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Abstract

The Traveling Tournament Problem (TTP-k) is a well-known
benchmark problem in tournament timetabling. It involves
designing a feasible double round-robin tournament for a
sports league of n teams under several feasibility require-
ments, while minimizing the total traveling costs of the teams.
The parameter k requires that in the tournament at most k
consecutive home games or away games for each team are al-
lowed. TTP-k with a small k, especially for £ = 2,3 and 4,
have been extensively studied in the literature. In this paper,
we focus on TTP-4 and design an efficient algorithm for it
based on minimum weight matching. In theory, we prove that
our algorithm has an approximation ratio of 1.625+ ¢ for any
constant € > 0, improving the best-known approximation ra-
tio of 1.7 + €. In practice, our experimental results indicate
an average improvement of 6.65% over the best-known solu-
tions on 9 benchmark instances.

Introduction

The Traveling Tournament Problem (TTP-k) is a combina-
torial optimization problem that combines elements of the
Traveling Salesman Problem (TSP) and sports scheduling.
In TTP-k, we are going to design a double round-robin tour-
nament under some additional feasibility constraints, aim-
ing to minimize the total distance traveled by all teams.
TTP-k was initially introduced in (Easton, Nemhauser, and
Trick 2001) for scheduling Major League Baseball games
in real life. Later, it finds practical applications in diverse
fields such as professional sports leagues, international tour-
naments, college sports, youth leagues, and more. These il-
lustrate how TTP-k is not just a theoretical concept but also
a practical tool used at various levels of sports scheduling to
enhance the overall experience for players and organizers.

Next, we give the definition of TTP-£. In a double round-
robin tournament, a set of n teams must play against each
other twice, one home game at its own venue and one away
game at its opponent’s venue, in 2(n — 1) consecutive days,
with each team playing exactly one game per day. TTP-
k is to design a double round-robin tournament satisfying
the following two constraints, minimizing the total distance
traveled by all teams.
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* No-repeat: No pair of teams play against each other in
two consecutive games.

» Ar-most-k: Each team plays at most k consecutive home
games or away games.

When calculating the traveling distance, we assume that
each team begins at his home venue before the first game
and returns home after the last game; for two consecutive
days, each team travels directly from the first game venue to
the second game venue; the distances are metric.

Although TTP-k is an interesting problem with many ap-
plications, it is challenging in terms of computation. Due to
the feasibility constraints, it is not even easy to find a fea-
sible solution (Verduin, Thomson, and van den Berg 2024).
In the online benchmark website (Trick 2024), the optimal
solutions to most instances with 12 teams are not found yet
even computed by high-performance computers for a long
time. On the other hand, efficient heuristic and approxima-
tion algorithms play a pivotal role in addressing the com-
plexities of TTP-k by devising optimal schedules that meet
the constraints and objectives of the problem. In the liter-
ature, these algorithms leverage techniques from combina-
torial optimization, graph theory, constraint programming,
and other computational methods to generate schedules that
are not only practical but also exhibit qualities of fairness,
balance, and cost-effectiveness.

In this paper, we focus on TTP-4, where at most 4 consec-
utive home games or away games for each team are allowed.
We will design a practical algorithm with a good theoretical
guarantee on approximation quality.

Related Work

The NP-hardness of TTP-k was established in several pa-
pers (Thielen and Westphal 2011; Chatterjee 2021; Bhat-
tacharyya 2016). To solve TTP-k, many heuristic algo-
rithms have been proposed, such as algorithms based
on combinatorial methods (Easton, Nemhauser, and Trick
2002; Lim, Rodrigues, and Zhang 2006), simulated anneal-
ing (Anagnostopoulos et al. 2006; Hentenryck and Verga-
dos 2007), tabu search (Di Gaspero and Schaerf 2007), inte-
ger programming (Goerigk and Westphal 2016), and beam
search (Frohner et al. 2023).

In order to guarantee the solution quality, we also work
on approximation algorithms (Thielen and Westphal 2012;



Xiao and Kou 2016; Chatterjee and Roy 2021; Miyashiro,
Matsui, and Imahori 2012; Yamaguchi et al. 2011; West-
phal and Noparlik 2014; Hoshino and Kawarabayashi 2012,
2013). Approximation solutions can then be further refined
into high-quality solutions by combining them with heuristic
methods (Thielen and Westphal 2012; Westphal and Nopar-
lik 2014; Goerigk et al. 2014). Currently, the best-known
approximation ratios TTP-k are as follows: 1 + ¢ for k =
2 (Zhao and Xiao 2021; Imahori 2021), where £ > 0 is any
positive constant; 1.598 + ¢ for k = 3 (Zhao, Xiao, and Xu
2022); 1.7 + ¢ for k = 4 (Zhao, Xiao, and Xu 2022); and
2.75 for kK > n — 1 (Imahori, Matsui, and Miyashiro 2014).

