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Abstract

In adaptive systems, predictors are used to anticipate changes
in the system’s state or behavior that may require system
adaption, e.g., changing its configuration or adjusting re-
source allocation. Therefore, the quality of predictors is cru-
cial for the overall reliability and performance of the sys-
tem under control. This paper studies predictors in systems
exhibiting probabilistic and non-deterministic behavior mod-
eled as Markov decision processes (MDPs). Main contribu-
tions are the introduction of quantitative notions that measure
the effectiveness of predictors in terms of their average capa-
bility to predict the occurrence of failures or other undesired
system behaviors. The average is taken over all memoryless
policies. We study two classes of such notions. One class is
inspired by concepts that have been introduced in statistical
analysis to explain the impact of features on the decisions
of binary classifiers (such as precision, recall, f-score). Sec-
ond, we study a measure that borrows ideas from recent work
on probability-raising causality in MDPs and determines the
quality of a predictor by the fraction of memoryless policies
under which (the set of states in) the predictor is a probability-
raising cause for the considered failure scenario.

Extended version — https://arxiv.org/abs/2412.11754

1 Introduction

In modern days, Al systems grow ever more complex and
harder to understand, e.g. code designed by artificial intel-
ligence tends to be very abstruse and thus is not compre-
hensible in a simple way. Since a full understanding of such
systems is difficult to establish, it is important to predict cer-
tain events within such systems. In particular, situations in
which the system produces unwanted or even disastrous re-
sults need to be predicted early and precisely.

In the area of formal verification, counterexamples, in-
variants and related certificates are often used to provide a
verifiable justification that a system does or does not behave
according to a specification (see e.g., (Manna and Pnueli
1995; Clarke, Grumberg, and Peled 1999; Namjoshi 2001)).
However, most Al systems can not be designed in a way
that failure can be excluded and then certificates do not pro-
vide enough insights on the systems decisions to predict its
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Figure 1: An experiment where we want to predict Shatter

behavior. In order to get an understanding why a system be-
haves the way it does, we introduce measures in how well
certain events in a system serve as a predictor for unde-
sired outcomes. Events which have a cause-effect relation
to such outcomes constitute a special case of such predictors
(Halpern and Pearl 2005; Pearl 2009).

In this paper, we consider binary predictors in Markov de-
cision processes (MDPs) which are a stochastic operational
model with non-deterministic choices. We interpret the non-
determinism as uncertainty about the future behavior and
thus it may or may not be resolved adversarial to our goals.

For example, consider an experiment with two participat-
ing persons “Suzy” and “Billy” which are asked to throw a
rock at a bottle of glass. This example has been widely dis-
cussed for in philosophic literature on causality (Hall 2004;
Chockler and Halpern 2004; Halpern 2015). In our variant
(Fig. 1) a randomized process decides, which person is al-
lowed to take a throw or whether the experiment ends. How-
ever, the participants can choose to wait w or to throw t. If
someone decides to throw their rock, the state is changed ac-
cordingly (ST for “Suzy throws” and BT for “Billy throws”).
For predictions in this system, we do not make any assump-
tions on the decisions of the participants and consider both
the outcomes and predictors described by sets of states. For
example, reaching the state ST is intuitively a good predic-
tor since the throw of Suzy has a high probability of hitting.
However, if Suzy does not feel confident and thus has a de-
cides to throw with a low probability, then state ST will only
be reached with low probability and so a lot of scenarios in
which the bottle shatters come from Billys throw. In order
to distinguish between the quality of different predictors, we



use measures from statistical analysis (Powers 2011). How-
ever, the quality of a prediction may rely on the distribution
over the decisions, as e.g. between w and t for Suzy. So, we
consider an average case scenario with respect to the non-
determinism for the quality of a prediction.

Furthermore, we also consider whether a chosen predictor
has a cause-effect relation to the undesired outcome. Such a
probabilistic cause-effect relation in MDPs is introduced in
(Baier, Piribauer, and Ziemek 2024) where the probability-
raising (PR) principle is invoked for each possible resolu-
tion of the non-determinism. Inspired by this, we introduce
probability-raising policies, which witness a PR condition.
A predictor can then also be rated by the relative amount of
resolutions (the causal volume) in which it has a probabilis-
tic cause-effect relation with the predicted event.

