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Abstract

A graph G is c-closed if every two vertices with at least c
common neighbors are adjacent to each other. This definition
is an abstraction of the triadic closure property exhibited by
many real-world social networks, namely, friends of friends
tend to be friends themselves. Social networks, however, are
often temporal rather than static—the connections change
over a period of time. And hence temporal graphs, rather than
static graphs, are often better suited to model social networks.
Motivated by this, we introduce a definition of temporal c-
closed graphs, in which if two vertices u and v have at least
c common neighbors during a short interval of time, then u
and v are adjacent to each other around that time. Our pilot
experiments show that several real-world temporal networks
are c-closed for rather small values of c. We also study the
computational problems of enumerating maximal cliques and
other dense subgraphs in temporal c-closed graphs. A clique
in a temporal graph is a subgraph that lasts for a certain period
of time, during which every possible edge in the subgraph be-
comes active often enough; other dense subgraphs are defined
similarly. We bound the number of such maximal dense sub-
graphs in a temporal c-closed graph that evolves slowly, and
thus show that the corresponding enumeration problems ad-
mit efficient algorithms; by slow evolution, we mean that be-
tween consecutive time-steps, the local change in adjacencies
remains small. Our work also adds to a growing body of liter-
ature on defining suitable structural parameters for temporal
graphs that can be leveraged to design efficient algorithms.

1 Introduction
Social networks evolve. Influencers gain and lose follow-
ers on social media; ants in a colony guide each other to
food; scientists collaborate with their peers. These exam-
ples all involve networks in which connections are created
and destroyed as time passes. Moreover, even when a re-
lationship within a network is continuous, the interactions
that provide evidence of that relationship—such as being
in the same location as a friend, or exchanging an email—
only happen at some points in time. All these considerations
mean that temporal information must be taken into account
to gain a full understanding of many social networks. Tem-
poral graphs provide a useful formalism for modeling these
evolving networks; in this work we adopt the widely-used
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model of Kempe, Kleinberg, and Kumar (2002), in which a
temporal graph G consists of a static graph G called the un-
derlying graph or the footprint of G, together with a function
(which we will denote by λ in this paper) assigning to each
edge a (finite) subset of N representing the discrete timesteps
at which the edge appears in the graph or is active. We can
equivalently consider a temporal graph to be a sequence of
static graphs or snapshots, where the tth snapshot contains
all vertices and only those edges that are active at time t.

Modeling social networks in this way, however, intro-
duces a new level of algorithmic challenge. Even problems
that are polynomial-time solvable on static graphs often be-
come NP-hard when a temporal dimension is added; in
some cases this holds even when very strong restrictions
are placed on the footprint of the graph, such as requiring
it to be a path or a star (Mertzios et al. 2023; Akrida et al.
2021). This has prompted significant recent interest in the
design of temporal graph parameters that additionally take
into account temporal information, with the hope of iden-
tifying situations in which natural problems admit efficient
algorithms. None of these, however, seems particularly well
suited for the design of efficient algorithms to solve prob-
lems on social networks. Some only offer a limited benefit
over restricting the structure of the footprint: the timed feed-
back vertex number (Casteigts et al. 2021), temporal feed-
back edge/connection number (Haag et al. 2022), and the
various temporal analogues of treewidth (Fluschnik et al.
2020) are guaranteed to take small values when the footprint
is a tree, so they cannot hope to give tractability for those
problems that remain NP-hard under this (or a stronger)
restriction. Restricting others, such as the vertex-interval-
membership-width (Bumpus and Meeks 2023) has proved
more widely useful in making problems tractable, but this
success comes at a price: the vertex-interval-membership-
width of a temporal graph representing a social network will
only be small if, at every timestep, most individuals have ei-
ther (i) never yet formed any connections, or (ii) will never
again form a connection, an assumption that seems unrealis-
tic for the vast majority of social networks.

In general, most of the temporal graph parameters de-
fined so far require that the graph be sparse (in the sense
of having only a linear number of edges active) at every
timestep. Very recent work (Enright et al. 2024) has tried
to address this limitation by introducing temporal analogues
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of the parameter cliquewidth, modular width and neighbor-
hood diversity, which can take small values on dense tempo-
ral graphs that are sufficiently highly structured, but these
are not without their downsides. Computing the temporal
cliquewidth of a temporal graph is an NP-hard problem in
itself (Enright et al. 2024), making it hard to gain intuition
about which real-world networks, if any, might have small
values of this parameter. Meanwhile, for the temporal mod-
ular width or temporal neighborhood diversity of a social
network to be small there must be large groups of vertices
between which the interactions are uniform (i.e. every mem-
ber of each group has identical interactions with each mem-
ber of the other group at every time-step), which again does
not seem a credible property for many social networks.

In this paper we introduce a new structural parameter for
temporal graphs, namely the notion of temporal c-closed
graphs. This is an adaptation of static c-closed graphs intro-
duced by Fox et al. (2018; 2020); we discuss the usefulness
of these graphs as a model for social networks, and present
some preliminary results on real-world networks in in Sec-
tion 2. We also show that in order to replicate many of the
algorithmic results about static c-closed graphs we need to
impose further restrictions, and in Section 3 we introduce
an additional parameter that captures the extent to which
the network changes locally between one timestep and the
next. In Sections 4 and 5, we present our main theoreti-
cal results—bounds for the number of maximal cliques and
similar dense subgraphs in a temporal c-closed graph that
evolves sufficiently slowly, which imply the existence of ef-
ficient algorithms to find all such subgraphs. All omitted de-
tails can be found in the full version (Davot et al. 2024).

