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Abstract

For a data-generating process for random variables that can
be described with a linear structural equation model, we con-
sider a situation in which (i) a set of covariates satisfying
the back-door criterion cannot be observed or (ii) such a
set can be observed, but standard statistical estimation meth-
ods cannot be applied to estimate causal effects because of
multicollinearity/high-dimensional data problems. We pro-
pose a novel two-stage penalized regression approach, the
penalized covariate-mediator selection operator (PCM Selec-
tor), to estimate the causal effects in such scenarios. Unlike
existing penalized regression analyses, when a set of interme-
diate variables is available, PCM Selector provides a consis-
tent or less biased estimator of the causal effect. In addition,
PCM Selector provides a variable selection procedure for in-
termediate variables to obtain better estimation accuracy of
the causal effects than does the back-door criterion.

Technical Appendix —
https://doi.org/10.48550/arXiv.2412.18180

Introduction
Background
Auxiliary variables are those that are not considered to be
of interest in themselves but help us to evaluate causal ef-
fects and/or understand the data-generating process in prac-
tical studies. For example, an intermediate variable is often
considered an auxiliary variable because it is used to eval-
uate causal effects (Pearl 2001, 2009), to understand the
data-generating process in the context of mediation analy-
sis (Baron and Kenny 1986; Imai et al. 2011; Mackinnon
2008) and to improve the estimation accuracy of causal ef-
fects (Cox 1960; Hayashi and Kuroki 2014).

In the context of linear structural equation models, this pa-
per focuses on estimating causal effects using intermediate
variables. For cases in which the data-generating process for
random variables can be described by nonparametric struc-
tural equation models and the corresponding directed acyclic
graph, Pearl (2009) provided the front-door criterion as the
identification condition for causal effects based on interme-
diate variables. In addition, in the framework of linear struc-
tural equation models, Kuroki (2000), Nanmo and Kuroki
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(2021), and Kuroki and Tezuka (2023) formulated the exact
variance of causal effects based on the front-door criterion.
Furthermore, Kuroki and Cai (2004), Hui and Zhongguo
(2008), and Ramsahai (2012) compared some identification
conditions in terms of the asymptotic estimation accuracy of
causal effects. On the other hand, under the assumption that
a treatment variable is associated with a response variable
through a univariate intermediate variable, from the view-
point of the asymptotic estimation accuracy, Cox (1960)
showed that the estimation accuracy of the regression co-
efficient of the treatment variable on the response variable
in the single linear regression model can be improved by
using a joint linear regression model based on the response
variable and the intermediate variable. In addition, Kuroki
and Hayashi (2014) and Hayashi and Kuroki (2014) derived
the same results as Cox (1960) in terms of the exact vari-
ance of causal effects. Gupta, Lipton, and Childers (2021)
derived the same results as Kuroki and Hayashi (2014) and
Hayashi and Kuroki (2014) for cases in which a multivariate
intermediate variable is available.

In existing studies, it is noted that causal effects can be
estimated by standard statistical estimation methods, e.g.,
the maximum likelihood estimation (MLE) method and the
ordinary least squares (OLS) method. Thus, many covari-
ates affect both the treatment variable and the response vari-
able and are highly correlated with each other in reality.
This situation leads to a multicollinearity problem, which
decreases the estimation accuracy of the causal effects and
leads to the formulation of an unreliable plan that prevents
us from conducting appropriate policy decision-making. In
addition, when the sample size is smaller than the number
of explanatory variables in the regression analysis, high-
dimensional data analysis also suffers from multicollinear-
ity problems, which cause overfitting and interfere with ob-
taining admissible solutions for regression coefficients. Re-
cently, due to the development of technological advances in
collecting data with many variables to better understand a
given phenomenon of interest, the multicollinearity prob-
lem has become serious in many domains. To overcome this
difficulty, numerous kinds of variable selection techniques
based on penalized regression analysis, e.g., the least ab-
solute shrinkage and selection operator (LASSO), adaptive
LASSO, and Elastic Net, have been proposed by many sta-
tistical and AI researchers and practitioners (Bühlmann and
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van de Geer 2011; Efron et al. 2004; Tibshirani 1996; Van
et al. 2014; Zou 2006; Zou and Hastie 2005). However, the
present countermeasures against the multicollinearity prob-
lem are formulated independently of the problem of identi-
fying causal effects. Thus, although stable results of regres-
sion analysis may be derived by these countermeasures from
the viewpoint of prediction, they may yield a seriously bi-
ased estimate of the causal effect. Nanmo and Kuroki (2022)
proposed partially adaptive Lp-penalized multiple regres-
sion analysis (PALpMA) based on the back-door criterion
to overcome these drawbacks. However, because of the for-
mulation of PALpMA, this method is not applicable to situ-
ations where a sufficient set of confounders is not available.
In addition, PALpMA selects a set of covariates to derive a
consistent or less biased estimator of causal effects but does
not consider the estimation accuracy of the causal effects.

