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Abstract

We consider Online Facility Location (OFL) in the frame-
work of learning-augmented online algorithms. In OFL, de-
mands arrive one-by-one in a metric space and must be (ir-
revocably) assigned to an open facility upon arrival, with-
out any knowledge about future demands. We focus on uni-
form facility opening costs and present an online algorithm
for OFL that exploits potentially imperfect predictions on the
locations of the optimal facilities. We prove that the compet-
itive ratio decreases from sublogarithmic in the number of
demands n to constant as the total prediction error 71, i.e.,
the sum of distances of the predicted locations to the optimal
facility locations, decreases. E.g., our analysis implies that if
for some ¢ > 0, 71 = OPT/n®, where OPT is the optimal
cost, the competitive ratio becomes O(1/¢). We complement
our analysis with a matching lower bound establishing that
the dependence of the algorithm’s competitive ratio on the 7;
error is optimal, up to constant factors.

1 Introduction

Online algorithms deal with decision making in cases where
the input data is not known in advance, but rather arrives se-
quentially. The algorithm makes irrevocable decisions, only
based on the input data received so far, and incurs the cor-
responding irrevocable cost. Traditionally, in the analysis of
online algorithms we assume, rather pessimistically, that an
adversary always presents the algorithm with the worst-case
input. The performance of online algorithms is evaluated by
the competitive ratio (Borodin and El-Yaniv 1998), which is
the worst-case ratio of the total algorithm’s cost to the cost
of a computationally unrestricted optimal algorithm aware
of the request sequence in advance.

On the other hand, machine learning (ML) aims to pre-
dict the unknown based on historical data and to learn how
the world looks like. A recent trend aims to use ML predic-
tions about the future input in order to deal with the inherent
uncertainty in online algorithms, while still providing worst-
case performance guarantees. One might think that directly
using machine learning in online problems should enhance
their performance, since by predicting the input, with some
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error, we should be able to come up with almost optimal so-
Iutions. In reality, this turns out not to be true, since the error
of the learner may vary across different parts of the input
and could propagate along different phases of the algorithm.
Lykouris and Vassilvitskii (2018) proposed a framework
aiming to provide formal guarantees for such learning-
augmented online algorithms, in terms of their consistency
and robustness. They require the algorithm to be near op-
timal, if the predictions about the future input are accu-
rate (consistency), while for arbitrary erroneous predictions,
the competitive ratio should gracefully degrade to (and not
exceed by far) the worst-case one (robustness). The idea
of combining online algorithms with ML advice is that in
the end, we should be able to overcome the worst-case
lower bounds and get the best of both worlds. In the frame-
work of Lykouris and Vassilvitskii (2018); Purohit, Svitkina,
and Kumar (2018); Antoniadis et al. (2023), the learning-
augmented algorithm, given some predictions of total er-
ror 7, is required to make decisions online and its compet-
itive ratio is given as a function of 7. Many online prob-
lems have been studied under this framework, such as ski
rental, scheduling, metrical task systems (see e.g., the survey
of Mitzenmacher and Vassilvitskii (2020)). In this work we
investigate the competitive ratio of Online Facility Location
in the framework of learning-augmented online algorithms,
following an approach similar to (Jiang et al. 2022).

Online Facility Location (OFL) was introduced by Meyer-
son (2001) and considers a sequence of demands located in
an underlying metric space. Each demand must be connected
to an open facility upon arrival. Each facility has an open-
ing cost, which is irrevocable in the sense that once opened,
facilities cannot be closed. Every demand incurs its assign-
ment cost, which is the distance to the closest open facility
at the demand’s assignment time. Our goal is to decide when
and where to open the facilities, so that we minimize the total
facility opening cost plus demand assignment cost. Meyer-
son (2001) presented an elegant randomized algorithm with
competitive ratio O(log n/ log log n), where n is the number
of demands. Since then, there has been a significant volume
of work on OFL and its many variants (see Section 1.2).

Online Facility Location with Predictions. In OFL with
predictions (OFLpred), every demand v in the request se-



quence is accompanied by a prediction p on the location of
the optimal facility where v is assigned. Every demand must
be connected to an open facility upon arrival, and facility
and assignment costs are irrevocable and are defined as be-
fore. In addition to the number n of demands, instances of
OFLpred are parameterized by the fotal prediction error 1y,
which is the sum, over all predictions, of their distance to
the respective optimal facility, and the maximum prediction
error 1o, < 11, which is the maximum such distance.

Jiang et al. (2022) studied the competitive ratio of OFL-
pred as a function of 7).,. They considered non-uniform
facility costs, carefully adapted Meyerson’s algorithm and
proved a competitive ratio of O(log min{ gk, n}), where

OPT
OPT is the optimal cost. They also gave an almost matching

lower bound of (%

loglogn

of any randomized algorithm for OFLpred (even with uni-
form facility costs). The results of Jiang et al. (2022) imply
that the competitive ratio of OFLpred degrades from a small
constant, if all predictions are perfect (consistency), to log-
arithmic, if there are some inaccurate predictions and 7
Q(OPT) (robustness). Moreover, for the class of instances
in their lower bound, where a small fraction of the predic-
tions have error 7., and the remaining ones are colocated
with the respective demand points (and thus, 77 = Q(OPT)
as long as 1., > OPT/nl";, for any constant § > 0), an
almost logarithmic competitive ratio is unavoidable.

