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Abstract

Logistics and transportation networks require a large amount
of resources to realise necessary connections between loca-
tions and minimizing these resources is a vital aspect of plan-
ning research. Since such networks have dynamic connec-
tions that are only available at specific times, intricate models
are needed to portray them accurately. In this paper, we study
the problem of minimizing the number of resources needed to
realise a dynamic network, using the temporal graphs model.
In a temporal graph, edges appear at specific points in time.
Given a temporal graph and a natural number k, we ask
whether we can cover every temporal edge exactly once using
at most k temporal journeys; in a temporal journey consecu-
tive edges have to adhere to the order of time. We conduct a
thorough investigation of the complexity of the problem with
respect to four dimensions: (a) whether the type of the tempo-
ral journey is a walk, a trail, or a path; (b) whether the chrono-
logical order of edges in the journey is strict or non-strict;
(c) whether the temporal graph is directed or undirected; (d)
whether the start and end points of each journey are given. We
almost completely resolve the complexity of these problems
and provide dichotomies for each of them with respect to k.

Extended version — https://arxiv.org/abs/2408.17107

1 Introduction

Networks are designed to enable the transportation of var-
ious “entities”, ranging from people and physical goods to
data and information. Achieving efficient transportation re-
quires the deployment of vehicles and connections, which
most often are of limited quantity. Consequently, optimizing
the use of these resources is a natural challenge in network
planning and design. Take, for example, a train company that
decided on optimal train connections to meet public demand.
Next, the company has to decide on the number of trains to
be deployed on a daily schedule to realize these connections
effectively in order to maximize profit. This highlights the
critical issue of how to allocate limited resources efficiently
to meet operational goals while balancing cost and demand.

This issue is even more apparent in networks operated by
multiple companies. In such scenarios, each company inde-
pendently sets its own connection times between the depots
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based on various and individual criteria like public service
needs, profits, and resource restrictions. Their main objec-
tive is to optimally ensure their connections at the designated
time. However, such decentralized planning often leads to
suboptimal use of resources. This issue has been identified
by the Supply Chain Management and Logistics industries,
which have observed that “while logistics improvements may
be difficult for each individual customer, they can be realized
with collaborative operation among multiple customers™'.

To illustrate, consider a scenario where company X wants
to operate a line from A to B at 08:00, and from B to A
at 20:00 and each connection takes one hour. Company Y
wants to operate a line from B to C at 09:00, and from C to
B at 17:00, also taking one hour each. Independently, both
companies require one vehicle each to operate their respec-
tive lines. However, if they collaborated, they could share a
vehicle for both lines with a single journey: A to B at 08:00,
B to C at 09:00, C to B at 17:00, and B to A at 20:00.

@< 08:00
20:00

Optimizing network resources is important across vari-
ous fields, each presenting unique complexities. This poses
a dilemma: should we create a specific model for each sce-
nario, or develop a generalized, possibly simplified model
to study many scenarios at once? Applied research typically
chooses the former, tailoring models to individual applica-
tions, while theoretical sciences favor the latter, aiming for
generalized models with broad applicability.

In this paper, we follow the second route and provide a
general model that is simple both, yet realistic enough to
represent multiple scenarios. We want to study the prob-
lem of finding the minimum number of resources needed
to realise the connections of a network. To account for the
time-specific connections of the networks, we use tempo-
ral graphs (Kempe, Kleinberg, and Kumar 2002; Michail
2016). A temporal graph consists of a set of vertices, a set of
edges and a labeling function indicating at which time steps
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Complexity Paths Trails Walks Walks with
fixed terminals

strict P (Thm. 5.2) P (Thm. 5.2)

directed edges non-strict NP-c (Thm. 5.3), W[2]-hard, P (Thm. 6.1)
XP (Prop. 5.1)

- NP-c (k > 3) (Thm. 4.1), NP-c (k > 3) (Cor. 4.3), s

strict paraNP-hard paraNP-hard NP-c (Thm. 5.4), FPT open, P* (Cor. 6.4)

. XP (Prop. 5.1)
undirected edges :
non-strict NP-c (Thm. 5.4), FPT open, P (Thm. 6.3)

XP (Prop. 5.1)

Table 1: Overview of our results. All parameterized results are with respect to parameter k. The entry paraNP-hard indicates
that NP-hardness holds even for constant &, implying that no XP or FPT algorithm exists unless P = NP. The entry P* denotes

the existence of a polynomial-time algorithm for special cas

each edge is available. A trip through a temporal graph, has
to respect these time constraints.

