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Abstract

Horiyama et al. (AAAI 2024) considered the problem of gen-
erating instances with a unique minimum vertex cover under
certain conditions. The PRE-ASSIGNMENT FOR UNIQUIFI-
CATION OF MINIMUM VERTEX COVER problem (shortly
PAU-VC) is the problem, for given a graph G, to find a mini-
mum set S of vertices in G such that there is a unique mini-
mum vertex cover of G containing S. We show that PAU-VC
is fixed-parameter tractable parameterized by clique-width,
which improves an exponential algorithm for trees given by
Horiyama et al. Among natural graph classes with unbounded
clique-width, we show that the problem can be solved in poly-
nomial time on split graphs and unit interval graphs.

Introduction
Designing AI algorithms to tackle NP-hard graph problems
has become a prominent trend in the field of artificial intel-
ligence. The inherent complexity of NP-complete problems
presents a significant challenge, making them an ideal testbed
for AI-driven approaches that aim to push the boundaries of
what can be achieved in terms of efficiency and scalability.
To evaluate the performance of those AI algorithms, it is
essential to have robust benchmark datasets. Such datasets
provide a controlled environment where the strengths and
weaknesses of different algorithms can be systematically ana-
lyzed. As constructing a benchmark dataset is a critical aspect
of AI research, several well-known benchmark datasets were
presented such as TSPLIB, UCI, SATLIB, and DIMACS
for various NP-hard combinatorial problems (Reinelt 1991;
Asuncion, Newman et al. 2007; Hoos and Stützle 2000).

However, it seems hard to use them to evaluate the per-
formances of AI algorithms for the uniqueness version of
combinatorial problems where a solution is unique. In several
problems, the presence of a unique solution can lead to more
efficient algorithms (Thomason 1978; Gabow, Kaplan, and
Tarjan 1999). Also, algorithms for the unique SAT problem
are used as subroutines for its search version (Scheder and
Steinberger 2017; Hertli 2014a). Due to these reasons, the
uniqueness version also has been extensively studied from
both theory and practice (Calabro et al. 2008; Hertli 2014b).
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Therefore, generating graphs with a unique solution offers
a valuable addition to benchmark datasets, enabling a more
thorough evaluation of AI-driven solvers for the uniqueness
version of combinatorial problems.

One natural approach for generating graphs with a unique
solution is to make use of graphs in well-known benchmark
datasets. More specifically, we choose a graph G in a well-
known benchmark dataset, and pre-assign a part of G so that
only one solution is consistent with this assignment. This
pre-assignment for uniquification has been studied for clas-
sic NP-hard problems such as the coloring and clique prob-
lems (Harary, Slany, and Verbitsky 2007), the dominating
set problem and its variants (Chartrand et al. 1997; Boze-
man et al. 2019; Ferrero et al. 2018) and the vertex cover
problem (Horiyama et al. 2024). Also, several pencil/video
puzzles such as SUDOKU and Picross 3D have been studied
in the context of the pre-assignment for uniquification (De-
maine et al. 2018; Kimura, Kamehashi, and Fujito 2018;
Tjusila et al. 2024).

In this paper, we focus on the PRE-ASSIGNMENT FOR
UNIQUIFICATION OF MINIMUM VERTEX COVER (PAU-
VC) problem introduced by (Horiyama et al. 2024). A set
S of vertices in a graph G is called a vertex cover of G if S
meets all edges of G. The goal of this problem is to compute
a minimum-cardinality vertex cover of a given graph. In the
unique vertex cover problem, it is assured that an input graph
has a unique minimum vertex cover. The formal definition of
PAU-VC is the following.

PAU-VC
Input : A graph G
Question : Find a minimum set S ⊆ V (G) such that there
is a unique minimum vertex cover of G containing S.

Notice that one can use an algorithm for PAU-VC to
generate a graph with a unique solution for the vertex cover
problem. Consider an arbitrary graph G (possibly from a
known benchmark dataset), and compute an optimal solution
S for PAU-VC onG. Since there is a unique minimum vertex
cover ofG containing S,G−S has a unique minimum vertex
cover as well, where G− S is the graph obtained from G by
removing all vertices of S and their incident edges.

Although the pre-assignment for uniquification of the dom-
inating set problem and its variants has been studied exten-
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sively, little is known about PAU-VC, except for (Horiyama
et al. 2024). More specifically, (Horiyama et al. 2024) proved
that PAU-VC is ΣP

2 -complete on general graphs, and NP-
complete on bipartite graphs. On the positive side, they pro-
vided an algorithm that runs in time O(2.1996n) for general
graphs, an algorithm that runs in time O(1.9181n) for bipar-
tite graphs, and an algorithm that runs in time O(1.4143n)
for trees, where n denotes the number of vertices.

As PAU-VC is ΣP
2 -complete and NP-complete for general

graphs and bipartite graphs, respectively, it is unlikely to ad-
mit polynomial-time algorithms for either general or bipartite
graphs. However, the time complexity for trees remains an
open question. In fact, (Horiyama et al. 2024) also mentioned
this explicitly: “Many readers might consider that PAU-
VC for trees is likely solvable in polynomial time. On the
other hand, not a few problems are intractable (e.g., NODE
KAYLES) in general, but the time complexity for trees still re-
mains open, and only exponential-time algorithms are known.
In the case of PAU-VC, no polynomial-time algorithm for
trees is currently known.”