Terminology and notation. For a (static) graphG, we use
V (G) and E(G) to denote the vertex set and edge set of
G, respectively. A temporal graph G is a pair (G,λ), where
G is a static graph and the function λ : E(G)→ 2N spec-
ifies the discrete time-steps at which each edge e of G is
active. We assume throughout that λ(e) is finite. We also as-
sume that the lifespan of a temporal graph G starts at time-
step 1. We use ΛG (or simply Λ when G is clear) to de-
note the maximum time-step at which any edge is active,
and call ΛG the lifetime of G. We call G the footprint or
the underlying graph of G. For G = (G,λ) and a vertex
v ∈ V (G), we use G − v to denote the temporal graph
obtained from G by deleting v, i.e., G − v = (G − v, λ′),
where G − v is the subgraph of G induced by V (G) \ {v}
and λ′ is the restriction of λ to E(G − v). By a time-
interval I ⊆ N we mean a set of consecutive time-steps,
i.e., I = [a, b] = {a, a+ 1, a+ 2, . . . , b} for some a, b ∈ N,
where a ≤ b. The length of the time-interval [a, b] is b−a+1,
i.e., the number of time-steps in [a, b]. For a time-interval
I and a temporal graph G = (G,λ), we use GI to denote
the subgraph of G that consists of all the edges of G that
are active at some time-step in I , i.e., V (GI) = V (G) and
E(GI) = {e ∈ E(G) | λ(e) ∩ I 6= ∅}. For u, v ∈ V (G),
we say that u and v are adjacent to each other during I if
uv ∈ E(GI); to emphasize, u and v are adjacent during I
if u and v are adjacent to each other at some time-step in I ,
and not necessarily at every time-step in I . For v ∈ V (G),

we use NI(v) to denote the set of neighbors of v in the
graph GI ; when I = {t}, we omit the braces and simply
write Nt(v). For u, v ∈ V (G), we use CNI(u, v) to denote
the common neighborhood of u and v in the graph GI , i.e.,
CNI(u, v) = NI(u) ∩ NI(v). Notice that this definition
does not require that a vertex w ∈ CNI(u, v) be adjacent to
both u and v at the same time-step; we have w ∈ CNI(u, v)
if the edge uw is active at time-step t and the edge vw is
active at time-step t′ for possibly distinct t, t′ ∈ I .

2 Temporal c-Closed Graphs
What structural properties could we reasonably expect to see
in temporal graphs derived from social networks? Ideally we
want to identify deterministic properties of such networks,
rather than rely on any of the random models of temporal
social networks in the literature (Chakrabarti and Falout-
sos 2006; Takaguchi 2015), as deterministic properties are
needed to design algorithms with theoretical guarantees on
the worst-case running time. Moreover, as noted by Koana,
Komusiewicz, and Sommer (2022), an ideal structural pa-
rameter should be computable in polynomial-time and also
easy to understand. With these considerations in mind, an
excellent candidate for such a property is that of triadic clo-
sure: This formalizes the idea that people with many friends
in common are likely to be friends themselves.

This notion has been leveraged very effectively in the
static setting via the notion of c-closed graphs. Introduced
by Fox et al. (2018; 2020) as a deterministic model for so-
cial networks, c-closed graphs are those with the property
that every two vertices that have at least c common neigh-
bors are adjacent to each other. The closure number of a
graph is the least integer c for which it is c-closed. In a series
of papers, Koana, Komusiewicz, and Sommer (2022; 2023a;
2023b) demonstrated that the closure number and a related
parameter called the weak closure number, which we will
discuss shortly, are extremely useful graph parameters that
can be exploited to design fixed-parameter tractable (FPT)
algorithms for several problems, including classic problems
such as INDEPENDENT SET and DOMINATING SET. These
parameters have since then received considerable attention
from the (parameterized) algorithms community (Behera
et al. 2022; Koana et al. 2022; Koana and Nichterlein 2021;
Lokshtanov and Surianarayanan 2021; Kanesh et al. 2023).

A temporal analogue of the closure number should take
the timing of interactions into account; informally, we might
expect that two individuals that both interact with many of
the same individuals during some short time-interval are
likely to interact with each other either during this same in-
terval or shortly before or afterwards (see Figure 1 for empir-
ical evidence). This leads us to the following definition (in
which the notions of “short time-interval”, “shortly before”
and “shortly afterwards” can be tuned by setting appropriate
values of ∆0, ∆1 and ∆2).

Definition 2.1 (∆0,∆1,∆2, c)-closed graphs. For integers
∆0,∆1,∆2 ≥ 0 and c ≥ 1, a temporal graph G = (G,λ)
is (∆0,∆1,∆2, c)-closed if the following condition holds:
for every two distinct vertices u, v ∈ V (G) and any time-
interval [a, b] of length at most ∆1 + 1 (i.e., b − a ≤ ∆1)
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Figure 1: Cumulative closure rate of two real-world tem-
poral networks. Each color corresponds to one choice of
(∆0,∆1,∆2). For each x-value, the corresponding y-value
is the cumulative closure rate, i.e., the fraction of tuples
([a, a+ ∆1], u, v) such that [a, a+ ∆1] ⊆ [1 + ∆0,Λ−∆2]
and u and v are distinct vertices that have x common neigh-
bors during [a, a+∆1] and are adjacent to each other during
[a−∆0, a+ ∆1 + ∆2].

with a ≥ 1 + ∆0 and b ≤ ΛG −∆2, if u and v have at least
c common neighbors during [a, b], then u and v are adjacent
to each other during [a−∆0, b+ ∆2].

We must note that Definition 2.1 is one of the several plau-
sible adaptations of static c-closed graphs to the temporal
setting. But it is more general than some of the more sim-
plistic adaptations, say requirements such as (a) every snap-
shot be c-closed, or (b) the footprint be c-closed, or (c) the
static graph during any interval of length ∆1 +1 be c-closed.
By appropriately choosing ∆0,∆1 and ∆2, we can derive
each of these three requirements as a special case of Defini-
tion 2.1. For example, fixing ∆0 = ∆1 = ∆2 = 0 leads to
the first requirement, i.e., every snapshot be c-closed.