Contributions

For cases in which the data-generating process for random
variables can be described with a linear structural equation
model, we consider a situation where (i) a set of covari-
ates satisfying the back-door criterion cannot be observed
or (ii) such a set can be observed, but standard statistical
estimation methods cannot be applied to estimate causal ef-
fects because of the multicollinearity/high-dimensional data
problem. Then, we propose a novel two-stage penalized re-
gression approach, the penalized covariate-mediator selec-
tion operator (PCM Selector), to estimate causal effects. In
addition to the desirable properties of PALpMA, PCM Se-
lector also has the following properties:

(i) Cox (1960) noted that introducing intermediate vari-
ables enables us to improve the estimation accuracy
of the regression coefficients in some situations. How-
ever, Cox’s consideration was not used in formulat-
ing PALpMA, LASSO, and other penalized regression
analyses. In contrast, based on Cox’s consideration,
PCM Selector selects covariates and intermediate vari-
ables to evaluate the causal effects with better estima-
tion accuracy than PALpMA and other penalized re-
gression analyses.

(ii) PCM Selector without intermediate variables is consis-
tent with PALpMA. In this sense, PCM Selector is con-
sidered a generalization of PALpMA, and thus provides
a wider class including LASSO and adaptive LASSO.
In addition, to our knowledge, there has been much
less discussion of the selection problem for interme-
diate variables in the context of penalized regression
analysis. In contrast, PCM Selector selects intermediate
variables in the context of penalized regression analy-
sis.

From these properties, PCM Selector contributes to solv-
ing the multicollinearity/high-dimensional data problems
of evaluating causal effects in statistical causal inference.
Given the space constraints, the proofs, several numerical
experiments, and a case study are provided in the Technical
Appendix.

Linear Structural Causal Model
In statistical causal inference, a directed acyclic graph
(DAG) representing cause-effect relationships (data-
generating process) among random variables is called a
causal diagram. A directed graph is a pair G = (V ,E),
where V is a finite set of vertices and the set E of directed
arrows is a subset of the set V ×V of ordered pairs of
distinct vertices (Vi → Vj for (Vi, Vj) ∈ V ×V ). In this
paper, we interchangeably refer to vertices in the DAG
and random variables of the linear structural equation
model. In addition, we refer readers to Pearl (2009) for the
graph-theoretic terminology and basic theory of structural
causal models used in this paper.
Definition 1 (Linear Structural Causal Model) Suppose a
directed acyclic graph (DAG) G = (V ,E) with a set V =
{V1, V2, · · · , Vqv} of continuous random variables is given.
The DAG G is called a causal diagram when each child-
parent family in G represents a linear structural equation
model
Vi = µvi

+
∑

Vj∈pa(Vi)

αvivj
Vj + ϵvi

, i = 1, 2, . . . , qv, (1)

where pa(Vi) denotes a set of parents of Vi in DAG G and
random disturbances ϵv1

, ϵv2
, . . . , ϵvqv

are assumed to be in-
dependently distributed with mean 0 and constant variance.
In addition, µvi

is an intercept, and αvivj
( ̸=0) is called a

direct effect of Vj on Vi (i, j = 1, 2, . . . , qv ; i ̸= j). Then,
equation (1) is called a linear structural causal model (lin-
ear SCM) in this paper.
The linear SCM is a parametric version of Pearl’s nonpara-
metric structural causal model (PCM).

To proceed with our discussion, we define some notation.
For univariate variables X and Y and a set of variables Z,
let σxy.z and σxx.z be the conditional covariance between
X and Y given Z = z and the conditional variance of
X given Z = z, respectively. Then, the regression coef-
ficient of X in the single linear regression model of Y on
X and Z is denoted by βyx.z = σxy.z/σxx.z . For sets of
variables X , Y , and Z (Y can be univariate), let Σxy.z

and Σxx.z be the conditional cross-covariance matrix be-
tween X and Y given Z = z and the conditional variance-
covariance matrix of X given Z = z, respectively. Then,
the regression coefficient vector of X in the (single/joint)
linear regression model of Y on X and Z is denoted by
Byx.z = Σ−1

xx.zΣxy.z . In particular, for univariate Y and
X = {X1, X2, ..., Xqx}, the i-th element of Byx.z is de-
noted by βyxi.xz for i = 1, 2, · · · , qx. For univariate X and
Y = {Y1, Y2, ..., Yqy}, the i-th element of Byx.z is denoted
by βyix.z for i = 1, 2, · · · , qy . The set of variables Z is omit-
ted from these arguments if it is an empty set. A similar no-
tation is used for the remaining statistical parameters.

