | = µ then return F̃ i∗

t ;
11 else R′ = R′ \ {rmin};

algorithm (Deb et al. 2002). The layer F 1
t+1 consists of all

non-dominated points, and F i
t+1 for i > 1 consists of points

that are only dominated by those from F 1
t+1, . . . , F

i−1
t+1 .

Then the critical and unique index i∗ with
∑i∗−1

i=1 |F t
i | < µ

and
∑i∗

i=1|F t
i | ≥ µ is determined (i.e. there are fewer than

µ search points in Rt with a lower rank than i∗, but at least
µ search points with rank at most i∗). All individuals with a
smaller rank than i∗ are taken into Pt+1 and the remaining
points are chosen from F t

i∗ with Algorithm 2.
At first in Algorithm 2, a normalised objective function

fn is computed and then each individual with rank at most
i∗ is associated with reference points. We use the same set
of structured reference points Rp as proposed in the original
paper (Deb and Jain 2014), originated in (Das and Dennis
1998). The points are defined on the simplex of the unit vec-
tors (1, 0, . . . , 0)⊺, (0, 1, . . . , 0)⊺, . . . , (0, 0, . . . , 1)⊺ as:{(

a1
p
, . . . ,

am
p

)
| (a1, . . . , am) ∈ Nm

0 ,
m∑
i=1

ai = p

}
where p ∈ N is a parameter one can choose according to the
fitness function f .

Now each individual x is associated with the reference
point rp(x) such that the distance between fn(x) and the
line through the origin and rp(x) is minimal. Then, one it-
erates through all the reference points where the reference
point with the fewest associated individuals that are already
selected for the next generation Pt+1 is chosen. Ties are bro-
ken uniformly at random. A reference point is omitted if it
only has associated individuals that are already selected for
Pt+1. Then, among the not yet selected individuals of that
reference point, the one nearest to the chosen reference point
is taken for the next generation where ties are again broken
uniformly at random. If the required number of individuals
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is reached (i.e. if |Yt| + |F̃ i∗

t | = µ) the selection ends. In
Line 6 of Algorithm 2 one could use any other diversity-
perserving mechanism if ρrmin

≥ 1. Note that NSGA-II fol-
lows the same scheme as Algorithm 1 with the difference
that F̃ i∗

t ⊂ F i∗

t is chosen based on sorting according to the
crowding distance, rather than using Algorithm 2 (Deb et al.
2002).
Further, we use the normalisation from (Blank, Deb, and
Roy 2019). The detailed procedure is provided in that pa-
per. However, for our purposes, the following description is
sufficient. For an m-objective function f : {0, 1}n → Nm

0 ,
the normalised fitness vector fn(x) := (fn

1 (x), . . . , f
n
m(x))

of a search point x is given by

fn
j (x) =

fj(x)− ymin
j

ynad
j − ymin

j

(1)

for each j ∈ [m]. The points ynad := (ynad
1 , . . . , ynad

m ) and
ymin := (ymin

1 , . . . , ymin
m ) from the objective space are de-

noted by nadir and ideal points, respectively. In particular,
ymin
j is set to the minimum value in objective j from all

search points seen so far (i.e. from R0, . . . , Rt). Computing
the nadir point is non-trivial, but the procedure described in
(Blank, Deb, and Roy 2019) ensures for each j ∈ [m] that
ynad
j ≥ εnad, and ymin

j ≤ ynad
j ≤ ymax

j where ymax
j is the

maximum value in objective j from all search points seen
so far and εnad is a positive threshold. The following crucial
result from (Opris et al. 2024) shows that sufficiently many
reference points protect good solutions. In other words, if a
population covers a fitness vector v with a first-ranked indi-
vidual x, i.e. there is x ∈ F 1

t with f(x) = v, then it is cov-
ered for all future generations as long as x ∈ F 1

t . (Compare
also with (Wietheger and Doerr 2023) for a similar result,
but limited to the 3-objective m-OMM problem for a higher
number p of divisions.)
Lemma 2 (Opris et al. (2024), Lemma 3.4). Consider NS-
GA-III optimising an m-objective function f with εnad ≥
fmax and a set Rp of reference points for p ∈ N with
p ≥ 2m3/2fmax. Let Pt be its current population and F 1

t
be the multiset describing the first layer of the merged pop-
ulation of parent and offspring. Assume the population size
µ fulfills the condition µ ≥ |S| where S is a maximum set
of mutually incomparable solutions. Then for every x ∈ F 1

t
there is a x′ ∈ Pt+1 with f(x′) = f(x).

