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Abstract

Bayesian Optimization (BO) is a widely-used method for
optimizing expensive-to-evaluate black-box functions. Tra-
ditional BO assumes that the learner has full control over
all query variables without additional constraints. However,
in many real-world scenarios, controlling certain query vari-
ables may incur costs. Therefore, the learner needs to bal-
ance the selection of informative subsets for targeted learn-
ing against leaving some variables to be randomly sampled
to minimize costs. This problem is known as Bayesian Opti-
mization with cost-varying variable subsets (BOCVS). While
the goal of BOCVS is to identify the optimal solution with
minimal cost, previous works have only guaranteed finding
the optimal solution without considering the total costs in-
curred. Moreover, these works assume precise knowledge of
the cost for each subset, which is often unrealistic. In this pa-
per, we propose a novel algorithm for the extension of the
BOCVS problem with random and unknown costs that sep-
arates the process into exploration and exploitation phases.
The exploration phase will filter out low-quality variable sub-
sets, while the exploitation phase will leverage high-quality
ones. Furthermore, we theoretically demonstrate that our al-
gorithm achieves a sub-linear rate in both quality regret and
cost regret, addressing the objective of the BOCVS problem
more effectively than previous analyses. Finally, we show
that our proposed algorithm outperforms comparable base-
lines across a wide range of benchmarks.

Introduction

Bayesian optimization (BO) is a powerful technique de-
signed for the sample-efficient optimization of expensive-
to-evaluate black-box objective functions. It has been ef-
fectively used in various important experimental design
problems, such as hyperparameter optimization (Snoek,
Larochelle, and Adams 2012), chemical synthesis (Shields
et al. 2021), and particle accelerator control (Kirschner et al.
2022). Typically, BO has access to all query variables of
the objective function, allowing it to re-evaluate any variable
without additional hamper. However, in many practical situ-
ations, not all query variables can be easily modified. Some
variables may follow specific distributions, and altering their
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values deterministically may incur costs. This setting is
known as Bayesian Optimization with Cost-varying variable
subsets (BOCVS), as introduced in (Tay et al. 2023). The
aim is to identify optimal candidates for the objective func-
tion while minimizing incurred costs as much as possible.
Naturally, greater control over the query variables leads to
higher costs. Therefore, in each iteration, the learner must
balance between the set of controllable query variables and
the associated costs.

We give an illustrative example with the BOCVS setting.
Other concrete scenarios can be found in (Tay et al. 2023).
In the context of adaptive control for manufacturing sys-
tems (Kruger et al. 2011), the goal is to optimize the pro-
duction process to maximize output quality while manag-
ing the associated costs of process adjustments. The opera-
tor must adjust various control parameters, such as machine
settings, temperature, and operational schedules, to enhance
production quality. However, these adjustments can incur
costs like energy consumption, maintenance or operating
costs. To mitigate these costs, the operator can selectively
modify certain control parameters while allowing others to
vary randomly within a controlled range. The primary chal-
lenge lies in the fact that the cost constraints are not fully
known or predictable, complicating the evaluation of the im-
pact of randomized versus deterministic adjustments. These
costs are often uncertain because they depend on fluctuating
factors such as labor, or machine conditions. The operator
must strike a balance between managing the risk of high,
unknown costs and maintaining acceptable production qual-
ity.

To the best of our knowledge, UCB-CVS (Tay et al. 2023)
is the first and only work that addresses this problem pre-
cisely. While UCB-CVS has shown promising theoretical
and empirical results, there are some drawbacks. Firstly, the
definition of their objective function focuses solely on find-
ing the optimal solution and neglects the cost constraints.
To incorporate cost constraints, the authors introduced the
cost-varying cumulative regret, a cost-weighted version of
the regular cumulative regret. While it can be proven that
UCB-CVS achieves sublinear cost-varying cumulative re-
gret, it is unclear whether it minimizes the total cost. For
example, if there exists two control sets with similar perfor-
mance while the cost is significantly difference, the sublin-
ear rate for cost-varying regret stated in Theorem 4.1 (Tay