Contributions By considering binary predictors in MDPs
we formally introduce an average case analysis for quality
measures depending on the non-determinism in order to rate
the quality of a predictor (Sec. 3). For this we use a uniform
measure over the memoryless randomized policies. We also
introduce the concept of probability-raising policies (Sec.
4), which we use to define causal volumes for predictors
in MDPs as an additional way to get information about the
quality of a predictor (Sec. 4.1). We then address the com-
plexity of deciding the existence of PR policies (Sec. 4.2).

Related Work Considering the quality of a prediction has
connections to responsibility (Chockler and Halpern 2004;
Chockler, Halpern, and Kupferman 2008), blameworthiness
(Halpern and Kleiman-Weiner 2018) and harm (Beckers,
Chockler, and Halpern 2023). In (Mascle et al. 2021) and
(Baier, Funke, and Majumdar 2021) forward responsibilities
based on the Shapley value are allocated in Kripke and game
structures. Recent work considers backwards responsibility
in deterministic Al systems (Baier et al. 2024).

All these notions of responsibility are based on causal-
ity as a necessary condition (Braham and van Hees 2012).
A causality based account of responsibility can be found in
(Chockler, Halpern, and Kupferman 2008). In stochastic op-
erational models, probabilistic causes are used as predictors
in (Ziemek et al. 2022) and interpreted as binary classifiers
in (Baier, Piribauer, and Ziemek 2024).

Predicting events in Markovian models also has connec-
tions to monitoring properties. The fact that randomization
improves monitors for non-probabilistic systems has been
examined in (Chadha, Sistla, and Viswanathan 2009). A cur-
rent risk-value is estimated for states in partially observable
MDPs in (Junges, Torfah, and Seshia 2021).

2 Preliminaries

In the context of this work a Markov decision process (MDP)
is a 4-tuple M = (S, Act, P, init) where S is a finite set of
states, Act a finite set of actions, init € S the initial state and
P:S xAct x S — [0, 1] the probabilistic transition function
such that } ¢ P(s,«,t) € {0, 1} for all states s € S and
actions o« € Act. An action « is enabled in state s € S if
2 tes P(s, o, t) = 1 and Act(s) denotes the set of enabled
actions in S. A state t is terminal if Act(t) = 0. A path
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in an MDP M is a (finite or infinite) alternating sequence
T=8)XS] X1 S2--- € (S xAct)* U (S x Act)® such that
P(si, i, siv1) > O for all indices i. A path is called maxi-
mal if it is infinite or finite and ends in a terminal state. An
MDP can be seen as a Kripke structure in which transitions
go from states to probability distributions over states.

A (randomized) policy G is a function that maps each
finite non-maximal path spxg...xn—15n to a distribution
over Act(sy). © is called deterministic if &(7t) is a Dirac
distribution for all finite non-maximal paths 7t. If the chosen
action only depends on the last state of the path, G is called
memoryless. We write MR for the class of memoryless (ran-
domized) and MD for the class of memoryless determinis-
tic policies. Finite-memory policies are those that are repre-
sentable by a finite-state automaton.

A policy & of M induces a (possibly infinite) Markov
chain. We write Pr§y ¢ for the standard probability mea-
sure on measurable sets of maximal paths in the Markov
chain induced by & with initial state s. We use the abbre-
viation Pr§; = Prj\G,t,ml-,. We use linear temporal logic (LTL)
modalities such as ¢ (eventually) and U (until) to denote
path properties. For X, T C S the formula XUT is satis-
fied by m = sgs;... if there is j > O such that for all
i<j:si€Xands; € Tand OT = SUT. Itis well-known
that Prii" (X U T) and Pri* (X U T) and corresponding opti-
mal MD-policies are computable in polynomial time.

For s € S and o € Act(s), (s, ) is a state-action pair of
M. We denote the set of state-action pairs of M by StAct. An
end component (EC) of an MDP M is a strongly connected
sub-MDP containing at least one state-action pair.

For a policy & of M, the expected frequencies of state-
action pairs (s, ) are

freqe (s, o) = ES;(no. of visits to s in which « is taken)

In end-component free MDPs we can specify MR policies
by their state-action frequencies (see e.g. (Kallenberg 2020,
Theorem 4.7)), by considering a linear constraint system
over variables x o for each (s, &) € StAct:

X0 = 0 for all (s, ) € StAct, (S1H)
Xinit = 14 )Xo P, o, init), (S2)
(t,oc) €StAct
X = Z Xt - P(t,,8) forall s € S\ {init}, (S3)
(t,) EStAct

where we use the short form notation Xs = > cx.(s) Xs.ac-

By (Kallenberg 2020, Theorem 4.7) a solution x € RS to
(S1)-(S3) corresponds one-to-one to an MR policy & for M
such that x5 o = freqg (s, &) for all (s, o) € StAct.

