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Abstract

Partially observable Markov decision processes (POMDPs)
form a prominent model for uncertainty in sequential deci-
sion making. We are interested in constructing algorithms
with theoretical guarantees to determine whether the agent
has a strategy ensuring a given specification with probabil-
ity 1. This well-studied problem is known to be undecidable
already for very simple omega-regular objectives, because
of the difficulty of reasoning on uncertain events. We intro-
duce a revelation mechanism which restricts information loss
by requiring that almost surely the agent has eventually full
information of the current state. Our main technical results
are to construct exact algorithms for two classes of POMDPs
called weakly and strongly revealing. Importantly, the decid-
able cases reduce to the analysis of a finite belief-support
Markov decision process. This yields a conceptually simple
and exact algorithm for a large class of POMDPs.

Code — https://github.com/gaperez64/pomdps-reveal
Extended version — https://arxiv.org/abs/2412.12063

1 Introduction

Partially observable Markov decision processes (POMDPs)
form a prominent model for uncertainty in sequential deci-
sion making. They were defined in the 1960s (Astrom 1965)
for operations research and introduced in artificial intelli-
gence by the seminal paper of Kaelbling, Littman, and Cas-
sandra (1998). We consider POMDPs from a model-based
point of view common in planning and in formal methods.
Our goal is to construct exact (as opposed to approximate)
algorithms that take as an input a complete description of the
POMDP and construct a strategy ensuring a given specifica-
tion. A long line of work has established that most formu-
lations of this problem are undecidable. For instance, even
in the extreme case where the agent has no information and
the goal is to reach a target state with arbitrarily high prob-
ability, complex convergence phenomena occur, implying
strong undecidability results (Madani, Hanks, and Condon
2003; Gimbert and Oualhadj 2010; Fijalkow 2017).

In this work, we are interested in constructing almost-sure
strategies, meaning strategies ensuring their specifications
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with probability 1. We consider the class of omega-regular
objectives (all expressible as parity objectives), which is a
robust class including properties expressible in Linear Tem-
poral Logic (Pnueli 1977; Giacomo and Vardi 2013). Deter-
mining whether there exists an almost-sure strategy against
the subclass of CoBiichi objectives (requiring to avoid a tar-
get from some point onwards) is undecidable (Chatterjee,
Chmelik, and Tracol 2016; Bertrand, Genest, and Gimbert
2017). There is a vast body of work towards approximate
and practical solutions: for instance, using interpolation in
the belief space (Lovejoy 1991), approximation of the value
function (Hauskrecht 2000), or Monte Carlo tree search ap-
proaches (Silver and Veness 2010). This is orthogonal to the
current paper since we focus on exact algorithms.

Our starting point is a simple approach to construct
almost-sure strategies: from the POMDP, we build a Markov
decision process (MDP) whose states are supports of the
beliefs of the POMDP. In other words, we store informa-
tion about which states we can be in, but abstract away the
probabilities. The belief-support MDP serves as a finite ab-
straction of the POMDP; one could expect that there exists
an almost-sure strategy in the POMDP if and only if there
exists one in the corresponding belief-support MDP. Unfor-
tunately, this abstraction is neither sound nor complete; we
present a simple counterexample in Figure 1.

The fundamental question we ask is whether there are
natural sufficient conditions making the belief-support
abstraction correct. Conceptually, the failure of this ab-
straction is due to the accumulation of information loss over
time.

We introduce a revelation mechanism which restricts in-
formation loss by requiring that, almost surely, the agent has
eventually full information of the current state. Intuitively,
by forbidding information loss from accumulating for an un-
bounded amount of time, the revelation mechanism removes
the convergence issues leading to undecidability. Practically,
we conjecture that revelation is a commonly occurring phe-
nomenon in partial observability; a canonical example is
systems with a small probability of resetting infinitely of-
ten, and where this reset is observable. We leave to future
work to investigate this question further. Other approaches
to restrict information loss have been proposed; we refer to
the related works (Section 6) for an additional discussion.
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Figure 1: We consider the POMDP on the LHS: there is a single signal s, so no information is ever given about the exact state
we are in (a behavior the revelation mechanisms forbid!). Yet, almost surely, we reach q;. The priorities indicated on states
constitute a parity condition inducing the objective “eventually never visiting ¢;”, which clearly cannot be ensured almost
surely. We represent the belief-support MDP on the RHS: the two states are {qo} and {qo, ¢1}, and only the state {qo, g1}
is visited infinitely often. To assign priorities to the states of this MDP, there are two natural candidates: “maximal priority
semantics” and “minimal priority semantics”’, meaning that we assign either the maximal or minimal priority from the states in
the belief support. In this figure, we use the maximal priority semantics: the priority of {qo, g1} is thus 2, so the belief-support
MDP is winning. This means that the analysis of the belief-support MDP is not sound in general. By tweaking the priorities in
this example, one can show that both priority semantics are neither sound nor complete.
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Figure 2: Summary of our results: decidable subclasses of
the parity objective depending on the revelation mechanism.

