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Abstract

Batch Bayesian Optimisation (BBO) has emerged as a potent
approach for optimising expensive black-box functions. Cen-
tral to BBO is the issue of selecting a number of solutions at
the same time through a batch method, in the hope for them
to represent good, yet different, trade-offs between exploita-
tion and exploration. To address this issue, one of the recent
advancements has leveraged multi-objective optimisation to
simultaneously consider several acquisition functions (e.g.,
PI, EI, and LCB), allowing them to complement each other.
However, acquisition functions may behave similarly (since
they all aim for a good balance between exploitation and ex-
ploration), restricting the search on different promising areas.
In this paper, we attempt to address the above issue. We di-
rectly treat exploitation (reflected by quality, i.e., the posterior
mean) and exploration (reflected by uncertainty) as two ob-
jectives. When selecting trade-off solutions between the two
objectives, we consider a dynamically updated Pareto front
where the uncertainty changes once a solution is selected,
thereby allowing exploration on different promising areas.
Through an extensive experiment study, we show the effec-
tiveness of the proposed method in comparison with state-of-
the-arts in the area.

Introduction

Bayesian Optimisation (BO) is a successful technique for
solving expensive black-box problems (Wang et al. 2017a;
Eriksson et al. 2019; Chugh 2020; Song et al. 2022; Huang
et al. 2024; Santoni et al. 2024). In BO, the search needs
to achieve a trade-off between exploitation and exploration
during the optimisation process. The former involves re-
fining and leveraging high-quality solutions that have al-
ready been identified, while the latter entails exploring less-
known areas. In BO, an acquisition function plays a major
role in achieving the trade-off between exploitation and ex-
ploration. Notable examples of such acquisition functions
include Probability of Improvement (PI) (Kushner 1964),
Expected Improvement (EI) (Mockus, Tiesis, and Zilinskas
1978), and Lower Confidence Bound (LCB) (Lai and Rob-
bins 1985).

In practical scenarios, it is common to leverage hardware
capabilities to conduct a number of evaluations in parallel,
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which is particularly beneficial when dealing with expensive
problems. As a result, batch (parallel) Bayesian optimisation
(BBO) has been developed (Schonlau 1997), in which ¢ so-
lutions are selected for evaluation in parallel by using a batch
method. By evaluating ¢ solutions in parallel, BBO can sig-
nificantly reduce the overall optimisation time. However, in
BBO the task of balancing exploitation and exploration is
non-trivial as one may not want to find a batch of adjacent
solutions that represent similar trade-offs between exploita-
tion and exploration.

In response to the challenge faced in batch methods, one
of the recent advancements started making use of multiple
acquisition functions (Bischl et al. 2014; Feng et al. 2015;
Grobler, Kok, and Wilke 2017; Lyu et al. 2018; Chen, Luo,
and Wang 2022; Chen et al. 2023). These studies leverage
multi-objective optimisation to simultaneously consider sev-
eral acquisition functions, thereby allowing a complement
between them. One benefit of considering multiple acquisi-
tion functions in BBO is that a number of solutions having
different preferences with respect to exploitation and explo-
ration can be selected in a batch.

However, despite having their own preferences, acquisi-
tion functions may behave similarly since they all aim to
achieve a good balance between exploitation and explo-
ration. This may lead to the selection of similar solutions
for evaluation. Figure 1 illustrates this situation, where ac-
quisition functions PI, EI, and LCB are considered. As can
be seen from the figure, the Pareto fronts of all the combina-
tions of these acquisition functions are located within a nar-
row area (marked by a red line). Keeping searching around
this area may not help in exploring undeveloped, yet poten-
tially promising, areas.

In this paper, we attempt to address the above issue by
directly treating exploitation and exploration as two objec-
tives, reflected by quality (i.e., the posterior mean) and un-
certainty, respectively. These two very different objectives
enable the search to have chances to explore diverse yet po-
tentially promising areas. As can be seen from Figure 1,
the Pareto front of exploitation (i.e., u(x)) and exploration
(o(x)) consists of points on multiple areas (cyan points in
the top panel), including some far from the Pareto front area
of the three acquisition functions (red line). We call the pro-
posed method POEE (Pareto optimisation for exploitation
and exploration), and its main contributions are as follows.



1
S \\ e e
e
-1
0.7 08 09 10 11 12 13 14 15
1.07
x
0.5 /
8]
[§]
0.0
0.7 08 09 10 11 12 13 14 15
X
,,,,,,, fix) —— u(x) 20(x) e  Optimal solution
Elopt El PF of El and PI e Observed solutions
O Plopt —— Pl PF of Pl and LCB PF of u(x) and o(x)
O LCByy —— LCB PF of LCB and EI - PS of El, PI, and LCB

Figure 1: An example of the Pareto fronts (PFs) of differ-
ent objectives (e.g., PI, EI, and LCB). For simplicity, all
objectives are considered to be minimised. Top: The blue
dashed line shows the black-box function approximated by
the Gaussian Process. The dark green line shows the mean
w(x) and the light green area represents twice the posterior
standard deviation o(z). Yellow, green, and purple circles
are optimal solutions of EI, PI, and LCB, respectively. Blue
points are observed solutions and cyan points correspond to
the Pareto front of p(z) and o (). Bottom: Landscapes of
the three normalised acquisition functions, EI (yellow line),
PI (green line), and LCB (purple line), are shown. The Pareto
fronts, derived from combinations of these acquisition func-
tions, are denoted by yellow (for EI and PI), green (for PI
and LCB), and purple (for LCB and EI) solutions. Notably,
the Pareto fronts of all combinations of the acquisition func-
tions are located within a narrow area in the right of the fig-
ure, i.e., the red area, while the problem’s real optimal solu-
tion (black point) sits at the very left of the figure.