3 Measuring the Quality of a Predictor

The goal of this section is to measure how well reaching a
set of states C predicts that a set of terminal states E will
be reached in an MDP M. For this, we consider well-known
measures for binary classifiers from statistical analysis. To
apply such measures, the non-determinism in M needs to
be resolved. However, without any assumptions about the
resolution of the non-determinism, we propose to consider
an average over possible resolutions of the non-determinism.
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Figure 2: An MDP M depicting a communication network.
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3.1 Averaging over Policies

To be able to compute this average, one has to choose which
policies to consider and how to weigh them. In this paper, we
use a uniform measure over MR policies. Since we consider
reachability properties in particular, the choice of MR poli-
cies is justified, as any policy in an EC-free MDP for these
properties can be approximated by MR policies (Kallen-
berg 2020). Furthermore, non-determinism can be used to
model uncertainty in the transition probabilities as also rep-
resented in interval-Markov chains (see, e.g., (Kozine and
Utkin 2002; Sen, Viswanathan, and Agha 2006)). In this
case, actions can be used to model the extremal transition
probabilities. Randomizing over such actions then allows for
any possible concrete distribution over successor states.

Example 1. As an example, consider a communication net-
work in which a message is sent by a sender to a receiver
via various network nodes. Each node forwards the message
to other nodes in a randomized fashion. We only know the
successors of each network node as well as upper and lower
bounds on the respective probability and on the probabil-
ity that the message is lost between two nodes. Suppose,
we have the suspicion that some sets of nodes are faulty
and are the reason for many message losses. In order to
check this claim, we want to measure how well reaching
such a set of nodes serves as a predictor for a message loss
by considering the average over possible resolutions of the
non-determinism. A very simple example of such a network
where actions model the known probability bounds is given
in Figure 2. <

Given an MDP M = (S, Act, P, init) with terminal states
T C S, the set of all MR policies & of M can be described
by the set of vectors

P = {x € [0, 1]54 | Z Xs.o =1 foralls e S\ T}

xEAct(s)

The component x; o of x € I expresses the probability that
the corresponding policy chooses « in s. B3 is a product of
IS\ T|-many regular simplices. For s € S\T let n(s) =
Act(s)| — 1. Then P can be identified with [ g A™),

where A™ = {y € [0, 1]™+! | Zmﬂ

ioy Yi = l}is the regular
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oC True positive False positive
S =Pro(OC A QE) | fpfi = Pro(OC A —QE)
e False negative True negative
fn5 = PrS(=0C N OE) | in§; = PrS(—0C A —0E)

Figure 3: The confusion matrix for the prediction of E C S
by C C S for a given policy G.

m-simplex of dimension m in R™*! for given m € N. In
turn, the dimension of 3 is [StAct| — [S\ T|.

Example 2. For the MDP M depicted in Fig. 2 considering
the state-action pairs (init, T), (A, &), (A,v), (B, B), (B, )
we get B = {(I,p,1—p,q,1—q) | p,q € [0, 1]}. We can
identify 933 with the product of simplices {1} x [0, 1] x [0, 1]
or simply [0, 1]%. <

Using the Lebesgue measure, we get a way to uniformly
average over all MR policies. As mentioned above, we want
to apply this to some quality measure for binary classifiers.
For a quality measure Q*(C) for the predictor C C S de-
pending on a policy x € ‘B3, the average of the quality mea-
sure is

L3 Q*(C)dx / J‘B 1dx.

The computation of V() = fm 1 dx can be done in poly-

nomial time since B is the product of standard simplices as
described above. Then, by (Stein 1966) we have

n(s _ ni(s 1
Jmldx—V(HA =1Iver ) =11 g

seS seS seS

which is computable in polynomial time. In fact, integrating
any polynomial of fixed degree over *J3 can also be done in
polynomial time (Baldoni et al. 2011).

