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Abstract

Learning-based methods provide a promising approach to
solving highly non-linear control tasks that are often chal-
lenging for classical control methods. To ensure the satis-
faction of a safety property, learning-based methods jointly
learn a control policy together with a certificate function for
the property. Popular examples include barrier functions for
safety and Lyapunov functions for asymptotic stability. While
there has been significant progress on learning-based control
with certificate functions in the white-box setting, where the
correctness of the certificate function can be formally veri-
fied, there has been little work on ensuring their reliability
in the black-box setting where the system dynamics are un-
known. In this work, we consider the problems of certifying
and repairing neural network control policies and certificate
functions in the black-box setting. We propose a novel frame-
work that utilizes runtime monitoring to detect system behav-
iors that violate the property of interest under some initially
trained neural network policy and certificate. These violating
behaviors are used to extract new training data, that is used to
re-train the neural network policy and the certificate function
and to ultimately repair them. We demonstrate the effective-
ness of our approach empirically by using it to repair and to
boost the safety rate of neural network policies learned by a
state-of-the-art method for learning-based control on two au-
tonomous system control tasks.

Introduction
The rapid advance of machine learning has sparked inter-
est in using it to solve hard problems across various appli-
cation domains, and autonomous robotic systems control is
no exception. Learning-based control methods obtain data
through repeated interaction with an unknown environment,
which is then used to learn a control policy. A popular exam-
ple is (deep) reinforcement learning algorithms, which learn
neural network policies (Mnih et al. 2015; Sutton and Barto
2018). However, the complex and often uninterpretable na-
ture of learned policies poses a significant barrier to their
safe and trustworthy deployment in safety-critical applica-
tions such as self-driving cars or healthcare devices (Amodei
et al. 2016; García and Fernández 2015).

In control theory, a classical method to certify the cor-
rectness of a control policy concerning some property of
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Figure 1: The monitor-learner framework.

interest is to compute a certificate function for that prop-
erty (Dawson, Gao, and Fan 2023). A certificate function is
a mathematical object which proves that the system under
the control policy indeed satisfies the property. Common ex-
amples of certificate functions include Lyapunov functions
for stability (Khalil 2002) and barrier functions for safety
set invariance (Prajna and Jadbabaie 2004). While certifi-
cate functions are a classical and well-established concept
in control theory, earlier methods for their computation are
based either on polynomial optimization or rely on manually
provided certificates, which makes them restricted to poly-
nomial systems and typically scalable to low-dimensional
environments (Ahmadi and Majumdar 2016; Dawson, Gao,
and Fan 2023; Srinivasan et al. 2021).

Recent years have seen significant progress in overcoming
these limitations, by utilizing machine learning to compute
certificates for non-polynomial environments with neural
network control policies (Abate et al. 2021b; Chang, Roohi,
and Gao 2019; Dawson et al. 2021; Qin, Sun, and Fan 2022;
Qin et al. 2021; Richards, Berkenkamp, and Krause 2018).
The key idea behind these methods is to jointly learn a policy
together with a certificate function, with both parametrized
as neural networks. This is achieved by defining a loss func-
tion that encodes all defining properties of the certificate
function. The learning algorithm then incurs loss whenever
some of the defining certificate conditions are violated at any
system state explored by the learning algorithm. Hence, the
training process effectively guides the learning algorithm to-
wards a control policy that admits a correct certificate func-
tion. A survey of the existing approaches and recent ad-
vances can be found in (Dawson, Gao, and Fan 2023).