* POEE considers Pareto optimisation with respect to qual-
ity (i.e., the posterior mean) and uncertainty. This is un-
like most Pareto optimisation-based batch methods (Bis-
chl et al. 2014; Feng et al. 2015; Grobler, Kok, and Wilke
2017; Lyu et al. 2018; Chen, Luo, and Wang 2022; Chen
et al. 2023) that simultaneously consider multiple acqui-
sition functions, e.g., PI, EI, and LCB. This avoids se-
lecting similar solutions in a batch.

POEE considers a dynamically updated quality-
uncertainty Pareto front, which changes after each
solution is selected (since the uncertainty changes).
This is different from existing studies that either only
consider one solution from the quality-uncertainty
Pareto front (De Ath et al. 2020; De Ath, Everson, and
Fieldsend 2021), or select a batch of solutions from the
quality-uncertainty Pareto front in a one-off way (Gupta
et al. 2018; Binois, Collier, and Ozik 2021). The con-
stantly changing Pareto front allows the exploration on
different trade-off areas.

We evaluate our method by comparing it with twelve
well-established methods on 14 synthetic and practical prob-

27028

lems. Further experimental studies, such as ablation and pa-
rameter sensitivity, have been carried out to help understand
the proposed method. The code, data, and supplementary
material are available at https://github.com/ChaoJiang52/
AAAI-POEE.

Preliminaries
Bayesian Optimisation

We want to solve an expensive black-box optimisation prob-

lem: z* = arg mig(l f(z), where x € X denotes variables in
HAS

decision space; f is a black-box function; X C R? denotes a
compact set.

BO algorithm is a randomised algorithm tailored for ad-
dressing expensive black-box optimisation problems (Gar-
nett 2023), in which solutions are sequentially selected. In
each iteration, a Gaussian process model is trained using the
data set D. An acquisition function acf(x) is then optimised
to identify the next solution x; for evaluation. Upon select-
ing x4, it is evaluated, and the data set D is augmented.

Gaussian processes Gaussian process regression, a preva-
lent method for constructing a meta-model, is based on the
Gaussian process (MacKay 1998). Given N training so-
lutions D = {(z;,v:)}}L, where y; = f(x;) + ¢ with
€; ~ N(0,02), the posterior distribution! at a new location
x is a Gaussian distribution:

pyID,0,z) = N(u(x), 0% (x)) (1)
p(r) = k(z, X)(K +o?1) "ty )
o(z) = k(z,2) — k(z, X)T (K + ¢21) " 'k(X,z) (3)

where X € RV*? and y € R" denote the matrix of evalu-
ated solutions and the corresponding vector of function val-
ues, respectively; 6 represents the kernel hyperparameters;
k(x, X) denotes the covariance vector between = and each
element in X, K € RV*N is the covariance matrix, and
k(x,x) denotes the covariance between x and itself.

Acquisition functions After training a Gaussian process
regression model, an acquisition function is optimised to se-
lect a suitable solution for evaluation (Wang et al. 2023). The
most commonly used acquisition functions are LCB and EI.

LCB (Lai and Robbins 1985) evaluates a solution based
on its predicted mean and the associated uncertainty:
acfrep(z) = u(x) — /Bio(x), where \/B; > 0 represents
the weight, typically contingent upon the current iteration .

EI (Mockus, Tiesis, and Zilinskas 1978; Jones, Schon-
lau, and Welch 1998) is another prevalent acquisition func-
tion, defined as EI(x) = o(x)(A®P(N\) + ¢(N)), where

A= %; y* is the best observed y value. ® and ¢

denote the standard normal cumulative distribution function
and probability density function, respectively.

"Note that the matrix inversion required by Equations (2) and
(3) uses Cholesky decomposition (Williams and Rasmussen 2006).



Batch Bayesian Optimisation

In practical applications, it is typical to utilise hardware
capabilities to perform multiple evaluations concurrently,
which is advantageous for expensive problems. Conse-
quently, BBO has been introduced (Schonlau 1997), where
q solutions are chosen through a batch method for simulta-
neous evaluation. The primary aim of the BBO algorithm is
to balance exploitation and exploration by selecting q trade-
off solutions for concurrent evaluation, thereby reducing the
overall optimisation time.