) on the competitive ratio

1.1 Motivation and Contribution

Our work is motivated from the observation that determin-
ing the dependence of OFLpred’s competitive ratio on the
total prediction error 7; (in addition to its dependence on
Moo studied by Jiang et al. (2022)) contributes to a deeper un-
derstanding about how and to which extent predictions can
help in improving the performance of OFL algorithms. E.g.,
let us consider OFLpred instances with 7., = OPT/n®, for
some constant € > 0. Within this class, the upper and the
lower bound of Jiang et al. (2022) fail to differentiate, as
far as their best possible competitive ratio is concerned, be-
tween (i) instances where all but few predictions are perfect;
(ii) instances where for some 5 € (0,1), every prediction
is 1/8 times closer to the respective optimal facility than
the corresponding demand; and (iii) instances where every
prediction is at distance 7)., to the optimal facility. In (i),
1m ~ OPT/n® and we should expect a constant competi-
tive ratio, if ¢ is constant. In (ii), 71 ~ SOPT and the com-
petitive ratio must be an increasing function of /5. Only in
(iii), we should expect a competitive ratio fully determined
by 7. For all these instances with very different prediction
quality (and for many other instances in between), the re-
sults of Jiang et al. (2022) guarantee a competitive ratio of
O((1 — ¢)logn), while their lower bound applies only to
(iii). For another example, if 7., = OPT/(logn)*, for some
integer ¢ > 1, the resulting guarantee on the competitive
ratio is O(logn — £loglogn) in all cases (i)-(iii).

In this work, we focus on OFLpred with uniform facil-
ity costs, where the cost of opening a facility at any point
of the underlying metric space is f, and determine OFL-
pred’s competitive ratio as a function of both 7., and 7;.
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As demonstrated by the discussion above, we believe that
the total error 777 is a metric at least as representative of the
predictions’ accuracy' as the maximum error 7).

In Section 3, we present a randomized algorithm that
works similarly to Meyerson’s algorithm, but with the pre-
dictions in place of the demands. By generalizing the anal-
ysis of Meyerson (2001), so that it also takes the predic-
tion error of each demand-prediction pair into account, we
show that if all predictions are perfect, our algorithm is 2-
competitive (i.e., it is 2-consistent), and that for any predic-
tion error 7, and 7)o, with OPT > 7y > 1, > OPT/n, the
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In Section 4, we show how to apply cost doubling to OFL-
pred in order to obtain an online algorithm with thrice the
minimum competitive ratio of our proposed algorithm and
the algorithm of Jiang et al. (2022). For uniform facility
costs, the latter works as Meyerson’s algorithm, but it opens
facilities in pairs, one at the demand’s location and another
at the predicted optimal location. Our generalized analysis
framework shows an improved competitive ratio for (Jiang
et al. 2022)’s algorithm with uniform facility costs. Taking
the minimum of the competitive ratios, we get the following:

competitive ratio of our algorithm is O <

Theorem 1 (Upper Bound). The competitive ratio of OFL-
pred is at most:
3 Moo

. 3( oby —|—2),forall771 > Neo > 0.
log min{ e

O OPT 7”} ),
<log(max{ h ,1} IOgmin{ oo )n})
forall 1 > nse >

OPT
P

We note that 777 and 7., are only used to bound the com-
petitive ratio, since the algorithm itself does not depend on
their knowledge. Moreover, our algorithm is robust in the
sense that for all 7; > OPT and 1. > OPT, the com-
petitive ratio is O(logn/loglogn). It is interesting that the
competitive ratio in Theorem 1 (which is best possible, as
shown by Theorem 2) is achieved by combining two ver-
sions of Meyerson’s algorithm: ours, which uses the pre-
dicted locations for its facilities and decisions, and (Jiang
et al. 2022)’s, whose decisions are guided by the demand lo-
cations and uses the predicted locations in a supporting role
(see also (Wei 2020) for a similar construction in the context
of online caching with predictions).

In Section 5, we prove a lower bound on the competi-
tive ratio of OFLpred, establishing that the dependence of
the competitive ratio in Theorem 1 on 7; and 7, is essen-
tially best possible. The lower bound construction general-

OPT

"We should highlight that a parameterization of the competi-
tive ratio only on 7 is insufficient for similar reasons that a pa-
rameterization on 7 alone is not enough (see also footnote 2 in
Section 3.3 for the technical reason behind that). To see this, we
let 71 = OPT and consider two classes of instances, one where
each prediction has error OPT/n (s0 77oc = OPT/n), and another

where m = ©(:222"_) and for each £ = 1,...,m, there are
loglog n ’ ’
-1

m®? predictions with error OPT/m?* each (s0 170 = OPT/m)
presented to the algorithm in decreasing order of error. Even though
n1 = OPT in both cases, our results imply that the competitive ra-

tio is constant in the former case and ( 101;5; o7 ) in the latter case.




izes the lower bounds of (Fotakis 2008) and (Jiang et al.
2022) and requires non-trivial modifications of the sequence
of demand-prediction pairs so that we can achieve virtually
any allowable combination of the maximum 7)., and the total
7 error (see also Remark 1, Section 5).