Our results. In this paper, we resolve this open problem
by presenting a polynomial-time algorithm for PAU-VC on
trees, which significantly improves the exponential-time algo-
rithm by Horiyama et al. Moreover, we showed that it can be
extended to classes of bounded clique-width. Clique-width is
a graph parameter that measures the complexity of construct-
ing a graph using a set of specific operations, including the
creation of new vertices, disjoint union of graphs, relabeling
of vertex labels, and connecting vertices based on their la-
bels. Trees have clique-width at most 3 (Courcelle and Olariu
2000) and complete graphs have clique-width at most 2. A
precise definition will be given in the clique-width section.

More precisely, we prove the following theorem. We say a
problem is fixed-parameter tractable with parameter k if it
can be solved in time f(k)nO(1), where n denotes the input
size and f(·) is a computable function.

Theorem 1. PAU-VC is fixed-parameter tractable parame-
terized by clique-width.

One may ask whether we can further obtain polynomial-
time algorithms for PAU-VC on natural classes of graphs
of unbounded clique-width. We investigate two such classes.
Split graphs are graphs that can be partitioned into an in-
dependent set and a clique. Unit interval graphs are inter-
section graphs of intervals of the same length on the real
line. It is known that split graphs have unbounded clique-
width (Makowsky and Rotics 1999) and unit interval graphs
have unbounded clique-width (Golumbic and Rotics 2000).
Split graphs and unit interval graphs are well-known graph
classes that have been widely studied (Corneil et al. 1995;
Hell, Shamir, and Sharan 2001; Bertossi 1984). We prove
that PAU-VC can be solved in linear time on both classes.

Theorem 2. PAU-VC can be solved in linear time on unit
interval graphs and split graphs.

Note that the class of split graphs and the class of unit inter-
val graphs are well-known subclasses of the class of chordal
graphs. It would be interesting to determine whether PAU-
VC can be solved in polynomial time on chordal graphs.

Proofs of statements marked with “(∗)” are deferred to the
appendix.

Brief introduction on clique-width. The notion of clique-
width is closely related to the concept of tree-width. Tree-
width is a well-studied graph parameter which measures how
close a graph is to being a tree (Robertson and Seymour 2004).
(Courcelle 1990) showed that every problem expressible in
MSO2-logic is fixed-parameter tractable when parameterized
by the tree-width of a graph. However, classes of bounded
tree-width must be sparse. To address this limitation, (Cour-
celle and Olariu 2000) introduced clique-width to extend
properties of classes of bounded tree-width to dense graph
classes, such as the class of complete graphs.

Every class of bounded tree-width has bounded clique-
width (Courcelle and Olariu 2000; Corneil and Rotics 2005),
but there are classes of bounded clique-width and unbounded
tree-width, such as the class of complete graphs or complete
bipartite graphs. (Courcelle, Makowsky, and Rotics 2000)
showed that every problem expressible in MSO1-logic is
fixed-parameter tractable when parameterized by the clique-
width of a graph. It is not difficult to see that PAU-VC
cannot be expressible in MSO1-logic, as we cannot represent
the property that a set is a unique minimum vertex cover. So,
the algorithmic meta theorem by Courcelle, Makowsky, and
Rotics cannot be adapted for PAU-VC. The parameterized
complexity of problems cannot be expressible by MSO1-
logic, such as HAMILTONAIN CYCLE and Graph Coloring,
have been studied (Kobler and Rotics 2003; Fomin et al. 2010,
2014, 2019; Bergougnoux, Kanté, and Kwon 2020).

Preliminary
For every positive integer n, let [n] denote the set of positive
integers at most n. All graphs in this paper are simple and
finite. For a graphGwe denote by V (G) andE(G) the vertex
set and edge set of G, respectively. For graphs G and H , let
G ∪H be the graph with vertex set V (G) ∪ V (H) and edge
set E(G) ∪ E(H).

Let G be a graph. For a vertex v of a graph G, let NG(v)
denote the set of neighbors of v in G. For X ⊆ V (G), let
G[X] denote the subgraph of G induced by X . We denote
by G −X the graph G[V (G) \X], and for a single vertex
x ∈ V (G), we use the shorthand ‘G − x’ for ‘G − {x}’.
For two sets X,Y ⊆ V (G), let G[X,Y ] be the graph (X ∪
Y, {xy ∈ E(G) : x ∈ X, y ∈ Y }).

A set X ⊆ V (G) is a clique if any two vertices of X are
adjacent in G, and it is an independent set if any two vertices
of X are not adjacent in G.

Trees
Before diving into our main theorems, we present an idea for
having a simpler polynomial time algorithm for PAU-VC on
trees. Recall that this significantly improves the best-known
algorithm for this problem (Horiyama et al. 2024), which
runs in exponential time. Let G be a tree. We choose an
arbitrary vertex as the root of G. For each node v ∈ V (G),
we use Gv to denote the subtree of G rooted at v.