The Many-Objective Royal-Road Function
In this section, we define the many-objective
REALROYALROAD function which we denote by m-
RRMO. Fix m ∈ N divisible by 2 and let n be divisible by
5m/2. For a bit string x let x := (x1, . . . , xm/2) where all
xj are of equal length 2n/m. Let B := {y ∈ {0, 1}2n/m |
|y|1 = 6n/(5m), LZ(y) + TZ(y) = 4n/(5m)} and
A := {y ∈ {0, 1}2n/m | |y|1 = 8n/(5m), LZ(y) +
TZ(y) = 2n/(5m)} refer to the substring xj . The fol-
lowing sets refer to the whole bit string, and are needed to
partition the search space accordingly.
• L := {x | 0 < |xj |1 ≤ 6n/(5m) for all j ∈
[m/2], |xi|1 < 6n/(5m) for an i ∈ [m/2]},

• M := {x | |xj |1 = 6n/(5m) for all j ∈ [m/2] and xi /∈
B for an i ∈ [m/2]},

• N := {x | xj ∈ A ∪B for all j ∈ [m/2]}.

Definition 3. The function class m-RRMO : {0, 1}n →
Nm

0 , is defined as

m-RRMO(x) = (f1(x), f2(x), . . . , fm(x))

with

fk(x) = gk(x) :=

{
|x1+(k−1)/2|1 if k is odd,
|x1+(k−2)/2|1 if k is even,

if x ∈ L,

fk(x) = hk(x) := gk(x)+

{
LZ(x1+(k−1)/2) if k is odd,
TZ(x1+(k−2)/2) if k is even,

if x ∈ M ,

fk(x) = 4n|K(x)|/(5m) + hk(x)

if x ∈ N where K(x) := {j ∈ [m/2] | xj ∈ A}, and
fk(x) = 0 otherwise.

In the m-objective REALROYALROAD function the bit
string is divided into m/2 blocks of equal length 2n/m.
Algorithms initialising their population uniformly at ran-
dom typically begin with search points x such that 0 <
|xj |1 ≤ 3/5(2n/m) = 6n/(5m) for each j ∈ [m/2]. Then
we give a fitness signal to increase the number of ones to
3/5(2n/m) = 6n/(5m) in each xj . After that, we aim to
store all these ones in a cumulative block which is achieved
by increasing the sum of leading and trailing zeros in each
block j to obtain xj ∈ B. Finally, if xj ∈ A ∪ B for each
block j ∈ [m/2], there is a strong fitness signal equally to
each objective according to |K(x)|, the number of blocks
j ∈ [m/2] in x such that xj ∈ A. In the following we sum-
marise important properties of m-RRMO.

Lemma 4. The following properties hold.

(1) Let x, y with x ∈ L, y ∈ M ∪N . Then y dominates x.
(2) Let Q := {x ∈ {0, 1}n | xj ∈ B for all j ∈ [m/2]}.

Then for every x ∈ M there is y ∈ Q dominating x.
(3) Let x, y ∈ N be with |K(x)| < |K(y)|. Then y domi-

nates x.
(4) The Pareto set P of RRMO is

P := {x ∈ {0, 1}n | xj ∈ A for all j ∈ [m/2]}.