1.1 Our Contribution

Our contribution is twofold: (a) formalize the planning prob-
lem highlighted in the example above as an optimization
problem on temporal graphs; (b) provide the landscape of
its computational complexity for a rich variety of settings.

The Exact Edge-Cover.

“Given a temporal graph and a natural number k,
can we cover every temporal edge of the graph, ex-
actly once, with at most k temporal journeys?”

We study the following problem.

Motivated by the variety of real-life scenarios our model can
capture, we perform a thorough study with respect to four di-
mensions. First, the type of journey, which can be a temporal
path, trail, or walk. This distinction is important as, for ex-
ample, trains usually should not revisit a station in a single
trip, which can only be modeled by a temporal path. Second,
the temporal nature of the journey, which can be strict, or
non-strict. In a strict journey, at most one temporal edge can
be used per time step, while non-strict journeys can use mul-
tiple edges instantly. Third, the type of the graph, which can
be either directed or undirected. Physical networks are usu-
ally directed, whereas information networks allow for bidi-
rected connections. Fourth, having fixed or unfixed terminals
for the journeys, i.e., whether the starting and ending points
of the journeys are given or not. This captures that depots
might be available only at specific locations in the network.
A summary of our technical results is depicted at Table 1.

Our Technical Results. The first part of our technical re-
sults focuses on the case where the terminals are not fixed.
As a warm-up, we observe that when & = 1, the problem
resembles Eulerian journeys, and provide a linear time al-
gorithm for all our settings. We extend our positive results
to k = 2, where we show that almost all versions of our
problem can be reduced to a 2-SAT problem, enabling a
polynomial-time solution. However, this approach fails for
non-strict trails, in which the problem is NP-complete.

For k > 3, positive results become scarce. In Section 4,
we study paths and trails, proving intractability for all ver-
sions of the problem for any constant k. Furthermore, we
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show that no version can admit an a-approximation for any
constant « unless P = NP. On the other hand, walks (Sec-
tion 5) offer some positive results. We observe that when the
number of walks k is constant, all versions of our problem
can be solved efficiently. For arbitrary k, we additionally de-
rive an efficient algorithm for the case of strict walks on di-
rected graphs. Unfortunately, we complement the above by
showing that every other version is NP-complete.

The second part of our technical results (Section 6) fo-
cuses on fixed terminals. Here, we are given a multiset of
start points and a multiset of end points, where the mul-
tiplicity of a start (or end) point indicates the number of
journeys that must start (or end) at that point. We begin by
observing for paths and trails our hardness reductions hold
even with fixed terminals. For walks, the situation is differ-
ent. We provide a dynamic program for non-strict walks on
directed graphs. On undirected graphs, the problem resem-
bles a circulation flow. To capture the temporal aspect of
the flow, we require a complex construction, making this the
most technically involved result of the paper. The resulting
algorithm solves the problem for non-strict walks. For strict
walks, the algorithm works only when the labels at each ver-
tex are distinct. Additionally, we provide a dynamic program
for graphs where there are exactly k or O edges per time step.

1.2 Related Work

The minimum number of resources needed to realize a net-
work has been studied in various contexts. For example, the
minimum fleet size problem asks for the minimum number
of vehicles needed to cover every trip in a network. Unlike
our model, this problem is studied only on directed networks
that can be modeled to contain no cycles and aims to cover
every node rather than every edge (Vazifeh et al. 2018). An-
other example is the rolling stock problem, which asks for
the minimum number of wagons needed to meet the passen-
ger demand of a train network (Alfieri et al. 2006). Here, the
train lines are given with a capacity demand on each con-
nection that needs to be met. In contrast, our model is given
individual connections (each with unit capacity) and aims to
find the optimal train lines.