et al. 2023) does not emphasize the advantage of choosing
cheaper control set. Therefore, we need a new definition of
the objective function and regret to better reflect the goals of
the BOCVS setting. Secondly, UCB-CVS assumes that the
cost of every control set is deterministically known, which is
a strict assumption that limits the algorithm’s practicality. It
would be more desirable to have an algorithm that does not
require precise knowledge of the cost of every control sets.
Thirdly, UCB-CVS uses an e-schedule as a relaxation to en-
able exploration with cheaper control sets. However, choos-
ing an appropriate e-schedule is challenging. In practice,
UCB-CVS uses a simple explore-then-commit approach in-
stead of an e-schedule. This creates a mismatch between the
theoretical algorithm and its practical implementation.

In this paper, we address an extension of the BOCVS
problem where the cost of playing a subset is unknown. We
introduce an efficient novel approach to analyzing the effec-
tiveness of an algorithm by defining both quality regret and
cost regret, which is a more rigorous analysis compared to
previous work. An efficient algorithm should aim to mini-
mize both types of regret. Consequently, we develop an al-
gorithm designed to minimize these regrets simultaneously.
The main contributions of this work are as follows:

* We introduce an extension of the BOCVS problem in
which the costs of the subset may be random and un-
known.

* We develop a cost-sensitive algorithm for the extension
version. We derive an upper bound on the cumulative re-
gret for our algorithm and theoretically show that the al-
gorithm achieves sub-linear cumulative regret of both the
objective function value and the cost.

* We conducted an empirical evaluation of our proposed
algorithm’s performance against baseline methods across
a variety of experimental conditions. This included test-
ing on both synthetic and real-world datasets, specifically
a plant growth dataset and an airfoil self-noise dataset,
which are relevant to the precision agriculture and ad-
vanced manufacturing applications discussed earlier.

Preliminaries
Gaussian Process and Bayesian Optimization

We consider a query set X' and an objective function f :
X — R where X C R<. The learner’s goal is to find the
query that maximizes f, denoted as x* = argmax, ¢y f(x).
However, f is a black-box function, meaning it is not avail-
able in a closed form and can only be evaluated by submit-
ting a query x; € X at each iteration ¢, and receiving a noisy
observation y; = f (x¢) + &, where each & is i.i.d. o-sub-
Gaussian noise with zero mean.

Gaussian processes (Williams and Rasmussen 2006)
(GPs) are a popular choice as a surrogate model for optimiz-
ing f in BO because they enable exact posterior inference:
The GP posterior estimate of f at any query x € X after
t iterations is a Gaussian with posterior mean and variance
given by
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where y, = (yj);ﬂ € RY k is a positive semidefinite
kernel (covariance function), k;(x) (k (x, Xj));:1 €
R K, = (k (x;j, Xj’))z',j'ﬂ € R™* and X is an algorithm
parameter; if the noise is a Gaussian with variance o2, then
the true posterior is recovered with A\ = o2. The kernel k
is an important modeling choice as the GP posterior mean
will reside in the reproducing kernel Hilbert space (RKHS)
associated with k. For simplicity, we assume w.l.0.g. that
k(x,x") < 1forall x,x" € X. Kernel k affects the maxi-
mum information gain (MIG) defined as

(&) : 0.5log [T+ A7 'Kr|.

max
Xt }?=1 =

The MIG characterizes the statistical complexity of a prob-
lem and plays an integral role in the theoretical analy-
sis. For the commonly used squared exponential kernel,
7(X) = O ((log T')**1), while for the Matérn kernel with
v > 1,9p(X) = O (Tdd+1)/2v+dd+1) (1og T')) (Srinivas
et al. 2009). Importantly, v (X) is increasing in the volume
of X' (Srinivas et al. 2009).

Multi-Armed Bandits

In more formal terms, the multi-armed bandit (MAB) prob-
lem can be described as follows: given a set of k& arms (or
actions), each arm ¢ provides a reward from an unknown
probability distribution. The goal is to develop a strategy
or policy that maximizes the cumulative reward over a se-
quence of n trials.