For each vertex v, there are two types of vertex covers of
Gv; one is a vertex cover of Gv containing v and the other is
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a vertex cover ofGv not containing v. We want to find a set S
which forces the number of minimum vertex covers of each
type to satisfy a certain condition. This naturally suggests the
following definition. For a function β : {0, 1} → {0, 1, 2}, a
set S ⊆ V (Gv) is a β-set in Gv if the following hold:

• If β(0) ∈ {0, 1}, then there is exactly β(0) many mini-
mum vertex covers of Gv not containing v and containing
S.

• If β(0) = 2, then there are at least two minimum vertex
covers of Gv not containing v and containing S.

• If β(1) ∈ {0, 1}, then there is exactly β(1) many min-
imum vertex covers of Gv containing v and containing
S.

• If β(1) = 2, then there are at least two minimum vertex
covers of Gv containing v and containing S.

We will recursively compute a minimum β-set in Gv for
every possible function β and every vertex v ∈ V , if one
exists.

It is not difficult to observe that if we have a minimum β-
set ofGr = G for every possible function β, then we can find
an optimal solution of PAU-VC. That would be a minimum
set among minimum β-sets ofGr for which β(0)+β(1) = 1.

Therefore, it suffices to recursively compute a minimum
β-set of Gv for every vertex v ∈ V . The idea is straightfor-
ward. We need to propagate the information to children of
v. Assume β : {0, 1} → {0, 1, 2} is a given function. For
example, if β(0) = 1, then the β-set in Gv should force a
unique minimum vertex cover of Gv not containing v. Then
for each child w of v, we have to determine a set forcing a
unique minimum vertex cover of Gw that contains w. This
suggests how to split β into functions βw for each child w,
and we can find the corresponding β-set by taking the union
of βw-sets for children w of v.

This idea is generalized into graphs of bounded clique-
width in the next section. We will provide the dynamic pro-
gramming algorithm and prove the correctness.

Graphs of Bounded Clique-width
In this section, we prove Theorem 1. Before we describe our
strategy, we provide a formal definition of the clique-width
and introduce some necessary notations. Let k be a positive
integer. A k-labeled graph is a pair (G, labG) of a graph
G and a function labG : V (G) → [k], called the labeling
function. We denote by lab−1

G (i) the set of vertices in G with
label i.

Definitions of Clique-Width and NLC-Width
We first define the clique-width of graphs. For a k-labeled
graph (G, labG) and i, j ∈ [k] with i 6= j, let ηi,j(G, labG)
be the k-labeled graph obtained from (G, labG) by adding an
edge between every vertex of label i and every vertex of label
j, and let ρi→j(G, labG) be the k-labeled graph obtained
from (G, labG) by relabeling every vertex of i to j. For two
vertex-disjoint k-labeled graphs (G, labG) and (H, labH),
let (G, labG)⊕ (H, labH) be the disjoint union of them.

The class CWk of k-labeled graphs is recursively defined
as follows. (1) The single vertex graph i(x), with a vertex

Figure 1: Illustration of a clique-width 3-expression of P4.

x labeled with i ∈ [k], is in CWk. (2) Let (G, labG) and
(H, labH) be two vertex-disjoint k-labeled graphs in CWk.
Then (G, labG) ⊕ (H, labH) ∈ CWk. (3) Let (G, labG) ∈
CWk and i, j ∈ [k] with i 6= j. Then ηi,j(G, labG) ∈
CWk. (4) Let (G, labG) ∈ CWk and i, j ∈ [k]. Then
ρi→j(G, labG) ∈ CWk. A clique-width k-expression is a
finite term built with the four operations above and using
at most k labels. The clique-width of a graph, denoted by
cw(G), is the minimum k such that (G, labG) ∈ CWk for
some labeling labG.

For example,

η2,3

(
η1,2(1(a)⊕ 2(b))⊕ η1,3(3(c)⊕ 1(d)))

)
is a clique-width 3-expression of a path P4 on 4 vertices. See
Figure 1. Thus, P4 has clique-width at most 3.

Now, we define the NLC-width of graphs introduced
by (Wanke 1994). (Johansson 1998) showed that every graph
of clique-width at most k has NLC-width at most k, and
one can in polynomial time transform an expression for
clique-width to an expression for NLC-width. For two vertex-
disjoint k-labeled graphs (G, labG) and (H, labH) and a
set M ⊆ [k]2 of label pairs, we define (G, labG) ×M

(H, labH) := ((V ′, E′), lab′) where

• V ′ = V (G) ∪ V (H),
• E′ = E(G) ∪ E(H) ∪ {uv : u ∈ V (G), v ∈
V (H), (labG(u), labH(v)) ∈M},

• lab′(u) = labG(u) if u ∈ V (G) and lab′(u) = labH(u)
otherwise.

In other words, (G, labG) ×M (H, labH) is obtained from
the disjoint union of (G, labG) and (H, labH) by, for every
(i, j) ∈M , adding all edges between vertices of label i in G
and vertices of label j in H . For a k-labeled graph (G, labG)
and a function R : [k] → [k], let ρR(G, labG) = (G, lab′)
where lab′(u) = R(labG(u)) for all u ∈ V (G).

