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Abstract

Discovering elements of a hidden set, also known as Group
Testing (GT), is a well-established area in which one party
tries to discover elements hidden by the other party by asking
queries and analyzing feedback. The feedback is a function
of the intersection of the query with the hidden set - in our
case, it is a classical double-threshold function, which returns
1 if the intersection is a singleton ¢ and “null” otherwise (i.e.,
when the intersection is empty or of size at least 2). In this
work, we enhance GT by two features. First, we introduce a
local feedback framework to this problem: each hidden ele-
ment is an “autonomous” element and can analyze feedback
itself, but only for the queries to which it belongs. The goal
is to design a deterministic non-adaptive sequence of queries
that enables each non-hidden element to learn about all other
hidden elements. We show that, surprisingly, this task re-
quires substantially more queries than the classic group test-
ing — by proving a super-cubic (in terms of the number of
hidden elements) lower bound and by constructing a specific
query sequence of slightly longer length. Such a query sys-
tem is also an extension of a well-known superimposed code,
in a way that the decoding can be done only by the owners
of the codewords. Second, we extend the results to the model
where elements may belong to certain clusters and retrieving
them could be done only via queries avoiding elements from
“interfering” clusters. The main challenge is in not knowing
which interfering clusters are non-empty (and thus, need to
be avoided) and how to speed up the retrieval process by ask-
ing queries across many clusters. Our algorithms can be gen-
eralized to other feedback functions, to adversarial/stochas-
tic fault-prone scenarios, implemented in a distributed setting
and applied to the information theory and codes.

1 Introduction

In the Group Testing (GT) research field, introduced by
Dorfman in 1943 (Dorfman 1943), the goal is to retrieve all
elements of an unknown set K, containing k elements of
some large universe of size n, by asking queries and analyz-
ing answers (so called, feedback vector). Queries are sub-
sets of the universe, for instance, containing elements sat-
isfying some pre-defined search criteria, e.g., a query may
ask for elements having a specific subset of features. Orig-
inally GT was applied for identifying infected individuals
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in large populations using pooled tests (Dorfman 1943),
and it has also been very vibrant recently during and af-
ter the COVID-19 pandemic (Augenblick et al. 2020; Mal-
lapaty et al. 2020; Sinnott-Armstrong, Klein, and Hickey
2020). Although group testing is an area containing rel-
atively simply-formulated combinatorial problems, it has
many applications in other fields. Especially in problems
where there is an unknown sparse sub-structure that could
improve the performance of ML/AI algorithms, e.g., a small
subset of features (model parameters) that determines deci-
sions with high certainty. One could discover such subset by
reverse-engineering the decision vector, in a similar way that
the hidden set is discovered by analyzing feedback vector
to queries. Specific applications include: simplifying multi-
label classifiers (Ubaru et al. 2020), approximating the near-
est neighbor (Engels, Coleman, and Shrivastava 2021), and
accelerating forward pass of a deep neural network (Liang
and Zou 2021). The related superimposed codes are used
for dimensional reduction and error correction in ML and
(online) decision making, cf. (Hajiaghayi et al. 2024).

In adversarial search, information retrieval and databases,
GT has been applied to extraction and maintenance of the
most frequent elements in data streaming (Cormode et al.
2003; Cormode and Muthukrishnan 2005; Cormode and
Hadjieleftheriou 2008; Yu et al. 2004; Kowalski and Pa-
jak 2022a), construction of signature files (Indyk 1997),
(distributed) reconstruction of noisy pooled data (Hahn-
Klimroth and Kaaser 2022), supporting top-k join queries
in relational databases (Ilyas, Aref, and Elmagarmid 2004),
indexing (Tomasic and Garcia-Molina 1993), and dimen-
sionality reduction (Aggarwal 2001; Ravi Kanth, Agrawal,
and Singh 1998; Shen, Zhou, and Zhou 2007). Group test-
ing is also closely related with coding and information the-
ory (Kautz and Singleton 1964; Porat and Rothschild 201 1a;
Cheraghchi and Ribeiro 2019). More information, applica-
tions and links could be found in the seminal book (Du,
Hwang, and Hwang 2000) and recent literature (Klonowski,
Kowalski, and Pajak 2022; Kowalski and Pajak 2022b).

1.1 The setting of this work

We consider one of the classical query’s feedback models:
if the intersection of the query with the hidden set is a sin-
gle element, the id of this element is returned as the query’s
feedback (we say that this element is selected, or revealed);



otherwise an arbitrary null value is returned. We focus on de-
terministic non-adaptive solutions, i.e., when a sequence of
queries is determined by GT algorithm prior the hidden set is
selected by some adversary. The goal of the algorithm, often
called a selector, is to reveal every element of the hidden set,
using as small number of queries as possible. It is already
known that GT can be solved in this feedback model by
using O(k%log(n/k)) queries, see e.g., (De Bonis, Gasie-
niec, and Vaccaro 2003), and an explicit polynomial-time
construction of length O(k?logn) exists (Porat and Roth-
schild 2011b). The best known lower bound on the number
of queries is Q(min{k?logn/logk,n}) (Clementi, Monti,
and Silvestri 2001). !