Several acquisition functions have been proposed to deter-
mine ¢ promising batch solutions. Ginsbourger, Le Riche,
and Carraro (2008); Chevalier and Ginsbourger (2013);
Shah and Ghahramani (2015); Wu and Frazier (2016) jointly
estimate the batch of solutions, which may scale up poorly
with the batch size (Daxberger and Low 2017). Thus, iter-
atively picking g batch solutions has emerged as the preva-
lent methodology. The stochastic acquisition function (Hunt
2020), such as Thompson Sampling (Kandasamy et al.
2018), is naturally capable of producing several unique solu-
tions. Information-based methods (Wang and Jegelka 2017;
Moss et al. 2021) aim to reduce uncertainty regarding the
location of high-performing areas within the search space,
as measured in terms of differential entropy. Penalisation-
based methods (Ginsbourger, Le Riche, and Carraro 2010;
Azimi, Fern, and Fern 2010; Desautels, Krause, and Burdick
2014; Gonzalez et al. 2016; Alvi et al. 2019) apply penal-
ties to either an acquisition function or a surrogate model to
prevent the selection of solutions that have previously been
chosen.

Recent advances in batch methods involve multi-objective
optimisation by optimising multiple acquisition functions si-
multaneously. One approach (De Ath et al. 2020; De Ath,
Everson, and Fieldsend 2021) selects only one solution from
the Pareto front of 1 and o, with the remaining ¢ — 1 so-
lutions chosen by other methods like Thompson sampling.
Another approach selects all batch solutions from the Pareto
front. For example, Bischl et al. (2014) considers multiple
objectives, including EI, uncertainty, and distance metrics.
Feng et al. (2015) and Grobler, Kok, and Wilke (2017) treat
the two terms in EI as separate objectives. Lyu et al. (2018)
and Chen, Luo, and Wang (2022); Chen et al. (2023) con-
sider PI, EI, and LCB, selecting solutions randomly from
the Pareto front or using strategies like k-means clustering.
However, different acquisition functions may exhibit simi-
lar behaviours, resulting in similar solutions being selected
together.

It is worth noting that like our method, several studies
consider multi-objective optimisation for quality and uncer-
tainty (Gupta et al. 2018; Binois, Collier, and Ozik 2021). In
Gupta et al. (2018), the first point is selected based on LCB,
with the remaining ¢ — 1 points chosen randomly. In Binois,
Collier, and Ozik (2021), a hypervolume-based metric se-
lects g points. However, they do it in a static manner, i.e.,
selecting ¢ points simultaneously without considering the
change of the uncertainty after each solution is selected. This
may lead to selecting multiple good trade-off solutions in the
same area (since closely-located solutions may have similar
quality and uncertainty), reducing the algorithm’s ability of
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exploration over the search space.

Multi-Objective Optimisation

Multi-objective optimisation involves finding optimal solu-
tions for problems with multiple objectives. Mathematically,
it is represented as: min F(z) = (f1(2), ..., fn(x))T, where
n represents the number of objectives, and each f; is the
i1th objective function. A solution x1 dominates another so-
lution x5, denoted 1 < o, if fi(x1) < fi(xze) for all
i € {1,...,n}, and there is at least one j € {1,...,n}
for which f;(z1) < fj(z2). A solution z1 € X is Pareto op-
timal if no other solution dominates it. The set of all Pareto
optimal solutions is the Pareto set (PS), and its image in the
objective space is the Pareto front (PF).

The Proposed POEE
Basic Idea

In BBO, it is critical to select a number of solutions in a
batch that represent good, yet different, trade-offs between
exploitation and exploration. It may not be beneficial to se-
lect a batch of high-quality solutions that are close to each
other. Given this, when treating exploitation (the posterior
mean) and exploration (the posterior uncertainty) as two
objectives in BBO, a straightforward idea is to consider a
group of diverse weight combinations that represent differ-
ent trade-offs between exploitation and exploration. How-
ever, a problem with this approach is that some weight com-
binations (e.g., those overly in favour of the exploration)
may not be helpful. For example, a weight combination of
(0.2, 0.8) sees exploration as four times more important than
exploitation. Considering such a weight combination is less
likely to find promising solutions as the search may end up in
an area with high uncertainty but low quality. In this paper,
we take a different approach instead; we stick to a weight
combination around the middle, but the Pareto front itself
will change after one solution is picked since the uncertainty
of the area around that solution is changed. In this case, we
can have a number of solutions with good trade-offs between
exploitation and exploration in different areas. In the follow-
ing section, we will describe our method in detail.