The study of edge covering problems on static graphs was
initiated by Erdos, Goodman, and Pésa (1966) and Laszl6
(1968). This led to an extensive line of work studying the



minimum number of gadgets needed to cover the edges of a
graph. The usual gadgets considered are cliques, cycles and
paths. As far as paths are concerned, most research focuses
on existential upper bounds. Chung (1980) conjectured that
a graph can be covered with at most [5 ] paths, which was
settled by Fan (2002). For an extensive overview of the cov-
ering problem on static graphs, we refer to (Schwartz 2022).

For temporal graphs, there has been a lot of research on
reachability problems adjacent to ours (Zschoche 2023; Bilo
et al. 2022; Bilo et al. 2022; Enright, Meeks, and Sker-
man 2021; Bentert et al. 2020; Bui-Xuan, Ferreira, and Jarry
2003; Deligkas et al. 2023). The most prominent one is the
temporal exploration problem, where the goal is to compute
an earliest-arrival walk visiting every vertex of the graph. It
was introduced by Erlebach, Hoffmann, and Kammer (2021)
and has been extensively studied since (Arrighi et al. 2023;
Erlebach and Spooner 2023; Adamson et al. 2022).

Recently, Bumpus and Meeks (2022), and Marino and
Silva (2022) introduced an edge variant of this problem,
where the goal is to decide whether the static edges of a
temporal graph can be covered by an Eulerian circuit or trail.
The main difference between their work and ours is that we
want to cover every temporal edge, whereas they focus on
covering every static edge. Additionally, they consider cov-
ering the edges with one trail, while we study an arbitrary
number and different types of journeys. We highlight that no
result can be transferred between the two models.

2 Preliminaries

For n € N, we denote [n] := {1,2,...,n}. A tempo-
ral graph G := (G, &) is defined by an underlying static
graph G (V,E) and a sequence of edge-sets & =
(El,EQ,...,Etmx)withE:E1UE2U~~~UE,5 We
refer to F as the set of static edges of G and to &£ as the
set of temporal edges. The lifetime of G is tyax. An edge
e € FE has label i if e € E;. We denote directed edges
with ((u,v),t) and undirected edges with ({u,v},t). The
edgestream representation Eg of G is an ordered list of all
temporal edges, sorted by increasing time label. By a snap-
shot G, of G we refer to the subgraph (V, E}) containing
only the edges available at time ¢ € [tyax|. The temporal
degree d(v) of a vertex v denotes the number of temporal
edges adjacent to v. On directed graphs, we further define
57 (v) and 6°“!(v) as the number of incoming and outgoing
temporal edges of v, respectively.

max*

Temporal Journeys. A temporal journey J in G
((V,E),&) is a sequence of adjacent temporal edges that
respect time, connecting a start- with an end-terminal. For-
mally, if J = ((e1,%1), ..., (eg, t¢)) is a temporal journey,
then for every ¢ € [¢ — 1] holds that: e; € Ey,; e; is adjacent
to e;+1; and ¢t; < t; 4. If we require that ¢; < ¢;4, for all
i € [¢ — 1], we call the journey strict, otherwise we call it
non-strict. For a temporal journey J, we denote by J[t1, t2]
the sub-journey between t; and t», i.e., the sub-sequence of
temporal edges (e;, t;) of J, such that ¢; € [tq,t2]. If the
temporal graph is directed, then we have directed journeys,
otherwise, we have undirected journeys. We focus on three
types of temporal journeys:
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* temporal walks, with no extra constraints;

* temporal trails, where no static edge is visited more than
once by the journey;

* temporal paths, where no vertex is visited more than once
by the journey.

Parameterized complexity. We refer to the standard
books for a basic overview of parameterized complexity the-
ory (Cygan et al. 2015; Downey and Fellows 2013). At a
high level, parameterized complexity studies the complexity
of a problem with respect to its input size, n, and the size
of a parameter k. A problem is fixed parameter tractable by
k, if it can be solved in time f(k) - poly(n), where f is a
computable function. Showing that a problem is W[2]-hard
rules out the existence of a fixed-parameter algorithm under
the well-established assumption that W[2] # FPT.

3 Exact Edge-Cover

Exact edge-covers by paths in static graphs have been stud-
ied by Donald (1980); Pyber (1991, 1996), where this struc-
ture is called an edge-disjoint path cover. We define the tem-
poral generalization on different types of journeys.