This work, inspired by recent papers by (Jurdzinski et al.
2018, 2020) on applications in collision-avoiding communi-
cation, studies non-adaptive GT enhanced by two properties.

First, we would like to assure local learning, that is, each
element in the near universe (but not necessarily in the hid-
den set) needs to reveal the whole hidden set. However, it can
do so only by being included in queries that simultaneously
select hidden elements. Note that these two goals, selection
and locality, are not necessarily aligned: fast selection would
rather require smaller queries, to avoid intersections of size
bigger than 1 with the hidden set; quick local learning, on
the other hand, would like to place as many near elements to
each query as possible — so that many of them could learn, in
case the intersection with the hidden set is a singleton. Thus,
efficient construction of selector with locality is a challenge.

Second, we go further to two-dimensional space® and ask
the question of efficient local learning within any single
one-dimensional sub-space, simultaneously avoiding any el-
ements from a union of any other ¢ one-dimensional spaces
(here, called clusters). Intuitively, the presence of such ele-
ments in queries may cause negative inference to the learn-
ing process, €.g., in testing biological/chemical samples, in
shared-medium communication (learning “free channels”),
or in sampling from dependent distributions. For reasons
similar to the local learning, stated above, avoiding any sub-
set of other clusters may not be aligned with simultaneous
local learning in the chosen cluster (the choice of which
cluster/sub-space to learn from and which to avoid could
be made arbitrarily by an adversary); thus, its efficient con-
struction is challenging.

Apart from providing efficient polynomial-time construc-
tions and almost matching lower bounds on the number of
queries in the two considered extended types of group test-
ing, we consider several extensions, remarks and open direc-
tions — see details in Sections 2.2, 2.4, 5 and 6.

Paper overview. Section 2 formalizes the model, the prob-
lem and describes our contribution. Sections 3 and 4 pro-
vide technical details regarding polynomial constructions
and lower bounds for local and avoiding selectors. Interest-

"In this paper we use a common asymptotic notation
O(£),Q(f),O(f) to denote that a considered formula is, respec-
tively, asymptotically upper bounded, lower bounded or equivalent
to the function f used inside this notation, up to a constant factor.

2The first coordinate could be viewed as individual id of an el-
ement, while the other — as its cluster id.
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ing extensions and corresponding applications are given in
Section 5. Section 6 discusses the results and potential fu-
ture work. Some discussion on the model features and mo-
tivation, related work, and some proofs are deferred to the
full version of the paper due to space limitation.

2 Model, Problems, Results, Preliminaries
2.1

Consider the universe of all elements — set N' = [n]
{0,...,n — 1}. Throughout the paper, we will associate an
element with its identifier. Let K, with |K| < k, denote a
hidden subset of N, chosen arbitrarily by an adversary. It
is typically assumed in the literature that k is substantially
smaller than n, denoted k < n. Let @ = (Q1,...,Qm)
be a fixed sequence of m queries generated by a given non-
adaptive algorithm, where each query corresponds to a sub-
set of the universe A/. A non-adaptive algorithm is also col-
loquially called in the literature a (n, k)-selector or a (n, k)-
strong selector (as the resulting sequence of queries is in fact
a fixed mathematical structure), while m is called the length
or the size of the selector.

A feedback function F is a function from subsets of N’
into an arbitrary domain. A function is applied to K NQ); and
the result is called a feedback for query @;. In our work, we
assume a classic feedback F that returns null in |[K N Q;| #
1 and returns z if K N Q; = {z}. In the latter case, we say
that the query selects element x from the hidden set. The
goal of the selector is to have every element of the hidden
set selected by some query, for any possible hidden set.

In what follows, we present an extension of the classic
selectors, defined above, by two additional properties that
we require from selectors: locality and avoidance. They were
introduced recently by (Jurdzinski et al. 2018) in the context
of collision-avoiding schedules in network communication.’

Local Selectors. A sequence Q = (Q1,..., Q) of sets
over [n] satisfies Local Selection property (or LocS property,
for short) for a set K C [n], if for any x € K and any
y € K, there is a set Q; € Q such that K N Q; = {z}
and y € ;. One may interpret the above definition as a
non-hidden element y being a “witness” of a selection of a
hidden element x, or alternatively, a non-hidden element y
learning that x is in the hidden set K but only if y itself is in
the current query @;. (Note that although y € @Q;, y is not in
@; N K as itis not a hidden element.)