Proof. (1): Note that fk(y) ≥ 6n/(5m) for every k ∈ [m]
since each block j contains at least 6n/(5m) ones. On
the other hand, fk(x) ≤ 6n/(5m) and there is a block
i ∈ [m/2] with |xi|1 < 6n/(5m), i.e. f2i(x) < 6n/(5m).
(2): Let i ∈ [m/2] such that LZ(xi) + TZ(xi) is not max-
imum (i.e. LZ(xi) + TZ(xi) < 4n/(5m)). Then there is
a zero in xi not contributing to LZ(xi) + TZ(xi) (i.e. be-
tween the leftmost and rightmost one in xi). Hence, ex-
changing that zero with the leftmost one creates a search
point w with wj = xj for j ∈ [m/2] \ {i}, |wi|1 = |xi|1,
LZ(wi) = LZ(xi) + 1 and TZ(wi) = TZ(xi). Hence, w
dominates x. Repeating this operation in wi until there is no
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such zero left gives the desired search point y by the transi-
tivity of dominance.
(3): Note that hk(x) ≤ 2n/m for all k ∈ [m] since in ev-
ery block the sum of the number of ones and leading (trail-
ing) zeros does not exceed 2n/m. Since each block con-
tains at least 6n/(5m) ones, hk(x) ≥ 6n/(5m). Putting
this together gives fk(x) = 4n|K(x)|/(5m) + hk(x) ≤
4n|K(x)|/(5m) + 2n/m = 4n(|K(x)| + 1)/(5m) −
4n/(5m) + 2n/m ≤ 4n|K(y)|/(5m) + 6n/(5m) ≤
4n|K(y)|/(5m) + hk(y). Since either h1(x) < 2n/m or
h2(x) < 2n/m (the leading and trailing zeros in block 1 are
not 4n/(5m) at the same time since |x1|1 = 6n/(5m)), one
of the inequalities above is strict for k = 1 or k = 2.
(4): Note that |K(z)| = m/2 for z ∈ P and |K(w)| < m/2
for every w /∈ P . Hence, by (2) every point z ∈ P dominates
every point w /∈ P . Let x, y ∈ P be two search points with
x ̸= y. Then we find j ∈ [m/2] with xj ̸= yj . Since |xj |1 =
|yj |1 = 8n/(5m) which are stored in a cumulative block,
we see either LZ(xj) > LZ(yj) (i.e. TZ(xj) < TZ(yj)) or
LZ(yj) > LZ(xj) (i.e. TZ(yj) < TZ(xj)). In both cases,
x and y are incomparable.

We also bound the number of mutually incomparable so-
lutions contained in any population as follows.

Lemma 5. Let m be a constant and S be a set of mutually
incomparable solutions of RRMO. Then |S| ≤ c(4n/(5m)+
1)m−1 for a constant c ∈ N with c = 1 if m = 2.

Proof. Suppose that |S| ≥ 2. Hence, by Lemma 4(1), we
either have S ⊂ L or S ⊂ N ∪M .
If S ⊂ L then every v ∈ f(S) fulfills vk ∈ [5n/(6m)],
and vk−1 = vk if k ∈ [m] is even. Note also that
(u1, . . . , um−2) ̸= (v1, . . . , vm−2) for two different u, v ∈
f(S). Otherwise, x, y with f(x) = u and f(y) = v are
comparable (due to f(S) ⊂ f(L) and vm−1 = vm for ev-
ery v ∈ f(L)). Therefore, |S| = |f(S)| ≤ (6n/(5m) +

1)m/2−1 ≤ (
√

6n/(5m) + 1)m−1 ≤ (4n/(5m) + 1)m−1

(due to
√
x+ 1 ≤ 2x/3 + 1 for every x ≥ 0).

Assume S ⊂ N ∪ M and let x ∈ S. Then by Lemma 4(3)
|K(y)| = |K(x)| for every y ∈ S. If |K(x)| = 0

then f(S) ⊂ V := 6n/(5m)⃗1 + {(v1, . . . , vm) | vi ∈
{0} ∪ [4n/(5m)] for all i ∈ [m]} since LZ(xj), TZ(xj) ≤
4n/(5m) for every j ∈ [m/2]. Since (u1, . . . , um−1) ̸=
(v1, . . . , vm−1) for two different u, v ∈ f(S), we see that
|S| = |f(S)| ≤ (4n/(5m) + 1)m−1 in a similar way as
above. If |K(x)| > 0 we just estimate S by the number of
search points y with ℓ := |K(y)| = |K(x)| and yj ∈ A∪B

which is
(
m/2
ℓ

)
(4n/(5m) + 1)m/2−ℓ(2n/(5m) + 1)ℓ ≤

cℓ(4n/(5m) + 1)m/2 for cℓ :=
(
m/2
ℓ

)
. Taking c as the max-

imum on c1, . . . , cm/2 gives the result.