While the above approach guides the learning algorithm
towards a correct certificate, it does not guarantee that the
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output control policy or the certificate function is correct. To
address this issue, a number of recent works have consid-
ered the white-box setting which assumes complete knowl-
edge of the environment dynamics and formally verifies the
correctness of the certificate function. Notable examples in-
clude methods for learning and verifying neural Lyapunov
functions (Abate et al. 2021b; Chang, Roohi, and Gao 2019;
Richards, Berkenkamp, and Krause 2018) and neural bar-
rier functions (Abate et al. 2021a; Zhang et al. 2023; Zhao
et al. 2020), also extended to stochastic settings (Abate et al.
2023; Ansaripour et al. 2023; Chatterjee et al. 2023; Lechner
et al. 2022; Mathiesen, Calvert, and Laurenti 2023; Mazouz
et al. 2022; Zhi et al. 2024; Zikelic et al. 2023a,b). While
there are several methods that learn control policies together
with certificates in the black-box setting, e.g. (Dawson et al.
2021; Qin, Sun, and Fan 2022; Qin et al. 2021), to the best
of our knowledge no prior method considers the problem of
analyzing and certifying their correctness in the black-box
setting, without assuming any knowledge on the dynamics.
In this setting, one cannot guarantee the correctness of cer-
tificate functions at every system state as we do not have
access to the system model at each state. However, we may
still use more lightweight techniques to evaluate the control
policy and the certificate and to repair them in cases when
they are found to be incorrect.
Our contributions. In this work, we propose a method for
analyzing and repairing neural network policies and cer-
tificates in the black-box setting. Our method uses runtime
monitoring to detect system behaviors that violate the prop-
erty of interest or the certificate defining conditions. These
behaviors are used to extract additional training data, which
is then used by the training algorithm to re-train and ul-
timately repair the neural policy and the certificate. Our
method consists of two modules – called the monitor and the
learner, which are composed in a loop as shown in Fig. 1.
The loop is executed until the monitor can no longer find
property or certificate condition violating behaviors, upon
which our algorithm concludes that the neural policy and
the certificate have been repaired.

While the idea of using runtime monitors to identify in-
correct behaviors is natural, it introduces several subtle chal-
lenges whose overcoming turns out to be highly non-trivial.
The first and obvious approach to runtime monitoring of a
control policy in isolation is to simply test it, flag runs that
violate the property, and add visited states to the training set.
However, such a simple monitor suffers from two significant
limitations. First, it can only be used to monitor violations of
properties that can be observed from finite trajectories such
as safety, but not of properties that are defined by the lim-
iting behavior such as stability. Second, the simple monitor
detects property violations only after they happen, meaning
that it cannot identify states and actions that do not yet vio-
late the property but inevitably lead to property violation. In
contrast, in practice we are often able to predict in advance
when some unsafe scenario may occur. For instance, if we
drive a car in the direction of a wall at a high speed, then
even before hitting the wall we can predict that a safety vio-
lation would occur unless we change the course of action.

To overcome these limitations, we advocate the runtime

monitoring of neural network policies together with certifi-
cate functions and propose two monitoring algorithms. The
first algorithm, called Certificate Policy Monitor (CertPM),
issues a warning whenever either the property or some of the
defining conditions of the certificate are violated. The sec-
ond algorithm, called Predictive Policy Monitor (PredPM),
goes a step further by estimating the remaining time until the
property or some certificate condition may be violated, and
issues a warning if this time is below some tolerable thresh-
old. Experimental results demonstrate the ability of CertPM
and PredPM to detect the property or certificate condition
violating behaviors. Furthermore, we show that CertPM and
PredPM allow our method to repair and significantly im-
prove neural policies and certificates computed by a state-
of-the-art learning-based control theory method.

Our contributions can be summarized as follows:
1. Runtime monitoring of policies and certificates. We de-

sign two novel algorithms for the runtime monitoring of
control policies and certificates in the black-box setting.

2. Monitoring-based policy and certificate repair. By ex-
tracting additional training data from warnings issued by
our monitors, we design a novel method for automated
repair of neural network control policies and certificates.

3. Empirical evaluation. Our prototype successfully repairs
neural network control policies and certificates computed
by a state-of-the-art learning-based control method.

Related work. Related works on learning-based control
with certificate functions, as well as on formal verification
of learned control policies and certificates in the white-box
setting, have been discussed above, so we omit repetition. In
what follows, we discuss some other related lines of work.

Constrained reinforcement learning (RL) algorithms con-
sider constrained Markov decision processes (CMDPs) (Alt-
man 1999; Geibel 2006) and are also concerned with learn-
ing policies under safety constraints. Notable examples of
algorithms for solving CMDPs include Constrained Policy
Optimization (CPO) (Achiam et al. 2017) or the method
of (Chow et al. 2018) which uses a Lyapunov based ap-
proach. While these algorithms perform well, they are em-
pirical in nature and do not provide any mechanism for
checking correctness of learned policies.