A sequence Q = (Q1,...,Q) is an (n,k)-Local-
Selector (or (n, k)-LocS, for short) of length m if, for ev-
ery subset K C [n] of size k, the family O satisfies the
LocS property for K. The following non-constructive upper
bound was proved using a probabilistic argument.

Model and selectors’ construction problems

Lemma 1 (non-constructive (Jurdzinski et al. 2018)). For
each positive integers n and k < n, there exists an (n, k)-
LocS of length O(k3logn).

3(Jurdzinski et al. 2018) called these extended selectors (n, k)-
witnessed strong selector (or (n, k)-wss) for our (n, k)-LocS, and
(n, k)-witnessed clusters aware strong selector (or (n, k, £)-wcass)
for our (n, k, £)-LocAS. In our work, we propose a unified system
of names refined to the GT area: locality and avoidance.



One can generalize the notion of (n, k, £)-LocS even fur-
ther — to the situation that LocS property must hold only in
sub-spaces (with fixed second coordinate, and called clus-
ters) of a two-dimensional space. Even more, that this prop-
erty holds using only queries that avoid a given set of £ other
clusters. Intuitively, having elements from other clusters in
the query may negatively influence, or even clash, the learn-
ing process within a given cluster — hence, the goal is to do
local learning of k hidden elements within the cluster and si-
multaneously avoiding the other ¢ “bad” clusters. More for-
mal definitions follow.

Local Avoiding Selectors. We say that a set Q C [n]? is
free of ¢ € [n] if for all (z,¢') € Q we have ¢’ # ¢. A set
Q is free of a given set C' C [n] if @ is free of each element
¢ € C. We call a set of pairs K x {¢} a slice, set [n] x {¢}
a cluster, and ¢ a cluster number. Let K C [n] x {¢} be
a set of elements that we would like to select locally in the
cluster ¢, and L C [n] \ {¢} be a set of cluster numbers in
conflict with the cluster ¢, i.e., elements of these clusters we
want to avoid when locally selecting elements in K. Then, a
sequence Q = (Q1, ..., Q) of subsets of [n]? satisfies Lo-
cal Avoiding Selection property (LocAS property, for short)
for K with respect to L if for each x € K and eachy ¢ K
from cluster ¢ (i.e., y € [n] x {¢}) there is a set Q); such that
QiNK ={z},y € Qand Q; N ([n] x L) = 0 (ie., Q;
is free of clusters from the set L of cluster names). In less
formal words, LocAS property requires that for each x € K
and each y ¢ K such that y € [n] x {¢} is in the same clus-
ter as z: x is selected by some Q;, y learns about z € K (i.e.,
Yy € @), and Q; is free of the clusters from L (i.e., elements
from clusters L do not interfere learning by y about ).

A sequence Q = (Q1,...,Q,,) of subsets of [n]? is an
(n, k, £)-Local-Avoiding-Selector (or (n,k,£)-LocAS, for
short) if for any set L C [n] of size ¢, any ¢ ¢ L and any set
K C [n] x {¢} of size k, selector Q satisfies LocAS prop-
erty for K with respect to L. The following non-constructive
upper bound was proved using a probabilistic argument.

Lemma 2 (non-constructive (Jurdzinski et al. 2018)). For
each natural n, and k, ¢ < n, there exists an (n, k,{)-LocAS
of length O((k + £)¢k? log n).

2.2 Technical contribution
We present the first polynomial-time constructions of effi-
cient (n, k)-LocS of length
O(k*log® n(logy, n + (loglogn/log k)?)) ,
see Section 3 and Theorem 1, and (n, k, £)-LocAS of length
O((k + £)¢k* polylog(n))

for some polylogarithmic function polylog(n), see Sec-
tion 4 and Theorem 3 for detail formula.* Both our results
give almost the same formulas as the best known existen-
tial results — see the cited Lemmas 1 and 2, respectively, and

*By a polylogarithmic polylog(z, . ..) over parameters z, . . .
we mean a function that could be upper bounded by O((log z)“ -
...), for some absolute constant ¢ > 0.
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the overhead is only a small degree polylogarithm. Through-
out the paper, by “existential results” we mean that they
only proved, by using a probabilistic argument, that selectors
of similar length exist, without showing how to construct
them efficiently (ie., in polynomial time), see (Jurdzinski
et al. 2018, 2020). Ours are the first efficient constructions
of such selectors.

Although one could obtain (n,k)-LocS by taking a
(n, k,£)-LocAS for ¢ = 1, our LocS construction is more
efficient than such transformation and thus beneficial on its
own — details are deferred to the full version of the paper.