Definition 3.1 (Temporal Exact Edge-Cover by Temporal
Journeys). Let G = ((V, E),&) be a temporal graph and
O € {path, walk, trail}. A collection J = {Jy,...,J i} of
Jjourneys of type ®, is called a temporal exact edge-cover
(eec) by ® for G if for all temporal edges ¢ € & there is
exactly one J; € J withe € J;.

We study the problem of finding temporal exact edge-
covers of size k by the (non-)strict version of each
journey type in (un)directed temporal graphs. For & &
{PATH, TRAIL, WALK }, we define (N)S-TPEEC as follows.

(NON-) STRICT TEMPORAL ® EXACT EDGE-COVER

Input: A temporal graph G and k € N.
Question: Does there exist a temporal exact edge-
cover of (non-)strict ® for G of size k?

Checking whether a given collection of journeys is an exact
edge-cover can be done in polynomial time by verifying that
each temporal edge appears exactly once and that all jour-
neys are of type ®. Thus, (N)S-TP®EEC is in the class NP.

3.1 One Journey — Extending Eulerian Journeys

If £ = 1, all versions of this problem can be solved in poly-
nomial time. While our algorithm follows the same strategy
for every journey type, the approach needs to differentiate
depending on whether the journeys are strict or not.

Proposition 3.2 (x). For ® € {PATH, TRAIL, WALK}, we
can solve 1-(N)S-T®EEC in polynomial time on both di-
rected and undirected graphs.

For strict journeys, we attach the edges in temporal order
and check whether this forms the desired journey. For non-
strict journeys, we additionally observe that a set of edges
appearing at the same time has to form an Eulerian journey
which can be found in polynomial time (Fleischner 1990).
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Figure 1: Illustration of the construction for the NP-hardness reduction in Thm. 4.1 for £ = 3. The two edges from v
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connecting the assignment-gadget on the top and satisfaction-gadget on the bottom are drawn as two separate edges. With this,
every drawn edge has exactly one time label increasing with the direction of the edges.

3.2 Two Journeys — 2-SAT Approach

While 2-(N)S-TPATHEEC, 2-S-TTRAILEEC and 2-(N)S-
TWALKEEC are solvable in polynomial time for both
directed and undirected graphs, we show that 2-NS-
TTRAILEEC is NP-hard on directed and undirected graphs.

Towards the positive results, we utilize a polynomial-time
algorithm for 2-SAT.

Intuitively, as paths cannot revisit vertices we know that
on directed temporal graphs every vertex can have at most
two incoming and two outgoing edges, each covered by ex-
actly one path. Now, if the temporal edges incident to a
vertex are alternatingly incoming and outgoing [in-out-in-
out], we have to match the first in-edge with the first out-
edge. However, when both incoming edges appear before
the outgoing edges [in-in-out-out], we can choose which
in is matched with which out. This can be formalised via
a 2-SAT formula with one variable for each vertex with
in-in-out-out edge appearance and one clause for each ver-
tex with in-out-in-out edge appearance. Setting a variable to
True corresponds to the first path taking the earliest out-edge
at that vertex and setting it to False corresponds to the first
path taking the latest out-edge.

Theorem 3.3 (x). 2-(N)S-TPATHEEC, 2-S-TTRAILEEC
and 2-(N)S-TWALKEEC can be solved in polynomial time
on directed and undirected temporal graphs.

To show hardness for non-strict trails, we adjust the proof
of Marino and Silva (2022, Theorem 10). They show that
EULERIAN TRAIL - finding a single temporal trail visiting
all static edges of a temporal graph — is NP-hard.

Theorem 3.4 (x). 2-NS-TTRAILEEC is NP-complete on
both directed and undirected temporal graphs.

Having completely resolved our problem for one and two
journeys, we now move on to the computational complexity
of the general problem with k at least 3. As we will see,
for larger k there is a divergence in the complexity of the
problem for the three journey types, which, interestingly, is
notably different from the behavior observed for k = 2.
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4 Paths and Trails — Computational and
Approximation Hardness for £ > 3

We prove that all versions of our problem are hard for both
paths and trails, starting with intractability for paths, then
augmenting the construction to get a strong inapproximabil-
ity bound, and finally extending the results to trails.