Along with c-closed graphs, Fox et al. (2020) had also
defined a more general class of graphs called weakly γ-
closed graphs;1 we extend this too to the temporal setting.
For γ ≥ 1, a (static) graph G is weakly γ-closed if every
induced subgraph H of G contains a vertex v such that the
number of common neighbors v has with any non-neighbor
(in H) is at most γ − 1. Motivated by weakly γ-closed
graphs, we define weakly (∆0,∆1,∆2, γ)-closed temporal
graphs, and for that, we first define the (∆0,∆1,∆2)-closure
number of a vertex as follows. Recall that CN[a,b](u, v) de-
notes the common neighborhood of u and v during the time-
interval [a, b].
Definition 2.2 closure number of a vertex. Consider in-
tegers ∆0,∆1,∆2 ≥ 0 and a temporal graph G = (G,λ).

1Fox et al. (2020) use the letter c rather than γ for weakly closed
graphs as well. But subsequent literature on the topic (Koana et al.
2022; Koana, Komusiewicz, and Sommer 2023b) use γ for the
weak version, and we defer to this trend.

For a vertex v ∈ V (G), the (∆0,∆1,∆2)-closure of v in G,
denoted by clG(v, (∆0,∆1,∆2)), is defined as follows:

clG(v, (∆0,∆1,∆2)) = max
(u,[a,b])

{
0, |CN[a,b](u, v)|

}
,

where the maximum is over all vertices u and time-intervals
[a, b] such that u ∈ V (G)\{v}, [a, b] ⊆ [1 + ∆0,ΛG −∆2],
b− a ≤ ∆1 and uv /∈ E(G[a−∆0,b+∆2]).
Definition 2.3 weakly (∆0,∆1,∆2, γ)-closed graphs. For
integers ∆0,∆1,∆2 ≥ 0 and γ ≥ 1, a temporal graph
G = (G,λ) is weakly (∆0,∆1,∆2, γ)-closed if there ex-
ists an ordering v1, v2, . . . , vn of the vertices of G such that
clGi(vi) ≤ γ − 1 for every i ∈ [n], where Gi is the subgraph
of G induced by {vi, vi+1, . . . , vn}.

We define the (∆0,∆1,∆2)-closure number of a temporal
graph G to be the least c for which G is (∆0,∆1,∆2, c)-
closed; we define the weak (∆0,∆1,∆2)-closure number
analogously.

Empirical Results. We now present a dataset of real-
world temporal graphs that we have used to observe how
well these parameters worked in practice. We have taken
the data available on Sociopatterns2 which brings together
a large number of real-world proximity networks. As we
wanted to be able to calculate the values of the parameters on
a personal computer, we selected only the modest-sized in-
stances (i.e. those with at most 250 vertices). The time-steps
were also selected to reduce the computation time. The de-
tailed list of the selected instances is the following:
• baboons: Interactions between guinea baboons living in

an enclosure of a primate center in France (Gelardi et al.
2020). As time step, we chose one day.
• hospital: Co-presence in a workplace in a hospi-

tal (Génois and Barrat 2018). As time step, we chose one
hour.
• kenya across and kenya within: Contact networks be-

tween members of households of rural Kenya (Kiti et al.
2016). As time step, we chose one hour.
• malawi: Contact patterns in a village in rural Malawi

(Ozella et al. 2021). As time step, we chose one day.
• workplace13 and workplace15: Co-presence in a work-

place in two different years (Génois and Barrat 2018).
As time step, we chose one hour.

Some general statistics are depicted in Table 1. As it was not
possible to test every possible values of ∆0,∆1 and ∆2, we
chose to test four configurations for which ∆0 + ∆1 + ∆2

does not exceed 10% of the lifetime of the longest instance
(i.e. workspace15): (a) ∆1 = 0 and ∆0 = ∆2 = 0, (b) ∆1 =
0 and ∆0 = ∆2 = 10, (c) ∆1 = 5 and ∆0 = ∆2 = 0,
(d) ∆1 = 5 and ∆0 = ∆2 = 10.

Our empirical results indicate that for various of choices
of (∆0,∆1,∆2), the (∆0,∆1,∆2)-closure number and par-
ticularly the weak (∆0,∆1,∆2)-closure number are often
small compared to the number of vertices and edges in the
network. More telling is the fact that these values are consid-
erably smaller than their static counterparts on the network’s
footprint (in which we ignore the time-steps and treat the
network as static). See Table 1 for an overview.

2Available at http://www.sociopatterns.org/datasets/
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(A) General statistics (B) Temporal c and γ (C) Instabilities
Instance |V | |E| Λ Degree c, γ ∆1/∆0(∆2 = ∆0) loc-η pair-η
∆i max, min 0/0 0/10 5/0 5/10 0 5
baboons 21 162 27 19, 1 15, 4 8, 5 5, 3 12, 11 12, 9 11 8 7
hospital 73 1381 71 61, 2 45, 25 20, 15 20, 9 33, 21 33, 18 26 24 36
kenya across 21 54 45 14, 1 10, 4 8, 3 8, 3 8, 3 8, 3 13 6 8
kenya within 47 479 61 39, 6 27, 11 11, 7 10, 6 15, 10 15, 10 19 14 14
malawi 86 347 30 31, 1 10, 5 5, 4 4, 2 6, 5 6, 4 15 5 7
workplace13 95 3915 275 93, 17 70, 45 36, 15 14, 7 41, 20 24, 14 78 77 77
workplace15 217 4274 275 84, 1 41, 20 19, 12 19, 11 30, 16 30, 16 33 23 23