The class NLCk of k-labeled graphs is recursively de-
fined as follows. (1) The single vertex graph i(x), with
a vertex x labeled with i ∈ [k], is in NLCk. (2) Let
(G, labG) ∈ NLCk and R : [k] → [k] be a function. Then
ρR(G, lab) ∈ NLCk. (3) Let (G, labG) and (H, labH) be
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two vertex-disjoint labeled graphs in NLCk, and M ⊆ [k]2.
Then (G, labG)×M (H, labH) ∈ NLCk.

An NLC-width k-expression is a finite term built with the
three operations above and using at most k labels. The NLC-
width of a graph G, denoted by nlcw(G), is the minimum k
such that (G, labG) ∈ NLCk for some labeling labG.

Theorem 3 ((Johansson 1998)). Let k be a positive integer.
Every graph of clique-width at most k has NLC-width at most
k, and one can in polynomial time transform a clique-width
k-expression to an NLC-width k-expression.

We remark about algorithms to find a clique-width ex-
pression when it is not given. (Fellows et al. 2006) proved
that computing clique-width is NP-hard. (Oum and Sey-
mour 2006) first obtained an approximation algorithm that
computes a clique-width (23k+2 − 1)-expression of a given
graph G of clique-width at most k, which runs in time
O(8kn9 log n). (Oum 2009) later improved this by providing
two algorithms; one is an algorithm that computes a clique-
width (8k − 1)-expression in time O(g(k) · n3) for some
function g, and the other one is an algorithm that computes a
clique-width (23k+2 − 1)-expression in time O(8kn4). We
may use one of these algorithms to produce a clique-width
expression, when it is not given as input.

FPT Algorithm Parameterized by Clique-Width
Now we are ready to prove Theorem 1. Let (H, labH) be a
k-labeled graph. For a set X of vertices in H , we denote by
fullH(X) the set of integers i ∈ [k] where lab−1

H (i) ⊆ X .
For I ⊆ [k], a set T ⊆ V (H) is a minimum vertex cover
of H with respect to I if it is a minimum set among all
vertex covers X of H with fullH(X) = I . Note that T is not
necessarily a minimum vertex cover of H . Let µH(I) be the
size of a minimum vertex cover of H with respect to I .

Assume that (F, labF ) = (G, labG) ×M (H, labH) for
some k-labeled graphs (G, labG), (H, labH), and M ⊆ [k]2.
Observe that for every (i, j) ∈ M , every vertex cover of F
either contains all vertices of lab−1

G (i) or contains all vertices
of lab−1

H (j). Thus, in each side, it is necessary to consider
vertex covers that fully contain vertex sets of certain labels.
This is the reason why we define minimum vertex covers
with respect to I ⊆ [k].

Now, to find sets S ⊆ V (F ) that force to have a unique
minimum vertex cover, in each of G and H , we need to know
whether a set forces to have a unique minimum vertex cover
with respect to some I ⊆ [k]. For each I ⊆ [k], we need to
distinguish three statuses: (1) S does not force any minimum
vertex cover with respect to I , (2) S forces a unique minimum
vertex cover with respect to I , or (3) S forces at least two
minimum vertex covers with respect to I . This property will
be captured by the notion of characteristic, defined below.

A function β : 2[k] → {0, 1, 2} is the characteristic of a
set S ⊆ V (H) in H if for every J ⊆ [k],

• if β(J) ∈ {0, 1}, then there is exactly β(J) many mini-
mum vertex covers of H with respect to J and containing
S, and

• if β(J) = 2, then there are at least two minimum vertex
covers of H with respect to J and containing S.

Such a set S ⊆ V (H) is called a β-set in H . Let Π(H) be
the collection of functions β : 2[k] → {0, 1, 2} such that
there is a β-set in H .

In the following lemma, we explain how we can solve
PAU-VC on a k-labeled graph H if we know the set Π(H)
and the function µH and a collection of minimum β-sets for
each β ∈ Π(H).

Lemma 1. Let k be a positive integer. Given a k-labeled
graph (G, labG) with Π(G), µG and a collection of minimum
β-sets for each β ∈ Π(G), one can solve PAU-VC for G in
time O(32k |V (G)|).

Proof. Let µ = minI⊆[k] µG(I), and Γ = {J ⊆ [k] :
µG(J) = µ}. Then µ is the size of a minimum vertex cover
of G. We say that a function β : 2[k] → {0, 1, 2} is valid if∑

J∈Γ β(J) = 1. A β-set with a valid function β in Π(G) is
a set forcing a unique minimum vertex set in G. Thus, the
minimum β-set with a valid function β in Π(G) is a required
solution for PAU-VC.

By Lemma 1, it is sufficient to compute Π(H) and µH and
a collection of minimum β-sets. We will compute them in a
bottom-up way, along a given NLC-width k-expression.

In the next lemma, we describe how to merge informa-
tion for (G, labG) and (H, labH) to obtain information for
(G, labG)×M (H, labH).

Lemma 2. Let k be a positive integer, and let (G, labG) and
(H, labH) be vertex-disjoint k-labeled non-empty graphs. Let
M ⊆ [k]2 and let (F, labF ) = (G, labG)×M (H, labH).

Given Π(G),Π(H) and µG, µH and a collection IG of
minimum β-sets for β ∈ Π(G) and a collection IH of mini-
mum β-sets for β ∈ Π(H), one can compute Π(F ), µF and
a collection IF of minimum β-sets for β ∈ Π(F ) in time
O(272k · |V (G)|).

