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Abstract

We consider infinite-horizon Markov Decision Processes
where parameters, such as transition probabilities, are un-
known and estimated from data. The popular distributionally
robust approach to addressing the parameter uncertainty can
sometimes be overly conservative. In this paper, we utilize the
recently proposed formulation, Bayesian risk Markov Deci-
sion Process (BR-MDP), to address parameter (or epistemic)
uncertainty in MDPs. To solve the infinite-horizon BR-MDP
with a class of convex risk measures, we propose a compu-
tationally efficient approach called approximate bilevel dif-
ference convex programming (ABDCP). The optimization is
performed offline and produces the optimal policy that is rep-
resented as a finite state controller with desirable performance
guarantees. We also demonstrate the empirical performance
of the BR-MDP formulation and the proposed algorithm.

1 Introduction

In a Markov decision process (MDP), an agent must make
decisions in a sequence while facing uncertainty. In this sit-
uation, some parameters of the MDP, such as the transition
probabilities and costs, may be unknown and must be esti-
mated from available data. The problem then becomes how
to determine the best course of action, given the limited or
possibly absent data, in order to minimize the expected total
cost and optimize the decision-making process under these
uncertain parameters.

An alternative approach to addressing the epistemic un-
certainty in MDP is through the use of distributionally ro-
bust MDPs (DR-MDP, Xu and Mannor (2010)). It considers
unknown parameters as random variables and assumes that
their distributions belong to an ambiguity set determined by
the available data. The optimal policy is then found by min-
imizing the expected total cost using the most adversarial
distribution within this ambiguity set. However, these dis-
tributionally robust approaches may lead to overly conser-
vative solutions that do not perform well in scenarios that
are more likely to occur than the worst case. Additionally,
the DR-MDP framework does not explicitly incorporate the
dynamics of the problem, as the distribution of the unknown
parameters does not depend on the data process, and is there-
fore not time-consistent, as noted by Shapiro (2021). In light
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of these limitations, Lin, Ren, and Zhou (2022) propose a
Bayesian risk MDP (BR-MDP) framework to address epis-
temic uncertainty in MDPs. However, the approximation al-
gorithm proposed by Lin, Ren, and Zhou (2022) only ap-
plies to finite-horizon MDPs and does not scale well with
long horizon. It only provides an upper bound on the exact
value function, without any theoretical guarantee on the gap.

We reformulate the considered BR-MDP as a bilevel dif-
ference convex program (DCP) such that we can employ the
powerful optimization methods for DCP to solve infinite-
horizon BR-MDP. Since the space of posterior distributions
(beliefs) is uncountably infinite, we approximate the bilevel
DCP by considering only a subset of posterior distributions.
Although the DCP is approximate, we show that its solution
is a lower bound on the exact optimal value function. Using
the representation of a finite state controller of the resulting
policy, we further show an upper bound on the exact optimal
value function. We develop an iterative approach to reduce
the gap between upper and lower bounds by incrementally
generating new sets of posterior distributions, and show the
convergence of the proposed algorithm.

To summarize, the contributions of this paper are two-
fold. First, we analyze the infinite-horizon MDP with epis-
temic uncertainty under BR-MDP via a Bayesian perspec-
tive and show the existence and uniqueness of stationary
optimal policy. Second, we propose an approximate differ-
ence convex programming algorithm to solve the proposed
formulation and show the convergence of the proposed al-
gorithm. The rest of the paper is organized as follows. We
conduct literature review and introduce the BR-MDP frame-
work in Section 2. We show the existence and uniqueness of
a stationary optimal policy to the infinite-horizon BR-MDP
in Section 3.1. We provide a bilevel DCP solution to the
infinite-horizon BR-MDP in Section 3.2. A computationally
efficient approximate DCP algorithm is shown in Section
3.3. We verify the theoretical results and demonstrate the
performance of our algorithms via numerical experiments in
Section 4. Finally, we conclude the paper in Section 5.

2 Background

2.1 Related Literature

If data used to estimate the true but unknown underlying
MDP are not sufficient, the estimated MDP may signifi-



cantly differ from the true MDP, leading to poor policy per-
formance. This discrepancy (between the estimated MDP
and the true MDP) can be seen tightly linked to the epis-
temic uncertainty about the model. There have been numer-
ous approaches that address epistemic uncertainty in MDPs,
with robust MDP and its variants (Nilim and Ghaoui (2004);
Iyengar (2005); Delage and Mannor (2010); Wiesemann,
Kuhn, and Rustem (2013); Petrik and Russel (2019); Zhou
et al. (2021); Yang, Zhang, and Zhang (2022); Cousins et al.
(2023); Derman et al. (2020)) being one of the most widely
used methods. In robust MDPs, the optimal decisions are
made based on their performance under the most unfavor-
able conditions within a known ambiguity set of possible
parameter values.