One effective approach to solving the MAB problem is the
Upper Confidence Bound (UCB) algorithm. The UCB algo-
rithm addresses the exploration-exploitation dilemma by us-
ing a principled method to select which arm to pull. The
core idea is to choose the arm that maximizes the upper
confidence bound of its estimated reward, thereby balancing
the potential for high rewards and the uncertainty associated
with each arm (Slivkins et al. 2019).

The UCB (Slivkins et al. 2019) algorithm can be summa-
rized in the following steps:

1. Initialization: Start by playing each arm once to gather

initial data.

. Estimation: After each round ¢, calculate the estimated
average reward for each arm 4, denoted as 7;(t)

. Confidence Bound Calculation: Compute the upper
confidence bound for each arm ¢, given by:

=7i(t) +

where N;(t) is the number of times arm ¢ has been played
up to round ¢, and In 7 is the natural logarithm of the cur-
rent round number, which accounts for the total number
of trials and ensures logarithmic growth.

. Selection: Select the arm ¢ with the highest 7;
value for the next trial.

The term /2 1nT'/N;(t) represents the confidence inter-
val around the estimated reward fi;(t). As more data is gath-
ered for a particular arm (i.e., as N;(t) increases), the confi-
dence interval narrows, reflecting increased certainty about

rUCB (t) 2InT/N;(t)

UCB (t)



the arm’s true reward distribution. Conversely, for arms that
have been played fewer times, the wider confidence interval
encourages exploration by allowing the possibility of higher
potential rewards.

Problem Definition

We introduce extension of BOCVS setting in this section.
The problem involves a compact query set X C R? and an
objective function f : X — R that resides in the Reproduc-
ing Kernel Hilbert Space (RKHS) associated with a kernel
k, with the RKHS norm constrained by an upper bound B.
Without loss of generality, we assume that X = [0, 1]%. Let
[d] ={1,2,...,d} represent the indices of the d variables.

The learner has access to a collection Z C 21l of control
sets, indexed by 1,2, ..., m, where m = |Z|. Each control
set i € [m], denoted as Z; C [d], specifies the subset of
variables that the learner can choose to control. The comple-
ment of Z;, denoted as Z; = [d] \ Z;, indicates the subset
of variables that will be randomly sampled from a known
distribution.

A query x € X can thus be decomposed into two parts:
the control partial query x’ and the random partial query
x~*. The control partial query is defined as x* = (x¢)¢ez,,
which includes the variables indexed by Z;. The random par-
tial query is defined as x ¢ = () 1e7,» Which includes the

variables indexed by Z;. Therefore, we can write the query
r € X as x = [x%,x*]. Furthermore, let X' = {x’ | x €
X'} denote the set of all possible control partial queries.

In each iteration ¢, the learner selects a control set 7y € 7
and specifies the values for the control partial query x;'.
The values for the random partial query x; ** are then sam-
pled from the environment according to a known distri-
bution. To simplify, the complete query for iteration t is
x; = [x{,x; "] = [xi,x7%] = (24,¢)¢e]a)- For each
variable x; , where { € Zt, it is a realization of a ran-
dom variable X; , ~ P,. Consequently, the observed ran-
dom partial query x~% is a realization of the random vec-
tor X~ = (Xt ez, ~ P~%, where P~ is the prod-
uct measure Héefi, P¢. This means each variable in the

random partial query is independently sampled from its re-
spective probability distribution. All distributions P, are as-
sumed to be known. The learner then observes the output
yr = f(x¢) + &, where &, is independently and identically
distributed o-sub-Gaussian noise with a zero mean.