3.2 Quality Measures

Given a single policy & for M, we consider the so-called
confusion matrix (Powers 2011) for binary classifiers as de-
picted in Figure 3. In statistical analysis, various measures
for the quality of a classifier using the entries of the confu-
sion matrix have been studied. Important measures are

S th s lpG
precision® (C) = ———, recall®(C) = ———.,
IPG -|—fp tpb +fl’l
2 219®
fscore®(C) = 1 : S pG -
precision®(C) + recall®(C) 2tp° + fpT + fn

Intuitively, the precision® (C) measures the probability that
the prediction is indeed true after C is reached. The
recall® (C), on the other hand, expresses the probability that
reaching E was preceded by reaching C under the condition
that E has indeed been reached. The fscore® (C) is the har-
monic mean of precision and recall. A high f-score hence
indicates that after reaching the predictor C, the probability
to reach E is relatively high and at the same time relatively



many executions leading to E pass through C before. An
example for a more complex quality measures — similar in
spirit to the f-score (Chicco and Jurman 2020) — is Matthews
correlation coefficient given by mec® (C) =

1p® - m® —fp - fn®
V08 +16%) - (10 +nS) - (1S + ) - (10 +n®)

Computing average quality measures. In order to com-
pute the average quality measures over the polytope B of
MR policies, we have to express the measures in terms of
the policies. As the considered quality measures depend on
the confusion matrix, the task hence is to express the entries
of the confusion matrix in terms of the vectors x € 3

To express these values, we take a small detour via a
model transformation such that we can distinguish whether
C has occurred or not. We define the two-copy MDP M¢ of
M with respect to C in the following way:

* M consists of two copies of M, namely My and M,
* the initial state is init, of the first copy,

* whenever a state ¢y € Cy is reached in the first copy there
is exactly one action which transitions to the correspond-
ing state c; in the second copy with probability 1.

A policy & of the original MDP M can be interpreted as a
policy il of the two-copy MDP M by mimicking the behav-
ior in both copies ignoring the switch to the second copy. We
denote the copies of the states in C and E in My and M, by
Cy, Cy, Ey, and E, respectively. Now, we can describe the
entries of the confusion matrix for M directly by reachabil-
ity probabilities in M.

Lemma 3. For an MR policy G of M also viewed as a pol-
icy for Mc¢ the following holds

tpjcc[ :Pr%C(OEl)’ fnJGV( :PT%C(OE()),

5 =Y Pee (0c) - (1 —Pr§y, (OE1)),
ceCy

s =1 — 1p5e —fose —fxe-

Proof. Only the equation for fp$; must be proven since the
other equations follow by construction. The probability that
¢ € ( is visited and afterwards —QFE; holds is Pr%C(Oc) .

(I—Pl’%{c’c (OE1)). As the set Cyy can only be reached once in

M, the equation for prGV( follows by adding the probabilities
of these disjoint events. O

We denote the state space of M¢ by S’ and the set of ter-
minal states by T’. Now, we describe reachability probabil-
ities between states in M¢ in terms of distributions given
by MR policies. For s,t € S’ and an MR policy & of M
let ast = Pr®(Ot) be the probability to eventually reach t
from s under &. So, affs = 1forall s € S’. Using the rep-
resentation of MR policies as vectors x € ‘I3, we then have
for non-terminal states s € S'\ T’ and t # s,

ay¢ = ZXS‘X ZPsocu

KEAct(s) ues

(reach)
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In fact, after determining the states s’ from which t is not
reachable in the Markov chain induced by x and M¢ and
setting the correspondlng variables af, ; to 0, the equation
system has a unique solution (see (Baier and Katoen 2008)).
Given a rational-valued MR policy x € ‘P the reachabil-
ity probabilities can hence be derived in polynomial time by
solving the linear equation system.

However, we want to compute the average of quality mea-
sures by taking an integral over the polytope B of all MR
policies. As we use the standard Lebesgue measure, the
boundary of this polytope has measure 0. So, for our pur-
pose, it is sufficient to express the quality measures as a
function of the policy x € ‘B on the interior of 3.

Proposition 4. The values af for s,t € S’ are rational
functions in x on the interior of B. The degree of denomina-
tor and enumerator of these rational functions is < 2|S|.