Shielding (Bloem et al. 2015; Alshiekh et al. 2018) is
a runtime enforcement approach (Könighofer et al. 2020;
Pranger et al. 2021; Carr et al. 2023). They use a monitor
to detect if the system is close to reaching an unsafe set of
states and thus violating the safety property. In such cases,
the system switches to a safe back-up policy. However, there
are two fundamental differences between our method and
shielding. First, we do not assume a backup policy. Sec-
ond, our method can also be used to repair a control policy,
in cases when it is determined to be incorrect. Apart from
shielding, runtime monitoring has been extensively used in
the field of runtime verification as a more lightweight alter-
native to formal verification or when errors are only trig-
gered at runtime (Falcone and Pinisetty 2019; Renard et al.
2019; Zhou et al. 2020). Runtime monitoring and repair of
neural network policies, but without using certificates, was
considered in (Bauer-Marquart et al. 2022; Lyu et al. 2023).
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Preliminaries
We consider a (deterministic, continuous-time) dynamical
system Σ = (X,U, f), where X ⊆ Rn is the state space,
U ⊆ Rm is the control action space and f : X × U → X
is the system dynamics, assumed to be Lipschitz continu-
ous. The dynamics of the system are defined by ẋ(t) =
f(x(t), u(t)), where t ∈ R≥0 is time, x : R≥0 → X is
the state trajectory, and u : R≥0 → U is the control input
trajectory. The control input trajectory is determined by a
control policy π : X → U . We use X0 ⊆ X to denote the set
of initial states of the system. For each initial state x0 ∈ X0,
the dynamical system under policy π gives rise to a unique
trajectory x(t) with x(0) = x0. Control tasks are concerned
with computing a control policy π : X → U such that, un-
der the control input u(t) = π(x(t)), the state trajectory
induced by ẋ(t) = f(x(t), π(x(t)) satisfies a desired prop-
erty for every initial state in X0. In this work, we consider
two of the most common families of control properties:
1. Safety. Given a set of unsafe states Xu ⊆ X , the dynam-

ical system satisfies the safety property under policy π
with respect to Xu, if it never reaches Xu, i.e., if for each
initial state in X0 we have x(t) ̸∈ Xu for all t ≥ 0.

2. Stability. Given a set of goal states Xg ⊆ X , the dynami-
cal system satisfies the (asymptotic) stability property un-
der policy π with respect to Xg , if it asympotically con-
verges to Xg , i.e., if limt→∞ infxg∈Xg ||x(t) − xg|| = 0
for each initial state in X0.

We also consider the stability-while-avoid property, which
is a logical conjunction of stability and safety properties. To
ensure that the dynamical system satisfies the property of in-
terest, classical control methods compute a certificate func-
tion for the property. In this work, we consider barrier func-
tions (Ames, Grizzle, and Tabuada 2014) for proving safety
and Lyapunov functions (Khalil 2002) for proving stability.
The stability-while-avoid property is then proved by com-
puting both certificate functions.

Proposition 1 (Barrier functions) Suppose that there ex-
ists a continuously differentiable function B : X → R for
the dynamical system Σ under a policy π with respect to the
unsafe set Xu, that satisfies the following conditions:
1. Initial condition. B(x) ≥ 0 for all x ∈ X0.
2. Safety condition. B(x) < 0 for all x ∈ Xu.
3. Non-decreasing condition. LfB(x) + B(x) ≥ 0 for all

x ∈ {x | B(x) ≥ 0}, where LfB = ∂B
∂x f(x, u) is the Lie

derivative of B with respect to f .
Then, Σ satisfies the safety property under π with respect to
Xu, and we call B a barrier function.

Proposition 2 (Lyapunov functions) Suppose that there
exists a continuously differentiable function V : X → R
for the dynamical system Σ under policy π with respect to
the goal set Xg , that satisfies the following conditions:
1. Zero upon goal. V(xg) = 0 for all xg ∈ Xg .
2. Strict positivity away from goal. V(x) > 0 for all x ∈
X\Xg .