Proof. We construct an auxiliary bipartite graph Q with bi-
partition ({ai : i ∈ [k]}, {bi : i ∈ [k]}) such that ai is adja-
cent to bj if and only if (i, j) ∈ M . Let A = {ai : i ∈ [k]},
B = {bi : i ∈ [k]}, and let g(ai) = g(bi) = i for all i ∈ [k].
Let Z be the collection of all vertex covers of Q. Note that
the number of all vertex covers of Q is at most 22k.

We first compute µF (I) for each I ⊆ [k], which is the size
of a minimum vertex cover of F with respect to I . Note that
for any (i, j) ∈ M , every vertex cover of F contains either
all vertices of lab−1

G (i) or all vertices of lab−1
H (j). We guess

a vertex cover of Q corresponding to parts whose all vertices
are contained in a vertex cover of F .

We construct a function µ∗ as below.

• Let I ⊆ [k]. For eachZ ∈ Z with (g(Z∩A)∩g(Z∩B))\
I = ∅, let IG = I ∪ g(Z ∩ A) and IH = I ∪ g(Z ∩ B),
and let α(Z) := µG(IG) + µH(IH).

• We define µ∗(I) as the minimum such α(Z) over all
Z ∈ Z with (g(Z ∩ A) ∩ g(Z ∩ B)) \ I = ∅. Note that
such a set Z exists as A is such a vertex cover.

Claim 1 (∗). The above procedure correctly computes µF ,
that is, µ∗(I) = µF (I) for every I ⊆ [k].
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Since the number of vertex covers of Q is at most 22k, for
each I ⊆ [k], we can determine µ∗(I) in time O(4k). So, we
can output µ∗ in time O(4k).

Now, we compute Π(F ) and IF . We construct sets Π∗ and
I∗ and will show that Π∗ = Π(F ) and I∗ is a collection of
minimum β-sets for β ∈ Π(F ). For a function β : 2[k] →
{0, 1, 2}, we need to determine whether there is a β-set in F .
Let β : 2[k] → {0, 1, 2} be a function.

1. Let I ⊆ [k]. We say that a pair (IG, IH) of subsets of [k]
is a split of I with respect to M if
• IG ∩ IH = I , and
• for every (i, j) ∈M , i ∈ IG or j ∈ IH .
A split (IG, IH) of I is proper if µG(IG) + µH(IH) =
µF (I).

2. A pair (βG, βH) of functions βG, βH : 2[k] → {0, 1, 2}
is legitimate for β if for all subsets I ⊆ [k], we have

β(I) = min

2,
∑

(IG,IH):
proper split of I

(
βG(IG)× βH(IH)

) .

3. Assume there is a legitimate pair (βG, βH) for β where
βG ∈ Π(G) and βH ∈ Π(H) and SG is a minimum βG-
set in IG and SH is a minimum βH -set in IH . Then we
add β to Π∗ and add SG ∪ SH to I∗. Otherwise, we do
not add.

Claim 2 (∗). The above procedure correctly computes Π(F ),
that is, Π∗ = Π(F ). Also, I∗ is a collection of β-sets for
β ∈ Π(F ).

Observe that the number of possible functions β : 2[k] →
{0, 1, 2} is at most 32k

. Let β be such a function. For each
I ⊆ [k], there are at most 3k−|I| ≤ 3k splits of I with respect
to M . Thus, for a fixed pair (βG, βH) of functions, one can
test whether (βG, βH) is legitimate for β in time O(2k · 3k).
Thus, we can determine Π∗ and I∗ in time O(33·2k · 2k · 3k ·
|V (G)|) = O(272k |V (G)|). This concludes the proof.

Lemma 3 (∗). Let k be a positive integer, and let (G, labG)
be a k-labeled graph. Let R : [k]→ [k] be a function and let
(F, labF ) = ρR(G, labG).

Given Π(G), µG, and a collection IG of minimum β-sets
for β ∈ Π(G), one can compute Π(F ), µF and a collection
IF of minimum β-sets for β ∈ Π(F ) in timeO(92k · |V (G)|).

Now, we are ready to prove Theorem 1.

Proof. (Proof of Theorem 1) Using an algorithm by (Oum
2009), we can compute a clique-width (23t+2−1)-expression
of a graph of clique-width t in time O(8t|V (G)|4) as ex-
plained in the preliminary section. In the rest, we discuss how
to obtain an algorithm if a clique-width expression is given.

Let G be a graph and assume that its clique-width k-
expression is given. By Theorem 3, we can transform it into
an NLC-width k-expression φ in polynomial time.

We design a bottom-up dynamic programming along the
NLC-width k-expression. At each k-labeled graph (F, labF )
arising in φ, we compute sets Π(F ), µF , and a collection IF
of minimum β-sets for β ∈ Π(F ) as follows.

1. Assume (F, labF ) = i(x), that is, F is a graph on a vertex
x with label i.
• Observe that µF ({i}) = 1 because {x} is the unique

minimum vertex cover of F with respect to {x}. Also,
µF (∅) = 1 because ∅ is the unique minimum vertex
cover of F with respect to ∅. For other subsets I of
[k], µF (I) = 0, as there is no vertex cover of F with
respect to I .