The learner wishes to find the optimal control set i and

specified values in control partial query x'" that maximize
the expected value of f ([x, X ~?|) where the expectation

iswrt. X '~ P

(i+,xi+) € argmax E [f ([xi,X_i])} . @
(i,x*)E[m]x X
In every iteration ¢, the learner pays a cost cgf), which

sampled from a unknown distribution with mean c;,. The
distribution of costs for each subset may be different.
The learning procedure ends after 7" iterations when C' —

Sima, <y
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where C is the budget that can be paid.
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Note that different from the original BOCVS setting (Tay
et al. 2023), we do not require to know exactly the cost of
every control subsets or the ordering of cost for control sub-
sets,i.ec; <co < ... <y

In some scenarios, it is acceptable for the learner to sac-
rifice the quality of the objective value in order to manage
costs more efficiently. For instance, in the adaptive control
problem for manufacturing systems (Kruger et al. 2011), it
is more practical for the operator to keep production quality
above a certain predefined threshold rather than constantly
striving to maximize product quality, which would result in
higher costs. Therefore, different from (Tay et al. 2023), to
manage effectively costs spent, assume f(x) > 0 (can be
achieved by subtracting the worst value that f can achieve),
we allow the learner to be agnostic between subsets, whose
expected reward is greater than 1 — « fraction of the high-
est expected value, for a fixed and known value of «. The
learner’s objective is to learn and exploit the cheapest subset
among these high-quality subsets as frequently as possible to
specify the optimal value for the corresponding partial con-
trol query. More specifically, we denote the set of subsets
C. whose expected value of f ([x*,X~*]) is within 1 — «
factor of the highest expected value, i.e,

C*_{ieI

3x; € A E[f ([x, X))

(x|

The learner’s goal is to design an algorithm that will exploit
the cheapest subset whose expected value is at least as large
as the smallest tolerated reward. In other words, the learner
needs to simultaneously identify and maximize the number
of choices of subsets i, = argmin;. c;. To measure the
performance of any algorithms, we use two notions of regret:

>(1—a) max E
(@ x")

E['rn]XXi/

* Quality regret:

ro= S0 1 ([ x])]

: B [ (e X))

* Cost regret
T
RS = Zmax{(cit —c+),0}
t=1

The definitions of quality regret and cost regret in the paper
show a notable resemblance to those outlined in (Sinha et al.
2021). In (Sinha et al. 2021), the authors employ the con-
cepts of rewards and costs associated with arms in the MAB
problem to characterize these types of regret. The objective
then is to design an algorithm that simultaneously minimizes
both the cost and quality regret.

Discussion Our definition of the objective function and re-
gret introduces a new factor, o, which represents the extent



to which the learner is willing to forgo the quality of the
objective value in order to reduce costs. When « approxi-
mates 0, the problem focuses solely on optimizing the ob-
jective function, and the cost can be neglected (if there are
multiple optimal subsets, the focus is on finding the one
with the smallest cost among them). In contrast, as « ap-
proaches 1, the cost is optimized more effectively, but the
quality of the objective function solution can decrease with
T given. Therefore, the goal of optimizing both regrets is to
find a balanced solution with the parameter . This makes
our framework more generalized and applicable to a broader
range of real-world scenarios. Furthermore, our regret anal-
ysis is more thorough and better aligned with the goals of
BOCVS compared to previous work. Tay et al. (2023) define
the cost-varying cumulative regret for the BOCVS problem
as follows:

rri= 3o (B[ (7)) - B 17 (30

In the case where o« = 0, if an algorithm achieves sublinear

R%, it will also achieve sublinear R7. However, the reverse
is not true. When v = 0 and multiple optimal subsets exist,
an algorithm that achieves sublinear Rz may not simultane-

ously achieve sublinear R% and R%. Analyzing both types
of regret provides a more comprehensive assessment of the
algorithm’s performance and its cost management.

Method

In this section, we introduce an explore-then-commit algo-
rithm to address Bayesian Optimization with unknown cost-
varying subsets. At the high-level idea, this algorithm ini-
tially explores each subset for a predetermined number of
rounds before transitioning to the exploitation phase. During
the exploitation phase, the algorithm identifies a feasible set
of subsets based on the upper and lower confidence bounds
(UCB, LCB) of their maximum values in each round. This
set includes all subsets where the upper confidence bound of
their maximum expected values exceeds the minimum ac-
ceptable value. From this feasible set, the subset with the
lowest estimated cost is selected for exploitation. The de-
tailed procedure is outlined in Algorithm 1. A crucial part
of this algorithm is determining the appropriate number of
exploration rounds before moving to the exploitation phase,
which will be discussed in the next section.