Theorem 4.1 (x). (N)S-TPATHEEC is NP-complete on di-
rected and undirected temporal graphs, for every k > 3.

Proof sketch. All four constructions — (non-)strict paths on
(un)directed graphs — follow the same idea, inspired by the
SAT reduction in Klobas et al. (2023, Theorem 2). We out-
line the case of non-strict paths in directed graphs, which is
the most concise construction, requiring just two time steps.

We reduce from NAE(k)SAT, which is known to be NP-
complete (Schaefer 1978). The input is a formula ¢ over
¢ variables in conjunctive normal form where each clause
contains exactly k literals. The goal is to check whether the
formula is satisfiable such that each clause has at least one
literal that is True and one that is False.

We construct a temporal graph G with an exact edge-cover
of size k if and only if ¢ is satisfiable; otherwise, the cover
will require size k£ + 1. See Figure 1 for an illustration.

For each variable X;, we construct a variable-gadget with
vertices {v’, v} U{T}, F}: j € [{]} and edges £’
{(0f, T4, DYOL(T], Ty 1,12 J € 1= 1PO{(TE, 0, 1)}
and £ = {(v', F{, )} U {(F}, F} 4, 1): 5 € [ — 1]}
U {(F},v"*1,1)}. All variable-gadgets together form the
assignment-gadget.

Let C; be a clause containing k literals. For each lit-
eral L, in C;, let X, be the corresponding variable.
We construct a clause-gadget with vertices {¢;, c;+1} and
edges {(c;, F,2), (F¥, ciy1,2)} for every positive literal

o X, and edges {(c;, T7,2), (T®, cit1,2)} for ev-
ery negative literal L, = X,. All clause-gadgets to-
gether form the satisfaction-gadget. Lastly, we connect the
assignment-gadget and the satisfaction-gadget by adding
{(Uh+17 C1, 1)a (Uh+17 C1, 2)}



Intuitively, the assignment-gadget is constructed out of
two paths and the satisfaction-gadget is constructed out of k
paths. If ¢ is satisfiable and the two paths in the assignment-
gadget are chosen correctly, then they will be extendable to
cover two of the k paths of the satisfaction-gadget. The re-
maining paths can be covered for free. If ¢ is not satisfiable,
we will need to create an additional path no matter how the
two paths in the assignment-gadget are chosen. 0

Hardness of Approximation. Further extending this con-
struction, we show that there cannot be a polynomial time al-
gorithm that computes a constant a-approximation of (N)S-
TPATHEEC for k£ > 3, unless P = NP.

We do so by connecting a sufficient number of copies
of the constructed G via edges from the end-vertices of
the j™ copy vjf‘id to the start-vertices of the j + 1" copy

034 ;> as illustrated in Figure 2 for NAE(3)SAT. Each
copy increases the number of paths — necessary to cover
all edges if ¢ is unsatisfiable — by one. If the number of
copies is large enough, we would be able to correctly decide
whether the NAE (k)SAT formula ¢ is satisfiable given an

a-approximation of (N)S-TPATHEEC.

Theorem 4.2 (x). For all o > 1, there is no polynomial
time a-approximation algorithm for (N)S-TPATHEEC on
directed and undirected temporal graphs unless P = NP.

Figure 2: Illustration of Thm. 4.2 with ¢ copies of G:
Gi,...,G.. For every G;, each end-vertex is connected to
the corresponding start-vertex of G; 1.

Extending Paths to Trails. It is straightforward to adjust
both constructions such that covering clause-edges forces re-
visiting edges instead of revisiting vertices in the variable-
gadget. This implies the following.

Corollary 4.3. (N)S-TTRAILEEC are NP-complete on di-
rected and undirected temporal graphs.

Corollary 4.4. For all o« > 1, there is no polynomial time
a-approximation algorithm for (N)S-TTRAILEEC on di-
rected and undirected temporal graphs, unless P = NP.

5 Walks — One Polynomial-Time Algorithm
and Three Hardness Reductions for & > 3

When constructing exact edge-covers using temporal walks,
we find a striking contrast to paths and trails: the problem
remains polynomial-time solvable for any constant k.

Proposition 5.1 (x). (N)S-TWALKEEC can be computed
in time O(n®¥)) which is polynomial for any constant k.