• Note that the empty set has the characteristic β0 where
β0(J) = 1 for J = {i} or ∅, and β0(J) = 0 otherwise.
The set {x} has characteristic β1 where β1(J) = 1
for J = {i}, and β1(J) = 0 otherwise. Let Π(F ) =
{β0, β1}. We store the empty set as a minimum β0-set,
and {x} as a minimum β1-set.

• These can be computed in time O(k).
2. Assume that (F, labF ) = ρR(F1, lab1) for some func-

tion R : [k] → [k]. By Lemma 3, we can in time
O(92k · |V (G)|) compute Π(F ), µF , and a collection
IF of minimum β-sets for β ∈ Π(F ).

3. Assume that (F, labF ) = (F1, lab1) ×M (F2, lab2)
for some M ⊆ [k]2. By Lemma 2, we can in time
O(272k · |V (F )|) compute Π(F ), µF , and a collection
IF of minimum β-sets for β ∈ Π(F ).

At the end, by Lemma 1, we can solve PAU-VC in time
O(32k |V (G)|). Note that there are at most O(k2|V (G)|) op-
erations in the NLC-width k-expression. Thus, in total, we
can solve PAU-VC in time O(272k |V (G)|2).

Unit Interval Graphs
In this section, we give a linear time algorithm of PAU-VC
for a unit interval graph G. A unit interval graph G is a graph
that has a set I of intervals of length one on the real line so
that G is an intersection graph of I, refer to Figure 2.
Theorem 4. PAU-VC can be solved in linear time for a unit
interval graph.

Proof. Let G be a given unit interval graph. We can find a
set I of unit intervals representing G in linear time (Corneil
et al. 1995). Furthermore, the obtained I is sorted by the left
end points. For clarity, we refer to the intervals in I as the
vertices of G. By perturbing if necessary, we may assume
that all intervals are pairwise distinct.

First, we find a maximum independent set {Ĩ1, . . . , Ĩm}
of G as follows: Ĩ1 is the leftmost interval in I and Ĩi+1 is
the leftmost interval in I disjoint to Ĩj for all j ∈ [i]. It is
easy to see that the obtained set is a maximum independent
set of G. Then, for each Ĩi, let Ii be the set of intervals in
I that start after Ĩi and intersect with Ĩi, along with Ĩi itself.
Then {I1, . . . , Im} gives a partition of I , and each Ii forms
a clique in G. Note that if two intervals I ∈ Ii and J ∈ Ij
are intersecting, then |i − j| ≤ 1 since every interval has a
unit length.
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I1,1 I2,1 I3,1

I1,2 I2,2 I3,2

I2,3 I3,3

I1,3 I2,4
I1 I2 I3

(a) (b)
I1,1 I2,1 I3,1

I1,2 I2,2 I3,2

I2,3 I3,3

I1,3 I2,4
I1 I2 I3

(a) (b)

Figure 2: Illustration of the algorithm for a unit interval graph
G. Figures (a) and (b) represent the unit interval graph G
and its representation, respectively. The algorithm returns
{I1,1, I2,2} as an optimal solution of PAU-VC of G, where
{I1,1, I2,2} = S[3, 3] as S[1, 2] = {I1,1}, A1,2,3 = {I2,2},
andA2,3,3 = ∅. Precisely, S[3, 3] = S[1, 2]∪A1,2,3∪A2,3,3.

Claim 3. Every minimum vertex cover of G excludes exactly
one vertex in Ii for each i ∈ [m].

Proof. It is well known that the complement of a maximum
independent set is a minimum vertex cover, and vice versa.
Since m is the size of the maximum independent set of G,
every minimum vertex cover should exclude m vertices.
Note that each Ii forms a clique in G, it cannot exclude
more than one vertex from the same Ii. Thus, exactly one
vertex for each Ii is excluded. ♦

Now we describe a dynamic programming to solve PAU-
VC for G.

Let i ∈ [m] and j ∈ [|Ii|]. Let Ii,j be the jth leftmost
interval in Ii, and let Gi,j be the subgraph of G induced by
the intervals starting before Ii,j along with Ii,j .

For j ∈ [|I1|], let A1,j := {I1,i : i < j}. For 2 ≤ i ≤
m− 1 and a ∈ [|Ii|] and b ∈ [|Ii+1|], let

Ai,a,b :={Ii,x : a < x and Ii,x ∩ Ii+1,b = ∅}
∪ {Ii+1,y : y < b and Ii+1,y ∩ Ii,a = ∅},

Intuitively, A1,j and Ai,a,b are sets of vertices that have to be
included in a set forcing a unique minimum vertex cover S
when we want that Ii,a and Ii+1,b are not in S.

Now, for each Ii,j ∈ I, we denote S[i, j] as the smallest
vertex set in Gi,j that forces the unique minimum vertex
cover in Gi,j and the vertex cover excludes Ii,j .