We will see that a Pareto optimal search point can be
explored easily using recombination, in particular 1-point
crossover, by successively recombining individuals with
xj ∈ B in order to create individuals y with yj ∈ A.
A minor modification to the bi-objective RRMO function
from (Dang et al. 2023b) is that we count the leading ones
and trailing zeros in each block only if the number of ones

in every block reaches 6n/(5m), instead of scaling the num-
ber of ones by a factor of n. The reason is that, when scal-
ing, the maximum possible fitness value in one objective be-
comes Θ(n2), which implies, according to Lemma 2, that
NSGA-III requires a significantly higher number of refer-
ence points to protect good solutions.

Crossover Guarantees Polynomial Time
Now we show that for NSGA-III can find the whole Pareto
set of RRMO in expected polynomial time.
Theorem 6. Let m ∈ N be any constant divisible by 2.
Then the algorithm NSGA-III (Algorithm 1) with pc ∈ (0, 1),
εnad ≥ 2n/5+2n/m, a set Rp of reference points as defined
above for p ∈ N with p ≥ 2m3/2(2n/5 + 2n/m), and a
population size µ ≥ c(4n/(5m) + 1)m−1 for a constant
c ∈ N becoming 1 if m = 2, µ ∈ 2O(n), finds the Pareto
set of f := m-RRMO in expected O(n3/(1 − pc) + pc)
generations and O(µn3/(1−pc)+µpc) fitness evaluations.

Proof. Note that fmax = 2n/5 + 2n/m by noticing that
|Kt(x)| ≤ m/2 and |xj |1 + LZ(xj), |xj |1 + TZ(xj) ≤
2n/m. So during the whole optimisation procedure we may
apply Lemma 2. Further, we use the method of typical
runs (Wegener 2002, Section 11) and divide a run into sev-
eral phases. For every phase we compute the expected wait-
ing time to reach one of the next phases. A phase can be
skipped if the goal of a later phase is achieved.
Phase 1: Create x with f(x) ̸= 0.
Let x be initialised uniformly at random. By a classical
Chernoff bound the probability that 0 < |xj |1 ≤ 6n/(5m)
for every j ∈ {1, . . . ,m/2} is 1−e−Ω(n) since the expected
value of ones in one block of a search point is 1/2 ·2n/m =
n/m after initialisation. Hence, the probability that every
individual has fitness zero after initialisation is e−Ω(µn). If
this event occurs, the probability is at least n−n to create
any individual with mutation (no matter if crossover is exe-
cuted) and hence, one with fitness distinct from 0. So the ex-
pected number of generations to finish this phase is at most
(1− e−Ω(µn)) + e−Ω(µn)nn = 1 + o(1).
Phase 2: Create x with |xj |1 = 6n/(5m) for all j ∈ [m/2].
Let Ot := max{|x|1 | x ∈ Pt, f(x) ̸= 0}. Since 0 <

|x|j1 ≤ 6n/(5m) for every j ∈ [m/2] if f(x) ̸= 0, we have
m/2 ≤ Ot < m/2 · 6n/(5m) = 3n/5 and Ot cannot de-
crease by Lemma 2 since a solution x with |x|1 = Ot is non-
dominated. Note that |xj |1 < 6n/(5m) for a j ∈ [m/2]. To
increase Ot in one trial it suffices to choose a parent z ∈ Pt

with |z|1 = Ot (prob. at least 1− (1− 1/µ)2 ≥ 1/µ), omit
crossover (prob. (1 − pc)) and flip one of 2n/m − |xj |1 ≥
4n/(5m) zero bits to one (prob. 4(1 − 1/n)n−1/(5m) ≥
4/(5me)). Hence, in one generation, the probability to in-
crease Ot is at least 1 − (1 − rt)