Proof. Forafixedt € S’, the set A of states s’ from which
t is not reachable in the Markov chain induced by x and M¢
depends on which entries of x are 0. In the interior of ‘J3,
no vector has a 0-entry. So, Ay is independent of x and the
corresponding variables can be set 0. As the resulting equa-
tion system with at most |S’|-many variables has a unique
solution (see (Baier and Katoen 2008)), this solution can be
expressed using fractions of determinants by Cramer’s rule.
The determinants are polynomials in the coefficients of the
linear equations of degree at most |S’| = 2|S| and the vari-
ables x  appear only linearly in these coefficients. O

The polynomials in the resulting rational function contain
exponentially many monomials in general. Nevertheless, we
know that the values af, are rational functions in x on the
interior of 3 that only take values between 0 and 1.

Practical considerations for averages. If the transition
relation is sparse, which is often the case for models with
large state space, results on the efficient computation of sym-
bolic determinants apply (Kaltofen and Villard 2005; Duriqi
et al. 2024). Then, an exact representation of the rational
functions aj ; can be obtained efficiently.

By Lemma 3, all entries of the confusion matrix under
policy x € ‘B can be expressed in terms of aj; by sim-
ple arithmetic. Furthermore, the prominent measures for the
quality of a predictor such as precision, recall, and f-score
are linear rational functions in these entries. But also more
complex measures such as the Matthews correlation coef-
ficient are still relatively simple functions in the entries of
the confusion matrix. So, all of these quality measures can
be expressed as functions Q(a*) where a* is the vector
containing the values aj . Unfortunately, an exact evalu-

ation of the integral Lp Q(a*) dx is nevertheless typically

out of reach. But the quality measures take values in [0, 1]
or [—1,1] in the case of the MCC. Together with the fact,
that the resulting function Q(a™) are smooth functions on
the interior of ‘3, standard approaches such as Monte Carlo
integration can be used to approximate the integral (Press
et al. 2007). Note, that we do not need an explicit represen-
tation of the functions aj ; when we sample policies x € P
as the values aj ; can then be computed in polynomial time.



Example S. Let us apply average quality measures to the
network MDP M depicted in Figure 2. First, we consider
A as the predictor. Here, we identify policies with pairs
(p,q) € [0,1]* as in Example 2 where p is the probabil-
ity to choose o in A and q the probability to choose {3 in B.
For a policy x = (p, q), we get

1 1
my = ¢4 f"Jvt:g(Z—(ﬂ

As the volume of *J3 is 1 in this case, we obtain the average
f-score, for example, as

2p®

dx
0172 2tpS + fp© + f®

1

_LJ'07+P_q
1
———dpdq ~ 0.60.
0J05+P—q P

J Sfscore®({A}) dx = J
[0,1]2
" o2+2p
—  dpdq = 0.43.
Analogously, we obtain
J fscore™({B}) dx = J 4—29
[0,1]?

So, according to the f-score, reaching B is on average a better
predictor for a message loss than reaching A. <
Remark 6. If a quality measure can be written as a lin-
ear rational function in terms of the entries of the confu-
sion matrix, then its minimal or maximal value can be com-
puted with the techniques presented in (Baier, Piribauer,
and Ziemek 2024). This is e.g. the case for precision, re-
call and f-score. For this a standard model transformation
is performed which collapses end components (de Alfaro
1997, 1999) while preserving relevant reachability proba-
bilities (c.f. (Ciesinski et al. 2008, II1.B) for a compact de-
scription). Afterwards, possible combinations of reachabil-
ity probabilities can be expressed in terms of a linear con-
straint system for state-action pair frequencies. For linear
rational quality measures, the resulting optimization prob-
lem can be solved in polynomial time. For more complex

measures like Matthews correlation coefficient, more gen-
eral optimization problems arise.

4 Probability-Raising Policies and the Causal
Volume of a Predictor

In this section we investigate, whether in an MDP M a given
predictor C has a probabilistic cause-effect relation with the
undesired event E. The idea that a cause for an event serves
as a good predictor comes very natural and the usage of
probabilistic causes for predictions has already been consid-
ered in (Ziemek et al. 2022) for Markov chains. For MDPs
we take inspiration from the notion of probability-raising
causes from (Baier, Piribauer, and Ziemek 2024) to define
two variants of probability-raising (PR) policies, which are,
in simple terms, witnessing a probability-raising condition.
Since the focus of this paper is to investigate the quality of a
predictor, we introduce a measure which considers the rela-
tive amount of possible MR policies that witness a PR con-
dition. Afterwards we study the complexity of deciding the
existence of such PR policy for a given predictor.
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Definition 7 (Probability-raising policy). Given M, E and
C, a policy & of M is a global probability-raising policy
(GPR policy) for C and E in M if the following conditions
(R) and (G) hold