The main purpose of this paper is to estimate the total ef-
fects from observed data in the context of linear SCMs. The
total effect τyx of X on Y is defined as the total sum of the
products of the direct effects on the sequence of directed ar-
rows along all the directed paths from X to Y . To achieve
our aim, we introduce the back-door and front-door-like cri-
teria (Pearl 2009) as the representative identification condi-
tions for the total effects. Here, when causal effects, such as
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direct, indirect, and total effects, can be determined uniquely
from the variance/covariance parameters of observed vari-
ables, they are said to be identifiable; that is, they can be
estimated consistently. Note that direct and indirect effects
are also known as representative causal effects in the con-
text of the linear SCM. However, we are concerned with the
evaluation of the total effects using intermediate variables
because (i) the direct effect can be discussed in the frame-
work of PALpMA (Nanmo and Kuroki 2021) through the
“single-door criterion” (Pearl 2009), and PCM Selector is a
generalization of PALpMA, and (ii) the problem of evaluat-
ing the indirect effects is within the scope of PCM Selector
in some situations. Here, the indirect effect of X on Y is
defined as the sum of the products of the direct effects on
the sequence of directed arrows along the directed paths of
interest from X to Y , excluding the direct effect of X on Y .
Definition 2 (Back-Door Criterion) Let {X,Y } and Z be
disjoint subsets of V in DAG G, where X is a nondescen-
dant of Y . If a set Z of vertices satisfies the following con-
ditions relative to an ordered pair (X,Y ), then Z is said to
satisfy the back-door criterion relative to (X,Y ).
(i) No vertex in Z is a descendant of X; and

(ii) Z d-separates X from Y in the DAG obtained by delet-
ing all the directed arrows emerging from X from the
DAG G.

If a set Z of observed variables satisfies the back-door crite-
rion relative to (X,Y ) in a causal diagram G, then the total
effect τyx is identifiable and is given by the formula βyx.z

(Pearl 2009). As seen from Rule 2 (Action/observation ex-
change) of do-calculus (Pearl 2009), note that X and Y of
Definition 2 can be generalized to sets of variables X and
Y , respectively. Here, a covariate is defined as an element
of the nondescendants of X and Y . In addition, a set of co-
variates is called a sufficient set of confounders if it satisfies
the back-door criterion; otherwise, it is called an insufficient
set of confounders.
Definition 3 (Front-Door-Like Criterion) Let {X,Y }, S,
Z1 ∪ Z2 be disjoint subsets of V in the DAG G, where
X is a nondescendant of Y . If a set S of vertices satisfies
the following conditions relative to an ordered pair (X,Y )
together with Z1 ∪ Z2, then S is said to satisfy the front-
door-like criterion relative to (X,Y ) with Z1 ∪Z2.

(i) S intercepts all the directed paths from X to Y ;
(ii) Z1 satisfies the back-door criterion relative to (X,S);

and
(iii) Z2 ∪ {X} satisfies the back-door criterion relative to

(S, Y ).
If a set S of observed variables satisfies the front-door-like
criterion relative to (X,Y ) with Z1 ∪ Z2 in a causal dia-
gram G, then the total effect τyx is identifiable and is given
by the formula Bsx.z1Bys.xz2 . The front-door-like criterion
is considered an extended version of the front-door criterion
(Pearl 2009) since it is consistent with the front-door crite-
rion when Z1 ∪Z2 is empty.

Here, an intermediate variable relative to (X,Y ) is de-
fined as one that is a descendant of X and an ancestor of Y
simultaneously. In addition, a set of intermediate variables is

Figure 1: Causal diagram. The thick red arrows show the
total effect of interest. X: treatment variable; Y : response
variable; S: intermediate variable that can be selected us-
ing prior causal knowledge; S = {S1, . . . , S5}: a set of
intermediate variables for which it is uncertain which ele-
ment should be added to evaluate the total effects; Z: co-
variate that can be selected using prior causal knowledge;
Z = {Z1, . . . , Z10}: a set of covariates for which it is un-
certain which element should be added to evaluate the total
effects.

called a sufficient set if it satisfies the front-door-like crite-
rion; otherwise, it is called an insufficient set of intermediate
variables.

PCM Selector
Problem Setting
In this paper, we partition a set of observed variables into the
following three disjoint sets:

(i) {X,Y }: X and Y are the treatment and response vari-
ables, respectively.

(ii) C = Z ∪ Z (‘C’ for covariates): a set of covariates
satisfying the back-door criterion relative to (X,Y )
(Z ∩Z is empty), where Z and Z are the first qz com-
ponents and the next qz components of C, respectively.
Here, Z is a subset including some covariates selected
using prior causal knowledge (Z may be an empty set,
a sufficient set of confounders, or an insufficient set of
confounders), but Z is a subset of covariates for which
it is uncertain which element of Z should be added to
evaluate the total effects.