3. Decreasing condition. LfV < 0 for all x ∈ X\Xg.
Then, Σ satisfies the stability property under π with respect
to Xg , and we call V a Lyapunov function.

Assumptions. We consider the black-box setting, meaning
that the state space X , the control action space U as well
as the goal set Xg and/or the unsafe set Xu (depending on
the property of interest) are known. However, the system dy-
namics function f is unknown and we only assume access to
an engine which allows us to execute the dynamics function.
Problem statement. Consider a dynamical system Σ de-
fined as above. Suppose we are given one of the above prop-
erties, specified by the unsafe set Xu and/or the goal set Xg .
Moreover, suppose that we are given a control policy π and
a certificate function B for the property.
1. Policy certification and repair. Determine whether the

system Σ under policy π satisfies the property. If not, re-
pair the policy π such that the property is satisfied.

2. Certificate certification and repair. Determine whether B
is a good certificate function which shows that the dy-
namical system Σ under policy π satisfies the property. If
not, repair the certificate function B such that it becomes
a correct certificate function.

Runtime Monitoring Policies and Certificates
We now present our algorithms for runtime monitoring of a
policy by monitoring it together with a certificate function.
These algorithms present the first step in our solution to the
two problems defined above. The second step, namely policy
and certificate repair, will follow in the next section. The
runtime monitoring algorithms apply to general policies and
certificate functions, not necessarily being neural networks.
Motivation for certificate monitoring. Given a dynamical
system Σ = (X ,U , f) and a property of interest, a moni-
tor is a function M : X+ → {0, 1} that maps each finite
sequence of system states to a verdict on whether the se-
quence violates the property. This means that the monitor
can only detect violations with respect to properties whose
violations can be observed from finite state trajectories. This
includes safety properties where violations can be observed
upon reaching the unsafe set, but not infinite-time horizon
properties like stability which requires the state trajectory
to asymptotically converge to the goal set in the limit. In
contrast, monitoring both the control policy and the certifi-
cate function allows the monitor to issue a verdict on either
(1) property violation, or (2) certificate violation, i.e. viola-
tion of one of the defining conditions in Proposition 1 for
barrier functions or Proposition 2 for Lyapunov functions.
By Propositions 1 and 2, we know that the barrier function
or the Lyapunov function being correct provides a formal
proof of the safety or the stability property. Hence, in order
to show that there are no property violations and that the
property of interest is satisfied, it suffices to show that there
are no certificate violations which can be achieved by mon-
itoring both the control policy and the certificate function.

Certificate Policy Monitor
We call our first monitor the certificate policy monitor
(CertPM). For each finite sequence of observed states
x0, x1, . . . , xn, the monitor MCertPM issues a verdict on
whether a property or a certificate violation has been ob-
served. If we are considering a safety property, the property
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violation verdict is issued whenever xn ∈ Xu, and the cer-
tificate violation verdict is issued whenever one of the three
defining conditions in Proposition 1 is violated at xn. If we
are considering a stability property, the property violation
verdict cannot be issued, however, the certificate violation
verdict is issued whenever one of the defining conditions in
Proposition 2 is violated at xn. In the interest of space, in
what follows we define the monitor MCertPM for a safety
property specified by the unsafe set of states Xu. The defi-
nition ofMCertPM for a stability property is similar, see the
extened versio. Let π be a policy and B be a barrier function:
• The safety violation verdict is issued if xn ∈ Xu. We set
MCertPM(x0, x1, . . . , xn) = 1.

• The certificate violation verdict for the Initial condition
in Proposition 1 is issued if xn ∈ X0 is an initial state but
B(xn) < 0. We setMCertPM(x0, x1, . . . , xn) = 1.

• The certificate violation verdict for the Safety condi-
tion in Proposition 1 is issued if B(xn) < 0. We set
MCertPM(x0, x1, . . . , xn) = 1.