Our contributions.

* We study two properties of POMDPs based on the reve-
lation mechanism, called weak and strong revelations.

e We obtain decidability (and undecidability) results for
both classes. Importantly, the decidable cases reduce to
the analysis of the finite belief-support MDP. A summary
of our contributions for POMDPs is provided in Figure 2.
We also briefly consider the class of two-player games of
partial information, to show that our revealing mecha-
nisms do not suffice for decidability on this larger class.

* We provide a simple implementation of the algorithm as
a proof of concept. We provide a comparison between
our algorithm and off-the-shelf deep reinforcement learn-
ing (DRL) trained via an observation wrapper. As we
will show in the paper, the MDP induced by the belief
supports carries sufficient information to play in reveal-
ing POMDPs; hence, we used a wrapper implementing
a subset construction on the fly to generate the current
belief support, and focused on algorithms intended for
MDPs. Spending moderate effort on reward engineer-
ing and hyperparameter tuning, we have been unable to
match the performance of our algorithm (see Figure 3).

This yields a conceptually simple and exact algorithm for a
large class of POMDPs. The importance of our results can be
appreciated by the following remark: instead of a subclass of
POMDPs, the revelation mechanism can be seen as new se-
mantics for all POMDPs. In that sense, we obtain decidabil-
ity results for an optimistic semantics of POMDPs which,
to the best of our knowledge, has not been done before. We
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Figure 3: Omega-regular specifications have a natural inter-
pretation in terms of bad events that must all be trumped
by future good events. Along a simulation of the POMDP,
one can keep track of the number of steps from the last bad
event that has not yet been trumped (i.e., lower is better).
Here, we depict this value, per step (from 1 to 500) over
500 simulations of a revealing version of the classical tiger
POMDP (Cassandra, Kaelbling, and Littman 1994). A2C,
DQN, and PPO are (M1pPolicy) strategies obtained from
the stable-baselines library (Raffin et al. 2021), trained (for
a total of 10k time steps) with default parameter values us-
ing a simple reward scheme: a good event yields a reward
of 100; a bad one, —1. In the simulations, the trained models
are queried for deterministic action predictions. The exam-
ple used will be discussed in Section 5, Example 2.

refer to Section 5.3 for more details on this point of view.

Extended version. Due to alack of space, proofs are omit-
ted from this version. They are in the appendix of the ex-
tended version (Belly et al. 2024), along with additional de-
tails and examples.

2 Preliminaries
A (discrete) probability distribution on a finite set X is a
function d: X — [0,1] such that ) __ d(x) = 1. The
set of all probability distributions on X is denoted D(X).
The support supp(d) of a probability distribution d is the set



{r € X | d(z) > 0}. We let |X| denote the number of
elements in a set X.

2.1 POMDPs

A partially observable Markov decision process (POMDP)
is a tuple P = (Q, Act, Sig, 4, go) such that @ is a finite set
of states, Act is a finite set of actions, Sig is a finite state of
signals, §: Q x Act — D(Sig x Q) is the transition function,
and qo € Q is an initial state.

A play of a POMDP P = (Q, Act, Sig, 9, qo) is an infinite
sequence T = qpa181¢1a2S2 - - . € (Q-Act-Sig)¥ such that,
forall ¢ > 0, §(q:, ait1)(Si+1, @ir1) > 0. A history h of a
POMDP is a finite prefix of a play ending in a state (it is an
element of (@ - Act-Sig)* - Q). If h = qoa151¢1 - - . AnSnqn,
we write last(h) for ¢,,. In practice, states are not fully ob-
servable; we define an observable history as the projection
of a history to the subsequence in (Act - Sig)*. We write
obs(h) for the observable history derived from a history h,
i.e., the same sequence with the states removed.

For ¢ a state of a POMDP P = (Q, Act, Sig, J, qo), we
define P17 to be the POMDP (Q, Act, Sig, 0, ¢) with only a
change of initial state. We let Sp min{d(q, a)(s,q’) |
7,4 € Q, a € Act, s € Sig, and 6(¢,a)(s,q’) > 0} denote
the least non-zero probability occurring in P.