Theorem 2 (Lower Bound - Informal). For all «
Noo/OPT < 1/3 and B ~ n1/OPT € (3a,1], there are
OFL instances with n demand-prediction pairs where any
randomized algorithm has competitive ratio

( log(an) )
log(log(an)/f)

Although our techniques are quite different from those
of Jiang et al. (2022), from a conceptual viewpoint, theo-
rems 1 and 2 significantly generalize and can be regarded
as an informative refinement of their results. Specifically,
for any fixed @ = 7),/OPT, theorems 1 and 2 determine
the best possible competitive ratio of OFLpred as a func-
tion of 8 = 7;/OPT. Returning to our motivating ex-
ample at the beginning of this section, we can now dif-
ferentiate between cases (i)-(iii). Theorems 1 and 2 im-
ply that the best possible competitive ratio is ©(1/¢) in
. Ot =rograym) in (. and O(grr=tigs) in
(iii). Similarly, if for some integer £ > 1, 71 =~ 1o =
OPT/(log n)¥, we prove that the best possible competitive

ratio for case (i) is @((Hl)l(l’fig%w).

The proofs and the technical details omitted from this ex-
tended abstract can be found at (Fotakis et al. 2024).

1.2 Related Work

Learning Augmented Algorithms. Medina and Vassilvit-
skii (2017) and Lykouris and Vassilvitskii (2018) initiated
this line of work and introduced the notions of consistency
and robustness. Purohit, Svitkina, and Kumar (2018) consid-
ered ski rental and non-clairvoyant scheduling, giving con-
sistency and robustness guarantees. Lykouris and Vassilvit-
skii (2018) studied the classical online caching problem, and
were able to adapt the Marker algorithm (Fiat et al. 1991)
to obtain a tradeoff between robustness and consistency. Ro-
hatgi (2020) and Wei (2020) subsequently presented simpler
learning-augmented caching algorithms with improved de-
pendence of their competitive ratios on the prediction error.

Further results in online algorithms with machine learned
advice include the work of Lattanzi et al. (2020), who stud-
ied the restricted assignment scheduling problem, the work
of Bamas et al. (2020), who considered energy minimization
problems, and the more general framework of online primal-
dual algorithms in (Bamas, Maggiori, and Svensson 2020).
Moreover, Antoniadis et al. (2023) studied the following
online selection problems from the viewpoint of learning-
augmented algorithms: (i) the classical secretary problem;
(ii) online bipartite matching with vertex arrivals; and (iii)
the graphic matroid secretary problem.

More recently, Almanza et al. (2021) considered OFL
with predictions in the form of different sets of suggested
optimal facility locations. They present a randomized on-
line algorithm with logarithmic competitiveness against an
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optimal solution restricted to facilities from the suggested
sets. Azar, Panigrahi, and Touitou (2022) considered OFL
and other online network design problems with the predicted
demand sequence given in advance. They used cost dou-
bling in order to combine an online algorithm applied to
the actual demand sequence and an offline algorithm that
computes partial solutions for the predicted input. However,
their notions of prediction and error are different from ours,
which makes their results and techniques incomparable to
ours. Argue et al. (2022) considered OFL in a setting where
the predictions are obtained by sampling an e-fraction of the
demand sequence, and Gupta et al. (2022) considered on-
line covering and facility location problems with predictions
guaranteed to be accurate with probability at least €.

In a different research direction, there has been signifi-
cant interest recently in facility location problems with pre-
dictions from the perspective of truthful mechanism design,
e.g., (Agrawal et al. 2022; Barak, Gupta, and Talgam-Cohen
2024; Istrate and Bonchis 2022).

Online Facility Location. The (metric uncapacitated) Fa-
cility Location is a classical optimization problem widely
studied in both Operations Research and Computer Science
(see e.g., (Drezner and Hamacher 2004; Shmoys 2000)). Its
online version has received significant attention since its in-
troduction by Meyerson (2001). Fotakis (2008) established
a lower bound of Q(logn/loglogn) and showed that the
competitive ratio of Meyerson’s algorithm is asymptotically
optimal. For follow up work on OFL and its variants, we
refer the reader to the survey of Fotakis (2011). Recently,
there has been research interest in the dynamic variant of
OFL (Cohen-Addad et al. 2019; Guo et al. 2020).

2 Model and Preliminaries

Notation. We consider a metric space (M, d), where d :
M x M — Rsq is a distance function, which is non-
negative, symmetric and satisfies the triangle inequality. For
a point v € M and a subset U C M, we let d(v,U) =
ming ey d(v, u). We use the convention that d(v, ) = oc.