Apart from the overly conservative robust MDP approach
which only considers the worst-case scenario, the risk-
averse approach has been proposed to address the epis-
temic uncertainty, but with more flexibility in choosing
the risk functional. Risk-averse approach is originally pro-
posed to address the aleatoric uncertainty due to the inher-
ent stochasticity of the underlying MDP (Howard and Math-
eson (1972); Ruszczynski (2010); Petrik and Subramanian
(2012); Osogami (2012)). It replaces the risk-neutral expec-
tation by some general risk measures, such as conditional
value-at-risk (CVaR, see Rockafellar and Uryasev (2000)).
However, most of the existing approaches assume the agent
has access to the true underlying MDP, and optimize some
risk measures such as CVaR in that single MDP (Chow and
Ghavamzadeh (2014); Tamar et al. (2015); Tamar, Glassner,
and Mannor (2015); Sharma et al. (2019)). In this paper, we
consider the offline planning problem in MDPs, where we
only have access to prior belief distribution over MDPs that
is constructed by the offline data. It should be noted that
offline planning problem has also been considered by Duff
(2002), where the author proposes a Bayes-adaptive MDP
(BA-MDP) formulation with an augmented state composed
of the underlying MDP state and the posterior distribution
of the unknown parameters. Mostly close to the problem set-
ting in this work are Rigter, Lacerda, and Hawes (2021); Lin,
Ren, and Zhou (2022). Rigter, Lacerda, and Hawes (2021)
optimize a CVaR risk functional over the total cost and si-
multaneously addresses both epistemic and aleatoric uncer-
tainty, while Lin, Ren, and Zhou (2022) consider a nested
risk functional to ensure the time consistency of the obtained
policy.

While there are many works proposing different models
and frameworks to address the epistemic uncertainty, devel-
oping computationally efficient solutions is also of great in-
terest. In robust MDPs, with some mild conditions on the
ambiguity set such as rectangularity, the proposed formula-
tion can be solved by a second-order cone program when
the horizon is finite, or policy iteration when the horizon
is infinite (Mannor and Xu (2019)). In BA-MDP and its
variants, Rigter, Lacerda, and Hawes (2021) propose an ap-
proximate algorithm based on Monte Carlo tree search and
Bayesian optimization. Lin, Ren, and Zhou (2022) develop
an a-function approximation algorithm using the convex-
ity of the CVaR risk measure. However, the aforementioned
works consider a finite-horizon MDP and do not generalize
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well to the infinite-horizon setting.

Compared to standard MDPs, our considered problem has
two distinct features that make it difficult to apply value it-
eration, policy iteration, or linear programming (Puterman
(2014)). First is the resulting continuous-state MDP due to
augmented belief state. We note that this continuous-state
MDP is similar to a belief-MDP, which is the equivalent way
to represent a partially observable MDP (POMDP) by treat-
ing the posterior distribution of the hidden state as a belief
state. Second is the risk measure taken with respect to the
unknown parameters in the MDPs. In this work, we propose
an optimization-based method to solve the infinite-horizon
BR-MDPs. It has been empirically shown by Alagoz, Ay-
vaci, and Linderoth (2015) that linear programming can effi-
ciently solve a significant number of MDPs in comparison to
standard dynamic programming methods, such as value iter-
ation and policy iteration. Furthermore, linear programming
requires less memory and can handle MDPs with a larger
number of states and still achieve optimality. It has been
widely used in risk-sensitive MDP (that deals with intrinsic
or aleatoric uncertainty that is due to the inherent stochastic-
ity of the underlying MDP, see Zhang et al. (2021)). Works
that are most related to our proposed optimization-based ap-
proach include Poupart et al. (2015) who propose an approx-
imate linear programming algorithm for the risk-neutral con-
strained POMDPs, and Ahmadi et al. (2021) who propose a
difference convex program (DCP) for the constrained risk-
averse MDPs. Our approach for infinite-horizon BR-MDP
significantly differs from the above approaches in two as-
pects. First, compared to the linear programming approach
in Poupart et al. (2015), we use bilevel DCP, due to the addi-
tional risk measure used for mitigating the epistemic uncer-
tainty. Our considered risk measure brings additional chal-
lenge to exactly evaluating the policy, whereas policy evalu-
ation can be easily solved by a system of linear equations in
Poupart et al. (2015). Second, compared to the DCP for the
risk-averse MDP with aleatoric uncertainty in Ahmadi et al.
(2021), the resulting continuous-state MDP in our problem
has an infinite number of constraints and requires appropri-
ate approximation to make the problem computationally fea-
sible.