At iteration ¢, the Gaussian Process (GP) posterior esti-
mate of f is used to define an upper confidence bound u;_1
and a lower confidence bound for [;_ for f, represented as:

wp—1(X) = p—1(x) + Bror—1(x),

li—1(x) = p—1(x) = Bror-1(x),

where ;1 (x) is the posterior mean, o;_1(x) is the pos-
terior standard deviation, and J; is a parameter controlling
the exploration-exploitation trade-off. The goal of the ex-
ploration phase is to filter out low-quality control subsets by
setting an initial threshold for the exploitation phase. This is
achieved by defining the intersected lower confidence bound
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Icbfor E [ f ( {xﬁ , X*ﬁ] )} and the intersected upper con-

fidence bound uch; for maxyic i E [ f ([x*, X7¢])] inlines
10 and 11. High-quality control sets ¢ must meet the condi-
tion uch; > (1 —«)lcb, forming the set S; that includes only
the high-quality subsets. Additionally, during the exploita-
tion phase, the intersected confidence bounds leb and ucb;
are updated for each control subset ¢ in lines 14, 15, 18, and
19. This update mechanism ensures that, with high probabil-
ity, the set S; gradually narrows over time while always con-
taining the optimal set C,. As a result, the condition S; = ()
in line 17 is likely to occur with low probability. However, if
this condition does arise, the intersected confidence bounds
is updated so that S is revised in line 20 to ensure it is not
empty. Without considering cost regret, selecting any subset
within S; would provide satisfactory performance by min-
imizing quality regret. However, to optimize both cost and
quality regret, it is essential to distinguish between the sub-
sets and identify the one with the lowest cost in set S;. Since
the exact cost is unknown, it is approximated using ct“B, as
defined in line 24. This approximation is then used to bal-
ance between exploring various subsets and exploiting the
currently cheapest subset. Finally, the promising subset is
selected, and the values in the control partial query are spec-
ified in lines 25 and 26.

Main Theorem

Theorem 1. Assume that the distribution of the random cost
of each subset has support [0,1], B is the upper bound of the
RKHS norm of f, M/ = max,cx || f.||. With probability at
least 1 — 35 — 2/T?, Alg. 1 incurs an objective cumulative
regret and a cost cumulative regret bounded by

R} = O ((m—-1)rM')+
o (,Bt (\/4(T T2 mn) e (X) + m (1og %)))

o (T (Vo @ i) )

=0(m7)+ 0O ((T —mT) )

by setting By = B + a+/2 (vi—1(X) + 1 + log(1/6)).
For any appropriately chosen kernel such that vy (X') <

@) (T%’E) where € > 0 (e.g., commonly used squared expo-
nential kernel) and we choose 7 satisfying that O(7°) <
7 < O(T) where ¢y > 0, Theorem 1 implies that both the

quality regret Ré and the cost regret RS, will be sublinear
in T'. The best control set and specified values in the control
partial query in the algorithm’s choices eventually converge
to the cheapest acceptable solution. This ensures the algo-
rithm still achieves good performance while still managing
costs effectively. The main idea of the theorem’s proof is
based on analyzing the components in different phases of
the regrets.

In case we explore subsets with a sufficiently large num-
ber of evaluations 7, we can be assured that with high prob-
ability we will only focus on subsets in the set C.. We can
describe this property by the following lemma:

2logT
T

Ry




Algorithm 1: Proposed method

1: Input: T evaluations, GP with kernel k, control sets Z,
costs (¢; );11, 7, tolerated parameter o

2. Exploration phase:

3: for for t € [1,m7] do

4 i:=tmod m; ‘ .