A Markov decision process (MDP) is a tuple M

(Q,Act, d,qo) where §: @ x Act — D(Q). Formally, an
MDP M = (Q,Act, d, qo) can be seen as a POMDP P =
(@, Act, Sig, 0, qo) such that Sig = {s, | ¢ € Q} and for
all ¢,¢',¢" € Q and a € Act, 6(q,a)(sq7,¢") > 0 if and
only if ¢ = ¢”. In practice, it means that the last signal
always uniquely determines the current state. MDPs have
“complete observation”, whereas POMDPs have “partial ob-
servation”. For a POMDP P = (Q, Act, Sig, d, qo), we de-
fine the underlying MDP of P to be the MDP (Q, Act, d’, qo)
with 6/(% a) (q/) = ZsESig 6((], (l)(87 q,)
Remark 1. The observable information in POMDPs is
here provided through signals that appear along transi-
tions. This contrasts with state-based observations that par-
tition the state space, which are also frequently used to
model POMDPs. Both models are polynomially equivalent:
a POMDP with observations can be transformed into an
equivalent POMDP with signals on the same state space,
while the converse requires an increase of the state space
linear in |Sig|. Both choices are convenient, but using sig-
nals make the definition of strongly revealing (Definition 2)
more natural, which is why we opted for this convention.

Strategies. Let P = (Q, Act, Sig, d, o) be a POMDP. An
(observation-based) strategy in P is a function that makes
decisions based on the current observable history, i.e., it is a
function o: (Act-Sig)* — D(Act). We can define strategies
in MDPs similarly (i.e., assuming that Sig gives the infor-
mation of the current state), but we assume for convenience
that a strategy is a function o: (Act - Q)* — D(Act) in this
case. An observable history a1 1 ... a, S, 1S consistent with
astrategy o ifforall1 < i < n,o(a1sy...a;8;)(a;41) > 0.

A strategy o is pure if for all observable histories h €
(Act - Sig)*, o(h) is a Dirac distribution; in other words, if
o is a function (Act - Sig)* — Act. We let X(P) denote the
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set of strategies in POMDP P and ¥p(P) denote the set of
pure strategies in P.

For an MDP M, a strategy o in M is memoryless if its de-
cisions are only based on the current state: i.e., if for all his-
tories hi, ha, last(hy) = last(hsy) implies o(hy) = o(hs).
We only define the memoryless notion for MDPs.

Probability measure induced by a strategy. Let P =
(Q,Act, Sig, 9, go) be a POMDP. For a history h of P, we
define Cyl(h) (the cylinder of h) to be the set of all plays
starting with h, i.e., h(Act-Sig- Q)“. Given a strategy o, we
can define a probability measure P”’[-] on infinite plays. This
function is naturally defined over cylinders by induction. We
define P7[Cyl(qo)] = 1, and PZ[Cyl(q)] = 0 for ¢ € Q,
q # qo. For a history h = h’asq, we define P7[Cyl(h)] =
PZ[Cyl(h')]-a(obs(h'))(a)-d(last(h), a)(s, q). By lonescu-
Tulcea extension theorem (Klenke 2007), this function can
be uniquely extended to a probability distribution P7'[-] over
the Borel sets of infinite plays induced by all cylinders.

We use this probability distribution to measure sets of infi-
nite sequences in Q*, by associating a set W C QQ“ with the
set quql...eW qoActSigqi ActSiggs . .. C (Q x Act x Sig)“.
Similarly, we use this probability distribution to measure
events based on signals, by associating a set S C Sig® with
the set |, ,, cg @Acts1QActs2@Q ... C (QxActxSig)“.

Objectives. Let P = (Q, Act, Sig, 4, go) be a POMDP. An
objective W C (Q“ is a measurable set of infinite sequences
of states. Note that observing an infinite sequence of signals
(but not the states) may not always be sufficient to determine
whether a play satisfies an objective.

Given a set ' C Q, the reachability objective
Reach(F) = {qoq1 ... € Q¥ | 3i > 0,¢; € F} is the set of
plays that visit a state in F' at least once. For k& € N, we write
Reach=*(F) = {qoq1 ... € Q¥ | 3i,0 < i < k,q; € F}
for the set of plays that reach F' in at most k steps. Given a
set F' C @, the safety objective Safety(F) is the set of plays
that never visit any state in F'.