Online Facility Location. In OFL, the input consists of a
demand sequence (v1,...,v,) in a metric space (M, d).
The demands arrive one at a time and must be assigned
irrevocably to an open facility upon arrival. In response to
the demand sequence, the online algorithm maintains a se-
quence of facility configurations (Fo, F1,. .., Fn).

When a new demand v; arrives, the algorithm decides
whether to assign it to an existing facility or to open a new
one. If the algorithm opens a new facility at location ¢, the
facility cost increases by f and F; = F;_1U{c}. Otherwise,
Fi = Fi—1. Finally, v; is assigned to the nearest facility in
F: and the assignment cost increases by d(F;, v;). The goal
is to minimize the total assignment and facility cost:

ATl + ) d(Fevr)

t=1

We let F* denote an optimal set of facility locations for
the corresponding offline instance of Facility Location with
demand set {vy, ..., v, } (which is fully known in advance).



Then, OPT := f-|F*|+> i, d(v;, F*) is the optimal cost.
We let k = |F*| denote the number of optimal facilities. For
each demand vy, ¢; = argming ¢+ d(vy, ¢*) denotes the
optimal facility where v, is assigned. We note that in the
optimal solution F*, for any demand v, d(vs, ;) < f (we
would have opened a facility at v;, otherwise).

Predictions. We consider a learning-augmented setting,
where each new demand v; is accompanied by a predic-
tion p; of the optimal facility ¢; where v, is assigned. The
prediction error of p;, denoted as 7)(t) or n(p;), is the dis-
tance of the predicted location p; to the optimal location
c;, ie., n(t) = d(ps, ;). We use the total prediction er-
ror iy = Y., n(t) and the maximum prediction error
Moo = maxy 7)(t) in order to quantify the inaccuracy of the
predictions provided to the algorithm.

Competitive Ratio. We evaluate the performance of on-
line algorithms using the competitive ratio (Borodin and
El-Yaniv 1998). A randomized online algorithm is cr-
competitive if for any sequence of demands (or demand-
prediction pairs), the algorithm’s expected cost is at most cr
times the optimal cost for the corresponding offline instance,
where the demand sequence is fully known in advance.

The competitive ratio of an OFL algorithm with predic-
tions may depend on the number of demands n, the total pre-
diction error 77; and the maximum prediction error 7.,. We
pay special attention to consistency, which is the competitive
ratio when the predictions are perfect and 171 = 7., = 0, and
robustness, which is the worst-case competitive ratio over all
possible values of 77 and 7).

Notational Conventions. Demands are typically denoted by
v; (or v) and predictions by p; (or p). We sometimes refer
to demand-prediction pairs (v, py) simply as requests, for
brevity. We use the term optimal center (or center) to refer
to an optimal facility in /™ and the term facility to refer to
an algorithm’s facility in /. We say that a demand v; (or the
demand-prediction pair (v, p;)) is mapped to the optimal
center ¢} where v, is assigned in the optimal solution.

When the timestep ¢ is clear from the context or not im-
portant, we omit the subscript ; and simply use v for de-
mands and p for predictions. Moreover, we usually omit the
subscript in F;_1 and use F to denote the current set of al-
gorithm’s facilities when a new demand v, arrives. We let
Clv,p) denote the algorithm’s cost associated with the re-
quest (v, p), and let Asg) (resp. Asg™) denote v’s (resp. the
total) optimal assignment cost. In general, we use * to indi-
cate the costs and the facilities in the optimal solution.

3 Online Facility Location with Predictions

In this section, we present online algorithm PREDOFL for
OFL with predictions (OFLpred) and establish its competi-
tive ratio. PREDOFL works similarly to (Meyerson 2001)’s
algorithm, but with the predictions in place of the demands.
Specifically, every time a demand-prediction pair (v, p;) ar-
rives, we open a facility at the predicted location p; with
probability d(p;, F)/f (instead of v; and d(v¢, F)/f in
Meyerson’s algorithm). If d(p;, F) > f, we open a new fa-
cility at p; with certainty. The remainder of this section is
devoted to the analysis of PREDOFL.
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Algorithm 1: PREDOFL: OFL with Predictions

Input: Demand-prediction pairs (vi,p1), ..., (Un,Pn)
1: F=( {setof open facilities }
2: for each demand-prediction pair (v, p;) do
3:  With probability min{1,d(F,p:)/f}:
F=FU{p:}  {new facility opens at p; }
Assign v, to nearest facility in F with cost d(F, vs)
end for

AR

3.1 Main Properties

We first prove two main properties of PREDOFL, which are
repeatedly used in the analysis of its competitive ratio.