More surveys on TTP-k and its variants can be found
in (Bulck et al. 2020; Duran 2021).

Our Results

In this paper, we propose a matching-based algorithm for
TTP-4. First, we prove that our algorithm can guarantee an
approximation ratio of 1.625 + ¢, improving the best-known
ratio of 1.7+¢ (Zhao, Xiao, and Xu 2022). Second, the algo-
rithm is also efficient in practice. Experimental results show
that we can improve the best-known results (Westphal and
Noparlik 2014) for all 9 benchmark instances with n = 0
(mod 8), achieving an average improvement ratio of 6.65%.

To reach this result, we utilize a construction based on
minimum weight matching, ensuring that every team fre-
quently plays 4 consecutive away games along two matching
edges. Additionally, we introduce two new lower bounds re-
lated to the matching and a randomized labeling algorithm.
These components allow us to analyze the approximation
ratio of our algorithm easily.

Due to limited space, the proofs of lemmas and theorems
marked with “*” were omitted and they can be found in the
full version of this paper.

Preliminaries

LetG = (V = {v1, ..., un }, E) be the input complete graph,
where vertices in V' represent the n participating teams and
n is always even. There is a non-negative weight function
w : E — R>( on the edges in E. For any edge ab € E, we
use w(a, b) to denote its weight, which denotes the distance
between the home venues of teams a and b. The function
w(-) is a metric function satisfying the properties of sym-
metry and the triangle inequality. Specifically, for three ver-
tices a, b, ¢ € V, it holds that w(a, b) +w(b, c) > w(a,c) =
w(e, a). We also extend the weight function w to a set of
edges, i.e., forany £/ C F, letw(E') = ) p w(e). For
any subgraph G’ of G, let V(G’) and E(G’) denote the ver-
tex set and edge set of G’. For any vertex set V' C V, the
complete graph induced by V” is denoted by G[V”].

For any v € V, let E(v) = {uv | wv € E} denote the set
of all edges incident on v in G. The weighted degree of v is
defined as §(v) = w(FE(v)). We define §(V') as the sum of
the weighted degrees of all vertices, i.e.,

S(V) =Y 8(v) = 2w(E).
veV

A walk W is a sequence of vertices where each consecu-
tive pair of vertices is connected by an edge. We use w(W)

ey
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Figure 1: An itinerary of team v, which contains five road
trips, and each road trip is an ¢-cycle satisfying 2 <1¢ < 5

to denote the total weight of the edges traversed in the se-
quence. A walk is closed if the first and last vertices are the
same. A path is a walk with no repeated vertices. A cycle is
a walk where only the first and the last vertices are the same.
An i-path v1v5 . .. v; is a path on ¢ different vertices. It con-
sists of i — 1 edges {v1va, ..., v;—1v;}, and its length is said
to be 7. An i-cycle vivs ... v;v; is a cycle on ¢ different ver-
tices. It consists of ¢ edges {v1va, ..., v;v1}, and its length
is also said to be i. Given a walk W, we can skip several
vertices along the walk to obtain a new walk W', and this
operation is called shortcutting. By the triangle inequality,
it holds that w(W') < w(W). If only a specific vertex v is
consistently skipped and no other vertices are skipped, we
refer to this operation as shortcutting v.

A matching in G is a set of n/2 vertex-disjoint edges. We
let M* denote the minimum weight matching in GG, which
can be found in O(n?3) time (Gabow 1974; Lawler 1976). An
edge in M* is referred to as a matching edge, while an edge
in E\ M* is referred to as a non-matching edge. A Hamil-
tonian cycle in G is a simple cycle on n different vertices.

In any feasible solution to TTP-4, every team v € V fol-
lows an itinerary, represented as a closed walk starting and
ending at v, and it contains every other vertex exactly once.
This itinerary can be split into several minimal closed walks,
each starting and ending at v, referred to as road trips. Since
each team plays at most 4 consecutive away games in TTP-4,
each road trip of v is an ¢-cycle containing v with 2 <7 < 5.
Moreover, any pair of its road trips share only one common
vertex v. See Figure 1 for an illustration. For any road trip of
v, we refer to the edges incident to v as home edges, and the
other edges as away edges. Clearly, each road trip contains
exactly two home edges.