Given a priority function p: Q — {0,...,d} (where
d € N), the parity objective Parity(p) = {qoq1 ... € Q|
lim sup;~( p(¢;) is even} is the set of infinite plays whose
highest priority seen infinitely often is even. A Biichi objec-
tive is a parity objective Parity(p) such thatp: @ — {1, 2},
and a CoBiichi objective is a parity objective Parity(p) such
that p: @ — {0,1}. For Q' C @, we write Biichi(Q’)
for the set of infinite plays that visit Q' infinitely often. It
is equal to Parity(p) for the priority function p such that
p(q) =2if ¢ € Q’, and p(q) = 1 otherwise.

For an objective W, a strategy o is almost sure if
PP[W] = 1, and is positively winning if PL[W] > 0.
We say that an objective W has value 1 in a POMDP P
if sup, ey (p) PY W] = 1.

2.2 Beliefs and Belief Supports

Let P = (Q,Act,Sig,d,qo) be a POMDP. A belief b €
D(Q) is a probability distribution on Q. A belief support
b € 29\ {0} is the support of a belief. For brevity, we write
282 for 29\ {()}. Atevery step, beliefs and belief supports can
be updated when playing an action and observing a signal.



We show how to do so for belief supports: we define a func-
tion 3: 282 x Act x Sig — 20? that updates the belief support.

For b € 20?, a € Act, s € Sig, we define B(b,a,s) = {¢’ €
Q| 3q €b,6(q,a)(s,q") > 0}. We extend this function in a
natural way to a function 5*: 232 x (Act - Sig)* — 232. Ob-
jectives Reach(B) and Biichi(B) can be naturally extended

to sets of belief supports B C 20? (Belly et al. 2024, Ap-
pendix C).

Beliefs carry more information than belief supports, as
they contain the exact probability of being in a particular
state, while belief supports only contain the qualitative infor-
mation of the possible current states. Observe that when the
belief support is a singleton (i.e., b = {¢} for some ¢ € Q),
knowing the precise belief does not yield more informa-
tion than knowing the belief support, as all the probability
mass is in one of the states. Our “revealing” restrictions on
POMDPs defined later will exploit this fact.

3 The Belief-Support MDP

For a POMDP P = (Q, Act, Sig, d, qo), the belief-support
MDP of P is the MDP Pg = (282, Act, 05, {qo}) where for
b b € 2%? and a € Act, 0g(b, a)(b’) > 0 if and only if there
is s € Sig such that B(b, a, s) = b'. We assume the distribu-
tion to be uniform over successors with positive probability.

We can show that for some simple objectives, the POMDP
and its belief-support MDP behave in a similar way. For ex-
ample, sets of belief supports that can be reached with a pos-
itive probability are the same in the POMDP and its belief-
support MDP; if a set of belief supports is reachable almost
surely in the POMDP, it is also the case in the belief-support
MDP (formal statements and proofs in (Belly et al. 2024,
Appendix C)).

There is a natural way to lift a strategy in the belief-
support MDP to a strategy in the POMDP. We define a nota-
tion to go from a sequence of signals to the induced sequence
of belief supports. Let & = a181...a,8, € (Act - Sig)*
be a possible observable history in P. For 1 < ¢ < n, let
b; = B*({qo},a1s1...a;8;) be the belief support after 4
steps. We define By, to be the history a1b; ... a,b, of Ps.
Let o € X(Pg) be a strategy in the belief-support MDP of
a POMDP P. We define a strategy o5 in P derived from the
strategy o: for h € (Act - Sig)*, we fix 55(h) = op(Bz).

4 Weakly Revealing POMDPs

We define here our first revealing property for POMDPs,
which requires that, infinitely often and almost surely, the
current state can be deduced by looking at the previous se-
quence of signals. Formally, we write B, . = {{q} | ¢ €
Q} for the set of singleton belief supports of a POMDP P =
(@, Act, Sig, 9, qo). An observable history h € (Act - Sig)*

such that B*({qo}, h) € BL _ is called a revelation.

sing
Definition 1 (Weakly revealing). A POMDP P is weakly
revealing if, for all strategies 0 € X(P), we have
P? [B'Lichi(BZi)ng)} 1; ie., for all strategies, infinitely
many revelations occur almost surely.
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In particular, POMDPs that “reset” infinitely often, and
whose reset can be observed with a dedicated signal, are
weakly revealing. We will use one such example in Figure 4.

One can give probabilistic bounds on the occurrence of a
revelation for a weakly revealing POMDP (Belly et al. 2024,
Appendix D): starting from any reachable belief, a revelation

occurs within 2/91 —1 steps with probability at least 5723@‘ -1
The bound is asymptotically tight: there is a weakly reveal-
ing POMDP with n + 2 states, 1 action, and n signals where
we need at least 2™ — 1 steps before observing a revelation
with positive probability (Belly et al. 2024, Appendix E).