The Proposed Batch Method

We first select the most exploitative solution from the Pareto
front with respect to the exploitation (the posterior mean)
and exploration (the posterior uncertainty) objectives. This
is beneficial to find the solution with the highest quality pro-
vided by the Gaussian process model, as shown and prac-
tised in (De Ath et al. 2020; De Ath, Everson, and Fieldsend
2021). For the rest of ¢ — 1 trade-off solutions, we employ
TOPSIS (Hwang and Yoon 1981), a multi-criteria decision
making technique, to iteratively select the best trade-off so-
lution from the exploitation-exploration Pareto front among
a number of solutions based on weights. TOPSIS consid-
ers a solution that under specific weights is the closest to
the ideal point and farthest to the negative-ideal point of the
Pareto front (a detailed explanation of TOPSIS can be found
in the supplementary material). It has been used to select the
trade-off solution in sequential BO (Jiang and Li 2025). The
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Figure 2: The example of Figure 1, in which the proposed method POEE is used to select a batch of solutions based on the
dynamically updated Pareto front. In the top panel, the objective function is represented by a blue dashed line, approximated by
the Gaussian Process regression. The mean yu(x) is depicted in dark green, while twice the posterior standard deviation o (z) is
illustrated by the light green shaded area. Evaluated solutions are marked in blue. In the bottom panel, the cyan solutions are
the Pareto front of objectives feypioir (14(x)) and fezpiore (-0 (2)) (to be minimised). The selected solution is marked in purple.
During the batch selection process, the first solution chosen is the most exploitative solution, followed by the trade-off solutions
identified by TOPSIS for the remaining ¢ — 1 solutions iteratively based on the dynamic Pareto front.

computational cost of TOPSIS is negligible (O(m)), where
m is the number of the candidate solutions. After we select
one solution, the uncertainty of other solutions is changed.
We then update the Pareto front and again use TOPSIS to se-
lect the next solution under the same weights. This dynami-
cally updated Pareto front allows the exploration on different
trade-off areas. Here, the weight combination of the two ob-
jectives is set to (0.4, 0.6); its sensitivity study will be given
in the experiment section.

Note that there exist some studies in BBO that work on
solution diversity, such as selecting a set of diverse solutions
by Determinantal Point Process (Kathuria, Deshpande, and
Kohli 2016; Wang et al. 2017b) and defining diversity met-
rics (Konakovic Lukovic, Tian, and Matusik 2020; Ahmadi-
anshalchi, Belakaria, and Doppa 2024). Unlike these meth-
ods that consider multiple points from a set simultaneously,
our method works on only one trade-off solution at a time
(i.e., from one Pareto front).

To help further understand the proposed method, Fig-
ure 2 illustrates its process of selecting a batch of solutions
based on the example of Figure 1. As can be seen in the
figure, we first select the solution with the highest quality
from the quality-uncertainty Pareto front (Figure 2(a)). Af-
ter that, the Pareto front is changed. We then sequentially
select three good trade-off solutions from the dynamically
updated Pareto front sitting at different trade-off areas within
the search space.

Algorithm Framework

Algorithm 1 delineates the procedure of our proposed frame-
work POEE. The algorithm commences with inputs includ-
ing q: a batch size; MOEA: a multi-objective evolutionary
algorithm; feypioic(z) and feqpiore (): exploitation and ex-
ploration objectives; and W = {Weapioit, Wezploit }: Weights
of the two objectives used in TOPSIS. The output of the al-
gorithm is the selected ¢ solutions. At first, a multi-objective
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evolutionary algorithm? is used to optimise j(z) and —o ()
to obtain a set of solutions with good quality and uncertainty
(stored in an archive). At each iteration, the approximate
Pareto front P is identified (step 4). The selection process
involves choosing the most exploitative solution (for the first
solution) and employing the TOPSIS technique to determine
the remaining ¢ — 1 solutions. Following the selection of
each solution, we update the objective function values, i.e.,
—o(x), in the Archive via Equation (3) (step 12).

As can be seen from Equation (3), the update of uncer-
tainty depends on the kernel function k£ and dataset X. To
be specific, we use the same kernel hyperparameters of the
kernel function in a batch. The dataset X consists of two
types of points. The first type is concerned with the evalu-
ated points and the second type is concerned with the se-
lected points for evaluation. In the batch selection, the set
of points of the first type does not change, while the set of
points of the second type changes once a point is selected,
hence resulting in the change of the uncertainty.

Experimental Setting

We consider 14 well-known synthetic and real-world prob-
lems (e.g., robot pushing (Wang and Jegelka 2017)), follow-
ing the practice in the related papers (De Ath et al. 2021;
De Ath, Everson, and Fieldsend 2021). The detailed descrip-
tions are provided in the supplementary material.

A zero-mean Gaussian process surrogate model with a
Matérn 5/2 kernel was used in all the experiments. The ker-
nel was selected due to its wide usage and recommended
use for modelling realistic functions (Snoek, Larochelle, and
Adams 2012; Alghamdi et al. 2020). The models were ini-
tially trained on 2d initial solutions generated by the Latin
hypercube sampling (Stein 1987), with each optimisation
run repeated 30 times with different initialisations. The same

2Here, the well-known NSGA-II (Deb et al. 2002) is used.



Algorithm 1: POEE

Input: ¢: batch size; MOEA: multi-objective evolutionary
algorithm; feqpioit () and fezpiore(2): exploitation
and exploration objectives;

W = {Wewploits Weaploit } Weights of the two
objectives used in TOPSIS.

Output: P: a batch of solutions.