This is due to the nature of temporal walks in exact edge-
covers: they are time-respecting, connected journeys that
cover each temporal edge exactly once. For a constant num-
ber k, we can brute-force the start-terminals and, at each
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time step, keep track of all possible positions of the k walks
— there are at most n* such positions.

For an arbitrary size of the eec, the computational com-
plexity varies depending on the variant of the problem. For
strict walks on directed graphs, we can optimize the ap-
proach from Prop. 5.1, while the problem becomes NP-
complete for non-strict walks on directed graphs and for
both strict and non-strict walks on undirected graphs.

5.1 Strict Walks in Directed Graphs — Two
Polynomial Time Approaches

For strict walks on directed graphs, the graph transforma-
tion introduced by Wu et al. (2014) forms a directed acyclic
graph. We can adjust it so that a temporal walk eec in G
corresponds to an exact path cover (covering every vertex
exactly once), which is computable in polynomial time.

A faster (linear time) algorithm can be achieved by us-
ing the endpoint-tracking approach from Prop. 5.1. Since the
walks are strict, two edges at the same time step need to be
taken by two different walks, and since the graph is directed,
the possible extensions are clearly defined. If an edge cannot
extend an existing walk, a new walk starting with that edge
has to be introduced. Furthermore, the starting points of the
walks at the first time step are uniquely defined. This way,
at each time step, there is exactly one possible position for
walks of an exact edge-cover.

Theorem 5.2 (x). S-TWALKEEC on directed temporal
graphs can be solved in O(|E|) if the edgestream is given.

5.2 Non-Strict Walks or Undirected Graphs —
Hard to Compute Efficiently

We proceed with the complexity of the other three variants
of walk exact edge-covers. For NS-TWALKEEC in directed
graphs we prove W[2]-hardness and in undirected graphs we
show that both (N)S-TWALKEEC are NP-hard.

Towards the first result, observe that non-strict walks can
traverse directed cycles appearing at one time step, unlike
strict walks. Given such a directed cycle in which every edge
has the same time label, any non-strict walk covering these
edges must either omit some edges of the cycle or return to
the vertex is started at. We exploit this behavior of returning
to a chosen vertex to cover a cycle, for a reduction from k-
HITTING SET to NS-TWALKEEC on directed graphs.

Theorem 5.3 (x). NS-TWALKEEC on directed temporal
graphs is NP-complete and W[2]-hard when parameterized
by the number of walks in the exact edge-cover.

Moving on to undirected graphs, a walk must choose the
direction of its starting edge. Using this choice as an assign-
ment, we can construct a reduction from 3-SAT. The strict
and non-strict variants require slightly different construc-
tions but share the same idea: Each variable corresponds to
an undirected edge at time step 1. Traversing that edge from
left to right sets the variable to True, while traversing it from
right to left, sets the variable to False.

Theorem 5.4 (x). (N)S-TWALKEEC on undirected tempo-
ral graphs is NP-complete.



6 Walks with Fixed Terminals — Polynomial
Time Algorithms

In this section, we focus on exact edge-covers with fixed ter-
minals. Observe that this also fixes the number of journeys
(one journey per terminal pair), but we emphasize that this
is not the same as having a constant number of journeys.

It is easy to see that our hardness constructions for paths
and trails inherently fix the terminals, thereby translating di-
rectly. In contrast, for walks, we chose the terminals to sim-
ulate a Boolean assignment. This is not incidental, as having
fixed terminals makes finding an eec with walks tractable.

6.1 Directed Graphs

Strict walks in directed graphs can be solved without fixing
terminals using a dynamic program computing possible end-
points with increasing time. For non-strict walks with fixed
terminals, this program can be adapted, as we avoid the issue
of choosing the vertices to start on (in particular on a cycle).
So, we initiate one walk per start-terminal and extend those
at each time step, possibly by multiple edges.

Theorem 6.1 (x). NS-TWALKEEC on directed tempo-
ral graphs can be solved in polynomial time if the start-
terminals along with their multiplicity are part of the input.

6.2 Undirected Graphs

In undirected graphs, even with terminals, we must choose
the direction of each temporal edge connecting two walks.
This resembles the problem of finding a circulation flow.