(iii) M = S ∪ S (‘M’ for intermediate variables): a set
of intermediate variables satisfying the front-door-like
criterion relative to (X,Y ) with C (S ∩ S is empty),
where S and S are the first qs components and the next
qs components of M , respectively. Here, S is a subset
including some intermediate variables selected using
prior causal knowledge (S may be an empty set, a suffi-
cient set of intermediate variables, or an insufficient set
of intermediate variables), but S is a subset for which
it is uncertain which element of S should be added to
evaluate the total effects.
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Then, for sample size n, consider the following joint linear
regression model of {Y } ∪M :

y = xβyx.cm + cByc.xm +mBym.xc + ϵy.xcm, (2)
m = xBmx.c + cBmc.x + ϵm.xc, (3)

where x and y represent n-dimensional observation vectors
of X and Y , respectively. c and m are an n×(qz+qz) obser-
vation matrix of C and an n× (qs + qs) observation matrix
of M , respectively. Here, x, y, c and m are standardized to
sample mean 0 and sample variance 1 in advance. In addi-
tion, we assume that the elements of the random error vec-
tor ϵy.xcm are independent and identically distributed with
mean 0 and finite variance σyy.xcm. Furthermore, the col-
umn vectors of the random error matrix ϵm.xc are indepen-
dent and identically distributed with zero mean vector and
variance-covariance matrix Σmm.xc for M ∈ M and are
also independent of the elements of ϵy.xcm.

Under the above setting, this paper focuses on situations
where the sum-of-squares matrix of {X} ∪ S ∪Z is invert-
ible but that of {X} ∪ C ∪ M is not; this is because if it
is invertible, then the total effect is estimable by the OLS
method (Pearl 2009).

Estimator
For univariates X and Y and a set of variables Z, let sxx.z
and sxy.z be the sum-of-squares of X given Z and the sum
of cross-products between X and Y given Z, respectively.
In addition, for sets of variables X , Y , and Z (Y can
be univariate), let Sxx.z and Sxy.z be the sum-of-squares
matrix of X given Z and the sum-of-cross-products ma-
trix between X and Y given Z, respectively. Here, the set
of variables Z is omitted from these arguments if it is an
empty set. A similar notation is used for the remaining sums
of squares/cross-products. Furthermore, 0q , 0q,r, 1q and Iq
are a q-dimensional zero vector, a q × r zero matrix, a q-
dimensional one vector, and a q × q identity matrix, respec-
tively.

Then, the proposed penalized regression approach, PCM
Selector, is formulated as follows:

First, when the sum-of-squares matrix of {X} ∪C ∪M
is invertible, let

β̂yx.cm = sxy.cm/sxx.cm, B̂yc.xm = S−1
cc.xmScy.xm,

B̂ym.xc = S−1
mm.xcSmy.xc,

(4)

and when the sum-of-squares matrix of {X}∪C∪M is not
invertible, let(

β̃yx.cm, B̃ys.xcs, B̃yz.xmz, B̃ys.xcs, B̃yz.xmz

)T

=


nλ+ sxx Sxs Sxz Sxs Sxz

Ssx Sss Ssz Sss Ssz

Szx Szs Szz Szs Szz

Ssx Sss Ssz nλIqs + Sss Ssz

Szx Szs Szz Szs nλIqz + Szz


−1

× (sxy, Ssy, Szy, Ssy, Szy)
T (5)

for the penalty parameter λ > 0, where Syx.z = ST
xy.z and

the superscript “T ” represents the transposed vector/matrix.

Here, equation (5) is consistent with equation (4) for λ = 0.
In addition, when the sum-of-squares matrix of {X} ∪C is
not invertible, let B̃mx.c

B̃mz.xz

B̃mz.xz

=( sxx Sxz Sxz

Szx Szz Szz

Szx Szz nρIqz + Szz

)−1(
Sxm

Szm

Szm

)
(6)

for the penalty parameter ρ > 0. For p = 1, 2, consider the
Lp-penalized loss function

Lp(βyx.cm, Byc.xm, Bym.xc)

=
1

2n
∥y − xβyx.cm − cByc.xm −mBym.xc∥22

+λp

(
ζp∥βyx.cm∥pp + ξp∥γsx.c ⊙Bys.xcs∥pp

+(1− ζp − ξp)∥γyz.xmz ⊙Byz.xmz∥pp
)

(7)

for the tuning parameters ζp ≥ 0 and ξp ≥ 0 such that ζp +
ξp ∈ [0, 1], the penalty parameter λp corresponding to the
Lp norm (λp ≥ 0), and the multivariate response type Lp-
penalized loss function