We complement our constructive results by prov-
ing almost-matching lower bounds, correspondingly:
Q(min{k3log, n,kn}) on the length of any (n, k)-LocS,
see Theorem 2 in Sec. 3, and Q(¢ - min{k?log, n, kn}) on
the length of any (n, k, £)-LocAS, see Theorem 4 in Sec. 4.

Extensions of technical results to fault-prone testing envi-
ronments, different feedback functions (such as classic beep-
ing) and applications to codes and graph testing, are given in
Sec. 5 and in the full version of the paper. Simpler but much
less efficient constructive approach — by taking a product of
classic selectors — is described, as a warm-up, in Sec. 2.4.

Note on practicality of our results Typical applications
of GT and related superimposed codes (SC) assume k to be
a small parameter or even a constant with respect to the uni-
verse size n. Thus, an additional factor k or k - ¢, comparing
to the classic GT and SC setting, is not very harmful. The
constants in our constructions, hidden under asymptotic no-
tation, are small (¢ < 8), and the values of exponential for-
mulas used in the constructions are bounded by some poly-
nomial in n, which yields that operations are on numbers of
logarithmic representations.

2.3 Preliminaries and notation

A sequence Q = (Q1,..., @) of queries could also be,
equivalently, viewed as, and represented by, a 0-1 matrix,
in which rows represent elements of the universe, columns
represent queries, and an intersection of a row with a column
stores value 1 iff the element corresponding to the row be-
longs to the query corresponding to the column. Such matrix
correspond to a matrix of some specific code, see Section 5.3
for relation between non-adaptive GT and codes.

We say that Q is constructible in polynomial time if there
exists a polynomial-time algorithm, that given parameters
n, k, ¢ (in case of LocS — only parameters n, k), outputs an
appropriate sequence of queries satisfying the requirements.
In our case, the requirements are those defining LocS or Lo-
cAS. W.lo.g., in order to avoid rounding in the presentation,
we assume that n and other crucial parameters used in this
work are powers of 2.

2.4 First (not so efficient) approach — via a
product of (classic) selectors

One could be tempted to construct (n, k)-LocS or (n, k, £)-
LocAS by taking a product of two classic (n, k)-selectors,
or two classic (n, k)-selectors and one (n, £)-selectors, re-
spectively. This way, each of the three properties: selec-
tion, locality (witnessing) and avoidance, would be as-



sured “independently” by the means of a different selec-
tor in such product. Note, however, that such construc-
tions would not be efficient, and would result in linear or
even quadratic overhead comparing to our constructions pro-
vided later in Sections 3 and 4, due to the super-quadratic
lower bound on the length of a classic (n,k)-selector,
Q(min{k?logn/logk,n}) (Clementi, Monti, and Silvestri
2001). Hence, the product will be of order at least k* for
LocS and k*¢2 for LocAS, which are asymptotically much
larger than the corresponding lower bounds proved later.

To convey more details, first we need to formally define
the meaning of a product of two selectors. (Here we only
focus on the first paradigm, the locality, since as we argued
earlier this approach is not very efficient anyways.) It could
be seen as a product with “or”” operation on pairs of columns.
Consider a column @; of the first selector and a column Q;
of the second selector that has length m’. In the product,
the column (i — 1)m’ + j is defined as follows: the value
stored in a row v € [n] is 1 if Q;[v] = 1 or Q}v] = 1,
otherwise it is 0. Having a product of two (n, k)-selectors,
consider any set K of size k, any element v € K and any
w € [n] \ K. Consider a column @; in the first selector in
which v is selected from set K — its existence is guaranteed
by the definition of (n, k)-selector. If w € Q; we are done —
there is a selection of v witnessed by w. Suppose then that
w ¢ @Q;. Consider set K/ = (K \ {v}) U {w}. It has k
elements, thus the second (n, k)-selector has a query @ in
which w is selected from K. It means that in the product of
the two selectors, in the query/column (i — 1)m/ + 7, row
v has value 1 (by the fact that Q;[v] = 1 and definition of
selectors’ product), row w has value 1, while all elements
in K \ {v} = K'\ {w} have value 0. Thus, this column
guarantees selection of v from K with w being a ’witness”.

3 Local Selectors

The following polynomial-time algorithm produces an
(n, k)-LocS of length polylogarithmically close to the ex-
istential results from (Jurdzinski et al. 2018). (Recall that
existential result means that only existence of such selec-
tors was shown, without any efficient construction.) Later,
we also show that it is actually polylogarithmically close to
the absolute lower bound on the length of any (n, k)-LocS,
c.f., Theorem 2. This construction is parameterized by some
(suitable) constant ¢ € (2, 4].