Lemma 1. Let (v, p) be a demand-prediction pair mapped
to center c*, and let F be the set of algorithm’s facilities
when (v, p) arrives. Then, the algorithm’s cost for (v,p) is

E[C(U,p)} < min{d(f,p),f} + d(F,v) (D
Clop) < f+ Asgy +n(p), fd(F,p)>f (2

Lemma 2. Let P = (p1,...,pt,.-.) be a sequence of pre-
dictions, where each p; causes a new facility to open at
pt with probability d(F;—1,p:)/f < 1. Then, the expected
value of Ztr=1 d(Fr—1,pr) just before py11 causes the first
facility at a prediction in P to open is at most f.

3.2 Competitive Ratio with Good Predictions

We upper bound the competitive ratio of PREDOFL in terms

of Eks, which is useful when predictions are very accurate.

Theorem 3. For all n., > 0, PREDOFL’s competitive ratio

; Moo -
is at most 3 orr + 2.

Proof. PREDOFL opens a facility at p; with certainty.
Since d(cj,p1) < oo, by the definition of 7, and using
Lemma 1, we obtain that the algorithm’s cost is

C(v1,p1) < f+d(vi,ci)+d(ci,p1) < f"’ASg:l +7N00 (3)

By Lemma 1, PREDOFL'’s expected cost for each subse-
quent demand-prediction pair (v, p;) is:

E[Clo )] < d(Fi1,pe) + d(Fo1,vr) )

If when (vy,pe) arrives, d(Fi—1,¢f) < 7oo, then (i)
d(Fe-1,pt) < d(Fi-1,¢;) +d(c;,pr) < 2n0; and (ii)
d(Fi—1,v¢) < d(ve, ¢f)+(Fi—1,¢f) < Asgy, +1oo. There-
fore, by (4), E [C(vt7pt)] < Asg), + 31oc-

Otherwise, for each optimal center c*, due to the facility
opening rule in PREDOFL and Lemma 2, the expected value
of >, d(F¢—1,p:) over all pairs (v, p;) mapped to c* and
assigned to an algorithm’s facility before a facility within
Moo t0 ¢* opens is at most f. Therefore, using (4) and that

d(Fi—1,v) < d(Fy—1,pe) + d(pe, ™) +d(c”, vp)
< d(Fi-1,pt) + Moo + Asg,,

we obtain that for each optimal center c*, the expected as-
signment cost of all demand-prediction pairs (v, p;) that are
mapped to c* and are assigned to an algorithm’s facility as



along as d(Fi_1,¢*) > ne is at most f plus their opti-
mal assignment cost plus their number times 7,. Moreover,
the algorithm’s total cost for the first pair (v, p¢) which is
mapped to ¢* and opens a facility at p; (and thus, causes
d(F, ¢*) < n for the first time) is bounded as in (3).
Putting everything together, we obtain that the expected
total cost of PREDOFLis at most 2k f 4+ Asg™ +3n1).., which
divided by OPT = kf + Asg” concludes the proof. O

Theorem 3 directly implies an upper bound of 2 on the
consistency of PREDOFL.

3.3 Competitive Ratio with Arbitrary Predictions

We next bound the competitive ratio of PREDOFL in case
where the predictions are useful but may be far from perfect.

Theorem 4. For all sequences of n demand-prediction pairs
with OPT > 1y > ne > OPT/n, the competitive ratio of
PREDOFL is at most

log (Gt )
OPT NMoo
log (9 log (‘7))
For the proof, we bound the algorithm’s expected cost for
each optimal center c¢* separately and utilize the concept
of phases, a standard technique in the analysis of OFL al-
gorithms, see e.g., (Fotakis 2011). The approach involves
defining a family of concentric balls with geometrically
decreasing radii centered around each optimal center c*.
Specifically, we fix a pair of integers m, ¢ > 2 so that
4 7”700

&)

> = 6
Z OPT’ (6)
and define a family of balls B;(c*) = Ball(c*, > ) around
each optimal center c*, for all ¢ = 0,...,¢. We say that

a demand-prediction pair (v, p) mapped to ¢* belongs to a
ball B;(c*), if the prediction p € B;(c*). We note that the
radius of each By is at most OPT/n, due to the definition
of m and ¢ in (6). The radius of each By is 1), and By (c*)
includes all demand-prediction pairs (v, p) mapped to c¢*.
For the analysis of PREDOFL, we quantify the progress
of the algorithm’s facilities F towards converging to an opti-
mal center ¢* through phases defined using the balls B;(c*).
Definition 1 (Phases). An optimal center c* is in phase i €
{0,...,¢—1} during the execution of PREDOFL as long as

Moo * Moo
m7;+1 <d(.7:,0)§71,/,

is in phase —1 as along as d(F,c*) > 1, and is in phase
C as along as d(F,c*) < 1% < %.

For the analysis of the algorithm’s cost, we partition the
demand-prediction pairs that are mapped to an optimal cen-
ter ¢* and arrive in phase ¢ of ¢* into close pairs (or close
requests) and far pairs (or far requests) based on the dis-
tance of the predictions to c*.