Lp(Bmx.c, Bmc.x) =
1

2n
∥m− xBmx.c − cBmc.x∥2F

+ρp∥vec (γmz.xz ⊙Bmz.xz) ∥pp (8)

for the penalty parameter ρp corresponding to the Lp norm
(ρp ≥ 0). Here, ⊙, ∥ · ∥pp, and ∥ · ∥F refer to the Hadamard
product, the Lp norm, and the Frobenius norm, respectively.
In addition, for si ∈ S (i = 1, 2, ..., qs), zi ∈ Z (i =
1, 2, ..., qz) and mi ∈ M (i = 1, 2, ..., qm), the standard-
ized weight vectors γsx.c and γyz.xmz and the standardized
weight matrix γmz.xz are given by

γsx.c =

(
qs∑
i=1

1

|β̃six.c|

)−1

×

(
1

|β̃s1x.c|
,

1

|β̃s2x.c|
, . . . ,

1

|β̃sqsx.c
|

)T

, (9)

γyz.xmz =

(
qz∑
i=1

1

|β̃yzi.xmc|

)−1

×

(
1

|β̃yz1.xmc|
,

1

|β̃yz2.xmc|
, . . . ,

1

|β̃yzqz
.xmc|

)T

,(10)

γmz.xz=

( qz∑
k=1

qm∑
ℓ=1

1

|β̃mℓzk.xc|

)−1
1

|β̃mjzi.xc|


1≤i≤qz,1≤j≤qm

(11)

respectively, where | · | refers to the absolute value, and the
vec operator, vec(A), denotes the vectorization of an q × r
matrix A, which is the q × r-dimensional vector obtained
by stacking the columns of matrix A on top of one another.
Equation (7) is different from the standard penalized loss
function in the following ways:

(i) The penalty parameter λp is not assigned to Byz.xmz

and Bys.xcs in equation (7) in order not to remove co-
variates (Z) and intermediate variables (S) selected us-
ing prior causal knowledge.
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(ii) The weight vector constructed by B̃sx.c of B̃mx.c =
(B̃sx.c, B̃sx.c), but not that constructed by B̃ys.xcs, is
assigned to Bys.xcs. Equation (9) shows that the indi-
rect effect of X on Y decreases via Si ∈ S to zero
when Bsix.c approaches zero.

(iii) Standardizing each weight vector enable us to fairly se-
lect covariates and intermediate variables in order of
priority.

For p = 1, βyx.cm, Byc.xm and Bym.xc, which minimize
equation (7), and Bmx.c and Bmc.x, which minimize equa-
tion (8), are called PCM estimators, denoted by β̌†

yx.cm,
B̌†

yc.xm, B̌†
ym.xc, B̌†

mx.c, and B̌†
mc.x, respectively. Since

equation (7) is consistent with the partially adaptive Lp-
penalized loss function given by Nanmo and Kuroki (2022)
when ζp and ξp respectively are zero and M is an empty set,
PCM Selector is considered a generalization of PALpMA.
Under the assumption that the sum-of-squares matrix of
{X} ∪C ∪M is invertible, letting λp = 0, βyx.cm, Byc.xm

and Bym.xc, which minimize equation (7), are given by the
OLS estimators, i.e., equation (4). In addition, Let p = 2,
λ2 = 3λ > 0, ζp = 1/3, ξp = 1/3, γsx.c = 1qs and
γyz.xmz = 1qz . Then, βyx.cm, Bym.xc and Byc.xm, which
minimize equation (7), are given by the ridge-type estima-
tors in equation (5).

Here, in order to avoid confusion by the notation in the
following discussion, regarding equations (7) and (8) for
p = 1, let {X}, S and Z be active sets for a given
λ1, ρ1 > 0, which is a subset of variables with nonzero
regression coefficients that do not include any elements of
Z ∪ S . In addition, let qs and qz be the numbers of vari-
ables in the active sets S and Z, respectively. Then, under
the assumption that the sum-of-squares matrix of explana-
tory variables {X}∪C ∪M is invertible, when X is active,
β̌†
yx.cm, B̌†

ys.xcs, B̌†
ys.xcs and B̌†

mx.c are given by(
β̌†
yx.cm, B̌†

ys.xcs, B̌
†
ys.xcs

)T
=
(
β̂yx.cm, B̂ys.xcs, B̂ys.xcs

)T
+nλ1

 −1 B̂sx.sc B̂zx.zm

B̂xs.cs B̂ss.xc B̂zs.xzs

B̂xs.cs −Iqs B̂zs.xsz


×

 ζ1s
−1
xx.cmsign(β̌†

yx.cm)

ξ1S
−1
ss.xcsγsx.c⊙ sign(B̌†

ys.xcs)

(1− ζ1 − ξ1)S
−1
zz.xmzγyz.xmz⊙ sign(B̌†

yz.xmz)

, (12)