1. Let d = Jlog,n] and let ¢ ¢ -k - d, for some
constant 2 < ¢ < 4, be a prime number such that
¢t = (c- k- d)™! > n. We argue that such con-
stant c exists. | (4kd)4t1| > (4kd)™! — 1 > 4n and
between two integers | 3| (4kd)™ || and |(4kd)*T!]
there is at least one prime number (by the well known
distribution property of prime numbers). Observe that
| (4kd)¥T| < (4kd)®™! while |[(4kd)?*!]] can be
represented as (c'kd)?*! for some constant 2 < ¢ < 4,

since d + 1 > 2. Hence, the existing prime number is

equivalent to (ckd)®*! for some ¢ € [¢/,4] C (2,4]. Let
q1 be the qth prime number.

2. Consider all polynomials P; of degree d over field [q],
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for 1 < i < ¢%'. Notice that there are ¢%*! of such
different polynomials.

. Create a matrix M’ of size ¢**t! x ¢. Each row i con-
tains subsequent values P;(z) of polynomial P; for argu-
ments x = 0,1,...,q9 — 1, where z is the column num-
ber (columns of M’ are numbered from 0 to ¢ — 1). A
matrix M" is created from M’ as follows: each value
y = P;(z) € [q] is represented and padded in ¢% consec-
utive columns of Os and 1s, where value 1 is on positions
Y1 - 2, for any prime number z < ¢; and for y; defined as
the yth prime number; all other positions are filled with
value 0. We call these columns an x-segment. Notice that
each row of M" has q - ¢ columns (g7 columns in each
segment, where segments correspond to different argu-
ments ), thus M" has size ¢®*' x ¢ - ¢%; we number
the columns from 1 to ¢ - ¢7, where the first segment
(corresponding to argument z = 0) consists of columns
1,...,q%, the second segment (corresponding to the ar-
gument z = 1) has columns ¢% + 1,..., 247, and so on.

. Remove qurl — n arbitrary rows from matrix M, creat-

ing matrix M with exactly n remaining rows. Recall that
we earlier guaranteed that @1 is at least n.

. Each column of matrix M corresponds to one gyery set

L2
Q; of an (n, k)-LocS {Q;}7%} over the set of n elements,
where an element corresponds to a row and it belongs to
Q; iff there is value 1 in the intersection of the corre-

sponding row with ith column.

Theorem 1. There is a suitable constant 2 < ¢ < 4 such
that the polynomially constructed family of queries {Q; ?:qlf
is an (n, k)-LocS of length q - ¢} = O(k*log®n - (logy, n +
(loglogn/log k)?)).

The next lower bound almost matches Theorem 1.

Theorem 2. Every (n,k)-LocS
Q(min{k3logy, n, kn}).

Both theorems’ proofs are deferred to the full version of
the paper.

has  length

4 Local Avoiding Selectors

Suppose that we are given a set X C [n]? of size at most k- ¢
and such that it consists of at most £ slices of size at most
k each. The (n, k)-LocS from Section 3 guarantees that all
other agents learn set X in O((k¢)? polylog(n)) rounds. Is
faster learning possible if we require that only other agents
in each slice’s cluster learn the slice? Even more, if we addi-
tionally would like to avoid clashes between in such learning
rounds from other slices of X?

The following polynomial-time algorithm produces an
(n, k,£)-LocAS of length polylogarithmically close to the
existential result — see Figure 1 for an illustration. (Recall
that by existential result we mean no construction is known,
only a proof of existence.) The construction is parameterized
by a (suitable) constant ¢ € (4, 8].

The crucial point of the construction is in item (5). The
base for item (5) is already created n? x ¢ matrix M’. The
entries in a row (7, ¢) of this matrix are pairs of values, de-
noted (%, ¢*) € [qr] X [qe]. defined in item (4) as values of



0...x2 qr — 1 0... 2 g—1 z-segment
Py
Py
. Size:
. PL(‘L) q X n2
j2 m Remove | Siz€: gk X n for|qg |=|3max(qx, q)

TOWS
: p— Expand

}Z?+1 Product columns
values in[0, ..., qx — 1] M;, = f—

O...y ... ¢g—1
R, p— w| (Pi, Ry)
Ry
. (&%, ¢%)
. Ry (y)
R, m Size: ¢ X n
Rq;il+1 M/ M
values in[0,...,q — 1] M|

Figure 1: An illustration of consecutive matrices used in the algorithm building (n, k, 1)-LocAS. On the figure, (i*, ¢*)

(P;(z mod g), Q4 (z mod ¢;)), the matrix M is obtained by the replacement of each element of M’ with a binary sequence of
the length (g}, )?q] as described in the item 5 of the description of the algorithm before the theorem. “Remove rows” between the
left and the second left matrices corresponds to point (3) of the construction. “Product” in the middle of the picture corresponds
to item 4 of the construction. Finally, “Expand columns” between the second right and the right matrices corresponds to point

(5) of the construction.