Definition 2 (Far and Close Requests). A demand-
prediction pair (v,p) that is mapped to an optimal center
c* and arrives in phase i of c¢* is a close pair (or a close
request), if d(c*,p) < Noo/m'*L, and a far pair (or a far
request) otherwise. All demand-prediction pairs arriving in
phase —1 (resp. £) of c* are close (resp. far) pairs.
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v, (close)
a
z algorithm’s facility

—————

Figure 1: Phase ¢ begins when PREDOFL opens a facility at
distance at most 7., /m’ to the optimal center ¢*. Demand-
prediction pairs arriving in phase ¢ with predictions inside
Ball(c*, o /miT1) are close pairs (or close requests), while
the remaining demand-prediction pairs are far pairs (or far
requests). Hence, the pair (v,,p,) is a close one, because
the prediction p, € B;11(c*), while the pair (vy, pp) is a far
one, because p, & B;11(c*). Phase i ends as soon as a close
demand-prediction pair causes a new facility to open.

We next focus on the demand-prediction pairs mapped
to an optimal center c¢*. We bound the expected cost of
PREDOFL separately for the far and the close demand-
prediction pairs. Lemma 3 exploits the definition of phases
in order to bound the expected cost of far and close requests.

For an optimal center c*, we let C,,(¢*) and Cejose(c*)
(respectively, Asgg, (c*) and Asgli . (c*), and 71 gar(c*)
and 71 close(¢*)) denote the algorithm’s expected cost (re-
spectively, optimal assignment cost and total prediction er-
ror) for far and close pairs mapped to c*, respectively. We
also let Far(c*) denote the set of far requests mapped to c*.

Lemma 3 (Cost of Far and Close Requests). For any pair of
integers m, { that satisfy (6) and any optimal center c*, the
expected total cost incurred by PREDOFL for all far and
close demand-prediction pairs mapped to c* is

E[Crar(¢")] < Asgp,, (¢*) 4 2 [Far(c*)[ 2L
+ (2m + 1)1 gar(c¥)
E[Celose(c™)] < Asggose(c™) + Wl,close(C*) +2(+1)f

To prove Lemma 3, we observe that for every far request
(v, p) that arrives in phase ¢ < ¢ and is mapped to an optimal
center c*, the definitions 1 and 2 imply that:

d(F,c) < 2% <md(p.c) =mm(p). D
Then, using Lemma 1, we obtain that the algorithm’s ex-

pected cost due to such a far request (v, p) is:
E[Clup] < (d(F.c") +d(c",p)) + (d(F,c") +d(c",v))
< (2m+ 1)mi(p) + Asg; .

For far requests arriving in phase ¢, we use that d(F, c*) <
OPT/n (instead of (7)) and work similarly.

As for the expected cost of close requests, we use
Lemma 1 and bound their cost for each phase separately.
We show that due to Lemma 2, their expected cost up to
the point where the first facility due to a close prediction
opens, which causes a new phase to begin, is at most f plus
additional terms due to the error of the predictions and the



optimal assignment cost of the demands (see also the second
case in the proof of Theorem 3).

Putting far and close demand-prediction pairs together,
summing up over all k optimal centers and using that the
total number of requests is n, we conclude? that:

Corollary 1. For any pair of integers m, ¢ that satisfy (6),
the expected total cost incurred by PREDOFLis at most

20+ Dkf + Asg" +20PT + 2m + 1)m 8
Since OPT = kf + Asg”, the competitive ratio is O (£ +
mmn;/OPT). To optimize the upper bound on the competi-
tive ratio and prove Theorem 4, we consider the case where
Moo > OPT/n (if oo < OPT/n, the competitive ratio is at
most 5, by Theorem 3) and n; < OPT (if n; > OPT, we
should guide algorithm’s decisions by the demand points).
We let £ = mn; /OPT and select m so that (6) is satisfied:

- lox( 57

We note that (9) gives m = exp(Wy(B)), where B =

OnplT log(%gks) and Wy(z) is the Lambert W function. Us-

ing the bound on Wy(z) in (Hoorfar and Hassani 2008), for
x > e (which imposes an upper bound on 7; with respect to
OPT and a lower bound on 7, with respect to OPT/n, so

mn
mop'rl > &

OPT

Moo

= ml > oP
mlogm -~ OPT

m

©))

that OPT log(ks) > e), we get that m = e(logB) which
concludes the proof of Theorem 4. 0

4 Combining Different OFL Algorithms

We next show how to combine two OFL algorithms, Ay and
A, and obtain MIN( Ay, 4;), which for every sequence of
demand-prediction pairs achieves a total cost within thrice
total cost of the best of Ay and A; on the same sequence.

MIN( Ay, A;) applies to OFL the binary search approach,
also used for the Cow Path problem (Kao, Reif, and Tate
1996). MIN(Ay, A1) has access to OFL algorithms Ay and
A1, and receives online a sequence (v1,p1), - - -, (Un, Pn) Of
demand-prediction pairs. MIN(Ag, A1) simulates both Ag
and A; on (v1,p1), ..., (Un, Pn), proceeds in phases guided
by cost doubling, and aims to follow (i.e., to adopt the set
of facilities of) the less costly of them. Every time the total
cost of the algorithm currently followed exceeds the next
power of 2, a new phase begins. While in present phase,
MIN(Ag, A1) follows the less costly of the two algorithms
at the beginning of the phase (see also Algorithm 2).