B̌†
mx.c = B̂mx.c

+nρ1B̂zx.zS
−1
zz.xzγmz.xz ⊙ sign(B̌†

mz.xz), (13)

where

B̂sx.sc = s−1
xx.scSxs.sc, B̂zx.zm = s−1

xx.zmSxz.zm,

B̂xs.cs = S−1
ss.csSsx.xs, B̂ss.xc = S−1

ss.xcSss.xc,

B̂zs.xzs = S−1
ss.xzsSsz.xzs, B̂xs.cs = S−1

ss.csSsx.cs,

B̂zs.xsz = S−1
ss.xszSsz.xsz, B̂ys.xcs = S−1

ss.xzsSys.xzs,

B̂ys.xcs = S−1
ss.xzsSys.xzs

(14)

In addition, for a q × r matrix A = (aij)1≤i≤q,1≤j≤r,
sign(A) = (sign(aij))1≤i≤q,1≤j≤r, where

sign(aij) =

{
1 aij > 0
0 aij = 0
−1 aij < 0

(15)

for i = 1, 2, ..., q, j = 1, 2, ..., r. When X is not active,
β̌†
yx.cm is evaluated as zero. In addition, B̌†

ys.cs and B̌†
ys.cs

are obtained by omitting the subscript x in equation (12) ex-
cept for γsx.c and replacing B̂sx.sc, B̂zx.zm, B̂xs.cs, B̂xs.cs

and s−1
xx.cm with zeros in equation (12). Note that γsx.c is

given by equation (9) regardless of whether X is active or
not.

Here, for λ2, ρ2, ρ
′
2 ≥ 0 and ξ2 ∈ [0, 1], to reduce the bias,

based on the derived active sets, the following estimators are
considered:

(a) B̃†
xc.m and B̃†

xm.c: Bxc.m and Bxm.c that minimize

L2(Bxc.m, Bxm.c)

=
1

2n
∥x− zBxz.zm − zBxz.zm − sBxs.cs − sBxs.cs∥22

+λ2

{
ξ2∥Bxs.cs∥22 + (1− ξ2)∥Bxz.zm∥22

}
, (16)

(b) B̃†
sx.cs, B̃†

ss.xc and B̃†
sc.xs: Bsx.cs, Bss.xc and Bsc.xs

that minimize

L2(Bsx.cs, Bss.xc, Bsc.xs)

=
1

2n
∥s− xBsx.sc − sBss.xc − zBsz.xsz − zBsz.xsz∥2F

+ρ2∥vec (Bsz.xsz) ∥22, (17)

(c) B̃†
zx.zm, B̃†

zz.xm and B̃†
zm.xz: Bzx.zm, Bzz.xm and

Bzm.xz that minimize

L2(Bzx.zm, Bzz.xm, Bzm.xz)

=
1

2n
∥z −xBzx.zm − zBzz.xm − sBzs.xzs − sBzs.xzs∥2F

+ρ′2∥vec (Bzs.xsz) ∥22. (18)

Then, based on equations (12) and (13), when X is active,
consider(
β̌∗
yx.cm, B̌∗

ys.xcs, B̌
∗
ys.xcs

)T
=
(
β̌†
yx.cm, B̌†

ys.xcs, B̌
†
ys.xcs

)T
−nλ1

 −1 B̃†
sx.sc B̃†

zx.zm

B̃†
xs.cs B̃†

ss.xc B̃†
zs.xzs

B̃†
xs.cs −Iqs B̃†

zs.xsz


×

 ζ1s̃
†−1
xx.cmsign(β̌†

yx.cm)

ξ1S̃
†+
ss.xcsγsx.c⊙ sign(B̌†

ys.xcs)

(1− ζ1 − ξ1)S̃
†+
zz.xmzγyz.xmz⊙ sign(B̌†

yz.xmz)

, (19)

B̌∗
mx.c = B̌†

mx.c

−nρ1B̂zx.zŜ
+
zz.xzγmz.xz ⊙ sign(B̌†

mz.xz), (20)
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where m and c of B̌∗
mx.c are constructed by both S∪Z and

a subset of S∪Z corresponding to the active sets of B̌†
ys.xcs

and B̌†
yc.xmz ,

s̃†xx.cm = ∥x− cB̃†
xc.m −mB̃†

xm.c∥22, (21)

S̃†
ss.xcs = ||s− xB̃†

sx.cs − sB̃†
ss.xc − cB̃†

sc.xs||G, (22)

S̃†
zz.xmz= ||z − xB̃†

zx.cs−mB̃†
zm.xz− zB̃†

zz.xm||G, (23)

Ŝzz.xz = ||z − xB̂zx.z − zB̂zz.x||G, (24)

and ∥A∥G and A+ denote the gram matrix ATA and the
generalized inverse of a matrix A (Bernstein 2009), respec-
tively. When X is not active, β̌∗

yx.cm is evaluated as zero.
In addition, B̌∗

ys.cs and B̌∗
ys.cs are obtained by omitting the

subscript x from equation (19) except for γsx.c and replac-
ing B̃†

sx.sc, B̃†
zx.zm, B̃†

xs.cs, B̃†
xs.cs and s̃†−1

xx.cm with zeros in
equation (19). Note that γsx.c is given by equation (9) re-
gardless of whether X is active or not.