µ/2 ≥ µrt
2 /(1 + µrt

2 ) for
rt := 4(1 − pc)/(5µme) (for this inequality see, for ex-
ample, Lemma 10 in (Badkobeh, Lehre, and Sudholt 2015))
since in each generation µ/2 many pairs of two individuals
are generated independently of each other. Hence, the ex-
pected number of generations to complete this phase is at
most (3n/5 − m/2)(1 + 2/(µrt)) = (3n/5 − m/2)(1 +
10me/(4(1− pc))) = O(n/(1− pc)).
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Phase 3: Create x with xj ∈ B, i.e. LZ(xj) + TZ(xj) =
4n/(5m), for every j ∈ [m/2].
Let Wt := {x ∈ Pt | |xj |1 = 6n/(5m) for all j ∈ [m/2]}
and for k ∈ [m], x ∈ {0, 1}n let Tk(x) = LZ(x1+(k−1)/2)
if k is odd and Tk(x) = TZ(x1+(k−2)/2) otherwise. Note
that fk(x) = 6n/(5m) + Tk(x) for x ∈ Wt. Set αt =

max{
∑m/2

i=1 (T2i−1(x) + T2i(x)) | x ∈ Wt}. Since 0 ≤
LZ(xj) + TZ(xj) ≤ 4n/(5m) for every j ∈ [m/2], we
obtain αt ∈ {0, . . . , 2n/5 − 1}. Note that this phase is fin-
ished if αt becomes 2n/5. According to Lemma 2, αt can-
not decrease since a corresponding solution w with value
αt is non-dominated. In w the total number of zeros not
contributing to any LZ(wj) + TZ(wj) for j ∈ [m/2] is
2n/5 − αt := σt. To increase αt in a trial is suffices to
choose such a solution w from Pt, omit crossover and ex-
ecute mutation as follows: Flip one of the σt zeros to one
and the leftmost one bit in the same block i to zero to in-
crease LZ(wi) + TZ(wi) (prob. σt/(n

2) · (1− 1/n)n−2 ≥
σt/(en

2)) while LZ(wj) + TZ(wj) remains unchanged for
every j ∈ [m/2] \ {i}. Let rt := (1 − pc)σt/(en

2µ). Then
the probability is at least 1 − (1 − rt)

µ/2 ≥ rtµ
2 /(1 + rtµ

2 )
to increase αt in one generation. Since σt ∈ [2n/5], the ex-
pected number of generations to obtain αt = 2n/5 is at most∑2n/5

j=1 (1 + 2en2/((1− pc)j) ≤ 2n/5 + 2en2(ln(2n/5) +

1)/(1− pc)) = O(n2 ln(n)/(1− pc)).
For defining the next phases let ℓt := max{|K(x)| | x ∈
Pt with xj ∈ A ∪ B for every j ∈ [m/2]}. Suppose that
ℓt ∈ [0] ∪ [m/2 − 1], i.e. there is a individual z ∈ Pt with
zj ∈ A ∪ B and |K(z)| = ℓt, but no corresponding w with
|K(w)| > ℓt. By Lemma 4(3), ℓt cannot decrease.
Phase ℓt+4: Create an individual x with |K(x)| = ℓt + 1.
Note that Phase 4 starts when ℓt = 0. If Phase m/2−1+4 =
m/2 + 3 is finished a Pareto optimal search point is found
since ℓt + 1 = m/2. We consider several subphases.
Subphase A: Let I := K(z). Then cover SI := {x | xj ∈
B for all j ∈ [m/2] \ I and xj ∈ A for all j ∈ I}.
For a specific search point w ∈ SI not already cov-
ered we first upper bound the probability by e−Ω(n) that
a solution x with x = w has not been created after
8en3/(1 − pc) generations. Let Dt := {x ∈ Pt | xj ∈
B for every j ∈ [m/2] \ I and xj ∈ A else}. We consider
dt := minx∈Dt