(R) Pr®(OC) > 0,
(&) Pr®(QE | OC) > Pro(QE). (GPR)

G is a strict probability-raising policy (SPR policy) for C
and E in M if (R) and the following condition (S) hold

(S) Forall c € C with Pr®((—=C)Uc) > 0:

Pr®(QE | (—C)Uc) > Pre(QE). (SPR)

There is an implication from strict to global, since the con-
ditional probability in (GPR) is a weighted sum over the con-
ditional probabilities in (SPR) (also cf. (Baier, Piribauer, and
Ziemek 2024)). Similarly, for singletons {c} the equivalence
of ¢c and (—c) Uc means that in such cases the strict and
global PR conditions coincide.

Under a PR policy & there is a causal relationship be-
tween the predictor C and the predicted event E. Namely,
whenever C is reached under a PR policy &, the probability
of reaching E is raised.

Example 8. For an example we consider the network MDP
M from Figure 2 as before. Here we consider C = {B} as a
predictor for E = {lost}. For the MD policy & choosing vy in
A and {3 in B we have
111 2 ~

_ —_ . . =_=P S

373 23 373 POl
and thus & satisfies (GPR) (and (SPR)) and constitutes a
PR policy. However, there are policies which do not satisfy
(GPR), e.g., the MD policy 4l choosing «cin A and 3 in B. <

1 1

Pr® (Olost | OB) = = >

4.1 Causal Volumes

With the definition of probability-raising policy in mind the
question now arises, in how many cases such a causal re-
lation holds between the predictor and the undesired out-
come. For this we consider the relative portion of PR poli-
cies among all possible MR policies. Recall the polytope B3
of distributions of MR policies in M from Section 3. Us-
ing the reachability matrix corresponding to a given policy
x € B from (reach) we express the conditions (R) , (S) and
(G) from Def. 7 by

> @ie >0, ()
ceC
Za’é,df > Z‘l?;n,eﬁ' forallc € C with aj;, . >0, (s)
eff€E eff €E
p* - tm* —fp* - fn* > 0. ()

We define the sets of MR policies which are SPR (or re-
spectively GPR) policies by

Pspr = {x € P | x satisfies (reach), (r) and (s)},
Perr = {x € P | x satisfies (reach), (r) and (g)}.

The three considered sets have the same dimension:



Theorem 9. For an MDP M, a set of terminal states E and
a predictor set C for which a memoryless SPR (resp. GPR)
policy exists, the sets 3 and *Pspr (resp. Vgpr) have the
same dimension.

Proof sketch. The claim follows from the fact that for any
x € Pspr (resp. Pgpr) there is an € > 0 such that the
e-neighborhood of x is completely contained in ‘B. O

Recall the set of all terminal states T C S of M.
With this, we can now define the following Volumes with
IStAct] — |S \ T|-dimensional Lebesgue integrals:

V(p) = LB I dx,
V(Pspr) :J Ldx, V(Borr) :J I dx.
PBsrr Perr

Definition 10. Let M be an MDP, E C S a set of terminal
states and C C S\ E. We define the strict causal volume and
resp. global causal volume of C for E as

SV(C) = V(Bspr) and

V(B) V(B

These causal volumes now express the fraction of MR
policies which constitute SPR or GPR policies. Having an
estimate of the causal volume of a predictor is an additional
information about its quality. Consider, for example, a large
network in which a message is sent from one node to an-
other. The information that a component is a probabilistic
cause for message to be lost in a lot of cases gives a good
reason to predict the message loss whenever the component
is part of the communication.

aV(C) = V(Berr)

Example 11. For a smaller network example we again con-
sider the MDP from Figure 2 where the undesired outcome
E = {lost} is to be predicted by C = {B}. Here, we conclude
from Example 8 that PR policies exist. Since C is a singleton
the sets for SPR and GPR policies coincide and we have

Parr ={x € [0, 15 | xp o < lorxgp < 1},

since only the MD policy choosing « and 3 does not consti-
tute a PR policy. Thus, we also have sV(C) = gV(C) = 1
since almost all MR policies are both SPR and GPR poli-
cies. This means that from the perspective of probabilistic
causality, the event (B is a good predictor for {lost. <