1 P+

2 Archive <+ MOFEA(fexpioit(T), fewpiore(T))
// Return all solutions in the
optimisation process

3 fori < 1toqgdo

{z:}it, < find_Pareto_front(Archive)

5 if ¢ = 1 then
6 L Tp < argmian{z,}gl fezploit(aj)
7 else

Fezploit — (fezploit (ml)a “eey fea:ploit (mnl))T
Fezplore <~ (fe.rplore (m1)7 ceey fe.rplore (mm))T
Tp < TOPSIS(VV, (Fezploit Fezplore)mX?)

P+ PU{zp}
Update objective function values in the Archive via
Equation (3)

sets of initial batch solutions were same across all methods
to enable statistical comparison. At each iteration in BO, be-
fore the selection of batch solutions, the hyperparameters of
the Gaussian process were optimised by maximising the log
likelihood via L-BFGS-B (Zhu et al. 1997).

To evaluate the proposed POEE, we consider 12 well-
established batch methods. Among them, there are one base-
line method (i.e., random search (RS)), three penalisation-
based methods (i.e., Local Penalisation (LP) (Gonzélez et al.
2016), PLAYyBOOK (Alvi et al. 2019), and Kriging Be-
liever (KB) (Ginsbourger, Le Riche, and Carraro 2010)),
two greed-based batch methods (i.e., e-shotgun (De Ath
et al. 2020) and AEGiS (De Ath, Everson, and Field-
send 2021)), and one information-based method (i.e., GIB-
BON (Moss et al. 2021)). We also consider the stochas-
tic method (i.e., standard Thompson Sampling (TS) (Kan-
dasamy et al. 2018)), and the qEI method (Ginsbourger,
Le Riche, and Carraro 2008; Balandat et al. 2020) which
is designed to jointly estimate the locations of the ¢ batch
members. Additionally, the trust regions-based method is
considered (i.e., TuURBO (Eriksson et al. 2019)). Lastly,
we consider the Pareto optimisation-based methods (i.e.,
MACE (Lyu et al. 2018) and Gupta (Gupta et al. 2018)).
Note that we currently used standard acquisition functions
without logarithm. However, using the logarithm could mit-
igate vanishing gradient issues (especially for improvement-
based methods) and improve numerical stability (Ament
et al. 2023).

We implemented qEI, GIBBON, and TuRBO through
BoTorch (Balandat et al. 2020) and the other methods were
implemented by GPy (suggested by (De Ath et al. 2020)).
We followed guidelines of the original papers in parame-
ter settings. The LP, PLAyBOOK, and KB methods all em-
ployed the well-known and effective EI acquisition function.
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For eS-PF, we set ¢ = 0.1, and for AEGIiS, € was deter-
mined as min(2/v/d, 1) with et = ep = ¢/2. For TuRBO,
Thompson sampling is used as the acquisition function. The
MACE optimised PI, EI, and LCB using NSGA-II, with

the LCB parameter /f3; defined as \/vlog(t4/2+272/35),
where v = 0.5 and § = 0.05. In the proposed POEE method,
we assigned the weights for exploitation and exploration as
Wezploit = 0.4 and Wezpiore = 0.6, respectively.

For the methods utilising NSGA-II, including POEE, €S-
PF, AEGiS, MACE, and Gupta, parameters were set to com-
monly accepted values: a population size of 100, crossover
and mutation probabilities of 1.0 and d~! respectively, and
distribution indices of 20 for both crossover and mutation.
For each solution selected in LP and PLAyBOOK, we fol-
lowed the authors’ guideline (Alvi et al. 2019) and uniformly
sampled the acquisition function at 3000 locations, selecting
the best solution after locally optimising (with L-BFGS-B)
the best 5. For the other methods (excluding LP and PLAy-
BOOK), a maximum budget of 10000d acquisition func-
tion evaluations was used, as suggested by De Ath et al.
(2020). For methods implemented using BoTorch (i.e., gEIL,
GIBBON, and TuRBO), the L-BFGS-B algorithm is used
for optimising aquisition functions. For KB, TS, e-PF, and
AEGIS, optimisation for functions with d = 1 utilised the L-
BFGS-B algorithm, while for d > 2, the CMA-ES (Hansen
2009) algorithm was employed, following the standard bi-
population strategy and allowing up to 9 restarts (suggested
by De Ath et al. (2020)).

Experimental Results
Comparison with Well-Established Methods

The methods were evaluated on the 14 synthetic and prac-
tical problems with batch sizes ¢ € {5,10,20} and a fixed
budget of 300 function evaluations. Convergence plots and
tabulated results for the 14 functions are available in the sup-
plementary material. Table 1 presents the results (mean and
standard deviation) of the regrets obtained for a batch size
of ¢ = 5 and the statistical results based on the Wilcoxon
signed-rank test (Sidney 1957). Additionally, the compara-
tive results between POEE and the peer algorithms are sum-
marised in Tables 2.