2.2 Preliminary: Bayesian Risk MDPs

Consider an infinite-horizon MDP that is defined as
(S, A, P,C,~), where S is the state space, A is the ac-
tion space, P is the transition probability with P(s’|s,a)
denoting the probability of transitioning to state s’ from
state s when action a is taken, C' is the cost function
with C(s,a, s") denoting the cost when action « is taken
and state transitions from s to s', 0 < ~ < 1 is
the discount factor. We assume the state space and ac-
tion space are finite and the cost is bounded. A Marko-
vian deterministic policy 7 is a function mapping from
S to A. Given an initial state s, the goal is to find
an optimal policy that minimizes the expected discounted
total cost: mTénIE”’P’C Y21y C (st, at, 5e41) |51 = 5],

where E™C is the expectation with policy = when the tran-
sition probability is P and the cost is C. In practice, P and



C are often unknown and estimated from data.

BR-MDP is a recently proposed framework that deals
with the epistemic uncertainty in MDPs (see Lin, Ren, and
Zhou (2022)). It is assumed that the state transition is spec-
ified by the state equation s’ g(s,a,&) with a known
transition function g which involves state s € S C R¥s,
action a € A C RFe, and randomness ¢ € Z C RPFe,
where kg, kq, k¢ are the dimensions of the state, action, and
randomness space, respectively. The state equation together
with the distribution of & uniquely determines the transition
probability of the MDP, ie., P(s' € S'|s,a) = P({¢ €
: g(s,a,8) € S'}|s,a), where S’ is a measurable set in
S. We refer the readers to Chapter 3.5 in Puterman (2014)
for the equivalence between stochastic optimal control and
MDP formulation. We use the representation of state equa-
tions instead of transition probabilities in MDPs, for the pur-
pose of decoupling the randomness and the policy, leading
to a cleaner formulation in the nested form. The cost is as-
sumed to be a function of state s, action a, and randomness
& e, O(s,a,8).

The distribution of &, denoted by f(-;6¢), is assumed
to belong to a parametric family {f(-;0)|¢0 € ©}, where
© C R?is a convex parameter space, d is the dimension
of the parameter space ©, and §¢ € © is the true but un-
known parameter value. Many real-world problems exhibit
the characteristic of relying on a parametric assumption. For
example, it is commonly assumed that the demand of cus-
tomers follows a Poisson distribution with an unknown ar-
rival rate in inventory control. We begin by assuming a prior
distribution, denoted by p, over the parameter space ©. This
prior accounts for the uncertainty of the parameter estimate
that comes from an initial set of data, and it can also take
expert opinions into consideration. Then, given an observed
realization of the data process, we update the posterior dis-
tribution i according to the Bayes’ rule. Let the policy be
a sequence of mappings from state s and posterior p to the
action space, i.e., m = {m : § x M — A}, where M is
the space of posterior distributions. This representation im-
plies the policy is stationary. Now we present the BR-MDP
formulation below.

min gy, Eo, [C1(s1,a1,60) + -+ Eo,

—
—

Ci(st, a8, &) + -+ ]ls1=5,m :M] (D

s.t. Si41 = g(s¢, a4, &), 2
ay = ﬂ-(stvlj‘t)v

pe(0) f (€3 0) 3)

we6) = - 0) (€:0) db°

where p is a risk measure (we defer the definition and form
of the risk measure p to Section 2.3), 6, is a random vec-
tor following distribution u:, Eg, denotes the expectation
with respect to & ~ f(-;6;) conditional on 6;, and p,,, de-
notes a risk functional with respect to 6; ~ p,; applied in
nested form to the expected total cost with respect to the
Bayesian posterior distributions of the unknown parameters.
Equation (2) is the transition of the state s;, and without loss
of generality we assume the initial state s; takes a determin-
istic value s. Equation (3) is the updating of the posterior
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1. For a given dataset with size N, the prior distribution
converges to a Dirac delta function concentrated on the true
parameter §¢ with probability 1, and the optimal value func-
tion of BR-MDP converges to the optimal value function of
the true MDP.