some polynomials P;, R. In item (5), we replace each such
pair of values by a 0-1 vector of length (g})?q, as follows.
We fix two prime numbers, p;+, pg«, one corresponding to
the first value, 7*, and the other — to the second value, ¢*.
Then, for any prime number p’ of prime order 2,4, . .., 2qs,
we put value 1 in position p;» - p’ - py» of the vector, and
0Os elsewhere. Intuitively: 1s in the multiplicities of p;» al-
low to eventually avoid other rows from the hidden set in
the same cluster and thus assure selection; 1s in the multi-
plicities of py+ allow to avoid other ¢ clusters; and multiply-
ing by range of p’ allows to assure locality (ie., long enough
feedback, so the selection with avoidance could eventually
occur). The details follow:

1. Let di, = [log, n], and g = c - kdj, be a prime num-
ber such that qZ’“H = (c - kdy)%**1 > n, for some
constant 4 < ¢ < 8. Note that such constant c ex-
ists, because Skdk)d’““ > n and between two inte-
gers: [(4kd;,)% 1] and its double 2[(4kd;)%+1] <
[(8kdy, )% +1], there is at least one prime number. Anal-
ogously, we define d, and g,.
. Consider all polynomials P; of degree dj, over field [gx],
forl < i< qZ’“H. Notice that there are q,‘j’““ of such
different polynomials. Analogously, consider all polyno-

mials R, of degree d; over field [g/], for 1 < ¢ < qgl”l.
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dp+1
0

The defined two sets of polynomials are used in next
steps. The role of the first set, P;, is to assure selection of
elements in hidden set, while the role of the second set,
R4, is to assure avoidance of elements in different clus-
ters. Parameters with sub-index k correspond to compo-
nents assuring local selection, while those with sub-index
¢ — to components assuring avoidance of other clusters.

Notice that there are ¢ of such different polynomials.

. Create a matrix M}, of size ¢{*** x g;. Each row i con-
tains subsequent values P;(z) of polynomial P; for ar-
guments z = 0,1,...,q; — 1, where z is the column
number (columns of M, are numbered from 0 to g, — 1).

We trim matrix M, to n rows by removing qd’“Jrl

i -n
arbitrary rows.

Analogously, we create a matrix M of size qu”l X qq,
in which each row ¢ contains subsequent values Ry (2)
of polynomial Ry for arguments z = 0,1,...,q, — 1,
where z is the column number (columns of M, are num-

bered from 0 to go — 1). We trim matrix M to n rows by

de+1

removing g, — n arbitrary rows.

. Matrix M’ is created from M, M; as follows: there are
n? rows and ¢ = 3max{qy, g/} columns. In each row
(4, ¢), corresponding to the pair of polynomials P;, Ry,



and each column z € [g¢], we put in the intersection a pair
of values (P;(z mod gj), Rs(z mod ¢p)).

. Matrix M is created from M’ as follows: each pair of
values (i*, ¢*) (P;(z mod gi), Ry(z mod gr)) in
column z is represented and padded in (g},)%q, consec-
utive columns of Os and 1s as follows. Let ¢}, ¢; be the
prime numbers of order 2¢g; and 2q, + 1, respectively
(i.e., the (2gy)-th prime number in the order of all prime
numbers, and (2gy + 1)-st prime number in the order of
all prime numbers). Let p;~ be the prime number of order
2:*; let p’ be any prime number of order 2,4, 6, .. ., 2qx;
let py~ be the prime number of order 2¢* + 1. We put
values 1 in columns p;« - p’ - py+, and values 0 in the re-
maining columns. We call these columns a z-segment.
Notice that each row of M has ¢ - (¢},)?q, columns

((¢},)%q), columns in each segment, where segments cor-

responds to different columns z of M’). Thus, M is an

n? x q - (q},)?q, matrix; we number its columns from 1

to q - (q,)?q}, where the first segment (corresponding to

argument z = 0) consists of columns 1, ..., (¢;)?q), the
second segment (corresponding to the argument z = 1)
of columns (q},)?q, + 1, ..,2(q,)*q), and so on.

. Each column of matrix M corresponds to one query set

N2 7
Q; of an (n, k, £)-LocAS {Qi}g':(‘f’“) % over the set of n?
elements (corresponding to the rows of M).

Theorem 3. The constructed {Qi}gigL)Qq; is an (n,k, 0)-
LocAS  of length O ((k+ ()k*C- polylog(n, k,0)),

4
where polylog(n, k, ¢) h)gzkllzi—elg(u)(logk +

loglogn)?(log ¢ + loglogn), for some suitable constant
4 < ¢ < 8. The construction itself is polynomial in n.

The proof is deferred to the full version of the paper. Be-
low we show a lower bound that nearly matches Theorem 3.