We let C,,(A;) (resp. C™™) denote the total cost of al-
gorithm A; (resp. of MIN(Ag, A;)) for the entire request
sequence. The following is the main result of this section:

*Intuitively, noo gives an upper bound on the maximum distance
of the algorithm’s initial facility to the optimal center ¢* (this is
quantified in (6)), while 7; imposes an upper bound on the length
of each phase in the convergence process (note that 7; is multiplied
by m in (8)). Balancing the number of phases, denoted by ¢, against
the phase length, denoted by m, results in an optimal competitive
ratio. This explains why both 7o and 7, are necessary in order to
accurately express the competitive ratio of OFL with predictions.
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Algorithm 2: MIN( A, A1) combines algorithms Ag, A;

Input: OFL algorithms Ag and A1,
demand-prediction pairs (v1,p1), ...

, (Vs Pn)

1: £=0,i=0 {phase index ¢, algorithm index ¢}

2: C(Ap) =C(A1) =0 {C(A;)is A;’s cost so far}

3 Fo=JF1 =0 {F;is A;’s current set of facilities }

4 F=0  {Fis MIN(Ay, A;)’s set of facilities}

5: for each demand-prediction pair (v, p;) do

6:  Serve (v, py) using Ag and update Fy and C'(Ap)
7 Serve (v, p¢) using Ay and update F; and C'(A;)
8 ifC(A;) > 2¢ then

9: ¢{=1¢+1 {proceed to next phase}
10: if C(AZ) > C(Al_l) then
11: i =1—14 {switch from A; to less costly 4;_;}
12: end if
13: F = FUUF,; {update F with current F;}
14:  endif
15:  Assign vy to nearest facility in F with cost d(F, vy)

16: end for

Theorem 5. Let Ay and Ay be algorithms for OFLpred.
Then, for every sequence of n demand-prediction pairs, the
total cost of MIN(Ag, A1), described in Algorithm 2, is
C™n < 3min{C,,(Ap), Cr(A1)}.

Proofsketch. At any point in time, the total cost of
MIN(Aq, A1) is at most the total cost of the algorithm A;
currently followed plus the total cost of A;_; up to the last
pair where MIN(Ap, 4;) followed A;_;. Then, due to the
use of cost doubling in the definition of phases, the most
costly of the two algorithms Ay and A; cannot contribute
more than twice the total cost of min{C,,(A4y), Cr,(41)} to
the final total cost of MIN (A, A1). O

For randomized algorithms Ag and A;, Theorem 5 holds

for the algorithms’ realized cost on any request sequence.
Hence, the expected cost of MIN(Ag, A1) is at most 3 times
the minimum of the expected costs of Ay and A;.
The Proof of Theorem 1. To obtain Theorem 1, we apply
Theorem 5 to PREDOFL and to the algorithm of Jiang et al.
(2022) for uniform facility costs. The latter algorithm, for
each request (v¢, p ), opens a pair of new facilities, one at v;
and another at p;, with probability min{1, d(F,v;)/f}.

For the latter algorithm, E [C(, )| < min{2f, 3d(F,v)}
for any pair (v,p) (the proof is similar to Lemma 1). By
defining (6) and phases wrt. g5 min{n., f}, using that
Asgr < f for any demand v, and adapting the proof of
Lemma 3 we can show that for any m, ¢ > 2 that satisfy
min{7n., f}, the expected total cost is at most

30+ 1)kf+3(m+1)Asg” +30PT

Then, working as in the last paragraph of Section 3 and us-
ing that OPT > f, we obtain the following upper bound
on the competitive ratio (which is independent of the total

prediction error 11 ):

d

— OPT

log min{ oPs 5 }

log log min{ &= n

(10)




Theorem 5 shows how to get an online algorithm with
thrice the minimum of the competitive ratio of PREDOFL
(as established in Theorem 3 for small 7, and in Theorem 4
for OPT > 1y > 1o > OPT/n) and the competitive ratio
in (10), which is achieved by (Jiang et al. 2022)’s algorithm
for uniform facility costs and holds for all ; > 0.

5 Lower Bound

We next show that the dependence of PREDOFL’s competi-
tive ratio on 7; (and also on 7, and n) is essentially optimal.

Theorem 6. For every large enoughn, any o € (27/n,1/3)
and any B € (3a,1] (o and B may depend on n), there
are instances of OFLpred with n demand-prediction pairs,
Noo/OPT = a and 3/3 < 11 /OPT < 3 where any ran-
domized algorithm has competitive ratio at least

log (ks) log(an)
log(OPT log (k= )) log(log((m)>

Proofsketch. We generalize the lower bound of Fotakis
(2008). Using (Yao 1977)’s principle, we obtain the lower
bound by considering the expected cost of any deterministic
algorithm against an appropriately constructed probability
distribution on sequences of n demand-prediction pairs.