As mentioned in Section 3 the computation of V(3) can
be done in polynomial time by representing 3 as a prod-
uct of simplices. However, in general the exact computa-
tion of the volume of a fully-dimensional polytope given
in halfspace-representation such as V(Pspr) is #P-hard
(Brightwell and Winkler 1991). Moreover, it has been shown
that for any polynomial-time approximation there is a min-
imal gap between upper and lower bounds depending on
the dimension of the problem (Bardny and Fiiredi 1987).
With respect to these restrictions there are still efficient tools
for the exact computation of polynomials over polytopes
(De Loera et al. 2013). For Bgpr exact integration is even

(ii)

(iii)
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harder, since it is not a polytope by equation (g). However,
since (g) is the only non-linear function restricting P gpr
this favors the usage of Monte Carlo integration algorithms
(Press et al. 2007) to approximate V(Pspr).

4.2 Checking Probability-Raising Policies

While computing the causal volume for a given predictor
and outcome is a difficult problem, we now want to address
the existential query for probability-raising policies:

Given an MDP M, a set of terminal states £ C S and a
predictor set C C S \ E, is there a strict (resp. global)
probability-raising policy for C and E in M?

For this existence check we use a model transformation
similar to the two-state MDP of M (Sec. 3). This then re-
sults in an end-component free MDP in which both C and
E can only be visited once and there are exactly four ter-
minal states corresponding to the entries of the confusion
matrix. This will allow us to express these probabilities as
reachability probabilities of single terminal states. We use
the abbreviations from Figure 3.

Definition 12 (Canonical MDP). We transform the original
MDP M to the canonical MDP Mi¢ in the following way:

(i) All outgoing transitions from states ¢ € C are deleted
and instead two fresh actions oy, and o, are added.
They transition to a new state 7P with the minimal and
resp. maximal probability to reach E from c. With the
remaining probability they transition to a new state FP.
Collapse the maximal end-components (MECs) & of the
resulting MDP into single states sg by taking the MEC-
quotient, see e.g. (de Alfaro 1999).

Collapse the states of E to a fresh state FN and other ter-
minal states to the fresh state TN. States s¢ representing
MECs get the additional transition P(sg, T, 7N) = 1. The
resulting MDP is M.

In M¢; we consider E’ = {TP, FN}. <

Intuitively, the first step (i) of the transformation ensures,
that each state ¢ € C is visited at most once, while still pre-
serving all possible values for true positive and false positive
predictions. In the second (ii) and third step (iii) the trans-
formation gets rid of end-components by collapsing them
into single states. Instead, the fresh action T corresponds to
the case that in the original MDP M a policy G realizes a
true negative by staying in an end-component € indefinitely.
The soundness of the canonical MDP for a given set C with
respect to (G) and (S) follows from the results of (Baier,
Piribauer, and Ziemek 2024) and is given by the following
Lemma 13 and Corollary 14.

Lemma 13 (M| preserves Confusion Matrix). Given an
MDP M, a set of terminal states E C S and a set C C S\ E,
for each policy & of M there is a policy 3\ of Mc| and vice
versa such that

P = Prijit‘c‘ (OTP),

St = Prig ., (OFN),

o5t =P, (OFP),
m$; = Pryy ., (OTN).



Corollary 14 (M| preserves Probability-Raising).
Given an MDP M, a set of terminal states E C S and a
set C C S\ E, a policy S of M satisfies (S) (resp. (G) ) for
C and E in M iff the corresponding policy s\ from Lemma 13
satisfies (S) (resp. (G) ) for C and {TP, FN} in Mc.

Checking for SPR Policies We now consider the follow-
ing problem: Given an MDP M with a set of terminal states
E C S and a predictor set C C S \ E, is there a policy &
of M such that (SPR) holds for &? By the soundness of the
canonical MDP w.r.t. the PR conditions (Cor. 14) and the
confusion matrix (Cor. 14) we assume M = M.

For an SPR policy there needs to be a balancing between
states ¢ € C with a high value p¢max and states ¢’ € C
with a low value p¢/ max.- We will provide a characterization
of SPR policies using this idea. For this, we consider the
maximal probability to reach TP among all cause states:

P* = MaXceC Pc,max
From M to M* we only change the actions in states ¢ € C.
For each c the only enabled action in M* is 6 with

P’(c,d,TP) = p* and P'(c,8,FP) = 1 — p*
So, M* behaves as M, but when a state ¢ € C is reached the

single enabled action leads to TP with p*. By construction,
any policy { of M* corresponds to a policy & of M.