The decidability of the weakly revealing property itself is
discussed in (Belly et al. 2024, Section 4.4 and Appendix F).
A straightforward argument shows that is decidable in 2-
EXPTIME. First, extend the POMPD with the information
of the current belief support, which makes the state space
exponential-sized. Then, check whether there exists a strat-
egy that sees only finitely many singleton sets with positive
probability, which is a positive CoBiichi objective and is it-
self decidable in EXPTIME (Chatterjee, Chmelik, and Tra-
col 2016).

4.1 Soundness of the Belief-Support MDP

In this section, we show that, for weakly revealing POMDPs,
the existence of an almost-sure strategy in the belief-support
MDP (with an adequate priority function) implies the exis-
tence of an almost-sure strategy in the POMDP.

For the priority function of the belief-support MDP, we
consider the “maximal priority” semantics. Formally, let
P = (Q, Act,Sig, 0, qo) be a POMDP, and P be its belief-
support MDP. Let p: @ — {0,...,n} be a priority function
on P, inducing the objective Parity(p). We extend this func-
tion to the belief-support MDP: for b € 29, we define

p5(b) = max{p(q) | q € b}.

Without any assumption, the belief-support MDP may
be unsound, already for Biichi objectives; there may be an
almost-sure strategy in the belief-support MDP, but not in
the POMDP. An example illustrating this was given in Fig-
ure 1. Surprisingly, it is sound for CoBiichi objectives with-
out any assumption (Belly et al. 2024, Appendix E). Using
“max” (and not “min”) turns out to be the right choice in
our setting. Intuitively, under the right revealing assumptions
and the right strategies, if a belief support is visited infinitely
often, then all its states will be visited infinitely often, so the
maximal priority of the belief support is the one that mat-
ters given the parity objective. Without any assumption, both
max and min are unsound and incomplete in general.

Under the weakly revealing semantics, almost-sure strate-
gies of the belief-support MDP carry over to the POMDP
for all parity objectives. In other words, the analysis of the
belief-support MDP is sound. We recall that pure memory-
less strategies suffice to reach the optimal value for parity
objectives in MDPs (Chatterjee and Henzinger 2012). The
proof is in (Belly et al. 2024, Appendix E).

Proposition 1. Let P = (Q,Act,Sig,d,qo) be a weakly
revealing POMDP with priority function p, and let Pp be
its belief-support MDP with priority function pg. Assume



there is an almost-sure strategy og for Parity(pg) in Pg;
by (Chatterjee and Henzinger 2012), we may assume og to
be pure and memoryless. Then, o3 is an almost-sure strategy

for Parity(p) in P.

4.2 Decidability for Priorities 0, 1, and 2

We show that the existence of an almost-sure strategy in
a weakly revealing POMDP implies the existence of an
almost-sure strategy in its belief-support MDP when pri-
orities are in {0, 1,2}. This provides a converse to Propo-
sition 1 when priorities are restricted to {0,1,2}. We will
see that this is not the case for priorities in {1, 2,3} in the
next section; this result is therefore optimal w.r.t. the pri-
ority used. We emphasize that parity objectives with priori-
ties {0, 1, 2} encompass both Biichi and CoBiichi objectives.
This result is false without the weakly revealing assumption;
see the simple POMDP in Figure 1. The proof is in (Belly
et al. 2024, Appendix E).

Proposition 2. Let P = (Q,Act,Sig,d,qo) be a weakly
revealing POMDP with priority function p with values
in {0,1,2}. Let Pg be its belief-support MDP with priority
Sfunction pg. If there is an almost-sure strategy for Parity(p)
in P, then there is an almost-sure strategy for Parity(ps)
in Pp.

From the above, we deduce a complexity upper bound; a
matching lower bound is discussed in Section 5.

Theorem 1. The existence of an almost-sure strategy for
parity objectives with priorities in {0, 1, 2} in weakly reveal-
ing POMDPs is EXPTIME-complete.