Fix an optimal solution of TTP-4. For any teamv € V, we
let I’¥ denote the itinerary of v. Hence, the optimal solution
has a weight of

OPT = Y " w(I}). 2)

veV
For any pair of teams u,v € V, weuse u — v or v <— u
to denote a game between v and v at home venue of v, and
use u <+ v to denote games u — v and u <— v. Hence, in
a double round-robin tournament, we need to schedule all
games in {u <> v | u,v € V}.

The Matching-Based Construction
Our construction is based on minimum weight matching M*
in G. Assume w.lo.g. M* = {ei,...,e,/2}, Where ¢; =

v9;—109; for each i € {1,...,n/2}. To get a good schedule,
we aim to ensure that



Figure 2: The super-tournament in the first time slot, where
m=10andr = 2

* For each team, almost all of its road trips are 5-cycles,
i.e., it mainly plays 4 consecutive away games;

* Almost all 5-cycles contain two matching edges.

To achieve this, we use the packing-and-extending technique
for TTP-k (Hoshino and Kawarabayashi 2012; Goerigk et al.
2014; Zhao and Xiao 2023). The idea is to pack some teams
as a super-team according to some graph structures, then
schedule a super-tournament between super-teams, and fi-
nally extend the super-tournament into a feasible schedule
for TTP-k. For TTP-3, some algorithms pack three teams
on a 3-path (Goerigk et al. 2014; Zhao and Xiao 2023) as a
super-team. For TTP-4, the best-known 1.7-approximation
algorithm (Zhao, Xiao, and Xu 2022) packs four teams on
a 4-cycle as a super-team. In our construction, we pack four
teams on two edges in M* as a super-team. We will show
that our method is better than the previous method based on
packing 4-cycles and furthermore our analysis is simple.
Let m = 2|n/8]|. We form m super-teams by packing
four teams on two edges in M* as a super-team, specifi-
cally from ey to es,,. These m super-teams are denoted by
{S1,...,Sm}, where S; = {ea;_1,e2;} and S; consists of
the four teams {v4;_3, V4i—2, V4;—1, v4; } associated with the
edges eo;_1 and eg;. Let r = n/2—2m. The r pairs of teams
on the r edges {eam+1, - - -, €2m+r+ are not included in any
super-team. We denote each pair of teams by a team-pair T;,
where T; = {ea 44} consists of two teams on ey, ;.

Remark 1. Since n is even, we have r = n/2 — 4|n/8] €
{0,1,2,3}. If n = 0 (mod 8), there are no team-pairs, and
thus this case is the simplest case. We will mainly focus on
this simplest case and then extend to other cases.

Next, we present our super-tournament.

The Super-Tournament

Our super-tournament comprises m — 1 time slots, with each
time slot featuring m /2 super-games between super-teams.
Each super-team (denoted by a cycle) and each team-pair
(denoted by a square) are represented visually. A directed
edge between two super-teams signifies a super-game played
at the home venue of the receiving super-team. There are
four types of super-games:

* S; — S;: Normal super-game.
. 5 S;: Left super-game.
S KL S;: Right super-game.

e Si i) S;: Last super-game.
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Figure 3: The super-tournament in the second time slot,
where m =10 and r = 2

Figure 4: The super-game schedule in the last time slot,
where m = 10 and r = 2

In the Ist time slot, the super-games are scheduled as de-
picted in Figure 2. Specifically, there is 1 left super-game,
m/2 — 1 — r normal super-games, and r right super-games.

In the 2nd time slot, super-games are scheduled as shown
in Figure 3. We maintain the positions of the last super-
team and the r team-pairs, while shifting the positions of
the other super-teams in the cycle S1.55 .. ..5,,—1.51 by one
position clockwise. Additionally, we reverse the direction of
each edge, but the types of super-games are unchanged. The
super-tournament for the first m — 2 time slots is derived
analogously.

In the last time slot, super-games are scheduled as shown
in Figure 4. The only difference is that the m/2 — r super-
games all become last super-games.

In summary, each of the first m — 2 time slot includes
1 left super-game, m/2 — r — 1 normal super-games, and r
right super-games. In the last time slot, there are m /2 —r last
super-games and r right super-games. Each left, normal, or
last super-game involves only two super-teams, while each
right super-game involves two super-teams and one team-
pair. Note that we need to ensure m/2 —r —1 > 0, and thus,
we assume n > 32 for the sake of presentation.

Next, we show how to extend super-games into games
played between individual teams. This extension transforms
the super-tournament into an incomplete solution for TTP-4.
There may still be some unscheduled games, which will be
addressed and scheduled after the final time slot.

Extending Super-Games

We present the extension of the four types of super-games.