For non-strict walks, this can be simulated in a static
mixed multigraph, similar to the static expansion by
Kostakos (2009), and solved via SWALKEEC with fixed ter-
minals in polynomial time using a flow algorithm.

Theorem 6.2 (x). SWALKEEC with fixed terminals on
static mixed multigraphs (containing directed and undi-
rected multiedges) can be computed in polynomial time.

Let us now state the main theorem of this section.

Theorem 6.3 (x). NS-TWALKEEC on undirected tempo-
ral graphs can be computed in polynomial time if the start-
terminals along with their multiplicity are part of the input.

Proof sketch. Given a temporal graph G and a set of termi-
nals, we construct a mixed static multigraph S with directed
and undirected multiedges, and the same terminal sets. The
construction will ensure that there is a temporal walk eec in
G if and only if there is a static walk eec in S. The claim then
follows from Thm. 6.2, which states that a static walk eec
with fixed terminals can be computed in polynomial time.

Terminals. For each start- and end-terminal at vertex v,
we add an additional vertex with a single edge to v with a
unique time label that is smaller, respectively larger, than all
labels in G. All other time labels are increased accordingly.
Note that a vertex in G can be a start and end of multiple
walks, while at the constructed terminals there is exactly one
walk starting or ending. From now, the term “vertices” will
refer specifically to non-terminal vertices.
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Construction. For each vertex v, we create a v-gadget sim-
ulating the connections of v at the each time step. Let T'(v)
denote the multiset of labels on edges incident to v. For
each time step ¢t € T'(v), create a vertex v;. We say these
vertices are placed from left fo right by increasing time la-
bel. Now, we connect each v; with its right neighbor vy
to simulate the maximum amount of walks going through v
time ¢: Let <, (v) and d>441(v) be the number of temporal
edges incident to v with time label < ¢ and > t + 1, re-
spectively. The maximum amount of walks passing through
has to enter before ¢ and leave after ¢ + 1. Thus, we create
min(d<;(v), d>¢4+1(v)) edges between v, and v,y 1. To allow
some of these walks to enter before ¢ and also exit before ¢,
half of these edges rounded up are directed from v; to vy 1,
while the others are undirected. A directed-undirected edge
pair can then form a cycle attachable to any walk at v;.

For each edge ({v,u},t) in G, we add {v¢, us} to S, and
for each terminal in G connected to vertex v, we add a termi-
nal in S with an edge to vy. See Figure 3 for an illustration.

Temporal eec in G to static eec in S. For every temporal
walk W, we construct a static walk with the same termi-
nals: If W sequentially traverses the edges ({a,v},t) and
({v,b},t"), the corresponding static walk enters v-gadget
via {a¢, v }, travels v; ~> vy using directed edges (or undi-
rected, if no directed edges remain), and exits v-gadget via
{vy, by }. Observe that there is a sufficient amount of edges
between neighbouring vertices v; and v,y so that every
walk crossing these vertices can use a different edge.

After translating the temporal walks into static walks this
way, some edges between some v; and its right neighbor
v¢4+1 may remain unused. We show that this number is al-
ways even and the edges can be attached to existing walks:
The number of edges between v; and vy equals the max-
imum walks possibly present in v right at time ¢, which is
achieved when every undirected edge before ¢ is directed to-
wards v. If there is one less walk present, then this walk had
to enter at {a;, v; } and exit at {v;, b; }, both before ¢. There-
fore, the walk which would have entered at {v;, b;} is also
missing. Since directed edges are used before undirected
edges, at least half of the remaining edges are undirected.
These edges form a cycle going back and forth between v,
and v;41, which can be inserted into any walk visiting v;.