As can be seen in Table 1, POEE shows overall better
performance than RS, qEI, LP, PLAyBOOK, KB, TS, €S-
PF, AEGiS, GIBBON, MACE, Gupta, and TuRBO. Particu-
larly, for the problem WangFreitas which is 1D, POEE, RS,
qEL and AEGIiS demonstrate their ability to find the global
optimum, while the algorithms LP, PLAyBOOK, KB, €S-
PF, MACE, Gupta, and TuRBO fail. For the 2D optimisa-
tion problems, POEE obtains statistically equivalent perfor-
mance or the lowest mean regrets, apart from the test prob-
lem Branin. For all the 10D problems, our method outper-
forms the other methods significantly. For practical prob-
lems, POEE achieves the best mean regret on Push4 and
presents statistically equivalent performance to the best ac-
quisition function, KB, on push8.

Interestingly, among the three penalisation-based meth-
ods using EI i.e., KB, LP and PLAyBOOK, which either
penalise the acquisition function or the surrogate model, the



Method WangFreitas (1) | BraninForrester (2) Branin (2) Eggholder (2) GoldsteinPrice (2) | SixHumpCamel (2) | Hartmann6 (6)

Mean Std Mean Std Mean Std Mean Std Mean Std Mean Std Mean Std
POEE 6.08e-8 1.2e-7 5.98¢-8 9.6e-8 1.86e-6 1.8e-6 3.69e+1 3.0e+l1 2.36e-1 8.8e-1 6.29¢-8 5.9¢-8 2.79¢e-2  5.le-2
RS 7.05e-2  1.6e-1(—) |6.15e-1 7.8e-1(—) |1.98e-1 1.3e-1(—) [1.53e+2 7.3e+1(—)|5.35e+0 6.0e+0(—) |7.17e-2 6.3e-2(—) |9.55e-1 2.9e-1(—)
qEI 3.71e-8 1.1e-7(~) |4.09¢-6 7.7e-6(—) |2.55e-6 2.6e-6(~) |8.66e+1 5.3e+l(—) [6.0le-1 5.7e-1(—) [9.90e-6 9.7e-6(—) [4.53e-2 7.le-2(—)
LP 1.87e+0 5.0e-1(—) [3.51e-5 1.3e-4(—) |4.64e-6 9.3e-6(~) |3.92e+1 3.3e+1(~) |5.76e-2 9.0e-2(~) |6.22e-6 2.3e-5(—) |2.75e-2 4.8e-2(+)
PLAyBOOK |1.80e+0 6.0e-1(—) [6.15¢-5 2.0e-4(—) |6.60e-6 1.0e-5(—) |4.35e+1 3.2e+1(~) |1.93e-1 2.6e-1(~) [3.6le-6 5.7e-6(—) |4.08e-2 5.7e-2(—)
KB 1.87e+0 5.0e-1(—) [4.43e-7 2.0e-6(~) |7.19¢-7 9.8e-7(+) |2.86e+1 2.5e+1(~) |4.22e-1 1.2e+0(~) [1.22e-6 2.4e-6(—) |2.01e-2 4.5e-2(+)
TS 1.87e+0 5.0e-1(—) [9.24e-5 8.le-5(—) |4.73e-5 2.4e-5(—) |4.87e+1 2.0e+1(~) |4.58e-1 3.5e-1(—) [6.39e-5 2.4e-5(—) |7.00e-2 3.8e-2(—)
€S-PF 1.67e+0 7.5e-1(—) [9.20e-5 1.7e-4(—) |6.44e-5 1.7e-4(—) |2.05e+2 1.2e+2(—) |7.35e+0 Il.le+1(—) [3.95e-5 1.2e-4(—) |3.71e-2 5.7e-2(—)
AEGIS 6.79¢-7 1.5e-6(—) [6.0le-4 3.4e-4(—) |3.84e-4 4.9e-4(—) |2.94e+]1 2.4de+l(~)|1.59e+0 1.1e+0(—) [2.05e-4 2.1e-4(—) |2.25e-2 4.9e-2(+)
GIBBON 8.00e-1 9.8e-1(—) |3.70e-4 5.6e-4(—) [8.10e-4 1.1e-3(—) [6.70e+1 5.7e+1(—) |3.04e+0 3.6e+0(—) |1.63e-3 2.6e-3(—) |2.58e-2 4.9e-2(+)
MACE 1.87e+0 5.0e-1(—) |1.70e-5 5.6e-5(—) |[2.13e-6 4.le-6(~) |4.77e+1 6.le+1(~) |4.43e-1 S.le-1(—) [1.65e-7 2.9e-7(~) |3.75¢-2 6.1e-2(—)
Gupta 1.87e+0 5.0e-1(—) |3.05e-1 1.6e+0(—) [2.43e-5 7.4e-5(~) [4.35e+1 4.9e+l(~) [1.21e-1 1de-1(+) |9.34e-7 4.le-6(~) [3.26e-2 5.4de-2(—)
TuRBO 1.87e+0 5.0e-1(—) |1.06e+1 1.9e+1(—) [2.39¢e-4 4.4de-4(—) |4.11e+2 1.9e+2(—) [3.97e+] 1.5e+2(—) |6.09¢-1 1.0e+0(—) [2.86e-1 3.9e-1(—)
Method Ackley (2) Griewank (2) Ackley (10) Griewank (10) GSobol (10) Push4 (4) Push8 (8)