We compute S[i, j] in a lexicographic order. As the base
case, we set S[1, j] := A1,j for each j ∈ [|I1|]. By assuming
that every S[i, j′] has been computed for j′ ∈ [|Ii|], we set
S[i+ 1, j] as the smallest vertex set among

S[i, j′] ∪Ai,j′,j

where Ii,j′ ∈ Ii is disjoint from Ii+1,j . Note that S[i+1, j] is
well-defined, because Ii,1 = Ĩi is disjoint from Ii+1,1 = Ĩi+1

along with Ii+1,j .

Claim 4. For every i ∈ [m] and j ∈ [|Ii|], S[i, j] is a
smallest vertex set in Gi,j that forces a unique minimum
vertex cover in Gi,j and the vertex cover excludes Ii,j .

Proof. We prove this by induction on i+ j. First, assume
that i = 1. Then G1,j is a complete graph. Thus, there is
only one vertex cover excluding I1,j , namely V (G1,j) \
{I1,j}. If we do not preassign a vertex of V (G1,j) \ {I1,j},
we may take Ii,j instead of this vertex, to make another
minimum vertex cover of G1,j . Thus, S[1, j] should be
exactly V (G1,j) \ {I1,j}.
Suppose that i ≥ 2. Let T be a minimum vertex set in
Gi,j that forces a unique minimum vertex cover in Gi,j

and the vertex cover excludes Ii,j . We will show that T is
of the form S[i − 1, j′] ∪ Ai−1,j′,j in the definition. Let
U be the unique vertex cover in Gi,j containing T , and let
W = V (Gi,j) \ U . Observe that W contains exactly one
vertex from each of I1, . . . , Ii. Let j1, . . . , ji−1 be integers
such that W = {I1,j1 , I2,j2 , . . . , Ii−1,ji−1 , Ii,j}.
We claim that

A∗ := A1,j1 ∪

 ⋃
x∈[i−1]

Ax,jx,jx+1

 ⊆ T.
Suppose for contradiction that this is not true. First assume
that A1,j1 contains a vertex I that is not in T . Then (U \
{I}) ∪ {I1,j1} is also a minimum vertex cover of Gi,j

containing T , a contradiction.
We assume that for some x ∈ [i− 1], Ax,jx,jx+1

contains
a vertex I that is not in T . If

I ∈ {Ix,z : jx < z and Ix,z ∩ Ix+1,jx+1 = ∅},

then (U \ {I}) ∪ {Ix,jx} is a minimum vertex cover of
Gi,j , a contradiction. Otherwise, if

I ∈ {Ix+1,z : z < jx+1 and Ix+1,z ∩ Ix,jx = ∅},

then (U \ {I}) ∪ {Ix+1,jx+1
} is a minimum vertex cover

of Gi,j , a contradiction. Therefore, A∗ ⊆ T .
Now, we verify that A∗ already forces that U is a unique
minimum vertex cover containing A∗. Suppose there is
another minimum vertex cover U ′ containing A∗. As U ′ 6=
U , U ′ does not contain a vertex of U \A∗. Then Gi,j −U ′
cannot contain an independent set of size i, a contradiction.
By our construction, T is S[i− 1, j′] ∪Ai−1,j′,j for some
j′ where Ii−1,j′ ∈ Ii−1 disjoint from Ii,j . On the other
hand, we compute S[i, j] as a smallest vertex set among all
possible S[i− 1, j′] ∪Ai−1,j′,j . Thus, S[i, j] is a smallest
vertex set in Gi,j that forces a unique minimum vertex
cover in Gi,j and the vertex cover excludes Ii,j . ♦

Furthermore, the smallest vertex set among

S[m, j] ∪ {Im,k ∈ Im : j < k}

for j ∈ [|Im|] is an optimal solution of PAU-VC for G.
This algorithm returns a solution in polynomial time. In the

following, we slightly modify it as a linear time algorithm.
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Linear time algorithm. We compute the interval set I
corresponds to the given unit interval graph G, and its de-
composition I1, . . . , Im as described above. It takes a linear
time. To obtain a linear time algorithm for PAU-VC, we
compute and store the size s[i + 1, j] of the set S[i + 1, j]
for each (i+ 1, j) with i ∈ [m− 1] and j ∈ [|Ii+1|] instead
of explicitly constructing the set S[i + 1, j]. Since the set
S[i + 1, j] is the union of disjoint sets S[i, j′] and Ai,j′,j ,
we can compute s[i + 1, j] without explicitly constructing
S[i, j]. Furthermore, we also store the index j′ ∈ [|Ii|] at the
pair (i+ 1, j) so that S[i+ 1, j] = S[i, j′] ∪Ai,j′,j . We can
compute all values of s[·, ·] in O(|I|) time.

Claim 5. We can compute all s[·, ·] in O(|I|) time.

Proof. We set s[1, j] = j − 1 by the definition. For an
index i ∈ [m− 1], we assume that every s[i, ·] is computed
already, and describe how to compute all s[i + 1, ·] in
O(|Ii ∪ Ii+1|) time which directly implies the claim. For
this, we first compute an index k(j) ∈ [|Ii|] for each j ∈
[|Ii+1|] so that the interval Ii,k(j) is the rightmost interval
in Ii disjoint from Ii+1,j . Since Ii and Ii+1 are sorted, the
indices k(j)’s are monotonic increasing. Furthermore, we
can compute all k(j)’s in O(|Ii ∪ Ii+1|) time. For clarity,
we set k(0) = 0 in the following. Note that Ii,j′ ∩ Ii+1,j =
∅ if and only if j′ ≤ k(j) for j ∈ [|I|i+1].
Recall that s[i+ 1, j] is the smallest value among s[i, j′] +
|Ai,j′,j | with j′ ≤ k(j). Furthermore, if j′ ≤ k(j − 1),
then Ai,j′,j is same with

Ai,j′,j−1 ∪ {Ii,x : k(j − 1) < x ≤ k(j)} ∪ {Ii+1,j−1}.