Table 1: Statistics for the instances used for numerical experiments. The ∆i line contains the values of ∆0,∆1 and ∆2, when
they are relevant. Part (A): The columns |V |, |E|, c, γ and Deg max, min contain contain the number of vertices, the number
of edges, the (static) closure and weak closure numbers, and the maximum and minimum degrees of the footprint, respectively,
and Λ is the lifetime of the temporal network. Part (B): Contains the closure and the weak closure numbers for different values
of ∆0,∆1 and ∆2; for an entry a, b in a column, a is the closure number (i.e., c) and b is the weak closure number (i.e., γ).
Part (C): The column “loc-η” contains the minimum value η for which the graph is locally η-unstable. The columns “pair-η”
contain the minimum value η for which the graph is pairwise η-unstable with the following restriction; to make the computation
feasible, instead of considering all intervals [a, b] as required by Definition 3.4, we only considered intervals [a, a + ∆1] for
∆1 = 0 and ∆1 = 5.

3 The Need for Neighborhood Stability
In the previous section we have introduced our notion of tri-
adic closure for temporal graphs, and have provided some
evidence that this definition is useful in describing struc-
tural properties of some social networks. Our primary goal
in defining this new parameter, however, is to capture re-
alistic structural properties that can be leveraged to design
efficient algorithms.

The most obvious computational problems to tackle with
our new parameter are the temporal analogues of those
known to admit efficient algorithms on static c-closed
graphs. The canonical such problem is clique enumeration
(in which the goal is to output all maximal subsets of vertices
that induce complete subgraphs). Fox et al. (2018; 2020)
showed that the number of maximal cliques in an n-vertex
c-closed graphs is at most 3(c−1)/3 · n2; this bound leads
to an algorithm for enumerating all maximal cliques in time
3(c−1)/3 · poly(n). We must note here that the number of
maximal cliques in an arbitrary n-vertex graph could be as
large as 3n/3 (Moon and Moser 1965) (which necessarily
implies that any algorithm enumerating all maximal cliques
requires time Ω(3n/3) in the worst case). Enumeration of
cliques and similar dense subgraphs is also a natural prob-
lem to consider in the context of social networks, as such
structures correspond to very highly connected communi-
ties within the network (a clique represents a community in
which every two members interact directly).

To address these algorithmic problems on
(∆0,∆1,∆2, c)-closed temporal graphs, we first need
a notion of temporal cliques. We use a notion of temporal
clique that has been studied in the literature, particularly
in the context of algorithms for enumerating maximal
cliques (Viard, Latapy, and Magnien 2016; Himmel et al.
2017). According to this notion, a clique in a temporal
graph is a subgraph in which every possible edge appears
every so often. The formal definition is as follows.

Definition 3.1 ∆-clique (Viard, Latapy, and Magnien
2016). Consider a temporal graph G = (G,λ). For a non-
negative integer ∆, a ∆-clique in G is a pair (X, [a, b]),
where X ⊆ V (G) and [a, b] is a time-interval, with the fol-
lowing properties: b − a ≥ ∆, and for any two distinct ver-
tices u, v ∈ X and for every τ ∈ [a, b−∆], the edge uv is ac-
tive during [τ, τ+∆], i.e., there exists t ∈ λ(uv)∩[τ, τ+∆].

Informally, a maximal ∆-clique is one which is not con-
tained in any other ∆-clique. As a ∆-clique has two con-
stituent parts—a set of vertices and a time interval—the
“not contained in any other” needs to be defined with re-
spect to both. We define this formally now. Consider a ∆-
clique (X, [a, b]). We say that (X, [a, b]) is vertex-maximal
if there does not exist a vertex subset X ′ ⊆ V (G) such that
X ( X ′ and (X ′, [a, b]) is a ∆-clique. Similarly, we say
that (X, [a, b]) is time-maximal if there does not exist a time-
interval [a′, b′] such that [a, b] ( [a′, b′] and (X, [a′, b′]) is
a ∆-clique. And we say that (X, [a, b]) is a maximal ∆-
clique if it is both vertex-maximal and time-maximal. No-
tice that if a ∆-clique (X, [a, b]) is not vertex-maximal, then
(X ∪ {u} , [a, b]) is a ∆-clique for some vertex u /∈ X . And
if (X, [a, b]) is not time-maximal, then either (X, [a− 1, b])
is a ∆-clique or (X, [a, b+ 1]) is a ∆-clique.

The number of maximal ∆-cliques in an n-vertex tempo-
ral graph G could be as large as 2n · ΛG (see Example 3.2
below). Himmel et al. (2017) introduced a parameter called
∆-slice degeneracy, denoted by d, which is the maximum
degeneracy of the underlying graph during any time-interval
of length ∆, and showed that the number of maximal ∆-
cliques is at most 3d/3 · 2d+1 · n · Λ. A bound for maxi-
mal cliques w.r.t. a parameter called vertex deletion to order
preservation is implicit in the work of Hermelin et al. (2023).

Ideally, we would like to extend the results of Fox
et al. (2020) to the temporal setting; that is, bound the num-
ber of maximal ∆-cliques in a (∆0,∆1,∆2, c)-closed tem-
poral graph by f(c,∆0,∆1,∆2,∆) · poly(n,Λ) for some
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function f , where n and Λ respectively are the number of
vertices and the lifetime of the temporal graph. But this is
not possible: It is not difficult to construct pathological ex-
amples of temporal graphs that are (∆0,∆1,∆2, c)-closed
but have Ω(2n) maximal ∆-cliques; see Example 3.2.