Theorem 4. Every (n, k, £)-LocAS has length

Q¢ - min{k3log, n, kn}) .
Proof. Consider (n, k,£)-LocAS of length m. Consider a
set L C [n] of size £ + 1. For any ¢ € [n], consider a set of
pairs {(¢,7) : @ € [n]}, that is, a set of rows in the (n, k, £)-
LocAS corresponding/labeled to/by these pairs. The number
of columns that

* have at least one 1 in these rows (i.e., take part in the
local selection of any set of size k of pairs with ¢ in their
second coordinate), and

* do not have any 1 from any row labeled by an element
in L\ {¢} (i.e., avoids other elements in L on the second
coordinate)

is at least Q(min{ k3 log, n, kn}), by the fact that they must
be an (n, k)-LocS, to which Theorem 2 applies. Denote the
set of such columns C;.

Next, if we consider analogous set C;/ of columns defined
for an element i’ € L different from L, it is disjoint with C;,
due to the second bullet in the definition of set C; above
(avoidance property). Hence, the total number of columns in
the (n, k, £)-LocAS is
|L| - Q(min{k>log), n, kn}) > Q(¢ - min{k3log, n, kn}) .

O
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S Extensions and Applications

This section presents interesting extensions and applications
of the technical results obtained in the previous sections,
with corresponding future directions. Other open problems
are discussed in Section 6.

5.1 Fault-tolerance of local GT

Suppose one would like to be able to decode the hidden
set correctly even if some « positions in the feedback vec-
tor would be altered by a worst-case adversary. More pre-
cisely, assume that the adversary could change a feedback
from specific id to zero (but cannot produce/forge an id as
feedback). Observe that if we use a larger constant c in the
constructions, for instance, ¢ > 2 + ﬁ, there will be al-
ways some column with correct feedback. Specifically, in
the proofs of Theorems 1 and 3, the number of “witnessed”
segments (and thus, also columns) for a pair ¢, j is

g—2(k—1)d = ckd—2(k—1)d = (2 + (%1) kd—2(k—1)d,

which subtracted by the number of adversarially changed
ones, «, is still at least 1. Enhancing constant c¢ increases the
lengths of selectors by factor [;%]. Decreasing the number
of queries with respect to the number of tolerated faults or
generalizing to other types of adversarial/stochastic failures
is an interesting open direction.

5.2 Other feedback functions

We show an example how to convert the obtained results
to another popular GT feedback functions — the classic one-
threshold setting in which the feedback vector is a 0-1 vector
where the value on a position z is equal 1 if the intersection
of the z-th query with the hidden set is non-empty, and is
equal to O otherwise. It has also been named beeping feed-
back in recent literature, see e.g., (Afek et al. 2011). The
method is similar to the one guarantying fault-tolerance.

If we extend parameter c to be a constant sufficiently
bigger than 2, the asymptotic length and analysis of our
constructions become intact. However, the number of “wit-
nessed” columns for any pair ¢, j, whichis ¢ — 2(k — 1) - d,
could be made bigger than d. Each such column corresponds
to a different segment, and thus — to different arguments for
which polynomials are evaluated. Obviously, the feedback
now is only 1 in such columns, however, j could create as
many equations as the number of such columns (i.e., bigger
than d) in order to find the polynomial corresponding any
element 7 in the hidden set by classic interpolation over the
algebraic field 7, of ¢ elements {0, ...,q — 1}, with addi-
tion and multiplication modulo g. Now, since the number of
such equations is at least d+ 1, the polynomial for ¢ could be
interpolated successfully, as its degree is at most d. Hence,
each element of the hidden set could be successfully found.

Note here that the lower bounds from Sections 3 and 4
hold automatically for the beeping feedback, because the
previously considered feedback function is richer than the
beeping feedback.

Extending our constructions and lower bounds to other
types of feedback function, considered in the literature
(cf., (Klonowski, Kowalski, and Pajak 2022)) is another



interesting research direction. For some of these feedback
functions, local selectors (with or without avoiding) could
be potentially shorter then the ones studied in this work for
most fundamental and simple feedback functions.

5.3 Local GT as codes

By definition of non-adaptive GT, one should be able to de-
code a hidden set from the feedback vector — recall that each
position of this vector has been created by applying a given
feedback function to the intersection of the query corre-
sponding to this position (queries are designed by the “cod-
ing” algorithm) and the hidden set (an arbitrary set, fixed by
the adversary). For instance, in case of the beeping feedback
function, the feedback vector is computed by applying bit-
wise OR on the vectors of participating elements (this is the
coding part). Each such vector, corresponding to an element
1, is of length equal to the number of queries and has 1 in
position z if and only if ¢ € (), otherwise it has 0.