If an index j′ ≤ k(j) gives the smallest set S[i, j′]∪Ai,j′,j ,
then either j′ > k(j − 1) or it gives a smallest set among
S[i, j′]∪Ai,j′,j−1. Thus, we can compute the size s[i+1, j]
of S[i + 1, j] by comparing k(j) − k(j − 1) + 1 values.
Totally, computing all s[i + 1, ·] requires O(|Ii ∪ Ii+1|)
time, and thus, computing all s[·, ·] takes O(|I|) time. ♦

After we compute every s[·, ·], we find out the index j∗ ∈
[|Im|] minimizing the value s[m, j∗] + |Im| − j∗. Then we
define jm = j∗ and ji as the index with S[i + 1, ji+1] =
S[i, ji] ∪Ai,ji,ji+1

for i ∈ [m− 1]. By the definition of the
sets S[·, ·], the following set is same with S[m, j∗]∪{Im,k ∈
Im : jm < k} that is an optimal solution of PAU-VC

A1,j1 ∪

 ⋃
i∈[m−1]

Ai,ji,ji+1

 ∪ {Im,k ∈ Im : jm < k}.

In conclusion, our algorithm returns a solution of PAU-VC
for G in linear time, and thus, Theorem 4 holds.

Split Graphs
In this section, we describe a linear time algorithm for split
graphs. A split graphG is a graph in which there exist disjoint
subsetsA,B ⊆ V (G) such that V (G) = A∪B,A is a clique
and B is an independent set.

Theorem 5. PAU-VC can be solved in linear time for a split
graph.

Proof. Let G be a given split graph, of which the vertex set
consists of a cliqueA and an independent setB. Observe that
a minimum vertex set excludes at most one vertex from A,
and furthermore, A is a vertex cover of G. We claim that we
can safely remove all vertices in A from G which has at least
two adjacent vertices in B and also remove isolated vertices.

Claim 6 (∗). If v ∈ A has at least two adjacent vertices in
B, then every minimum vertex cover of G includes v.

In the following, suppose that every vertex in A has at
most one adjacent vertex in B and there is no isolated vertex.
Let A0 be the set of vertices in A which has no adjacent
vertex in B. We first consider the case that A0 is not empty.
In such a case, a minimum vertex cover of G has size |A|−1,
furthermore, A \ {v} is a minimum vertex cover of G for
every vertex v ∈ A0. Thus, A0 \ {v} is an optimal solution
of PAU-VC for an arbitrary vertex v ∈ A0.

In the following, we consider the other case that A0 = ∅.
In this case, the size of a minimum vertex cover of G is |A|.

For each a ∈ A, let va be the vertex of A that is adjacent
to a. Observe that for each a ∈ A, (A \ {a})∪ {va} is also a
minimum vertex cover. We find a vertex b∗ ∈ B minimizing
NG(b∗), and return (NG(b∗) \ {v}) ∪ {b∗} as a solution of
PAU-VC, where v is an arbitrary vertex in NG(b∗).

Claim 7 (∗). Let b∗ ∈ B such that |NG(b∗)| is minimum, and
let v ∈ NG(B∗). Then (NG(b∗) \ {v}) ∪ {b∗} is a solution
of PAU-VC.

In conclusion, we can find a solution of PAU-VC of a
split graph G by checking all neighbors for each vertex in
B. Thus, it takes O(|V (G)|) time, because every vertex in A
has at most one neighbor in B.

Conclusion
In this paper, our main contributions are three-fold: a fixed-
parameter tractable algorithm for PAU-VC parameterized
by clique-width, and linear-time algorithms for unit inter-
val graphs and split graphs. In particular, the first algorithm
improves the best-known algorithm for PAU-VC on trees
significantly. We believe that these algorithms can be used to
generate benchmark datasets for evaluating the performances
of AI algorithms on the unique vertex cover problem.

There are still lots of open problems in this topic. Can
we design polynomial-time algorithms for interval graphs,
chordal graphs, or perfect graphs? It is known that these
graph classes admit polynomial-time algorithms for the mini-
mum vertex cover problem (Grötschel, Lovász, and Schrijver
1981). Can we reduce the dependency on clique-width to
be single-exponential, or can we show that our algorithm is
optimal? Recall that our algorithm runs in time double expo-
nential in the clique-width of a graph. Although the running
time seems large, it is still possible that our algorithms are op-
timal; there are several problems with lower bounds that are
double exponential in the tree-width or clique-width (Marx
and Mitsou 2016; Golovach et al. 2018; Foucaud et al. 2024;
Bliznets and Hecher 2024). Last but not least, can we design
approximation algorithms for PAU-VC on general graphs or
bipartite graphs?
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