∑
i∈[m/2] H(xi, wi)/2 where H(xi, wi) de-

notes the Hamming distance between xi and wi. For x ∈ Dt

we have that H(xi, wi) is even, H(xi, wi) ≤ 8n/(5m)
if i /∈ I , and H(xi, wi) ≤ 4n/(5m) if i ∈ I (since
|xi|1 = |yi|1 = 6n/(5m) if i /∈ I , |xi|1 = |yi|1 =
8n/(5m) if i ∈ I and every xi has length 2n/m). This im-
plies 0 < dt ≤ 2n|I|/(5m) + 4n(m/2 − |I|)/(5m) =
2n/5 − 2n|I|/(5m) := s(n). Since a solution x ∈ Dt is
non-dominated (compare with the proof of Lemma 4(2)),
dt cannot increase (by Lemma 2). Note that we created w
if dt = 0. For 1 ≤ β ≤ s(n), define the random vari-
able Xβ as the number of generations t with dt = β.
Then the total number of generations required to find a so-
lution x with x = w is at most X =

∑s(n)
β=1 Xβ . Fix

y ∈ Dt ∪ Pt with
∑

i∈[m/2] H(wi, yi)/2 = dt ̸= 0. To de-

crease dt, it suffices to choose y as a parent, omit crossover
and flip two specific bits during mutation in order to shift
a block of ones in y in that direction of the correspond-
ing block of w (prob. 1/n2 · (1 − 1/n)n−2 ≥ 1/(en2)).
Hence, for at := (1 − pc)/(µen

2), the probability to de-
crease dt in one generation is at least 1 − (1 − at)

µ/2 ≥
atµ/2

1+atµ/2
≥ atµ/4 = (1 − pc)/(4en

2). Thus, for every
β ∈ {1, . . . , s(n)}, the random variable Xβ is stochastically
dominated by a geometrically distributed random variable
Zβ with success probability q := qβ := (1 − pc)/(4en

2).
Note that the Zβ can be also considered as independent. Let
Z :=

∑s(n)
β=1 Zβ . Then E[Z] = 4en2s(n)/(1−pc). Now we

use Theorem 15 in (Doerr 2019): For d :=
∑s(n)

β=1 1/q
2
β =

16e2n4s(n)/(1− pc)
2 and λ ≥ 0 we obtain

P (Z ≥ E[Z] + λ) ≤ exp

(
−1

4
min

{
λ2

d
, λq

})
.

For λ = 4en3/(1−pc) we obtain P (X ≥ 8en3/(1−pc)) ≤
P (Z ≥ 8en3/(1− pc)) ≤ e−Ω(n).
By a union bound over all possible w, the probability is at
most |SI | ·e−Ω(n) = ((4n/(5m)+1)m/2−|I|+(2n/(5m)+
1)|I|) · e−Ω(n) = e−Ω(n) that SI is completely covered by
individuals after 8en3/(1 − pc) generations. If this does
not happen, we can repeat the argument. Thus the ex-
pected number of generations to finish this phase is at most
(1 + o(1))(8en3/(1− pc)) = O(n3/(1− pc)).
Subphase B: Every x ∈ Pt fulfills |K(x)| = ℓt and
xj ∈ A ∪B for every j ∈ [m/2].
Let Nt be the number of such individuals. By Lemma 4(2)
the non-dominated individuals x are precisely those and
hence, Nt cannot decrease. Note also that Nt = Ω(n) (since
we got through Subphase A). Denote by Xt the number of
new created individuals of this kind in 1/(1 − pc) genera-
tions. Then E[Xt] ≥ Nt/4 since in one trial such an individ-
ual is cloned with probability at least Nt(1−pc)/(4µ) (with
prob. at least Nt/µ one such individual is selected as parent,
with prob. (1− pc) crossover is omitted and no bit is flipped
with prob. (1 − 1/n)n ≥ 1/4 during mutation) and by a
classical Chernoff bound P (Xt ≤ 0.5E[Xt]) ≤ e−Ω(Nt) =
e−Ω(n). Hence, with probability 1 − e−Ω(n) we have that
Nt+1 ≥ min{Nt + Nt/8, µ} = min{9Nt/8, µ} and by a
union bound, we obtain with probability at least 1− e−Ω(n)