Example 3.2. Consider the temporal graph G′ = (G′, λ′)
defined as follows. The footprintG′ is a clique on n vertices,
and we will assign time-steps to the edges in such a way that
for each non-emptyX ⊆ V (G′), we will have a maximal ∆-
clique (X, [a, b]) for an appropriate time-interval [a, b]. Let
X1, X2, . . . , X2n−1 be the non-empty subsets of V (G′) (or-
dered arbitrarily). For i ∈ [2n−1], let ti = (∆+2)i−1. Now,
for each uv ∈ E(G′), we define λ′(uv) = {ti | u, v ∈ Xi}
so that each Xi induces a clique at time-step ti. Notice also
that ti+1−ti = [(∆+2)(i+1)−1]−[(∆+2)i−1] = ∆+2,
and thus there is a gap of ∆ + 2 time-steps between the
cliques induced by Xi and Xi+1. Hence, for each Xi with
|Xi| ≥ 2, (Xi, [ti −∆, ti + ∆]) is a maximal ∆-clique. As
for Xis with |Xi| = 1, notice that (Xi, [1,Λ]) is trivially a
maximal ∆-clique. It is straightforward to verify that G′ is
(∆0,∆1,∆2, 1)-closed for any ∆0,∆1,∆2 ≥ 0 such that
∆1 ≤ ∆; for any interval [a, b] with b−a ≤ ∆1 ≤ ∆, if two
vertices u and v have at least one common neighbor during
[a, b], then ti ∈ [a, b] and u, v ∈ Xi for some i ∈ [2n − 1],
and hence u and v are adjacent to each other during [a, b].

Example 3.2 works because of all the cliques that appear
suddenly only to disappear in an instant. Or at a local level,
neighborhoods of vertices change too drastically and too
suddenly. We refer to such changes as local instability, and
try to limit them, which leads us to the following definition.

Definition 3.3 locally η-unstable graphs. For a non-
negative integer η, a temporal graph G = (G,λ) is locally η-
unstable if max {|Nt(v) \Nt+1(v)|, |Nt+1(v) \Nt(v)|} ≤
η for every vertex v ∈ V (G) and every time-step t ≤ Λ− 1.

We may think of the measure of η as capturing the rate of
local change in adjacencies. And when η is small, the graph
evolves slowly over time. In particular, when η = 0, the
graph does not evolve at all; so a locally 0-unstable tempo-
ral graph is essentially a static graph. Unfortunately, initial
investigations on real datasets indicate that requiring this pa-
rameter to be small may often be too restrictive; see Table 1.
This leads us to the following weaker (and less intuitive) ver-
sion of instability, in which common neighborhoods of pairs
of vertices change slowly over time, which is nevertheless
sufficient for our purposes. We define this below and ob-
serve from Table 1 that in some cases it takes much smaller
values than our first version.

Definition 3.4 pairwise η-unstable graphs. For a non-
negative integer η, a temporal graph G = (G,λ) is pair-
wise η-unstable if for any two distinct vertices u and v and
any time-interval [a, b] with b − a = ∆1 and non-negative
integers `, `′ such that [a − `, b + `′] ⊆ [1,ΛG ], we have
|CN[a−`,b+`′](u, v) \ CN[a,b](u, v)| ≤ η(`+ `′).

It is not difficult to prove that if a temporal graph G is lo-
cally η-unstable, then it is also pairwise-2η-unstable; if G is
locally η-unstable, then for any time-interval [a, b] and `, `′,
each of the `+`′ time-steps in [a−`′, b+`]\[a, b] contributes

at most 2η vertices to CN[a−`′,b+`](u, v) \ CN[a,b](u, v).
The same argument, when applied to a (∆0,∆1,∆2, c)-
closed graph G and vertices u and v that are not adjacent
during an interval of length at least ∆0 + ∆1 + ∆2 + 1, im-
plies the following lemma, which we will use in Section 4 to
bound the number of maximal ∆-cliques.

Lemma 3.5. Let G be a locally η-unstable, (∆0,∆1,∆2, c)-
closed temporal graph. For any two distinct vertices u, v ∈
V (G) such that uv /∈ E(G[a,b]) for some time-interval [a, b]
where b−a ≥ ∆0+∆1+∆2, it holds that |CN[a,b](u, v)| ≤
c− 1 + 2η(b− a−∆1).

4 Bound for Maximal Cliques
We now bound the number of maximal ∆-cliques in a
(∆0,∆1,∆2, c) closed, locally η-unstable temporal graph.

Theorem 4.1. For every c ≥ 1 and η,∆0,∆1,∆2 ≥ 0,
where ∆ ≥ ∆0 + ∆1 + ∆2, every locally η-unstable,
(∆0,∆1,∆2, c)-closed temporal graph with n vertices and
lifetime Λ has at most 3 · 2c−1+2η(∆+1−∆1) ·n2 ·Λ maximal
∆-cliques.

We need the following observation to prove Theorem 4.1.

Observation 4.1. Consider a temporal graph G = (G,λ)
and a non-negative integer ∆. For each X ⊆ V (G) and
each positive integer τ ≤ ΛG , there exists at most one time-
interval [a, b] such that τ ∈ [a, b] and (X, [a, b]) is a maxi-
mal ∆-clique. Notice that this holds for all temporal graphs,
and not just (∆0,∆1,∆2, c)-closed or locally (or pairwise)
η-unstable temporal graphs.