From the locality property of LocS and LocAS, if another
element want to retrieve hidden elements, it gets the feed-
back locally and decodes it — more precisely, it applies bit-
wise AND to its own vector and the feedback vector, and fol-
lows the interpolation procedure as described in Section 5.2
with respect to the beeping feedback. We call codes with
such “local vector decoding” property local superimposed
codes. If we want to get avoidance property, correspond-
ing to LocAS, we apply the abovementioned bitwise cod-
ing/decoding procedures and interpolations with respect to
the vectors of elements with the same second coordinate,
while for those with a different second coordinate — we ap-
ply AND_NOT bitwise operation.

Applying similar methodology to other feedback func-
tions, which are symmetric Boolean functions, could result
in interesting results in the area of information theory and
codes, in particular, when the function is applied to the par-
ticipating codewords and the feedback is decoded locally
(by combining the feedback vector with the original ele-
ment’s vector, using another symmetric Bolean function),
with avoidance of codewords from different clusters/groups
(e.g., applying the bitwise AND_NOT to such elements, as
described above).

5.4 Application: Testing neighborhoods in graphs

In this part we give more details on how to apply local testing
with avoidance to test more complex objects, such as graphs.
Assume there is a hidden graph G, in which we would like
to learn up to £ + 1 neighborhoods, assuming each of them
is of size at most k. (Here, a neighborhood is understood
as the set of neighbors of a node in a simple graph G.) Let
us apply (n, k, £)-LocAS to the edges (4, j) in the union of
edges in the tested ¢ + 1 neighborhoods, where the second
coordinate j stands for one of the £ + 1 vertices in G whose
neighborhoods we test (corresponds to a cluster number in
the notation used in LocAS), and the first coordinate ¢ stands
for a node in the neighborhood of j. Once we get feedback
from testing the unknown ¢ + 1 neighborhoods by (n, k, £)-
LocAS, we reveal these neighborhoods as follows. For each
pair (7, j), we check its local feedback (i.e., the feedback for
queries to which (4, j) belongs) and if there are no elements
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(7', 7) revealed, we ignore it. Otherwise, we assign such re-
vealed elements (i, j) as edges of the neighborhood of ver-
tex j, that is, ¢’ is a neighbor of j in G. Avoidance property
guarantees that, despite of other ¢ neighborhoods (again, in
the terminology of LocAS these are clusters) there is a “wit-
ness” (i, 7) in the cluster/neighborhood j that reveals all el-
ements in the cluster (i.e., all neighbors of vertex j). The
length of (n, k, £)-LocAS is O((k + £)¢k? polylog(n)), by
Theorem 3, which for parameters k, ¢ << n could be much
shorter than the methods of revealing the whole graph G, re-
quiring Q(nk) queries (by the information theory argument,
see e.g., (Grebinski and Kucherov 2000)).

6 Discussion and More Open Directions

This work introduced to the GT area new concepts of lo-
cal learning and avoidance of elements from different clus-
ters. We designed polynomially constructable and nearly op-
timal, in terms of the number of queries, non-adaptive query
systems that observe both new properties. To justify near-
optimality of our constructions, we also proved the cor-
responding lower bounds. Apart of applications and open
problems already suggested in Section 5, there are even
more interesting directions to follow.

Complexity gaps. The most straightforward future direc-
tion is to improve the remaining polylogarithmic gaps on
the lengths of LocS and LocAS selectors, since the con-
structions and corresponding lower bounds are not strictly
matching, as well as analyzing their other properties,
e.g., query sizes.

Multi-dimensional and structured systems. Second and
main future direction regards direct generalization of the
proposed concepts into multi-dimensional system, and fur-
ther into more structured systems (e.g., graphs, hypergraphs,
matroids, polytopes, etc.).

Adversarial settings. There are many adversarial models
that could be analyzed. In case of false positives: even in
case of a malicious Byzantine adversary, surprisingly, if
the number of false positives is bounded by o = O(kd),
our constructions tolerate them if we adjust constant ¢ with
a/(kd). Then, our constructions guarantee more than o
“good” occurrences of every hidden element in the feedback
(i.e., occurrences that are local and avoiding), thus if the ad-
versary introduces a false-positive, it could repeat it at most
« times and our query system recognizes it and rejects. It
also holds for more benign adversaries with smaller adap-
tivity. If one wants to tolerate more than O(k log,, n) faults
without asymptotic increase on the number of queries, the
problem remains open. We suspect that it could work for less
adaptive adversaries (e.g., by introducing some randomness
to the model), but for Byzantine adversary an impossibility
result is more likely.

Randomization. One could ask if randomization helps in
local learning, especially against an adaptive adversary who
may dynamically tailor the hidden set (as long as it is com-
patible with the obtained feedback at any time)? If the an-
swer is yes, what is the minimum amount of randomness
(entropy) needed and how it affects learning time?
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