Proof. The EXPTIME algorithm is a consequence of the re-
sults from this section: by Proposition 1 (soundness of the
belief-support MDP) and Proposition 2 (completeness), we
reduce the problem to the existence of an almost-sure strat-
egy for a parity objective with priorities in {0, 1,2} in an
MDP of size exponential in |@Q)|. The existence of an almost-
sure strategy for parity objectives is decidable in polynomial
time in MDPs (Baier and Katoen 2008, Theorem 10.127).
Proposition 1 also constructs an almost-sure strategy in P.
The EXPTIME-hardness follows from Proposition 4 be-
low, already for CoBiichi objectives and for the more re-
stricted class of strongly revealing POMDPs. O

Remark 2. The algorithm also gives an upper bound on
the size of the strategies for parity objectives with priorities
in {0, 1,2} in weakly revealing POMDPs. As we reduce to
the analysis of an exponential-size MDP and that memory-
less strategies suffice for parity objectives in MDPs, given
Proposition 1, it means that a strategy of exponential size
suffices in the POMDP. We can also prove an exponential
lower bound (Belly et al. 2024, Appendix E).

4.3 Undecidability for Priorities 1, 2, and 3

The previous section suggests that analyzing the belief-
support MDP is a sound and complete approach for weakly
revealing POMDPs with parity objectives with priorities in
{0,1,2}. One may wonder whether it is complete for any
priority function. Unfortunately, this fails to hold in general,
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already for priority functions taking values in {1,2,3}. We
discuss one such example below.

Example 1. Consider the POMDP P in Figure 4. This
POMDP is weakly revealing, as state qq is visited infinitely
often for any strategy and is revealed through signal s¢y. The
only choice in this POMDP is in states q1 and q: whether
to play a and move to qy or {q1,q,}, or to play c and
go to qs or q3. Observe that when the game starts in qo,
the only reachable belief supports are {qo}, {q1,¢}}, and
{q2, g3}, which all have a maximal odd priority. Hence, the
belief-support MDP with priority function pg trivially has
no almost-sure (and even positively) winning strategy. How-
ever, we show that there is an almost-sure strategy in P.

The only way to win in this POMDP is to visit qs infinitely
often while visiting q3 only finitely often. To do so, observe
that when a is played multiple times in a row and only re-
ceives signal sy, the probability to be in ¢i becomes arbi-
trarily close to 1. Formally, if o, is the strategy that only
plays a, we have that for n > 0,

=1—- —

Py [Q a1 | (s1)"] =1~ Pg lao(a1)" | (51)"] on

Forn > 0, let 0, be the strategy that plays only a until
s1 has been seen n times in a row, and when that is the case,
plays c. Let us divide a play in this POMDP into rounds 1,
2,..., every time we go back to qq after visiting qs or qs, we
move to the next round. Consider the strategy that plays o,
in round n. This strategy ensures that infinitely many rounds
happen, because at each round n, it will eventually succeed
in seeing n occurrences of s1 in a row. At each round n, c is
eventually played with probability 1. By the above equation,
q3 is seen with probability % and qs is seen with proba-
bility 1 — 2% State qs is clearly seen infinitely often almost
surely. However, the probability that q3 is never seen any-
more after round n is equal to []:°, (1 — &), which is pos-
itive and increases as n grows to co. We deduce that the
probability that qs is seen at most finitely often is 1.

1

Generalizing the above example, we show that if we al-
low p to take values in {1, 2, 3}, the existence of almost-sure
strategies in weakly revealing POMDPs is undecidable. We
provide here a proof sketch; a full proof is in (Belly et al.
2024, Appendix E).

Theorem 2. The existence of an almost-sure strategy in
weakly revealing POMDPs with a parity objective with pri-
orities in {1,2,3} is undecidable. The same holds for the
existence of a positively winning strategy.

Our proof uses a reduction from the value-1 problem in
probabilistic automata. A probabilistic automaton (Rabin
1963) is a tuple A = (Q,Act, d, qo). One can define their
semantics through POMDPs: they behave like POMDPs in
which we assume that the signals bring no information (Sig
is a singleton). No useful information is provided by the sig-
nals along a play (beyond the number of steps played); pure
strategies therefore correspond to words on alphabet Act.

Intuitively, the proof expands on the POMDP in Figure 4
by replacing states g, ¢; by a copy of a probabilistic au-
tomaton A: the transition from gq goes to the initial state of
A, and playing c goes to ¢ if the current state is a final state
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Figure 4: The POMDP P from Example 1 (depicted on the left) with an almost-sure strategy, but whose belief-support MDP
(depicted on the right) has no winning strategy. Notation ¢, k inside a circle depicts a state g with priority k. Transitions from
states involving a bullet e indicate a probabilistic transition. In POMDPs, we always write the signals along transitions. Actions
are omitted when they all induce the same transition from a given state, and probabilities equal to 1 are omitted.

of A, and to g3 otherwise. We keep a positive probability to
go back to gg at any point to make it weakly revealing. The
idea of playing n times a in a row in the example is replaced
by a (possible) sequence of words that have a probability ar-
bitrarily close to 1 to reach a final state. One can show that
there is an almost-sure strategy in this POMDP if and only
if A has value 1 w.r.t. its final states.