that Subphase B is finished in at most ⌈log9/8(µ/Nt)⌉/(1−
pc) = O(ln(µ)/(1 − pc)) = O(n/(1 − pc)) many gen-
erations since µ ∈ O(2n). If this does not happen, we
repeat the argument and obtain an expected number of
(1 + o(1))O((1− pc)n) = O((1− pc)n) generations.
Subphase C: Create an individual y with |K(y)| ≥ ℓt + 1.
To create such an individual y in one generation one
has to choose two individuals y1, y2 with K(y1) =
K(y2) as parents such that yi1 = 0a16n/(5m)04n/(5m)−a

and yi2 = 02n/(5m)+a16n/(5m)02n/(5m)−a for an a ∈
{0, . . . , 2n/(5m)}, performing one-point crossover with
cutting point k ∈ {(i− 1)(2n)/m+2n/(5m)+ a, . . . , (i−
1)(2n)/m + 6n/(5m) + a} (i.e. in block i at position
b ∈ {2n/(5m) + a, . . . , 6n/(5m) + a}), and then omit-
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ting mutation. Note that K(y1) ∪ {i} ⊂ K(y) (since ei-
ther yj = yj1 or yj = yj2 for every j ∈ K(y1)) and hence,
|K(y)| ≥ ℓt + 1. We estimate the probability that this se-
quence of events occurs for good generations, defined as
follows. A generation is called good if for every z ∈ Pt the
corresponding SK(z) (defined in Subphase A) is completely
covered by Pt. Generations which are not good are called
bad. Since every x ∈ Pt satisfies |K(x)| = ℓt, and there are(
m/2
ℓt

)
different possibilities for K(x) (since K(x) ⊂ [m/2]

and |K(x)| = ℓt there are
(
m/2
ℓt

)
subsets of [m/2]), there are

at least µ/
(
m/2
ℓt

)
individuals x with the same K(x)-value

in good generations by the pigeonhole principle. Since the
generation is good, an arbitrary individual z with K(z) =
K(x) can be either used as first or second parent in the re-
combination step (since either zi = 0a16n/(5m)04n/(5m)−a

or zi = 02n/(5m)+a16n/(5m)02n/(5m)−a for an a ∈
{0, . . . , 2n/(5m)}). Hence, in a good generation, suitable
parents for one-point crossover are chosen with probability
at least r := (µ/

(
m/2
ℓt

)
)/µ2 = 1/(

(
m/2
ℓt

)
µ) ∈ Ω(1/µ), and

a correct cutting point without mutation afterwards is found
with probability at least s := (2n/(5m) + 1)/(4(n+ 1)) ∈
Θ(1). Hence, the probability to create such an y in a good
generation is at least 1 − (1 − pcrs)

µ/2 ≥ pcrsµ/2
1+pcrsµ/2

≥
pcrsµ/4 = Ω(pc). The expected number of bad genera-
tions can be estimated by O(n3/(1 − pc)) since there are(
m/2
ℓt

)
possible K(x), and one has to run at most

(
m/2
ℓt

)
times

through Subphase A again to cover all occuring SI for I :=
K(x). In total, this phase is finished in O(n3/(1− pc)+ pc)
generations in expectation.
Phase m/2+4: Cover the whole Pareto front.
The treatment of this phase is similar to Subphase A of
Phase ℓt+4. Let V := {x ∈ Pt | xi ∈ A for every i ∈
[m/2]}. We have V ̸= ∅ and every x ∈ V is Pareto-
optimal (by Lemma 5(4)). Fix a search point w ∈ V with
w /∈ Pt and let dt := minx∈Pt

H(x,w)/2. Note that
0 < dt ≤ (2n/5m) · m/2 = n/5 and dt cannot increase.
Define for j ∈ [n/5] the random variable Xj as the number
of generations t with dt = j. As in Subphase A, with prob-
ability at least (1 − pc)/(4en