Normal super-games: S; — S;. For the sake of presenta-
tion, we relabel S; = {x122, z324} and S; = {y1y2, ysya}.
We extend the normal super-game into games on 8 days, as
shown in Table 1, where gamesin {z <> y | z € S;,y € S;}
are all scheduled in extending the normal super-game.

Since almost all super-games in the super-tournament are
normal super-games, the design of normal super-games is
the most important part. We show several good properties of
our normal super-games.



1 2 3 4 5 6 7 8

Ti| Y1 Y2 Y3 Y4 Y1 Y2 Y3 Ya
T2| Y2 Y1 Y4 Ys Y2 Y1 Ya Y3
T3| Y3 Y4 Y1 Y2 Y3 Y4 Y1 Y2
Ta| Y4 Y3 Y2 Y1 Ya Y3 Y2 Y
Y| 1 T2 T3 a4 T1 T2 T3 T4
Y2 | T2 T1 T4 X3 T2 T1 T4 T3
Y3 | 3 T4 T1 T2 T3 T4 T1 X2
Ys| g T3 T2 X1 T4 T3 T2 T1

Table 1: Extending the normal super-game from super-teams
S; = {x172, 7374} t0 S; = {y1Y2, Y3y} into games on 8
days, where home games are marked in bold

(a) Based on matchings (b) Based on 4-cycles
Figure 5: The road trips of 1, ...,24 in two kinds of nor-
mal super-games from {z1 22, z324} to {y1y2, y3ya }, where
we use dotted edges and solid edges to denote the home
edges and away edges: Figure (a) represents our super-
games based on matchings, while Figure (b) represents the
previous super-games based on 4-cycles

From Table 1, we know that every team in .S; (resp., S;)
will play 4 consecutive away games (resp., home games) and
4 consecutive home games (resp., away games). Clearly, ev-
ery team incurs a single road trip, which is a 5-cycle. More
importantly, since z1T2, T34, Y1Y2, Y3y4 are all matching
edges, each team’s road trip includes two matching edges
as away edges. For example, we consider the road trips of
teams in S; (the road trips of teams in S; are similar). These
four road trips include 12 away edges, with y;1y2 and y3y4
appearing four times each, and y»y3 and y; y4 appearing two
times each (see (a) in Figure 5). These away edges will be
included again in other normal super-games involving S;.
Since y1y2 and Y3y, are matching edges, the cost of our nor-
mal super-games should be positive.

We remark that the 1.7-approximation algorithm (Zhao,
Xiao, and Xu 2022) is based on 4-cycles, where it first com-
putes a set of vertex-disjoint 4-cycles in G and then packs the
four teams on each 4-cycle as a super-team. In their normal
super-games, the road trips of teams in S; also have 12 away
edges, but they include each edge on the 4-cycle y1y2y3y4y1
three times without variation (see (b) in Figure 5). Assume
A =wyr,y2) + w(ys,ya) < B = w(y2,y3) + w(y1,ya).
Their cost on away edges is 3A + 3B, which is greater than
or equal to ours cost, i.e., 4A + 2B.

Left super-games: S; 4, S;. Similarly, we relabel S; =

{x11}2,$3$4} and S]‘ = {y1y27y3y4}. We extend the left
super-game into games on 8 days, as shown in Table 2,
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1 2 3 4 5 6 7 8

Ti| Y1 Y2 Y3 Y& Y1 Y2 Y3 Ya
T2 Y2 Y1 Y& Y3 Y2 Y1 Ysi Y3
T3| Ys Y4 Y1 Y2 Y3 Ya Y1 Y2
Ta| Y4 Y3z Y2 Y1 Ysa Y3 Y2 Y1
Yyi| 1 T2 X3 T4 T1 T2 T3 T4
Y2 | 2 1 x4 T3 T2 T1 T4 X3
Y3 | 3 T4 1 T2 T3 T4 T1 X2
Ys| g T3 X2 T1 T4 T3 T2 1

Table 2: Extending the left super-game from super-teams
S = {x1xe,x324} t0 S; = {y1y2,ysya} into games on
8 days, where home normal games are marked in bold

1 2 3 4 5 6 7 8

Ti| Y1 Ys Ys Y2 Ys Y2 Y1 Ys
T2| Ys Ysa Y2 Y1 Y2 Y1 Ys Ya
T3| Y4 Y3 Y1 Ys Y1 Ys Ya Y3
Ta| Ys Y2 Ys Y4 Ys Ya Y3 Y2
T5| Y2 Y1 Ya Ys Y4 Ys Y2 N
Y| 1 s x3 T2 T3 T2 T1 Ts
Y2 | s T4 T2 T1 T2 T1 Ts T4
Ys| a4 T3 X1 Ts T1 Ts T4 T3
Ya| T3 T2 Ts T4 s T4 T3 T2
Ys| 2 1 x4 T3 T4 T3 T2 T1

Table 3: Extending the right super-game from super-teams
S; = {zixa, x3xa} 0 S; = {y1y2,y3ya} with team-pair
{z5ys} into games on 8 days, where home normal games
are marked in bold

where games in {z <> y | z € S;,y € S;} are all scheduled
in extending the left super-game.