Mean Std Mean Std Mean Std Mean Std Mean Std Mean Std Mean Std
POEE 1.12e-2  7.9e-3 1.21e-1  1.2e-1 3.06e+0 3.3e+0 7.19e-1  1.9e-1 6.35e+2 6.2e+2 1.50e-2 1.9e-2 1.48e+0 1.8e+0
RS 5.64e+0 2.3e+0(—) [1.19e+0 4.4e-1(—) |1.85e+1 1.2e+0(—) |8.84e+1 1.9e+1(—) |3.39e+3 2.6e+3(—) [5.08e-1 2.7e-1(—) |3.78e+0 2.0e+0(—)
qEI 3.99¢+0 2.3e+0(—) [9.02e-1 4.8e-1(—) |1.88e+1 8.0e-1(—) |8.44e+1 2.2e+1(—)|2.23e+3 2.6e+3(—) |1.55e-1 9.7e-2(—) |1.70e+0 1.3e+0(~)
LP 5.33e-1  1.6e+0(—) [3.95e-1 1.7e-1(—) |1.26e+1 2.8e+0(—) |3.36e+0 9.6e-1(—) |1.07e+3 1.6e+3(~) [1.10e-1 8.9e-2(—) |1.92e+0 1.6e+0(~)
PLAyBOOK [5.58e-1 2.2e+0(—) [4.79¢e-1 2.3e-1(—) |1.45e+1 2.8e+0(—) |3.44e+0 1.0e+0(—) [1.34e+3 1.le+3(—) |[1.57e-1 2.2e-1(—) |[2.11e+0 1.9e+0(~)
KB 3.00e-1 2.7e-1(—) [3.55e-1 1.8e-1(—) |9.76e+0 7.0e+0(—) |9.96e-1 4.4e-2(—) |1.93e+3 2.4e+3(—) [1.29e-1 l.le-1(—) |1.16e+0 9.7e-1(~)
TS 1.63e-1  3.0e-2(—) |3.25e-1 1.5e-1(—) |[1.32e+1 7.3e-1(—) |1.2le+]1 8.8e-1(—) |5.05e+3 4.8e+3(—) |[3.44e-1 1.7e-1(—) |2.69e+0 1.6e+0(—)
€S-PF 1.55e+0 2.8e+0(~) |1.35e-1 1.6e-1(~) [1.68e+1 2.9e+0(—) [8.7le-1 1.5e-1(—) [1.52e+3 2.5e+3(~) |1.97e-2 1.5e-2(~) |2.04e+0 2.0e+0(~)
AEGiS 5.46e-1 69e-1(—) [3.6le-1 1.8e-1(—) |1.30e+1 3.6e+0(—) |1.76e+0 2.7e-1(—) |2.88e+3 3.6e+3(—) [2.80e-1 1.3e-1(—) |1.89e+0 1.6e+0(~)
GIBBON 2.55e+0 4.4e+0(—) [3.70e-1 2.5e-1(—) |1.86e+1 9.6e-1(—) |8.61le+1 1.8e+1(—)|2.67e+3 2.9e+3(—) [1.25e-1 1.6e-1(—) |2.32e+0 1.8e+0(—)
MACE 2.65e-1 9.6e-1(—) [6.43e-1 1.1e+0(—) |1.66e+1 2.1e+0(—) |8.06e-1 1.9e-1(~) |1.24e+3 3.8e+3(~) |1.54e-1 2.5e-1(—) |2.48e+0 2.le+0(—)
Gupta 3.55e-1 1.le+0(—) [4.48e-1 2.3e-1(—) |1.36e+1 2.7e+0(—) |3.40e+0 9.6e-1(—) |1.54e+3 1.le+3(—) [1.60e-1 2.2e-1(—) |1.87e+0 1.5e+0(~)
TuRBO 1.63e+1 4.2e+0(—) [2.12e+0 2.2e+0(—) |1.92e+1 4.9e-1(—) |2.91e+0 3.0e+0(—) | 1.28e+3 2.0e+3(~) [2.97e-1 8.le-1(~) |2.97e+0 2.5e+0(—)

Table 1: The performance (mean and standard deviation) of POEE and the other 12 methods were evaluated across the 14
problems with a batch size of ¢ = 5. The method demonstrating the best mean performance is denoted in bold. The symbols
“47, “~”, and “—” indicate that the method is statistically better than, equivalent to, and worse than POEE respectively.

RS qEI LP PLAyBOOK KB TS e€S-PF AEGiS GIBBON MACE Gupta TuRBO
POEE 14/0/0 11/3/0 8/5/1 11/3/0 8/4/2 13/1/0 9/5/0 11/2/1 13/0/1 9/5/0 9/4/1 12/2/0

Table 2: The summary of statistical results, as detailed in Table 1. Here, the left, median, and right numbers are the counts of
test problems where the POEE was statistically superior, equivalent, or inferior to the peer algorithm, respectively.

older KB performed better than the newer LP and PLAy- eral, each component of our POEE method plays an impor-
BOOK. The proposed POEE, which penalises the quality- tant role in striking a good balance between exploitation and
uncertainty Pareto front, performed better than KB, LP and exploration. Regarding the computational cost (see the sup-
PLAyBOOK. As might be expected, MACE’s performance plementary), POEE, though slower than most of the others,
declines with larger batch sizes (g). This decline may result is acceptable (172s on a 10D problem with the batch size
from the selection of more similar solutions within a batch 10), compared to the usual expensive evaluation of a solu-
as g increases. tion involved in BO.