Proof of Theorem 4.1. Let F (η,∆0,∆1,∆2, c,∆, n,Λ) be
the maximum number of maximal ∆-cliques in an η-
unstable (∆0,∆1,∆2, c)-closed temporal graph with n ver-
tices and lifetime Λ; for convenience, we use ρ as a short-
hand for (η,∆0,∆1,∆2, c), and write F (ρ,∆, n,Λ). Let
G = (G,λ) be an η-unstable, (∆0,∆1,∆2, c)-closed tem-
poral graph with n vertices and lifetime Λ, and let v be an ar-
bitrary vertex of G. Then every maximal ∆-clique (X, [a, b])
in G is of one (or more) of the following five types.
• Type 1: X does not contain v and hence (X, [a, b]) is a

maximal ∆-clique in G − v.
• Type 2: X contains v and (X \ {v} , [a, b]) is a maximal

∆-clique in G − v.
• Type 3:X contains v and (X\{v} , [a, b]) is not a vertex-

maximal ∆-clique in G − v.
• Type 4a: X contains v, (X \ {v} , [a, b]) is not a time-

maximal ∆-clique in G − v, but (X \ {v} , [a − 1, b]) is
a ∆-clique in G − v.
• Type 4b: X contains v, (X \ {v} , [a, b]) is not a time-

maximal ∆-clique in G − v, but (X \ {v} , [a, b + 1]) is
a ∆-clique in G − v.

We will bound the number of maximal ∆-cliques of each
type. First, types 1 and 2. As they are maximal ∆-cliques in
G − v, and since G − v, being an induced subgraph of G,
is an η-unstable and (∆0,∆1,∆2, c)-closed temporal graph
with n − 1 vertices and lifetime at most Λ, the number of
maximal ∆-cliques in G − v is at most F (ρ,∆, n − 1,Λ).
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Therefore the number of maximal ∆-cliques of types 1 and
2 in G is at most F (ρ,∆, n− 1,Λ).

Let us now bound the number of ∆-cliques of type 3.
Consider such a ∆-clique (X, [a, b]). Then (X \ {v} , [a, b])
is not a vertex-maximal ∆-clique in G − v, which im-
plies that there exists a vertex u ∈ V (G) \ X such that
((X \ {v}) ∪ {u} , [a, b]) is a ∆-clique. As (X, [a, b]) is
a maximal ∆-clique and u /∈ X , we can conclude that
there exists a time-interval [τ, τ + ∆] ⊆ [a, b] such that
u and v are not adjacent to each other during [τ, τ + ∆],
i.e., uv /∈ E(G[τ,τ+∆]). But notice that every vertex in
X \ {v} is adjacent to v at some time-step in [τ, τ + ∆] (as
(X, [a, b]) is a ∆-clique); that is, X \ {v} ⊆ N[τ,τ+∆](v).
Similarly, every vertex in X \ {v} is also adjacent to u at
some time step in [τ, τ + ∆] (as ((X \ {v})∪ {u} , [a, b]) is
a ∆-clique); that is, X \ {v} ⊆ N[τ,τ+∆](u). We thus have
X \ {v} ⊆ N[τ,τ+∆](v)∩N[τ,τ+∆](u) = CN[τ,τ+∆](u, v).
Therefore, the number of choices for X \ {v} is at most
2|CNτ,τ+∆(u,v)|. Also, by Observation 4.1, for each subset
Y of CN[τ,τ+∆](u, v) there exists at most one time-interval
[a′, b′] such that [τ, τ+∆] ⊆ [a′, b′] and (Y ∪{v} , [a′, b′]) is
a maximal ∆-clique in G. Thus, by summing over all choices
for u and τ , we get that the number of maximal ∆-cliques
of type 3 is at most

∑
(u,τ) 2|CN[τ,τ+∆](u,v)|, where the sum-

mation is over all pairs (u, τ) such that u ∈ V (G) \ {v},
1 ≤ τ ≤ Λ − ∆ and uv /∈ E(G[τ,τ+∆]). Now, as
G is locally η-unstable and (∆0,∆1,∆2, c)-closed, and as
uv /∈ E(G[τ,τ+∆]) with ∆ ≥ ∆0 + ∆1 + ∆2, we can
apply Lemma 3.5, by which we have |CN[τ,τ+∆](u, v)| ≤
c − 1 + 2η(∆ − ∆1). Then, as the pair (u, τ) has at most
n ·Λ choices, we get that the number of maximal ∆-cliques
of type 3 is at most 2c−1+2η(∆−∆1) · n · Λ.

We now bound the number of maximal ∆-cliques of type
4a. Consider a ∆-clique (X, [a, b]) of type 4a. Then (X \
{v} , [a, b]) is not time-maximal, and (X \ {v} , [a − 1, b])
is a ∆-clique. As (X, [a, b]) is a maximal ∆-clique, and in
particular a time-maximal ∆-clique, (X, [a − 1, b]) is not a
∆-clique, which, along with the fact that (X\{v} , [a−1, b])
is a ∆-clique, implies that there exists a vertex u ∈ X \ {v}
such that u and v are not adjacent to each other during the
interval [a− 1, a− 1 + ∆]. That is, uv /∈ E(G[a−1,a−1+∆]).
Then, as before, Lemma 3.5 applies, and we thus have
|CN[a−1,a+∆](u, v)| ≤ c − 1 + 2η(∆ + 1 − ∆1). Now,
as (X, [a, b]) is a ∆-clique, and u, v ∈ X , every ver-
tex w ∈ X \ {u, v} is adjacent to both u and v during
the interval [a, a + ∆]. That is, uw, vw ∈ E(G[a,a+∆])
for every w ∈ X \ {u, v}, which implies that X \
{u, v} ⊆ CN[a,a+∆](u, v) ⊆ CN[a−1,a+∆](u, v). Hence,
|X \ {u, v}| ≤ |CNa−1,a−1+∆(u, v)| ≤ c−1+2η(∆+1−
∆1), and thus the number of choices forX\{u, v} is at most
2c−1+2η(∆+1−∆1). By summing over all choices of u and a,
we get that the number of maximal ∆-cliques of type 4a is
at most

∑
(u,a) 2c−1+2η(∆+1−∆1), where the summation is

over all pairs (u, a) such that u ∈ V (G) \ {v}, and 2 ≤ a ≤
Λ − ∆, and uv /∈ E(G[a−1,a−1+∆]). As (u, a) has at most
n ·Λ choices, we get that the number of maximal ∆-cliques
of type 4a is at most 2c−1+2η(∆+1−∆1) ·n ·Λ. By symmetric

arguments, we can also conclude that the number of maxi-
mal ∆-cliques of type 4b is at most 2c−1+2η(∆+1−∆1) ·n ·Λ.