Right super-games: S; ELN S;. Note that T}/ is a team-
pair. We relabel S; = {x122, 324} and S; = {4192, y3ya }.
If the position of S; is above S;, we relabel T, = {z5,ys5}
such that vy, 42;/—1 = 5 and V4,424 = Ys; otherwise we
set vo;,—1 = ys and ve;y = x5. Then, we extend the right
super-game into games on 8 days, as shown in Table 2.

Note that we relabel the teams in 7. this way to avoid
scheduling repeated games, as each super-team plays two
right super-games involving 7;,. Moreover, since there are
two additional teams, the games in {z; <> y5_; | 1 < i <
4} U {z5 <> ys} are not scheduled during the extension.

Last super-games: S; x, S;. Similarly, we relabel S; =
{z122, 2324} and S; = {y1y2, ysys}. We extend the last
super-game into games on 8 days, as shown in Table 4,
where games in {z <> y | z € S;,y € S;} are all scheduled
in extending the last super-game.

Scheduling Unscheduled Games

After extending all super-games, some games may remain
unscheduled. In this section, we address and schedule these
remaining games.

Firstly, we consider super-team S,,, and the 7 team-pairs.

Since their positions are fixed, by the extension of super-
games, games between any pair of teams within V' =
Ui<,T; U S, are unscheduled, ie., {u <> v | u,v € V'},
forming a double round-robin tournament among the teams



1 2 3 4 5 6 7 8
Ti| Y1 Y2 Y3 Y4 Y1 Y2 Y3 Ya
T2| Y2 Y1 Y4 Ys Y2 Y1 Ya Y3
T3| Ys Y4 Y1 Y2 Ys Ya4 Y1 Y2
Ta| Y4 Y3 Y2 Y1 Ya Y3 Y2 Y1
Y| 1 T2 T3 a4 T1 T2 T3 T4
Y2 | T2 T1 T4 X3 T2 T1 T4 T3
Y3 | 3 T4 T1 T2 T3 T4 T1 T2
Ys| g T3 T2 T1 T4 T3 T2 1

Table 4: Extending the last super-game from super-teams

S; = {172, 2374} t0 S; = {y1Y2,y3y4} into games on
8 days, where home games are marked in bold

| 1
T4
€3
T2
T

2

z3
T4
1
T2

3

T2
1
X4
x3

4

x3
T4
x1
2

5

T4
x3
X2
X1

6

T2
1
T4
€3

x1
T2
x3
T4

Table 5: Extending an away self-game for super-team S; =
{x122, x324} into games on 6 days, where home games are
marked in bold

in V', To schedule these games, we use any TTP-2 algo-
rithm, such as the one from Thielen and Westphal (2012).
Since S,;, = {122, T3x4} plays an away last super-game in
the last time slot, both 1 and x» have just played 4 consecu-
tive home games, as shown in Table 4. So, when invoking the
TTP-2 algorithm, we additionally ensure that both 21 and =9
start with away games. This can be done trivially since every
day must contain |V’|/2 > |S,,|/2 > 2 games.

Secondly, we consider a super-team S; € {S1, ..., Sp—1}-

On one hand, similar to the previous case, games be-
tween any pair of teams in .S; are unscheduled, i.e., {u <
v | u,v € S;}, forming a double round-robin tournament
among the teams in .5;. To schedule these games, we assign
an away (resp., home) self-game for S; if S; plays an away
(resp., home) super-game in the last time slot. The away self-
game will be extended into games on 6 days, as shown in
Table 5. Note that the extension for the home self-game fol-
lows the same format as the away self-game but with re-
versed home venues.

On the other hand, we need to schedule the missing
games resulting from extending the right super-games. Re-
call that in extending a right super-game between super-
teams {x129, 2324} and {y1y2, y3y4 }, the games in {z; +
Ys—i | 1 < i < 4} are not scheduled. Since every super-
team in {S1,..., S;m—1} plays two right super-games with
each team-pair T}/, each team in V' = U;.,,,.S; has 4 un-
scheduled games due to right super-games with 7. There-
fore, there are 4r unscheduled games in total. Let U;; denote
the set of unscheduled games due to right super-games with
T, for all teams in V. Consequently, U;s contains 4 - |V"'|
games. Let A (resp., H) denote the state of a team playing an
away (resp., a home) game. We have the following result.