2.3 Preliminary: Risk Measure

Let (€2, 7, P) be a probability space and Z be a linear space
of F-measurable functions Z : Q — R. A risk measure
is a function p : Z — R which assigns a random variable
Z to a real number representing its risk. It is said that risk
measure p is convex if it possesses the properties of con-
vexity, monotonicity, and translation invariance (see Follmer
and Schied (2002)). In this paper we consider a class of
convex risk measures which can be represented in the fol-
lowing parametric form: p,(Z) = infyco E,[V(Z, ¢)],
where ® C R™ and ¥ : R x & — R is a real-valued
convex function, and ¥(-, ¢) is finite-valued and continu-
ous on a compact set of ¢. There is a large class of risk
measures which can be represented in the parametric form.
For example, conditional value-at-risk (CVaR), defined as

CVaR,(X) = mingeg {(b—i— LE[(X - (/))ﬂ}, where

-«
()t stands for max(0, -), is widely used (see Rigter, Lac-
erda, and Hawes (2021); Chow et al. (2015)). Another ex-
ample is risk measures constructed from ¢-divergence am-
biguity sets (see Example 3 in Guigues, Shapiro, and Cheng
(2024)). We refer the readers to Shapiro, Dentcheva, and
Ruszczynski (2021) for a comprehensive discussion.

3 Algorithm and Analysis
3.1 Bellman Equation and Optimality

We can write the value function under policy m of BR-MDP
in the following recursive forms.

Vﬂ-(sv /u‘) = pMEO [O(Sv a, €) +VT (5/7 ,[L,)]
st. s =g(s,a,8),a=m(s,pn);
vy O)f(&0)
O = s o a

We refer the readers to Lin, Ren, and Zhou (2022) for a
discussion on the preference of dynamic risk measure over
static risk measure in consideration of time consistency and
derivation of the Bellman equation. For simplicity we only
consider deterministic policies, but all the analysis below
can be extended to stochastic policies. For the stochastic
policies, the expectation in (1) is taken with respect to the
randomness & and the action a. As a consequence of Theo-
rem 5.5.3b in Puterman (2014), it is sufficient to consider
the Markovian policy. The optimal value function is then
denoted as V*(s, 1) = min,cpmn V™(s, 1), where T1MP
is the set of Markovian deterministic policies. It should be
noted that the Bayes optimality is with respect to the prior
belief u. In the following, we derive the intermediate re-
sults to show V* is the unique optimal value function to the
infinite-horizon BR-MDP.

Definition 3.1 (Bellman Operator). Let B(S, M) be the
space of real-valued bounded measurable functions on (S x




M). For any bounded value function V' € B(S, M), define
an operator 7 : B(s, ) — B(s,p) as:

(TV)(s, 1) = min p,, [Eg [C(s,a,€) + 7V (', 1]
Alsolet 7™ : B(s,u) — B(s, 1), where
(TﬂV)(S, U) = Pu [Eg [O(Sv 7T(8, M)? f) + ’YVﬂ-(S/a /-/)]] .

The next two lemmas show the above Bellman operators
are monotonic and contraction mappings.

Lemma 3.2 (Monotonicity). The operators T™ and T are
monotonic, in the sense that V<V’ implies T™V < T™V'
and TV <TV'.

Lemma 3.3 (Contraction Mapping). The operators T™ and
T are v contraction for || - ||cc norm. That is, for any two

bounded value functions V,V' € B(S, M), we have
TV =TVl <AV = V]l

The following proposition shows that sub-solutions Vg,
and super-solutions Vj,, of the optimality equations V' =
TV provide lower and upper bounds on V*. As a result,
when a solution is obtained, both bounds are satisfied, mean-
ing that the solution must be equivalent to V*. Addition-
ally, this outcome serves as an important algorithmic tool
for optimization-based methods.

Proposition 3.4. For any Vyup, Vaup € B(S, M), (i) if
‘/;up > T‘/sup; then ‘/;up > V*; (”) if‘fsub < T‘/Sllbr
then Vi, < V™.