5 Strongly Revealing POMDPs

In this section, we introduce strongly revealing POMDPs,
a stronger property entailing that infinitely many revelations
occur in a POMDP almost surely. We show that the existence
of almost-sure strategies is decidable for strongly revealing
POMDPs with arbitrary parity objectives.

We define a notion of revealing signals: for ¢ a state of a

POMDP P = (Q, Act, Sig, 4, qo ), we define Revealing(q) =
{s € Sig | Vr,7" € Q,r" # q = d(r,a)(s,r’") = 0} to
be the set of signals that indicate surely that the next state
is g. For convenience, we define Succ(q,a) = {¢’ € Q |
Js € Sig, d(q,a)(s,q') > 0} and Succ(q,a,s) = {¢’ € Q |
d(g,a)(s,q') > 0}
Definition 2. POMDP P = (Q, Act, Sig, 9, qo) is strongly
revealing if any transition between two states for a given
action in the underlying MDP of ‘P can also happen with a
revealing signal. Formally, P is strongly revealing if for all
4,4 € Qand a € Act, if ¢ € Succ(q,a), then there is
s € Revealing(q’) such that ' € Succ(q, a, s).

Under this definition, the set of belief supports Bstg is
visited infinitely often from the initial state for any given
strategy, so a strongly revealing POMDP is in particu-
lar weakly revealing. Observe that the weakly revealing
POMDP from Figure 4 is not strongly revealing: for in-
stance, ¢; € Succ(q1,a), but there is no revealing signal
that could for sure reveal ¢ after ¢;. The strongly revealing
property can be decided in polynomial time in the size of a
POMDP by simply analyzing every transition.

Example 2. We give an example of a strongly revealing
POMDRP inspired from the tiger of (Cassandra, Kaelbling,
and Littman 1994), depicted in Figure 5. This example was
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Figure 5: Strongly revealing tiger (Example 2).

used in Figure 3 in the introduction; the code to generate it
in our tool is provided in (Belly et al. 2024, Appendix A).

In the tiger environment, an agent has to open the left or
the right door, with action ay or ag, respectively. One of
them has a (deadly) tiger behind it. Fortunately, the agent
can choose to wait and listen (action az) to help its deci-
sion. Listening results in a signal that is biased towards the
reality, i.e., the signal can be s\ or sr and the former is more
likely if the tiger really is on the left, and vice versa.

We present our version of the tiger environment in which
listening guarantees one will eventually discern behind
which door there is a tiger. This is achieved by adding new
revealing signals ay, or ar) which, importantly, can only be
obtained when the tiger is on the left or on the right, re-
spectively. To keep things interesting, these signals can only
be obtained with a small probability (yet, them being there
already ensures that the POMDP is strongly revealing). We
also add signals for death (s ) and victory (sT), which are
missing from the original tiger environment.

5.1 Decidability of Parity with Strong Revelations

The soundness of the analysis of the belief-support MDP
for strongly revealing POMDPs follows from Proposition 1;
it remains to show completeness (proofs for this section
in (Belly et al. 2024, Appendix G)).

Proposition 3. Ler P = (Q, Act, Sig, 9, qo) be a strongly
revealing POMDP with a priority function p, and let Pg be



its belief-support MDP with priority function pg. If there is
an almost-sure strategy for Parity(p) in P, then there is an
almost-sure strategy for Parity(pg) in Pg.

We also show a complexity lower bound. The lower
bound holds for CoBiichi in strongly revealing POMDPs; as
strongly revealing POMDPs are a subclass of weakly ones,
the hardness follows for weakly revealing POMDPs.

Proposition 4. The following problem is EXPTIME-hard:
given a strongly revealing POMDP with a CoBiichi objec-
tive, decide whether there is an almost-sure strategy.

We obtain as before the decidability of the problem by re-
ducing to the analysis of the belief-support MDP. The proof
is similar to the one of Theorem 1, simply replacing the use
of Proposition 2 by Proposition 3.

Theorem 3. The existence of an almost-sure strategy
for parity objectives in strongly revealing POMDPs is
EXPTIME-complete.