Lemma 2 (*). For any i’ < r, all games in U; can be
scheduled within 4 days such that each team in V' plays
games in the patterns AHHA or HAAH.
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Since no team plays 4 consecutive home or away games
in the last 4 days of the extension of self-games, the games
in U;s can be safely scheduled one by one for each i’ < r.

Theorem 3 (*). For TTP-4 with any n > 32, our construc-
tion generates a feasible solution.

Lower Bounds of the Optimal Solution

In this section, we propose two lower bounds for the weight
of the optimal solution of TTP-4. Both of these bounds are
related to the minimum weight matching, which is crucial
for proving the approximation ratio of our algorithm.

The first lower bound is simple but will be useful.

Lemma 4 (*). For TTP-4, it holds that n-w(M*) < 1-OPT.

The second lower bound is also related to §(V'). Note that
Westphal and Noparlik (2014) proved that 6(V') < 2 - OPT
for TTP-4. We propose a stronger result.

Lemma 5 (*). For TTP-4, it holds that (V') +n-w(M™*) <
2-OPT.

An Improved Approximation Algorithm

In this section, we demonstrate that by using our matching-
based construction and the new lower bounds related to the
minimum weight matching, we can achieve a (1.625 + ¢)-
approximation algorithm for TTP-4 for any constant € > 0.

By labeling the n/2 edges in the minimum weight match-
ing M* = {e1,...,e, 2} such that e; = vy;_1vy; for each
i € {1,...,m/2}, the previous construction provides a so-
lution. However, there are (n/2)! - 2*/2 possible ways to
label all teams, and different ways may result in different
solutions. To find a good solution, we choose one labeling
of teams uniformly at random from the (n,/2)! - 2"/ pos-
sibilities. The algorithm is outlined in Algorithm 1, which
has a time complexity of O(n), achieved by using the
Fisher—Yates shuffle (Knuth 1997).

Algorithm 1: Randomized Labeling of Teams

Require: The minimum weight matching M*
Ensure: One labeling of teams
1: Obtain a permutation uniformly at random from all pos-
sible permutations of the edges in M*, and label the
edges as e1, ez, ..., €n /2.
2: for each edge e; do
3:  Select one of its vertices uniformly at random, label
it as vo;_1, and label the other vertex as wvs;.

4: end for

In our solution, the road trips of each team are related
to their labels. To analyze their weight, due to the random-
ness, we need to calculate the expected weight of each edge
v;vj, where ¢, j € {1,...,n}. Next, we analyze the expected
weights of matching edges and non-matching edges.

Lemma 6 (*). Each matching edge has an expected weight
of %w(M *), and each non-matching has an expected weight
of at most —1—=-6(V') and at least 2w (M*).

n(n—2)



Lemma 6 demonstrates that, under our randomized label-
ing algorithm, each (non-)matching edge has the same ex-
pected weight. This property will simplify our forthcoming
analysis of the expected weight of our algorithm, as we will
only need to count the number of (non-)matching edges used
in the road trips of all teams. For the previous approximation
algorithm in (Zhao, Xiao, and Xu 2022), the analysis is de-
rived by making a trade-off between a construction based on
an approximate Hamiltonian cycle (Yamaguchi et al. 2011)
and a construction based on an approximate 4-cycle packing
(i.e., a set of vertex-disjoint 4-cycles), both of which involve
NP-hard problems.

Theorem 7. For TTP-4 with n > 32, there is a randomized
algorithm to generate a solution with an expected weight of
at mostn - w(M*) + (3 + 226)5(V) in O(n?) time.
Proof. Our solution of TTP-4 can be denoted by an x (2n—
2) table. There are 2n(n — 1) cells in the table, where each
cell represents a specific game.

In our super-tournament, each of the first m — 2 time slots
includes m/2 — r — 1 normal super-games. Since 7 < 3, the
number of normal super-games is at least

(%—7‘71) (m—2) > (%7371)(77172)

m2
= om + 8.