According to Proposition 3.4, we have V* = TV*. By
Banach fixed-point theorem, V* is the unique optimal value
function to the infinite horizon BR-MDP. We also have that
the value V' of a stationary policy 7 is the unique bounded
solution of the equation V' = 7™ V. Similar analysis shows
the existence and uniqueness of the optimal stationary policy
7* that satisfies V* = 7™ V*,

Applying the operator 7 on any initial value function V/,
we have the value iteration algorithm for the infinite-horizon
BR-MDP problem. The following corollary of convergence
rate is similar to the standard with the contraction property.

Corollary 3.5. For any initial bounded value function
V, the convergence rate is shown to be ||(T*V)(s,u) —

V(s 10)loo < ARV (s, 1) = V*(5, 1) |oo-

3.2 Bilevel Difference Convex Programming

The main challenge of executing the value iteration algo-
rithm (and similarly policy iteration algorithm) lies in the
continuous augmented state. In this work, we propose an
optimization-based method to solve the infinite-horizon BR-
MDPs. According to Proposition 3.4, the infinite-horizon
BR-MDP can be solved as follows:

max Z als, 1)V (s, u1)

SsES,ueM
SV (5, 1) < puBo | Cls,a,€) +V (s, 1)
VYae A,s €S, ue M,
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where we choose «(s, i) to be positive scalars which satisfy
>ses.uem (8, 1) = 1. For the considered class of convex
risk measures, we can rewrite the above formulation as a
bilevel difference convex program:

min — 3 als,w)V(s,) @

SES, uEM
st.V(s,u) — m(gn E, [\I/ (]EQ[C(S, a,&) +yV (s, 1)), ¢)}

<0,Vae A,s€ S, ue M.

Since ¥(Z, ¢) is convex in (Z,¢) and expectation is a
linear operator, the minimum of E[U(Z, ¢)] over a convex
set © remains convex in Z. Thus, (4) is a bilevel difference
convex program (see Horst and Thoai (1999) for the defini-
tion of DCP). It should be noted that Ahmadi et al. (2021)
show that the minimum over ¢ can be absorbed into the over-
all minimum problem, and ¢ is treated as a single variable.
Howeyver, it is clear that the minimum is achieved at different
¢ for different augmented state (s, ), thus turning (4) into a
bilevel optimization problem. When the lower-level problem
is convex and satisfies certain regularity conditions, we can
use the Karush-Kuhn-Tucker (KKT) conditions to reformu-
late the lower-level optimization problem, which allows us
to transform the original bilevel optimization problem into a
single-level (constrained) optimization problem.

After being reduced to a single-level DCP problem, (4)
can be solved by the convex-concave procedure (see Lipp
and Boyd (2016) for such procedure), wherein the con-
cave terms are replaced by a convex upper bound. We em-
ploy the method of disciplined convex-concave program-
ming (DCCP, Shen et al. (2016)), which converts a DCP
problem into a disciplined convex program and subsequently
into an equivalent cone program. However, one problem re-
mains to be solved: the number of constraints in (4) is infi-
nite, due to the continuous belief state. To tackle this prob-
lem, we take a similar approach as Poupart et al. (2015).
The main idea is to start with a finite posterior set (belief
space) M, and then problem (4) can be solved efficiently by
DCCP, where the posterior distribution (belief point) not in
the set M is replaced by convex combination of the points
in M. We then iteratively add to the posterior set new poste-
rior distributions that are reachable from the current set and
re-solve (4). It should be noted that the proposed approach
could be extended to value iteration and policy iteration, but
the analysis would be more complicated, since there would
be a trade-off between the optimization (e.g. value iteration)
and the belief point generation, and it could be quite tricky
to decide the optimal number of steps for value iteration and
optimal intervals for belief point generation. We formally in-
troduce the approximate bilevel DCP algorithm in the next
section.

3.3 Approximate Bilevel Difference Convex
Programming

Let M be the current posterior set. Let ,usasl be the one-
step posterior distribution with observed randomness ¢ indi-
cated by state transition s’ = g(s,a,£) and current poste-
rior u. Initially the posterior set is constructed from corner



(degenerate) points. In case the parameter space O is finite,
the corner points are (1,0,---,0), (0,1,0,---), ---, and
(0,---,0,1). In case the parameter space is continuous, it
is impossible to express one-step posterior distribution (i.e.,
;ﬁ“s/) as a convex combination of those degenerate points.
Therefore, we assume the parameter space is finite, which is
practical in many real-world problems. It can also be viewed
as a discrete approximation of a continuous parameter set,
and the discretization can be chosen of any precision.