5: 1z} :i=argmaxyicyi K [ut,l ([Xl7 X*Z])]
6:  Observe x % drawn from P~

7. Observe y; := f (x}) + & and i

8 Ti(t+1):=Ti(t) +1{ls =i} Vi € [m]

9: end for

10: lcb := max E [lt,l ([xi, X_i])}

(i,x*)E[m]x X t<mt
Y i xe—i .
: uch; = iglﬁxrinea/%iﬂﬁ [ukﬂ_l 1 ([x . X ])} , Vi € [m]
12: Exploitation phase:
13: for iterationt = m7 + 1to T do

Ju—
—_

14:  lcb:= max {lcb, max
(i,x*)€[m]x X?

B [ (b X))
15:  wuch; = mln{ucbz, max E [u;—1 ([x), X7])] }
xtEX?
Vi € [m
16 Spi={ie]
17: ifS =10 then
18: lch == maxg;, x’)e[m]xXlE [lt, ([X X~ ])]
19: uch; ])}, Vi €

m] | ucb; > (1 — a)lch}

‘= MaXyicyi B [Ut 1 ([

20: Sy = {i € [m] | uch; > (1 — a)lcb}
21:  endif

22: (1) = MEI’“:Z}V@ € [m);

23 Bit) = QTIOﬁTVz € [m];

24 cFOB(t) := max {¢;(t) — Bi(t),0} Vi € [m]

25:  S3:= {z € 81 | F°B = minjes, C?CB

260 (ig,x) := argmax E [u— ([x),X7])]
(,x7) €Sz x X?

27:  Observe x % drawn from P~%

28:  Observe y, == f (x}) + & and c( )

29:  Update D; := {(XT,yT)}T:1

30: end for

31: return D,

Lemma 2. [f there exists a ¢€ > 0 st
for all ¥ ¢  C.E [f ([xx—m <
(1 — a)maxyica: E [f ([x', X7])] - § and

yr(X) < OT), with probability at least 1 — §, if 7 >
(2./4(t+2)%(x)+410g %+810g(4)+1> <
. &

min< t: Bym S5
then 81

This lemma’s proof is perhaps the trickiest and crucially
relies on 7 and distance gap €. From Lemma 2, we can im-

prove the upper bound of R? in theorem 1 as follows:

= C, for all iteration in Exploitation phase.

Theorem 3. Suppose that the assumption of both Theorem
1 and Lemma 2 hold, with probability at least 1 —30 — 2/T2,
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Alg. 1 incurs an objective cumulative regret and a cost cu-
mulative regret bounded by

R} =0 (mrM7) +
O (B (VAT +2 = m7) 11— (X) +m (log (m/5)) ) )
RS = O(mr) + O ((T —m7)\/2log (T/T))

Practical Considerations Theorems 1 and 3 give us an
idea of how much evaluation is needed during the explo-
ration phase depending on 7" and € for the algorithm to
achieve the best performance. However, in practice, we are
only given a budget without knowing these two parameters
in advance. Therefore, we suggest using a larger budget for
the exploration phase than for the exploitation phase. More-
over, if the application does not specify the tolerated param-
eter o, we can allow it to decrease as the remaining budget
nears zero. This gradual reduction allows us to work with
many subsets that are sufficient to increase information gain
while still ensuring low costs, before moving on to focus on
playing better but more expensive subsets.

Experiments

This section empirically evaluates the performance of the
tested algorithms with 4 objective functions: (a) Hartmann
(d = 6) and (b) Ackley (d = 6) as the synthetic benchmark
functions, adding 6 unrelated variables, which leads to the
existence of many subsets containing optimal points, (c) a
plant growth simulator built from real-world data where the
variables are nutrients such as NHs and pH(5— D), and (d) a
simulator built from the airfoil self-noise dataset (5-D) from
the UCI Machine Learning Repository (Dua, Graff et al.
2017). For the first two objective functions, there are 7 con-
trol sets, of which 2 are optimal sets: the full set and the sub-
set containing valid variables. For the plant growth objective
function, we pick 7 control sets including the full query con-
trol set. For the airfoil self-noise objective function, similar
to that of (Hayashi, Honda, and Kashima 2022a), we pick 7
control sets of 2 variables each that are not subsets of each
other. We use 2 different sets of means of costs ¢ for the
7 control sets: cheap ({0.01,0.01,0.01,0.1,0.1,0.1,1}),
moderate ({0.1,0.1,0.1,0.2,0.2,0.2,1}) and add Gaussian