Then, we formulate the modified PCM estimator of the
total effect τyx as

τ̌∗yx = β̌∗
yx.cm + B̌∗

mx.cB̌
∗
ym.xc

when X is active according to equation (7) and

τ̌∗yx = B̌∗
mx.cB̌

∗
ym.c

when X is not active according to equation (7). Hereafter,
the modified PCM estimator is called the PCM estimator.

Regarding PCM estimators, the following theorems hold:
Theorem 1 For an active set M ∪ C, when the OLS esti-
mators are available, if X is conditionally independent of Y
given M ∪C, then the following inequalities approximately
hold under the normality:

var(B̌∗
mx.cB̌

∗
ym.c) ≤ var(B̂mx·cB̂ym·c) ≤ var(β̂yx·c) (25)

var(B̌∗
mx.cB̌

∗
ym.c) ≤ var(β̌∗

yx.c) (26)

for the optimal tuning and penalty parameters.
The first inequality is given in the Technical Appendix. The
second inequality is shown in Kuroki and Hayashi (2014,
2016). Theorem 1 shows that the estimation accuracy of the
total effect can be improved compared to that of the OLS
method through PCM Selector based on a set of variables
that make X and Y conditionally independent.
Theorem 2 For an active set M ∪ C, when the OLS esti-
mators are available, if X is conditionally independent of
Y given M ∪ C and M ′ ∪ C, the following inequalities
approximately hold under the normality:

var(B̌∗
m′x.cB̌

∗
ym′.c) ≤ var(B̂m′x.cB̂ym′.c)

≤ var(B̂mx.cB̂ym.c) (27)

for M ′ ⊂ M .
The first inequality is simply obtained from Theorem 1, and
the second inequality is shown in Kuroki and Hayashi (2014,
2016). Theorem 2 provides a statistical guideline for select-
ing a set of intermediate variables to derive a more efficient
estimator of the total effects.

Numerical Experiment
In this section, we present a numerical experiment to com-
pare the performances of LASSO, adaptive LASSO, Elastic
Net, PAL1MA, the OLS method, the two-stage least squares
(TSLS) method and PCM Selector. For brevity, consider the
linear SCM

Y = αysS + αyzZ + SAys +ZAyz + ϵy
S = XAsx + SAss + ZAsz + ϵs
S = αsxX + αszZ + ϵs
X = αxzZ + ϵx

 (28)

for Figure 1, where Z and S include 10 covariates and 5 in-
termediate variables (M = {S} ∪ S), respectively. In Fig-
ure 1, Setting (a) shows that (i) S satisfies the front-door-like
criterion relative to (X,Y ) with Z and (ii) Z satisfies the
back-door criterion relative to (X,Y ) and Setting (b) shows
that (i) {S, S1} satisfies the front-door criterion relative to
(X,Y ) and (ii) C = {Z,Z} satisfies the back-door criterion
relative to (X,Y ) but is unobserved. Here, S and {S, S1}
are the minimally sufficient sets of intermediate variables
that satisfies the front-door-like criterion for Setting (a), and
satisfies the front-door criterion for Setting (b), respectively.

To set up the numerical experiment, we first construct
the population variance-covariance matrix. To eliminate ar-
bitrariness, the true values of the direct effects are αys =
0.4, αss = 0.2 (∈ Ass), αs2x, αs3x, αs4x, αs5x (∈
Asx) are set to 0 and αyz1

, αyz2
, . . . , αyz10

(∈ Ayz),
αys2 , αys3 , αys4 , αys5(∈ Ays) are randomly and indepen-
dently generated according to a uniform distribution on the
interval [−0.2, 0.2] in the both settings (a) and (b). The other
direct effects are given as follows: Setting (a) αxz = 0.8,
αs1x = 0.0, αsx = 0.1, αyz = αsz = αsz = 0.2 (αsz ∈
Asz), αys1 is randomly generated according to a uniform
distribution on the interval [−0.2, 0.2]; Setting (b) αxz =
αs1x = αys1 = 0.2, αsx = 0.8, αyz = αsz = αsz =
0.0 (αsz ∈ Asz).

In addition, we assume that the random disturbances ϵx,
ϵy , ϵs and ϵs independently follow a normal distribution
in which X , Y , S, S and C are standardized to mean 0
and the unit variance. Furthermore, the population variance-
covariance matrix of C is randomly determined according
to Pourahmadi and Wang (2015).