Algorithm 1: Approximate Bilevel DCP

input: posterior set M

output: policy 7*, approximate value function v
1. solve the following approximate bilevel DCP:

min- — > als,m)V(sp) Q)
sES,MEM
SV (s, 1) < min Y p(60) [\If (v S P(s]s.a,0)

€O W EM,s'€S

w(ul,ﬂsas’)v(3/7“/) + C(s,a, 6),¢)} Nae A;seS, ue M

where w(y/, 1**") is obtained by solving (6).

2. obtain the approximate solution V* to (5); obtain the
approximate policy

[\Il(v Z P(s'|s,a,0)

weM,s'eS

To interpolate all ,wms/ that can be reached from some
i € M in one step, we use some convex combination of
points x; in M. Let w(pu;, usas,) be the weight w; associated

with p; when interpolating /ﬁ‘”l. We can use this interpola-
tion weight to define an approximate transition probability
for posterior as:

P(p|s,a,1,0) = > P(s']s,0,0)w(p/, p***).
s'eS

A sanity check that P(u'|s,a,u,0) is indeed a tran-
sition  probability: 3° . o P('|s, a,p,0) 1 and
P(u'|s,a,u,0) > 0. We choose the convex combination
that minimizes the weighted Euclidean norm of the differ-
ence between p and each p; by solving the following linear
program:

sas’ ||

min Y wilu; — |3 (6)
sty wipi(0) = p*e (0),¥0 € ©
> wi=1,w; > 0,Vi.

With the approximation in the constraint in (4), we obtain
the following approximate bilevel DCP Algorithm 1 for
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a given posterior set. For ease of notation, we denote by
C(s,a,0) = Eg[C(s,a,§)] the average cost at state s when
action a is taken, under the parameter value 6.

Theorem 3.6. The approximate value function v found by
running Algorithm 1 is a lower bound on the exact optimal
value function V'*.

We also develop an upper bound on the exact optimal
value function, using the obtained policy from Algorithm 1.
The obtained policy is a finite state controller (see Hansen
(2013) for the definition of finite state controller). Let N
be the set of nodes in the controller such that we associate
a node n ,, to each (s, ) pair. The action chosen in node
ns,, is determined by the policy 7*(als, u). For a given
parameter 6, the transition probability to the next node is
P(ng u|ns i, a) = w(p!, 11°* ) P(s'|s, a). The value func-
tion of the finite state controller can be computed by

V™ (ns,u) = min Z w(0)| ¥ (c(s,a,6) + Z
@

0co ng 0 EN
Wl 1 P($ 5, 0,07 (). )]

Similar to Ahmadi et al. (2021), the value function can
be solved efficiently by DCP. It is also known from Hansen
(2013) that the value function obtained by the finite state
controller V** serves as an upper bound for the optimal
value function. A A

Note that the inequality V* < V* < V7 provides in-
formation about how well the optimal value function V* is
approximated. As the posterior set M contains more beliefs
to accurately evaluate the policies, the gap between the ap-
proximate value function and the optimal value function gets
smaller.

Algorithm 2: New Posterior Set Generation

input: policy 7, posterior set M, maximum number of
newly added posterior distributions n
output: newly added posterior set M
initialization: M’ + 0.
for each (s,pu) € (S x M) and s’ € S do
1 (6) o 1(8) £(€]6). where s’ = g(s, 7 (als, 1), ):
dist,, < distance of p/ to M |JM'.
if dist,, > 0 (i.e., ¢/ not in M J M’) then
M = M UL}
end if .
if |[M’| > n (to reduce the size of M) then
for each 1/ € M’ do
dist,,s + distance of p’ to M |{J M\ {p'};
M — M'\{arg min , ¢ v dist, }.
end for
end if
end for

Next we incrementally add new posterior distributions to
the posterior set M. Different methods can be employed to



produce new posterior distributions that are added to the set
M at each iteration. We take a similar approach as Poupart
et al. (2015), which is based on envelope techniques. It con-
siders the posterior distributions that can be reached in one
step from any posterior distribution in M by executing the
policy 7*. As the number of posterior distributions to be
added might be excessive, we can prioritize them by includ-
ing the n reachable posterior distributions with the largest
Euclidean distance to the posterior distributions in M. Note
that the point-based value iteration approach in Pineau et al.
(2003) shares the similar idea, that is, to include new pos-
terior distribution that improves the worst-case density as
rapidly as possible, where density is defined as the max-
imum distance from any posterior distribution to M. We
summarize the new posterior set generation in Algorithm 2.