5.2 Undecidability of Strongly Revealing Games

We discuss here whether the revealing semantics helps in
zero-sum games of partial information with revealing se-
mantics. In general, such games with CoBiichi objectives are
undecidable (they encompass POMDPs) while Biichi games
are decidable for almost-sure strategies (Bertrand, Genest,
and Gimbert 2017). We obtained a negative result: the exis-
tence of an almost-sure strategy in CoBiichi games with par-
tial information is undecidable, even when satisfying a nat-
ural extension of the strongly revealing property. The model
is defined formally in (Belly et al. 2024, Appendix G), along
with an undecidability proof.

5.3 Optimistic Semantics for POMDPs

In our revealing definitions, we adopted the point of view
of considering subclasses of POMDPs. A limitation of this
point of view is that our results say nothing about POMDPs
which are not strongly (nor weakly) revealing. We argue that
another fruitful formulation of our results concerns the class
of all POMDPs, by defining alternative, revealing semantics.

Consider a POMDP P. Let us define the extended
POMDP Ps, such that, at each transition, there is a small
probability of revealing which state we reach after firing this
action, using additional signals s, one for each state g of P.

Theorem 4. For any POMDP P, Py, is strongly revealing.
Moreover, if there is no almost-sure strategy ensuring an
omega-regular objective in Ps, (which is decidable by The-
orem 3), then there is no almost-sure strategy ensuring the
same objective in P.

The contrapositive is easily proved: any almost-sure strat-
egy of P can be lifted to an almost-sure strategy of Px,.
This property justifies the term “optimistic semantics”. Note
that the converse implication cannot hold (as POMDPs with
omega-regular objectives are undecidable).

6 Related Works

We discuss additional references where a restriction is set to
stochastic systems to make them decidable.
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The closest idea to our revelations that we know of is
in (Berwanger and Mathew 2017), defining a class of partial-
information multi-player games with sure (not just almost-
sure) revelations; from any point in the game, a “revelation”
occurs surely within a bounded number of steps. This is a
yet stronger kind of revelation mechanism under which even
parity games are decidable.

The decisiveness property (Abdulla, Ben Henda, and
Mayr 2007; Bertrand et al. 2020) is a useful property to
decide reachability properties in infinite stochastic systems
(without decision-making). Decisiveness is implied by the
existence of a finite attractor; there is such an attractor in
weakly revealing POMDPs once we fix a finite-memory
strategy (as in Proposition 1).

Another path to decidability and strong guarantees is to
restrict strategies, such as studying “memoryless” (Vlas-
sis, Littman, and Barber 2012) or finite-memory (Chatter-
jee, Chmelik, and Tracol 2016; Andriushchenko et al. 2022)
strategies in POMDPs. In our paper, the strategies we con-
sider only use finite memory, as they are memoryless strate-
gies on the belief-support MDP (in our case, they are even
shown to be optimal among all strategies under the right as-
sumptions). The sufficiency of belief-support-based strate-
gies in POMDPs, which was known for almost-sure reacha-
bility (Baier, Grofler, and Bertrand 2012), was also exploited
to craft efficient algorithms in (Junges, Jansen, and Seshia
2021); such an approach could speed up our algorithms.

In a quantitative setting, the idea of having actions with
some cost that reveal the current state or decrease the
uncertainty has appeared multiple times in the literature.
Such an idea appeared in 2011 (Bertrand and Genest 2011)
for POMDPs with quantitative reachability objectives. Re-
cently, active-measuring POMDPs, with a similar mecha-
nism, have been considered in the online planning commu-
nity (Bellinger et al. 2021; Krale, Simao, and Jansen 2023).
Despite a different setting (online planning vs. model check-
ing), it carries an intuition similar to our work: precise states
can be known, which helps find good strategies.

Also in online planning, the article (Liu et al. 2022) con-
siders a subclass of POMDPs restricting information loss
that make reinforcement learning sample efficient.

7 Perspectives

We presented classes of POMDPs for which many natural
objectives become decidable, and showed that these lie close
to undecidability frontiers (priorities {0, 1,2} vs. {1, 2,3},
POMDPs vs. games).

Due to their intrinsic undecidability, POMDPs are not of-
ten studied through the prism of exact algorithms. We be-
lieve there is a lot to gain by understanding more closely
(1) the structural properties of POMDPs that make them de-
cidable for classes of objectives (such as weak/strong reve-
lations), and (i¢) the conditions that make simple strategies
(such as belief-support-based strategies) sufficient. Our ar-
ticle is a new step towards these goals. On a more specific
note, an interesting step for (¢) could involve framing the
exact complexity of the existence of strategies for simple
objectives involving beliefs.
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