noises A (0, 0.02) to the cost observation c( ) of the subset
i+ if ¢;, > 0.1 . Using these sets of costs, the control sets
are ordered such that Z; C Z; = ¢; < c;. While these cost
sets may seem arbitrary, it is the algorithms’ relative perfor-
mance across these cost sets rather than the absolute perfor-
mance on a single cost set that allows us to understand the
conditions under which particular algorithms perform better
or worse. Real-world applications will come with their own
cost sets defined by real-world constraints. Every probability
distribution P is a truncated normal distribution with mean
0.5 and the same variance which is one of 0.02,0.04 (the
uniform distribution on [0, 1] has variance 1/12 ). We set the
maximum budget for any experiment to 100 units. We com-
pare the performance of our algorithm against that of the
baseline Thompson sampling (TS-PSQ) and UCB-PSQ de-



HARTMANNG6 EXTENDACKLEY
4 4

o 0 ]
E 6 25 50 75 100 g
&4 4 &
2
0 0
0 25 50 75 100 0 25 50 75 100 ] 25 50 75 100 0 25 50 75 100
Cost Budget Cost Budget
PLANT AIRFOIL

107!

1073

g, 0 25 50 75 100
&
101 1071
1073
103
107! 107
0 25 50 75 100 0 25 50 75 100 0 25 50 75 100 0 25 50 75 100
Cost Budget Cost Budget
— Proposed Method ~ ----- Cvs ucB  ——- TS-PSQ UCB-PSQ
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Figure 2: Number of evaluation against cost spent.

veloped in (Hayashi, Honda, and Kashima 2022a). We eval- which involves 50 plays per group, with each group contain-
uate a variant of UCB-CVS (Tay et al. 2023) called ETC-50, ing subsets having the same number of variables. This ap-
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proach differs slightly from (Tay et al. 2023), where groups
are defined by subsets having the same cost due to the un-
known cost setting. In the proposed method, we spend 60
units of cost for the exploration phase. The parameter « at
the beginning of the exploitation phase is set to 0.1 and is
halved after d function evaluations.

Figure 1 shows the mean and standard error of

the simple regret minj<;<7(c)E [f ({xﬁ,X*ﬁD} —

E [f ([x",X7%])] (lower is better) incurred against cost
spent (budget) C' by each algorithm with varying objective
functions, cost sets, and variances of distributions where
T(C) denotes the maximum iteration reached after spend-
ing C'. The simple regret encodes the value of the best solu-
tion an algorithm has chosen within a certain budget and is a
measure of cost efficiency. We observed that the naive meth-
ods are often less effective than the proposed method. The
efficiency of the proposed algorithm stems from its strategy
of prioritizing more plays on cost-effective feasible subsets,
rather than solely targeting subsets likely to contain opti-
mal solutions that are very expensive. Figure 2 compares
the number of evaluations by the algorithms relative to the
costs spent. The results indicate that the proposed algorithm
conducts significantly more evaluations than the other algo-
rithms once the exploitation phase starts. This implies that
the baseline algorithms consistently evaluate the entire set,
which is costly, rather than using the subset of valid vari-
ables, which is not only optimal but also less expensive. As
a result, it leads to a lower number of evaluations compared
to the proposed algorithm.