Combining Algorithm 1 and Algorithm 2, we now present
the full algorithm below (ABDCP), which iteratively adds
to the new posterior set and solves a bilevel difference con-
vex program at each iteration. Theorem 3.7 shows that Al-
gorithm 3 converges to a near-optimal policy.

Algorithm 3: ABDCP for infinite-horizon BR-MDPs

input: threshold e, number of newly added posterior dis-
tributions n, initial state s1, dataset D
output: policy 7*
initialization: compute prior distribution ; using dataset
D; M + {degenerate beliefs} | J{/i1}.
repeat
obtain (#*, V*) by running Algorithm 1;
evaluate policy 77* by solving a DCP and obtain Vi
M — M|J M’ generated by Algorithm 2.
until [V — V|| <e

Theorem 3.7. Algorithm 3 converges to a near-optimal pol-
icy #*, ie., ||[VF —V* lloo < € where € is the desired thresh-
old.

As the number of iterations in Algorithm 3 increases, the
gap between the optimal value function and the lower bound
becomes arbitrarily small, which shows the lower bound in
Theorem 3.6 is non-trivial.

4 Numerical Experiments

We illustrate the performance of the infinite-horizon BR-
MDP formulation with different choices of risk measures
and the proposed approximate bilevel DCP algorithm with
an offline path planning problem.

We adapt two methods to our offline planning prob-
lems and compare their performances. The first method
(CALP) comes from Poupart et al. (2015) with a risk-
neutral POMDP formulation. The second method (DR-
MDP) comes from Xu and Mannor (2010) with a distri-
butionally robust MDP formulation. Note that the BPO ap-
proach from Lee et al. (2019) solves a risk-neutral BA-MDP
formulation, where two separate encoders for the physical
state and belief state are designed to deal with the continu-
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ous latent parameter space. It could have been a good bench-
mark if its encoder design were made available. Apart from
the two benchmarks, we also compare with the nominal ap-
proach (MLE), where a maximal likelihood estimator for the
parameter is computed from the given dataset and then a
policy is obtained by solving the MDP with the plugged-in
parameter value. In our proposed algorithm (ABDCP) for
the infinite-horizon BR-MDP formulation, we consider two
particular risk measures, namely expectation and CVaR with
different risk levels «. It should be noted that, when the con-
sidered risk measure is expectation, our algorithm can be
modified and reduced to CALP. Similar observation is ver-
ified in Poupart et al. (2006), where the BA-MDP formula-
tion is transformed into a POMDP formulation.

For each of the considered algorithms, we obtain the cor-
responding optimal policy with the same dataset. It should
be noted that the calculations are carried out offline. The ob-
tained policy is then applied for risk-averse path planning
and evaluated on the true system, i.e., MDP with the true
parameter. This is referred to as one replication, and we re-
peat the experiments for 200 replications on different in-
dependent datasets. Results for the path planning problem
can be found in Table 1 and Table 2, with different data
size N = 10 and N = 1000. The columns report the run-
ning time, expected performance (cost), and the CVaR per-
formance (cost) of our proposed algorithm and benchmarks
over the 200 replications. ABDCP-EXP stands for our pro-
posed algorithm ABDCP with expectation as the risk mea-
sure. ABDCP-CVaR stands for our proposed algorithm AB-
DCP with CVaR as the risk measure. We also show the his-
togram of the actual performance over 200 replications for
our proposed algorithm and the nominal benchmark on the
path planning problem in Figure 1. We summarize the main
observations for the path planning problem below.

BR-MDP hedges against epistemic uncertainty: in each
replication, data points are randomly sampled from the true
distribution. While facing the epistemic uncertainty, BR-
MDP formulation optimizes over a dynamic risk measure
that provides robustness. Table 1 shows that our proposed
ABDCEP algorithm is the most robust in the sense of balanc-
ing the mean and variability of the actual cost. The CVaR
cost of our proposed algorithm is also lower than the other
benchmarks, showing that it avoids large costs. In contrast,
the nominal approach performs badly when the data size is
small, e.g. N = 10, indicating that it is not robust against the
epistemic uncertainty and suffers from the scarcity of data.
On the other hand, DR-MDP is overly conservative, even
though it has the smallest variability. This conservativeness
comes from two aspects. First, it always chooses to optimize
over the worst-case scenario, which rarely happens in the
true system. Second, the static worst-case risk measure pre-
vents it from adapting to the data realizations, which is one
of the motivations for the dynamic risk measure considered
in the BR-MDP formulation. In contrast, BR-MDP formu-
lation learns from the future data realization and updates its
posterior distribution on 6.