Figure 3 shows convergence trajectories of the 13 algo-
rithms on the two problems. As can be seen, in the test Sensitivity Analysis
problem Push4, POEE performs significantly better than its To better balance exploitation and exploration, we con-
peers. Regarding Griewank (2D), POEE does not perform ducted a sensitivity analysis with five weight combinations:
best in the early optimisation stage, but it ultimately achieves 1) 0.2/0.8, 2) 0.4/0.6 (used in POEE), 3) 0.5/0.5, 4) 0.6/0.4,
the lowest mean regret. and 5) 0.8/0.2. These combinations cover the spectrum from

Additionally, we considered the observational noise (0, = exploration-preferred to exploitation-preferred approaches.
0.1 (Wang and Jin 2023)) on the 14 problems using a batch Figure 4 summarises the sensitivity analysis results. De-
size of ¢ = 5. Table 3 summarises the statistical results. The tailed convergence plots and tabulated results are available
results show that POEE generally statistically outperforms in the supplementary material. As can be seen in the fig-
most peer algorithms across the majority of the test prob- ure, the methods heavily skewed towards either exploita-
lems, particularly against LP, PLAyBOOK, and AEGIS. tion (POEEgs) or exploration (POEE,g) generally perform

We also conducted the ablation study to evaluate the con- worse regardless of batch size. However, our findings sug-
tributions of three key components of POEE: 1) the dynami- gest a slight preference for exploration over exploitation,
cally updated Pareto front, 2) the initial selection of the most as POEE,g marginally outperforms POEEg,. This indicates
exploitative solution, and 3) the use of TOPSIS. Due to page that within the POEE framework, prioritising exploration
limit, the results are given in the supplementary text. In gen- may yield better outcomes than exploitation. Moderate con-
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Figure 3: The convergence trajectories of the 13 methods throughout the optimisation process on the two problems. Each
coloured line illustrates the mean difference between the true optimum and the best function value obtained over 30 runs.

qEI LP PLAYyBOOK KB

TS

eS-PF  AEGiS GIBBON MACE Gupta

POEE 7/5/2 12/2/0 13/1/0

4/713 7/6/1 9/3/2 11/3/0

8/5/1 7743 11/1/2

Table 3: Result summary of the noisy experiments with noise level o = 0.1 on the 14 problems using a batch size of ¢ = 5.
Here, the left, median, and right numbers are the counts of test problems where the POEE was statistically superior, equivalent,

or inferior to the peer algorithm, respectively.

The number of times each method performs best

5 POEE

POEEg

o POEEss

E POEEs,

210 POEEs;
3)
2
<
m

20

Figure 4: Result summary of the sensitivity analysis, where
the bars correspond to the number of times that a method is
statistically best across the 14 synthetic and practical func-
tions with ¢ € {5, 10, 20}.

figurations, i.e., POEE (POEE4s), POEEgs and POEE;s,
perform generally better. This confirms the need for a good
balance between exploitation and exploration. Among all the
configurations, POEE (POEE,g) emerges as the most effec-
tive one, achieving the best result on more problems.

It is worth mentioning that although POEE generally
works well with the weights (0.4, 0.6), different problem
functions may prefer different weights. Adapting weights
based on search feedback on a given problem may further
improve the performance of the proposed algorithm.
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Discussion

In the proposed POEE, we considered 10,000d solutions
generated by NSGA-II at the beginning of each batch. Af-
ter the update of the uncertainty objective, we did not rerun
NSGA-II to optimise the updated problem. It is worth stat-
ing that re-running the algorithm could be beneficial, partic-
ularly if setting fewer solutions (e.g., 1,000d) per run. We
will explore it in our future study.

Like many other methods which use the standard GP
model, our method may face scalability issues with higher
dimensions. A possible way to mitigate it is incorporating
techniques like principal component analysis (Antonov et al.
2022) or trust regions (Eriksson et al. 2019). This is worth
further investigation.

Conclusion

Balancing exploration and exploitation is a challenging task
in BBO. The proposed method POEE attempted to address
this via seeking good trade-offs between them. By consider-
ing a dynamically updated Pareto front with respect to ex-
ploitation and exploration, POEE is able to identify a batch
of solutions that represent different trade-offs between the
posterior mean and uncertainty.

In this work, we considered 14 test problems, including
2 real-world instances. In future study, we will apply our
method to more real-world problems, such as hyperparam-
eter tuning (Kathuria, Deshpande, and Kohli 2016), walker
function (Wang et al. 2017b), and computational fluid dy-
namics optimisation problems (De Ath et al. 2021).
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