Static eec in S to temporal eec in G. A static eec in S can-
not be directly translated into a temporal eec in G. For a
temporal eec, each walk must exit a vertex via a time label
greater than the one by which it entered the vertex. In S, this
corresponds to every walk exiting a gadget to the right of its
entry point, which is not guaranteed due to the undirected
edges. Refer to Figure 4 (top) for an illustration of a walk
violating this property. However, we can modify any static
eec on S to be time-respecting. The general idea is that any
walk going “back in time” has to overlap with at least one
walk with which it can swap suffixes. Refer to Figure 4 (bot-
tom) for an illustration of such a swap, working as follows:
Let W1 enter at v;; and exit at vy, with ¢; < ¢;. Then it
used an undirected edge {v;,, ,, vy, }. By construction, there
is at least one directed edge (vy,, vy, , ) taken by some walk
W that entered to the left of vy, and exits to the right. Other-
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Figure 3: Illustration of how a temporal graph G (left) is translated into a static graph S (right) for Thm. 6.3, with start-terminals
Vs = {s1, s2} and end-terminals Vi = {e1, e2}. Vertices are replaced with gadgets based on their temporal degree.

wise, by the parity argument for the edges, at least one edge
between v, and vy, , would not be covered. We now swap
the suffixes of W3 and W5 and therefore reduce the number
of backwards taken edges by at least one. This is continued
until no edges are taken backwards.

Ut o Ut v
before l
switch: Wy
. vt F Vi s
after / ’
switch: /

: [I'

[}

Figure 4: Suffix-switch between two walks Wy and W,.

Finally, we can translate the time-respecting static eec into
a temporal eec by contracting the gadgets back into vertices.
O

For strict walks, this construction fails as it allows exact
edge-covers which are valid for non-strict walks but invalid
for strict walks and, unfortunately, it cannot be directly mod-
ified to handle such cases. However, on temporal graphs
where adjacent edges are never present at the same time,
every strict walk is inherently non-strict, allowing the al-
gorithm to work. Such graphs are commonly referred to as
proper temporal graphs (Casteigts, Corsini, and Sarkar 2024;
Christiann, Sanlaville, and Schoeters 2024).

Corollary 6.4. S-TWALKEEC with fixed terminals on
proper undirected temporal graphs, i.e., |Ny(v)| € {0,1}
for all t € [tmax), can be computed in polynomial time,
where Ny(v) is the multiset of neighbours of v at time step t.

Lastly, we cover the other extreme of undirected temporal
graphs with exactly k or 0 edges per time step. Here, once
again a dynamic program tracking possible walk endpoints
is able to compute the eecs. This is possible because each
walk must cover one edge per time step.

Theorem 6.5 (x). S-TWALKEEC with fixed terminals Vg,
Vi on undirected temporal graphs where |E;| € {0,k} for
all t € [tmax), can be computed in time O(21V5!-|Vg| - tmax)-
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For temporal graphs with an arbitrary number of edges
per time step, the complexity of S-TWALKEEC with fixed
terminals remains an open question.

7 Conclusion

We introduce exact edge-covers (eecs) on temporal graphs
with three journey variants: paths, trails and walks, aiming
to capture the subclass of temporal graphs that model real-
world transit networks. We provide a comprehensive anal-
ysis of the computational complexity of the eec problem
and observe fundamental differences between covering with
paths/trails and covering with walks.

Several open problems remain, motivated by both the-
ory and practical considerations. On the theoretical side, it
would be interesting to explore whether walk eecs can be
approximated and to resolve the open case for strict walks
on undirected graphs with fixed terminals. Additionally, for
paths, we observed that eecs are efficiently computable on
DAGs and bidirected trees. So, an open question is to clas-
sify the subclasses of graphs for which these generally hard
problems are polynomial-time solvable. Designing efficient
algorithms for paths and trails with parameters arising from
real-life applications is also an important direction.

On the applied side, several variants of the model could be
explored. Our focus was on the exact covering version of the
problem, as it captures scenarios where a connection cannot
be used by multiple vehicles at the same time, such as rail-
roads, where only one train can occupy a track at a time. Ad-
ditionally, studying the exact version implicitly minimizes
the resources, like fuel, needed to satisfy the connections.
However, the non-exact case is also interesting to explore.
While our negative results still apply, the algorithms would
need significant adjustments or entirely new approaches.

A completely different, and “complementary”, direction
is to consider that the underlying temporal graph is pro-
vided as a collection of “few” temporal journeys and study
scheduling and other combinatorial problems on this class
of graphs. This natural parameter which, to the best of our
knowledge, has not been studied yet, defines a structured
family of temporal graphs. Can this parameter allow for ef-
ficient algorithms in temporal graphs? If yes, then this will
be a very positive exception in the literature.
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