The metric is a binary Hierarchically Well-Separated Tree
T. Given n, o and 3, we select m > max{1/3,4} and ¢ =
[Bm] so that m is the least integer that satisfies m’ > an.
T has £ + 1 > 2 levels. We consider 7”s root as being at
level 0 and 7s leaves as being at level £. For each vertex v,
we let T, denote the subtree of 1" rooted at v.

The distance of the root to its children is m*/3. The edge
lengths along each path from the root to a leaf decrease by a
factor of m at every level. Hence, the distance of any vertex
at level i € {0,...,¢ — 1} to its children is m*~¢/3. The
following hold for any level-i vertex v;: (i) the distance of
v; to any vertex in T}, is at most (m*~"/8) " and (ii) the
distance of v; to any vertex not in T}, is a least m**1=¢/3.

Q =0

Demand Sequence. The demand sequence is divided into
¢ + 1 phases. Phase 0 consists of 1/« demands located at
the root vy of T' (if necessary, we round up the number of
demands to the nearest integer). After the end of phase i — 1,
i € {1,...,¢}, the adversary selects v; uniformly at random
from the two children of v;_;. In the next phase i, mi/ «
demands arrive at v;. The total number of demands is:

l

{41 m

I1m—T -1

———>
a m-—1

— Y
o

By removing demands from the last phase (if necessary), we

ensure that the total number of demands is n < m*/a.

_92 m2+1

Facility Opening Cost. We set [ = =

Optimal Cost. We can show that OPT < 2m‘t!/a <
3f, and that the optimal assignment cost Asg” is at least
mttt / a, which implies that Asg® > OPT/2, and at most

m* which implies that Asg™ < 20PT/3.

[e%

m— 1’
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Prediction Sequence. Similarly to the demand sequence,
the prediction sequence is divided into ¢ 4+ 1 phases. For
the first demand of phase 0 located at vy, the correspond-
ing prediction is at distance 7o, = aOPT < 2m‘*! to v,
(which is the leaf where the optimal facility is located). If
aOPT > d(vg,ve), we add a new root v, to T' at distance
oo t0 vg and place the corresponding prediction at v{).

For each demand of phase 7 .,¢ — 1 located at
v; (with the exception of the first demand of phase 0), the
prediction is at distance 3d(v;, v¢) to ve. The predictions for
the demands of phase ¢ are located at vy. Since § > 1/m, the
predictions for the demands located at v; are located along
the edge connecting v; to the location v;4; of the demands
of phase i + 1. Using 8 > 3a and @ < 1/3, we can show
that the total prediction error is SOPT/3 < n; < SOPT.

Algorithm’s Cost. We can show that the expected cost of
any deterministic algorithm on this probability distribution
over request sequences is at least £ f /4.

Since OPT < 3f, the competitive ratio is Q(¢) =
Q(Bm). We recall that £ = Sm and that m is chosen so
that m?™ > an. Therefore, using that & = 1), /OPT and
that 8 < 31, /OPT, we obtain that

s (1)
oo [ 12
S\ oPT

OPT
m

We note that (12), which gives a lower bound on the com-

petitive ratio of any randomized algorithm for OFLpred as

a function of n, 8 ~ ght < land an = k= < n/3,

is essentially identical to (9), which determines the compet-

itive ratio of PREDOFL. Working as in Section 3, we ob-

tain that for B = 0™ log(ghy) > e, (12) is satisfied by

(12)

3
mP™ > an = mlogm >

m = Q(IOSB), Wthh implies a lower bound of Q(8m) =
Q(ﬁlogBB). Using 3 > 1;/OPT and B = 30PT log (2= ) in

QB %), we obtain the desired lower bound O

Remark 1. Theorem 6 can be regarded as a refined ver-
sion, also parameterized by 01 /OPT, of (Jiang et al. 2022)’s
lower bound. Specifically, in the lower bound of (Jiang et al.
2022, Theorem F.1), which is based on a similar metric
space and demand sequence, for any fixed o = 1, /OPT €
(0, 1], the predictions corresponding to the demands at the
first levels of T (those closer to the root) are located at dis-
tance Moo to vy, So that the maximum prediction error is
Neo- For the remaining requests, the predictions are at the
same locations as the corresponding demand points, which
results in a total prediction error n; = ©(OPT), even if a =
Noo/OPT is very small, e.g., even if 1o, = OPT/n(l"S),
for any constant § > 0. Hence, the lower bound of (Jiang
et al. 2022) does not quantify how fast the competitive ratio
of OF Lpred can improve as 11 /OPT decreases (assuming a
fixed value of & = 1o, /OPT). Thus, it fails to differentiate,
as far as their best possible competitive ratio is concerned,
between instances described in cases (i)-(iii) in Section 1.1.
To close this gap, Theorem 6 establishes a lower bound on
the best possible competitive ratio of OF Lpred which for ev-
ery fixed a = 1) /OPT, is also parameterized by 8 ~ ghs
and can be applied to tell such instances apart as far as their
best possible competitive ratio is concerned. O
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