We have thus shown that the number of maximal
∆-cliques of types 3, 4a and 4b together is at most
2c−1+2η(∆−∆1) ·n ·Λ+2 ·2c−1+2η(∆+1−∆1) ·n ·Λ, which is
at most 3 · 2c−1+2η(∆+1−∆1) · n ·Λ. Recall that the number
of maximal ∆-cliques of types 1 and 2 together is at most
F (ρ,∆, n − 1,Λ). Thus, taking into account all five types,
the number of maximal ∆-cliques in G is governed by the
recursive inequality F (ρ,∆, n,Λ) ≤ F (ρ,∆, n − 1,Λ) +
3 · 2c−1+2η(∆+1−∆1) · n · Λ. By induction on n with base
case F (ρ,∆, 1,Λ) = 1, we get that F (ρ,∆, n,Λ) is at most
3 · 2c−1+2η(∆+1−∆1) ·n2 ·Λ. This completes the proof.

Extensions and Implications of Theorem 4.1. We now
note down a number of results that can be derived by us-
ing the same arguments as in the proof of Theorem 4.1.
Notice first that in the proof of Theorem 4.1, the vertex v
was chosen arbitrarily, and the only property of v that we
used was clG(v, (∆0,∆1,∆2)) ≤ c − 1. Hence the same
proof will still go through so long as there exists a vertex
v with this property at each recursive level; that is, there
exists an ordering v1, v2, . . . , vn of the vertices of G such
that clGi(vi, (∆0,∆1,∆2)) ≤ c − 1, where Gi is the sub-
graph of G induced by vi, vi+1, . . . , vn. Recall that this is
precisely the definition of weakly (∆0,∆1,∆2, c)-closed
graphs (Definition 2.3). We thus have the following result.
Theorem 4.2. For every γ ≥ 1 and η,∆0,∆1,∆2 ≥ 0,
where ∆ ≥ ∆0 +∆1 +∆2, every locally η-unstable, weakly
(∆0,∆1,∆2, γ)-closed temporal graph with n vertices and
lifetime Λ has at most 3 ·2γ−1+2η(∆+1−∆1) ·n2 ·Λ maximal
∆-cliques.

Observe also that the proof of Theorem 4.1 can naturally
be turned into an algorithm that enumerates all maximal ∆-
cliques. But we may instead use any known algorithm for
enumerating maximal ∆-cliques. And by using an algorithm
due to Himmel et al. (2017),3we get the following result.
Theorem 4.3. There is an algorithm that given a locally
η-unstable, weakly (∆0,∆1,∆2, γ)-closed temporal graph
G = (G,λ) and ∆ ≥ ∆0 + ∆1 + ∆2, runs in time
O(2γ−1+2η(∆+1−∆1) · n2 ·m ·Λ), and enumerates all max-
imal ∆-cliques in G, where n and m respectively are the
number of vertices and edges of the footprint G.

Theorem 4.3 says that the maximal clique enumeration
problem and consequently the decision problem of check-
ing if a temporal graph contains a clique of a given size are
fixed-parameter tractable, when parameterized by γ+η+∆.
Remark 4.2 Pairwise η-instability is sufficient. In The-
orem 4.1, we used the local η-instability of G only when
we invoked Lemma 3.5; for example, in the type 3 case,

3We use Theorem 2 in (Himmel et al. 2017), which says that all
maximal ∆-cliques can be enumerated in time O(x ·m+m · Λ),
where x is the number of time-maximal ∆-cliques, and m is the
number of edges in the footprint. To use this result, we therefore
need to bound the number of time-maximal ∆-cliques. But it is
easy to adapt our proof of Theorem 4.1 to bound the number of
time-maximal ∆-cliques; we simply omit Type 3 cliques.
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to bound |CN[τ,τ+∆](u, v)|. For this, pairwise η-instability
is sufficient. Thus we may replace local η-instability with
pairwise 2η-instability in Theorems 4.1, 4.2 and 4.3, and the
same bounds will still hold; the same goes for Theorem 5.1.
Remark 4.3 Necessity of the assumptions in Theorem 4.1.
Theorem 4.1 crucially relies on three requirements: η-
instability, (∆0,∆1,∆2, c)-closure and ∆ ≥ ∆0+∆1+∆2.
Each of these requirements is necessary to yield our bound
for the number of maximal ∆-cliques. Without any one of
them, the number of maximal ∆-cliques may blow up to
2Ω(n). We already saw the necessity of η-instability in Ex-
ample 3.2. The necessity of (∆0,∆1,∆2, c) closure is even
more straightforward, because for every n ≥ 1, there exists a
static graph with 3n vertices and 3n maximal cliques; this is
the classic Moon-Moser graph, the complete n-partite graph
with exactly 3 vertices in each part (Moon and Moser 1965).
To adapt it to the temporal setting, we only need to assign all
time-steps from 1 to ∆ + 1 to every edge; the resulting tem-
poral graph is 0-unstable, has lifetime ∆ + 1 and contains
3n maximal ∆-cliques, but not (∆0,∆1,∆2, c)-closed any
∆0,∆1,∆2 ≥ 0 with ∆0 + ∆1 + ∆2 ≤ ∆ and c ≤ 3n− 3.
Finally, to see that ∆ ≥ ∆0 + ∆1 + ∆2 is also necessary,
notice that for any c ≥ 1 and any temporal graph G (in-
cluding the temporal adaptation of the Moon-Moser graph
that we just saw), we can always choose (∆0,∆1,∆2) in
such a way that G is (∆0,∆1,∆2, c)-closed; for example,
if we choose ∆0 = ∆2 = ΛG , then G would be vacuously
(∆0,∆1,∆2, c) closed for any c.
Remark 4.4 Weak versions of pairwise-instability. Just
like the weak γ-closure, it is possible to define a weak ver-
sion of the pairwise instability. A temporal graph is weakly
pairwise η-unstable if it is possible to find an ordering
v1, . . . , vn of the vertices such that for pair vi and vj with
i < j, any time interval [a, b] with b− a = ∆1 and any two
non-negative integers `, `′ such that [a − `, b + `′] ⊆ [1,Λ],
we have |CN[a−`,b+`′](u, v) \ CN[a,b](u, v)| ≤ η(` + `′)
in the subgraph induced by {vi, . . . , vn}. Another particu-
larly interesting “weak version” consists in finding an order
of the vertices that minimizes both γ and η. That is, an or-
dering v1, . . . , vn that minimizes the maximum between the
temporal closure of vi and the pairwise instability of vi in
the graph induced by {vi, . . . , vn}.