We generated 15 random samples of 18 variables from a
multivariate normal distribution with a zero mean vector and
the above variance-covariance matrix for 5000 replications.
Table 1 shows the basic statistics of the total effects esti-
mated by LASSO, adaptive LASSO, Elastic Net, PAL1MA,
the OLS method, the TSLS methods, and PCM Selector
based on the given penalty and tuning parameters. Here, the
TSLS methods are based on front-door-like criterion in Set-
ting (a) and based on front-door criterion in Setting (b). In
addition, for the OLS and TSLS methods, we select a set of
covariates C in Setting (a). In Setting (b), it is assumed that
a set of covariates is not observed, and thus the total effect
can not be estimated by using the back-door criterion. Re-
garding the parameter tuning for LASSO, adaptive LASSO,
Elastic Net, PAL1MA and PCM Selector, see Section C in
the Technical Appendix.
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Setting (a) τyx = 0.045 parameter settings
Mean SD Bias Sign λ η ϕ λ1 ρ1 ζ1 ξ1

LASSO 0.013 0.045 -0.033 0.117 0.407 - - - - - -
adaptive LASSO 0.017 0.057 -0.028 0.138 0.407 0.100 - - - - -

Elastic Net 0.017 0.054 -0.028 0.156 0.399 - 0.910 - - - -
PAL1MA 0.054 0.792 0.009 0.528 0.294 1.200 - - - - -

PCM Selector 0.036 0.718 -0.010 0.526 - - - 0.017 0.213 0.270 0.190
Front-door-like (including x) -0.008 1.577 -0.053 0.515 - - - - - - -

Front-door-like (not including x) 0.030 1.051 -0.015 0.524 - - - - - - -
Back-door 0.054 1.591 0.009 0.532 - - - - - - -

Setting (b) τyx = 0.402 parameter settings
Mean SD Bias Sign λ1 ρ1 ζ1 ξ1

PCM Selector 0.448 0.549 0.046 0.808 0.346 - 0.000 1.000
Front-door (minimal) 0.468 0.552 0.066 0.818 - - - -
Front-door (whole) 0.462 0.692 0.060 0.770 - - - -

Table 1: Results based on cross-validation. Mean: sample mean; SD: standard deviation; Bias: bias between the true value and
the sample mean; Sign: coincidence rate between the signs of the true value and the estimates; Front-door-like (including x):
the treatment variable X , the intermediate variable S and the set of covariates C are used for the front-door-like criterion;
Front-door-like (not including x): the intermediate variable S and the set of covariates C are used for the front-door-like
criterion; Back-door: the set of covariates C is used for the back-door criterion; Front-door (minimal): a minimally sufficient
set of intermediate variables is used for the front-door criterion. Front-door (whole): the set of intermediate variables M is used
for the front-door criterion.λ, λ1, ρ1: penalty parameters; η: tuning parameter for the adaptive weights (Zou 2006); ϕ: tuning
parameter for the elastic net penalty (Zou and Hastie 2005); ζ1, ξ1: tuning parameters; λ = 3.157, ρ = 69.484 for equations (5)
and (6) in Setting (a) and λ = 3.726 for equation (6) in Setting (b); τyx: true value of total effect.

According to Table 1, PCM Selector provides better esti-
mation accuracy than PAL1MA and the least squares meth-
ods. In addition, Table 1 shows that PCM Selector gener-
ally provides an estimation that is biased but less biased
than the TSLS methods in the present parameter setting.
Furthermore, the coincidence rates between the signs of the
estimated total effects and the true total effects are low for
LASSO, adaptive LASSO, and Elastic Net. This would be
serious because it provides a misleading interpretation that
the external intervention of the treatment variable X does
not have no effect on the change of Y . In contrast, the coin-
cidence rates of PCM Selector and PAL1MA are not low.

The Technical Appendix provides further discussion.

Conclusion
In current situations where advanced artificial intelligence
technology enables us to collect large datasets, it is not
difficult to observe many covariates and intermediate vari-
ables. In such situations, it would be reasonable to con-
sider such sets of variables to evaluate total effects. How-
ever, it is difficult to evaluate the total effects reliably when
multicollinearity/high-dimensional data problems occur in
this situation. To solve this problem, we establish PCM Se-
lector, which is considered as a wider class, including adap-
tive LASSO and PALpMA, to provide a less biased estima-
tor of total effects with better estimation accuracy. In ad-
dition, through numerical experiments and a case study in
the Technical Appendix, we confirmed that PCM Selector is
superior to other methods. Interestingly, there are some sit-
uations where the total effect is not identifiable, but the in-
direct effects are identifiable (Inoue, Ritz, and Arah 2022).

Although the current penalized regression analyses are not
applicable to such situations, PCM Selector is applicable for
evaluating the indirect effect.

Finally, although PCM Selector is formulated based on
single/joint linear regression models, it would be interesting
to extend our approach to a wide variety of statistical mod-
els, including generalized linear models. Such an extension
would be straightforward - the loss function would be re-
placed with a more general form. This extension will be left
for future work.

Figure 2: Violin plots of estimated total effects. The dashed
lines show the true total effects. FDL: Front-door-like.
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