Larger data size reduces epistemic uncertainty: when
there are more data, the posterior distribution used in BR-
MDP formulation and the MLE estimator used in the nomi-



Approach time (sec) expected cost CVaR (o = 0.95) cost CVaR (a = 0.8) cost
ABDCP-EXP (CALP) 969.13(0.18) 70.06(0.51) 85.72 82.06
ABDCP-CVaR (o = 0.95) 2639.38(0.22) 67.51(0.24) 75.67 73.72
ABDCP-CVaR (o = 0.8)  2545.74(0.24)  66.02(0.38) 79.97 75.50
DR-MDP 62.34(0.11) 79.43(0.15) 81.64 80.60
Nominal 61.44(0.08) 82.59(0.59) 94.10 92.46

Table 1: Results for path planning problem. Running time for each replication, expected cost, and CVaR cost at different risk
levels « are reported for different algorithms. Standard errors are reported in parentheses. Number of data points is set to

N =10.
Approach time (sec) expected cost CVaR (a = 0.95) cost CVaR (a = 0.8) cost
ABDCP-EXP (CALP) 967.25(0.17) 64.15(0.05) 66.34 65.97
ABDCP-CVaR (o = 0.95) 2642.26(0.21)  65.18(0.03) 66.14 65.76
ABDCP-CVaR (o = 0.8) 2643.48(0.25)  65.17(0.04) 66.26 65.84
DR-MDP 63.15(0.09) 65.22(0.03) 66.43 66.01
Nominal 62.47(0.08) 64.31(0.12) 67.55 65.59

Table 2: Results for path planning problem. Running time for each replication, expected cost, and CVaR cost at different risk
levels o are reported for different algorithms. Standard errors are reported in parentheses. Number of data points is set to

N = 1000.
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Figure 1: Histogram of the actual performance over 200 replications for different algorithms. Number of data points N = 10.
The left vertical line represents the mean cost. The right vertical line represents the CVaR (a. = 0.95) cost.

nal approach converge to the true parameter, which reduces
to solving an MDP with known transition probability and
cost function. Therefore, the optimal policies and the actual
costs tend to be the same.

Convergence of ABDCP: the running time for a single
replication on the path planning problem using our proposed
ABDCEP algorithm is affordable, and the proposed algorithm
solves the infinite-horizon BR-MDP in finite time. In con-
trast, the infinite-horizon BR-MDP is intractable with stan-
dard value iteration or policy iteration.

Effect of risk measures: although both risk measures (ex-
pectation and CVaR) result in time-consistent optimal policy
for each considered formulation, they provide different lev-
els of robustness. Even though the expectation case is faster
to compute, it provides the least robustness, especially when
the data size is small. For the CVaR risk measure, different
risk level « also affects the robustness. As « increases, the
agent is more risk-averse, and the CVaR cost is smaller since
it avoids more severe costs, as is shown in Figure 1(b) and
Figure 1(c). But this comes with a price: its expected cost is
higher. This is intuitive: even though the agent avoids severe
costs, it also forfeits a chance to traverse a path that is likely
to have less traffic, even though the likelihood is small. This
is shown as a right-shift of the actual performance distribu-
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tion from Figure 1(c) to Figure 1(b).

5 Conclusion

In this paper, we consider the offline planning problem in
MDPs with epistemic uncertainty, where we only have ac-
cess to a prior belief distribution over MDPs that is con-
structed by the offline data. We consider the infinite-horizon
BR-MDP that produces a time-consistent formulation and
provides the robustness against epistemic uncertainty. We
develop an efficient optimization-based approximation algo-
rithm that converges to the optimal policy. Our experimental
results demonstrate the efficiency of the proposed approx-
imate algorithm, and show the robustness of the infinite-
horizon BR-MDP formulation. One of the future directions
is to conduct the iteration complexity analysis on the pro-
posed algorithm. Another interesting direction is to utilize
function approximation to improve the scalability of the
proposed approach to more complex domains. Separate en-
coders for the physical state and belief state have been pro-
posed in Lee et al. (2019) and adaptation from their risk-
neutral BA-MDP formulation to our risk averse BR-MDP
formulation could be interesting.
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