5 Bounds for Other Dense Subgraphs
In Section 4, we bounded the number of maximal ∆-cliques.
Using the same ideas, we can prove similar bounds for other
dense subgraphs such as the temporal adaptations of (k+1)-
plexes and k-defective cliques. For k ≥ 0, a (k + 1)-plex
is a static graph in which every vertex has at most k non-
neighbors, and a k-defective clique is one which has at least(
n
2

)
− k edges (where n is the number of vertices). Thus a

static clique is a 1-plex and a 0-defective clique.
Behera et al. (2022) showed that various dense subgraphs

also admit bounds of the form f(c) · poly(n) in a static c-
closed graph. In particular, they showed that the number
of maximal (k + 1)-plexes in an n-vertex c-closed graph
is at most n2krckc

O(1), where rk < 2 is a constant. The
other dense subgraphs they considered were complements of

forests, bounded treewidth graphs and bounded degeneracy
graphs. Koana, Komusiewicz, and Sommer (2023a) proved
similar bounds on weakly γ-closed graphs; they showed that
in an n-vertex weakly γ-closed graph, the number of max-
imal (k + 1)-plexes is at most 2γn2k−1 and the number of
maximal k-defective cliques is at most 2γnk+1.

Bentert et al. (2019) adapted (k+ 1)-plexes to the tempo-
ral setting as follows. For non-negative integers ∆ and k, a
(∆, k + 1)-plex in a temporal graph G is a pair (X, [a, b]),
where X ⊆ V (G) and [a, b] is a time-interval such that
b − a ≥ ∆, and for every vertex v ∈ X and for every
τ ∈ [a, b − ∆], there exist at most k vertices u ∈ X \ {v}
such that uv /∈ E(G[τ,τ+∆]). We similarly adapt k-defective
cliques as follows. A (∆, k)-defective clique in G is a pair
(X, [a, b]), where X ⊆ V (G) and [a, b] is a time-interval
such that b − a ≥ ∆, and for every τ ∈ [a, b − ∆], the
static graph G[X] has at least

(|X|
2

)
− k edges that are active

during the interval [τ, τ + ∆]. The definitions of a maximal
(∆, k + 1)-plex and a maximal (∆, k)-defective cliques are
analogous to the definition of a maximal ∆-clique. And we
prove the following result.

Theorem 5.1. For γ ≥ 1, η,∆0,∆1,∆2, k ≥ 0, where ∆ ≥
∆0 + ∆1 + ∆2, every η-unstable, weakly (∆0,∆1,∆2, γ)-
closed temporal graph with n vertices and lifetime Λ has
at most 4 · 2γ−1+2η(∆+1−∆1) · nmax{2k,k+2} · Λ maximal
(∆, k+1)-plexes, and at most 4·2γ−1+2η(∆+1−∆1) ·nk+2 ·Λ
maximal (∆, k)-defective cliques.

6 Concluding Remarks
We introduced (∆0,∆1,∆2, c)-closed temporal graphs,
which formalizes the triadic closure property of social net-
works. Our empirical results suggest that temporal versions
of c and γ could be meaningful parameters in the study of
real-world networks. But the networks we looked at are all
relatively small contact networks, and further evaluation of
various types of large real-world networks is necessary to
confirm this. Our theoretical results demonstrate the useful-
ness of these parameters in designing algorithms. We hope
that these parameters could be further exploited, and that
temporal c and γ will prove to be just as useful as their static
counterparts in designing algorithms for a variety of prob-
lems. While (local or pairwise) η-instability is one sufficient
condition that, when coupled with (∆0,∆1,∆2, c)-closure,
can yield a non-trivial bound for the number of maximal
∆-cliques, it will be worth investigating whether there are
more reasonable conditions that can yield a similar bound.
We must also add a note of caution here. These parameters
are all rather crude abstractions of properties exhibited by
real-world networks; they are based on how adjacencies be-
have and evolve over time in an idealized temporal social
network. They can nonetheless illuminate the structure of
real-world networks. Also, less-than-realistic abstraction is
often the price we must pay for algorithms with provable
worst-case guarantees. It is not our case that these parame-
ters will be sufficiently small for practical purposes for all
real-world temporal networks. Practical applications will re-
quire further refinement of these parameters, and we hope
that our work will trigger such inquiries.
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