Letz = mTz —5m+ 8. We fix z normal super-games arbi-
trarily in our super-tournament. As shown in Figure 5, there
are 8 road trips in extending one normal super-game, which
include 16 matching edges and 24 non-matching edges.
Hence, the road trips corresponding to games in extending
the z normal super-games include m; matching edges and
n1 non-matching edges, where

(m1,n1) = (162, 242). 3

By Table 1, each normal super-game occupies 8 x 8 = 64
cells. The z normal super-games therefore occupy 64z cells
in total. The remaining Z = 2n(n — 1) — 64z cells are re-
ferred to as bad cells. Consider any bad cell and assume that
the corresponding game is v — v. We assume that u and
v are at home before the game starts and return home after
the game ends. This assumption only increases the weight
of our analysis by the triangle inequality. So, u takes a road
trip including the edge uv two times, while v takes no road
trips. Hence, each bad cell corresponds to at most one road
trip, which is a 2-cycle including two edges. Moreover, we
assume that this road trip contains two non-matching edges,
as the expected weight of a matching edge is at most the ex-
pected weight of a non-matching edge by Lemma 6. Hence,
the games in bad cells incur at most z road trips,including
mo matching edges and no non-matching edges, where

(mz, TLQ) = (0, 22) (4)

By (3), (4), and Lemma 6, the expected weight of our so-
lution is at most
16z 24z + 27
M*
n w(M7) + n(n —2)

5(V). )
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On one hand, since m = 2[%] and n > 32, we have 8 <
m < %,andthusz:%2—5m+8§ m72 < T—Z.Thus,

@w(M*) <n-w(M"). (6)

On the other hand, we have 6 < % —2 = 2(g—1) <m < 7,
50z =" _5m48>1(2 22 _5(2) 48> _op
Recall that Z = 2n(n — 1) — 64z. We have 24z + 27 =
4n(n — 1) — 104z < 3n? 4 204n. Hence, we have

5(V) < WW)

3 206
< (4+n_2>5(V).

By (5), (6), and (7), the expected weight of our solution is
atmostn - w(M*) + (3 + 229)5(V).

Our algorithm first computes the minimum weight match-
ing in O(n?) time', then find a labeling of all teams in O(n)
time, and finally obtain a schedule using the matching-based
construction in O(n?) time. Therefore, the overall running
time of our algorithm is O(n?). O

24z 4+ 2Z

n(n —2) 7

Then, by using our new lower bounds related to the mini-
mum weight matching, we can analyze the expected approx-
imation ratio of our algorithm.

Theorem 8 (*). For TTP-4 with any constant € > 0, there
is a randomized (1.625 + €)-approximation algorithm.

Note that by a more refined analysis, the item 225.6(V') in
Theorem 7 could be further improved. However, this would
not lead to an improvement in the key constant 1.625 in our
approximation ratio.

Moreover, our algorithm can be derandomized in poly-
nomial time using the method of conditional expectations,
while preserving the approximation ratio. Examples of this
approach can be found in (Williamson and Shmoys 2011;
Miyashiro, Matsui, and Imahori 2012).

Remark 9. Currently, our “matching-based” method can
only improve the approximation ratio for k = 4. For k > 4,
although our method can still derive a feasible solution, the
approximation ratio becomes worse since the item related
to §(V') in the analysis becomes too large. Below are some
detailed arguments.

For TTP-k, we may still be able to ensure that almost all
road trips consist of k—1 away edges and 2 home edges (i.e.,
each team always plays k consecutive away games), where
there are at most Lg] matching edges in the away edges. In

our analysis, the rest k +1 — ng edges, should be regarded
as non-matching edges. So, this method may yield a solution
with a weight of at most % ~n~w(M*)+%5(V)+a-
OPT. Unfortunately, for k > 4, the item related to 6(V') will
become large and we cannot beat the known result. And, for
k = 2 or k = 3, other methods achieve better approximation
ratios, and it is challenging to improve upon them.

"Recently, advanced techniques have led to some improvements
in the running time of the minimum weight matching algorithm
(see e.g., Chen et al. (2022)).



Experimental Results

In the construction and analysis, we can see that the simplest
case is the case where n = 0 (mod 8). Other cases need
additional steps to handle some remaining teams. Although
these additional parts only handle a few special cases, they
are relatively complex in the construction and not easy to
implement. In the experimental part, we will also mainly fo-
cus on the case where n = 0 (mod 8), due to the limited
space. For this case, there are no team-pairs and, therefore,
no right super-games.

For TTP-4, the current best-known experimental results
are from Westphal and Noparlik (2014), where they tested
30 benchmark instances from the online website (Trick
2024). Among these, nine instances satisfy n = 0 (mod 8).
Their results were achieved by combining an approximation
algorithm based on the Hamiltonian cycle with the LKH
heuristic algorithm (Helsgaun 2000) and additional swap-
ping heuristics (Di Gaspero and Schaerf 2007; Ribeiro and
Urrutia 2007). This approach produces high-quality solu-
tions; for instance, it improved 10 hard benchmark instances
for the widely studied TTP-3. So, improving upon their re-
sults for TTP-4 poses a significant challenge.