2), the value dt decreases in
one generation. Hence, Xj is stochastically dominated by a
geometrically distributed random variable Zj with success
probability q := qj := (1 − pc)/(4en

2), and the num-
ber of generations until dt = 0 is at most

∑n/5
j=1 Zj . Note

that the Zj can be seen as independent. Hence, we can ap-
ply the remaining arguments from Subphase A adapted to
this situation to cover the whole Pareto front in expected
O(n3/(1− pc)) generations.
In total, the complete Pareto front is covered in expected
O(n3/(1−pc)+pc) generations and O(µn3/(1−pc)+µpc)
fitness evaluations since Subphases A,B and C are passed at
most m/2 times. Since m is a constant, the running time for
passing through Phase 4 to m/2 + 3 is asymptotically the
same as passing through Subphases A,B and C once.

In Theorem 6, the expected number of generations to
optimise m-RRMO does not asymptotically depend on m

and even not on the population size µ. Dang et al. (2023b)
showed for their bi-objective version of m-RRMO a runtime
bound of O(n3/(1− pc) + µ/(pcn)) for NSGA-II which is
by a factor of µ/n4 worse for population sizes µ ∈ Ω(n4)
and constant pc ∈ (0, 1).

Difficulty of NSGA-III Without Crossover
Finally, we point out that NSGA-III without crossover (i.e.
when pc = 0) becomes extremely slow. This even holds for
finding the first Pareto optimal point.
Theorem 7. Suppose that m is a constant divisible by 2. NS-
GA-III (Algorithm 1) on m-RRMO with pc = 0, any choice
of Rp, and µ polynomial in n needs at least nΩ(n) gener-
ations in expectation to create any Pareto-optimal search
point of m-RRMO.

Proof. We see with probability of 2−Ω(n) that an individ-
ual x with 0 < |xi|1 ≤ 6n/(5m) for every i ∈ [m/2]
initialises with probability 1 − 2−Ω(n). Hence, by a union
bound, with probability 1 − µ2−Ω(n) = 1 − o(1) every in-
dividual x initialises with 0 < |xi|1 ≤ 6n/(5m) for every
i ∈ [m/2] since µ ∈ poly(n). Suppose that this happens.
Then the algorithm will always reject search points with fit-
ness zero. Therefore, it is required to flip 2n/(5m) many
zeros at once even to create a search point y with yi ∈ A
for any i ∈ [m/2] . This happens with probability n−Ω(n).
So the expected number of needed generations in total is at
least (1− o(1))(nΩ(n)/µ) = nΩ(n).

As in (Dang et al. 2023b),a similar result can be also
formulated for a general class of (µ + λ) elisist black-
box algorithms, i.e. unary blackbox algorithms, which use
so-called unary unbiased variation operators (Doerr and
Lengler 2017) which generalise standard bit mutation. For
reasons of space, we will not present the results.

Conclusions
We defined m-RRMO, a variant of the bi-objective RRMO-
function proposed by (Dang et al. 2023b), for the many ob-
jective setting on which the EMO algorithm NSGA-III using
crossover for a constant 0 < pc < 1 and a constant number
of objectives m can find the whole Pareto set in expected
O(n3) generations and O(µn3) fitness evaluations. As for
other many-objective function classes like LOTZ, OMM
and COCZ, the upper bound on the expected number of gen-
erations behaves asymptotically independently of µ and m.
On the other hand, if crossover is disabled, NSGA-III re-
quires exponential time to even find a single Pareto-optimal
point. This is the first proof for an exponential performance
disparity for the use of crossover in the many-objective
setting, particularly for NSGA-III. However, we are confi-
dent that for the m-ONEJUMPZEROJUMPk benchmark pro-
posed by Zheng and Doerr (2024b), the many-objective ver-
sion of the bi-objective ONEJUMPZEROJUMP (Doerr and
Qu 2022), crossover provably guarantees a subexponential
speedup of order O(n). We hope that our work may serve
as a stepping stone towards a better understanding of the ad-
vantages of crossover on more complex problem classes, as
it has been done in single-objective optimisation.
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