Lemma 15 (Characterization of SPR Policies). For an
MDP M with set of terminal states E C S and set of states
C C S\ E there is an SPR policy & for C and E in M iff
Priyis (OF) < p™.

Theorem 16 (Complexity for Checking SPR policy).
Given an MDP M with set of terminal states E C S and
set of states C C S \ E the existence of an SPR policy for C
and E in M can be decided in P. Moreover, a correspond-
ing finite-memory (randomized) policy G can be computed
in polynomial time.

Proof. We first note that we can transform M to M| in
polynomial time. We can now rely on the characterization
of Lemma 15. So, by further transforming M¢; to Mj;; we

can check whether Prnj\}'{‘%cJ < p* in polynomial time (Baier

and Katoen 2008).
If this check is positive, an MD policy T of Mf,, with

Pr}‘s[fﬂ = Pr'jr\‘,i[r%c] can be derived. By (Baier, Piribauer, and
Ziemek 2024)[Theorem 4.19] we can further derive the cor-

responding finite-memory (randomized) policy & for M in
polynomial time. O

Remark 17 (Complexity for Singletons). The case where
C = {c} is a singleton can be decided more efficient. Note
that there does not need to be a balancing between different
states of C. Therefore, it is sufficient to only enable action
Omax in c. Let us call the resulting MDP N. We then only
have to check, whether ppaxc > Pry"(QFE) as this corre-
sponds to the best case SPR policy. <

Checking for GPR Policies The next decision problem
we consider is: Given an MDP M, set of terminal states E
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and predictor set C is there a GPR policy & for C and E
in M? By Lemma 13 we assume M = M| and use this
to encode the inequality (GPR) in terms of state-action fre-
quency variables. For this, we reformulate (GPR) in Mg,
using straight forward calculations, to

Pr®(QTP) - Pr®(OTN) — Pr® (OFP) - Pr®(OFN) > 0.

So, we consider this inequality in terms of frequencies
together with the equations (S1)-(S3) (cf. Section 2):

X7p - X7nv — XFp - Xgn > 0. (freq—GPR)

Lemma 18 (Quadratic Program for GPR policy). There
is a GPR policy for C and E in M iff the system of inequali-
ties given by (S1)-(S3) and (freq-GPR) has a solution.

Proof. Let G be a GPR policy for C and E in M. By con-
struction the corresponding frequencies of state-action pairs
of & are a solution to (S1)-(S3) and (freq-GPR).

Now, assume x € R4 is a solution to (S1)-(S3) and
(freq-GPR) and let G be an MR policy corresponding to x.
The inequality (freq-GPR) is equivalent to (GPR) in M.
As (freq-GPR) and (S1) hold, we have x7p-x7y > 0 and thus
x7p > 0. Since X¢ = X7p + xpp we also get Pr®(OC) > 0.
So, & is a GPR policy for C and E in M. O

However, since (freq-GPR) is a strict inequality we can
not directly use quadratic programming to decide the solv-
ability (Vavasis 1990). We can still give an NP upper bound
for deciding the existence of a GPR policy.

Theorem 19 (Complexity GPR Policies Check). Deciding
whether there is a GPR policy for C and E in M can be done
in NP.

Proof sketch. The proof uses distinct cases of (freq-GPR)
within the set of possible state-action frequencies. It relies
on the intermediate value theorem to show that, if there is
a possible distribution of frequencies that forces (freq-GPR)
to an equality, then there is an e-neighborhood in which this
becomes an inequality again. O

By the result of (Baier, Piribauer, and Ziemek 2024)[The-
orem 4.19] this existence check results in a finite-memory
randomized GPR policy & with exactly two memory cells.

5 Conclusion

In this paper, we proposed different measures to quantify the
quality of predictors in adaptive systems. In the stochastic
operational model of MDPs we considered predictors (and
outcomes) as sets of states of the MDP. To this end, we
proposed two approaches for measuring the effectiveness of
the predictor. First, by averaging over the non-deterministic
choices of the MDP we capture the effectiveness of the pre-
dictor to foresee undesired events in general. Second, we
measure the fraction of policies that witness probability-
raising causality of the predictor to the outcome, where
we borrow ideas from recent work on probability-raising
causality (Baier, Piribauer, and Ziemek 2024). For the pro-
posed measures we provided insights on the complexity and
discussed existing numerical methods for computing the re-
spective measures.
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