Next, we introduce some details on the implementations
of our algorithm. In fact, we will modify the algorithm a
little bit which will not lead to worse theoretical results, but
they are easier to implement and have more practical effects.

First, we use two minor modifications of the construction.

¢ We replace the left super-game S, A, S,,_1 in the first
time slot with a normal super-game S,,, < Sy, —1.

* After S,, plays an away last super-game in the last time
slot, instead of calling a TTP-2 algorithm, we assign an
away self-game for it, as we do for other super-teams.

So, any last super-game, along with the two subsequent self-
games, can be regarded together as a new last super-game.

Second, we optimize our super-games as follows: during
the extension of each super-game between any pair of super-
teams .S; and S, we relabel the teams in S; and .S; to mini-
mize the total traveling distance for all teams in S; U S; on
the extended days. There are 4! x 4! = 576 possible ways to
relabel the teams, and we will choose the best way.

Last, instead of using the randomized labeling algorithm,
we form m super-teams as follows: (1) We obtain a new
graph G’ by contracting each edge in M* into a vertex,
where the weight between vertices corresponding to edges
xy € M* and zt € M* is defined as min{w(z, z) +
w(y,t), w(z,t) + w(y,z)}. (2) We then find a minimum
weight matching M’ in G’, which pairs the 2m edges in M*
into m pairs of edges. (3) Finally, we take the four teams
from each pair of edges in M’ to form a super-team. This
approach is chosen because the away edges in the road trips
of a normal super-game form 4-cycles containing edges in
M*, as illustrated in Figure 5(a).

After forming m super-teams, we attempt to swap the in-
dices of two super-teams to find better solutions. Specifi-
cally, there are (g’) possible pairs of super-teams. We con-
sider these pairs in a random order. For each pair, from the
first to the last, we test whether swapping the indices of the
super-teams results in a better schedule. If not, we do not
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Data Best-Known Our Improvement
Set Result Result Ratio
Galaxy40 216863 212680 1.93%
Galaxy32 104433 103054 1.32%
Galaxy24 40832 39453 3.38%
Galaxy16 14365 13188 8.19%
NFL32 809725 779620 3.72%
NFL24 436531 403660 7.53%
NFL16 235936 213649 9.45%
NL16 263745 229301 13.06%
Brazil24 464921 412399 11.30%

Table 6: Experimental Results

swap them and move on to the next pair. If it does result in a
better schedule, we swap them and proceed to the next pair.
After evaluating all (ZI) pairs, if an improvement is found,
we repeat the procedure. Otherwise, the process concludes.

The above swapping heuristic is also known as pair-wise
swapping local search (Goerigk et al. 2014), which is simple
yet effective, especially for these TTP-4 instances where the
size is relatively small, i.e., n < 40.

Our algorithm is implemented in C++ and executed on
a standard Windows desktop computer with an Intel Core
i5-11400 CPU (2.6 GHz) and 16 GB of RAM. Our code is
available at https://github.com/JingyangZhao/TTP-4.

Our results are summarized in Table 6. The column ‘Data
Set’ lists the nine instances, ‘Best-Known Result’ indicates
the best-known results from Westphal and Noparlik (2014),
‘Our Result’ shows the results obtained by our algorithm
after applying the pair-wise swapping local search, and ‘Im-

P Best-Known Result—Our Result
provement Ratio’ is defined as Best-Kown Result

We can see that our algorithm improves upon the previous
results for all the nine instances satisfying n = 0 (mod 8),
achieving an average improvement ratio of 6.65%. Our al-
gorithm also runs very fast. All the nine instances can be
solved together within 9.55 seconds.

We remark that to extend our algorithm to cases where
n # 0 (mod 8), we only need to design effective right
super-games and schedule the games after the last time slot.

Conclusion

In this paper, we present an improved approximation algo-
rithm for TTP-4. Compared to the previous approximation
algorithm in (Zhao, Xiao, and Xu 2022), our approach to
design super-games is different. Our design is based on two
edges in a minimum weight matching, whereas their design
is based on 4-cycles. Additionally, our analysis of the solu-
tion quality is simple. We focus on counting the number of
(non-)matching edges in road trips, while their analysis in-
volves calculating the costs of super-games. Finally, we can
improve the approximation ratio from 1.7+¢ to 1.625+¢ for
any constant € > (. Our algorithm also demonstrates excel-
lent practical performance, particularly for the case n = 0
(mod 8). Experimental results indicate that our algorithm
improves all 9 instances satisfying n = 0 (mod 8), achiev-
ing an average improvement ratio of 6.65%.
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