Related Work

To the best of our knowledge, UCB-CVS (Tay et al. 2023)
is the only work that addresses the BOCVS setting at the
time of writing. UCB-CVS uses an e-schedule as a relax-
ation technique, allowing cheaper control query sets to be
selected for exploitation. The final control set is then cho-
sen from this relaxed set by comparing their known costs.
While UCB-CVS achieves a sublinear rate for cost-varying
cumulative regret, it does not guarantee the minimization of
the total incurred cost. Additionally, the practicality of the
e-schedule is questionable due to the difficulty in selecting
an appropriate value. Our proposed method addresses these
issues, even in settings with unknown costs, making it more
applicable to real-world problems.

The BOCVS setting can be viewed as a specific instance
of the Causal Bayesian Optimization (CBO) framework
(Aglietti et al. 2020), where the causal relationships among
input variables are incorporated into the objective functions.
In CBO, a subset of variables is selected for intervention,
and their values are set to achieve optimal results while
minimizing the overall intervention cost. Depending on the
causal structure, intervening on certain variables may lead to
a propagation of effects in the causal graph, affecting both
the outcomes and associated costs. Therefore, the causal re-
lationships in CBO can be seen as a generalized represen-
tation of input distribution in the BOCVS setting. CBO is
a challenging problem, and to the best of our knowledge,
most previous works (Aglietti et al. 2021, 2023; Gultchin
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et al. 2023; Branchini et al. 2023) have not succeeded in es-
tablishing useful theoretical regret bounds. The only work
addressing regret bounds in CBO is Sussex, Makarova, and
Krause (2023), which introduces such bounds under addi-
tional assumptions. However, their theoretical analysis does
not account for minimizing the total incurred cost.

In BO field, there are also some settings where the learner
is not only concerned about optimizing the objective func-
tion but also considers the trade-offs associated with mul-
tiple objectives that are intrinsic to several practical appli-
cations. Hayashi, Honda, and Kashima (2022b) introduced
the setting with partially specified queries (BOPSQ) where
the learner simultaneously selects a control set and speci-
fies their values to maximize the objective function. Hence,
the learner is required to consider the extent to which the
query variables contribute to the function’s output as well as
which values the unspecified input variables will take. The
key distinction between BOPSQ and the BOCVS setting is
that BOPSQ does not incorporate cost constraints, which
can significantly influence the learner’s decisions. On the
other hand, multi-fidelity Bayesian Optimization (MFBO)
(Kandasamy et al. 2016; Poloczek, Wang, and Frazier 2017;
Takeno et al. 2020) addresses scenarios where inexpensive,
low-fidelity approximations of the true objective function
are available. Each low-fidelity approximation is associated
with a different level of model discrepancy and querying
cost, with larger discrepancies generally resulting in lower
costs. The goal of MFBO is to achieve an optimal objective
value while minimizing the total cost of queries. Although
the principle of paying less for potentially less informative
queries is conceptually similar, the BOCVS setting differs
in that the uncertainty arises from the randomness of inputs
not included in the control set, rather than from querying a
lower-cost approximation as in MFBO.

BOCYVS can also be viewed as a specialized version of
multi-armed bandits (MAB) with cost constraints (Cayci,
Eryilmaz, and Srikant 2020; Ding et al. 2013; Sinha et al.
2021). In this context, each control set functions as an arm,
and pulling an arm yields a reward along with an associ-
ated cost. The goal of the algorithm is to select a sequence
of arms to maximize the expected total reward while ensur-
ing that the costs of pulling these arms stay within a budget
constraint. However, unlike in the standard cost-constrained
MAB setting, BOCVS requires the learner not only to pull
an arm but also to specify parameters, such as the values for
the control set associated with that arm. This simultaneous
decision-making process adds a layer of complexity, making
BOCYVS more challenging than traditional cost-constrained
MAB problems.

Conclusion

We introduce an extension of the BOCVS problem where
the costs of subsets are random and unknown, and we de-
velop a cost-sensitive algorithm with theoretical guarantees,
demonstrating sub-linear cumulative regret for both objec-
tive function value and cost. Our empirical evaluation com-
pared the proposed algorithm’s performance against base-
line methods across various experimental conditions, includ-
ing both synthetic and real-world datasets.
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