• Checking the Non-decreasing condition in Proposition 1
is more challenging since the dynamical system evolves
over continuous-time and the non-decreasing condition
involves a Lie derivative. To address this challenge, we
approximate the non-decreasing condition by consider-
ing the subsequent observed state xn+1 and approximat-
ing the Lie derivative via‘LfB(xn) =

B(xn+1)− B(xn)

tn+1 − tn
.

This requires the monitor to wait for at least one new
observation before issuing the verdict. The approxima-
tion satisfies |‘LfB(x) − LfB(x)| ≤ ϵ for all x ∈ X
where ϵ = 1

2∆t(CBLf+CfLB)Cf , withLB andLf being
the Lipschitz constants of B and f bounded by constants
CB, Cf ∈ R>0 (Nejati et al. 2023). This suggests we can
achieve good precision by using sufficiently small time
intervals for monitoring. The certificate violation verdict
for the Non-decreasing condition in Proposition 1 is is-
sued if B(xn) ≥ 0 but ‘LfB(xn) + B(xn) < 0. We set
MCertPM(x0, x1, . . . , xn) = 1.

• Otherwise, no violation verdict is issued. We set
MCertPM(x0, x1, . . . , xn) = 0.

Predictive Policy Monitor
CertPM checks if the property or one of the certificate defin-
ing conditions is violated at the states observed so far. Our
second monitor, which we call the predictive policy monitor
(PredPM), considers the case of safety properties and esti-
mates the remaining time before the property or the certifi-
cate violation may occur in the future. PredPM then issues
a verdict based on whether any of the estimated remaining
times are below some pre-defined thresholds. Thus, our sec-
ond monitor aims to predict future behavior and issue prop-
erty and certificate violation verdicts before they happen.

Since PredPM is restricted to safety properties, let Xu be
the set of unsafe states. Let π be a policy and B be a bar-
rier function. For each finite sequence of observed states
x0, x1, . . . , xn, PredPM computes three quantitative assess-
ments [vU , vS , vN ], where:

1. vU is an estimate of the time until Xu is reached and
hence the safety property is violated (or, if xn ∈ Xu al-
ready, vU is an estimate of the time until the safe part
X\Xu is reached).

2. vS is an estimate of the time until the set {x ∈ X |
B(x) < 0} may be reached and hence the Safety con-
dition in Proposition 1 may be violated;

3. vN is an estimate of the time until the Non-dec. condition
in Proposition 1 may be violated.

Note that these three values are estimates on the remaining
time until some set S ⊆ X is reached, where S = Xu (or
S = X\Xu if xn ∈ Xu) for computing vU , S = {x ∈
X | B(x) < 0} for computing vS , and S = {x ∈ X |‘LfB(x)+B(x) < 0} for computing vN . PredPM computes
each of the three values by solving the following problem:

min
a
T s.t.

dx

dt
= v(t),

dv

dt
= a(t), |a(t)| ≤ amax,

∀t ∈ [0, T ]; x(T ) ∈ S, x(0) = xn, v(0) = v0.

Here, v(t) is the velocity and a(t) is the acceleration of the
trajectory x(t), with amax being the maximum allowed ac-
celeration. Intuitively, solving this optimization problem re-
sults in the acceleration that the controller should use at each
time such that the set S is reached in the shortest time possi-
ble. To make the computation physically more realistic, we
assume a physical bound amax on the maximum accelera-
tion that the controller can achieve at any time. To compute
an approximate solution to this problem and hence estimate
vU , vS and vN , PredPM discretizes the time [0, T ] and for
each discrete time point it uses stochastic gradient descent
to select the next acceleration within the range [0, amax].

Once PredPM computes vU , vS , vN , it checks if any of
the values exceed the thresholds ξU , ξS , ξN that are assumed
to be provided by the user. The monitor issues the verdict
MPredPM(x0, x1, . . . , xn) = 1 if either vU > ξU or vS > ξS
or vN > ξN . Otherwise, it issues the verdict 0. Having quan-
titative assessments allows the user to specify how fault-
tolerant the monitor should be. For highly safety-critical sys-
tems, one can set the thresholds to be positive such that the
monitor signals a warning in advance, i.e., when it predicts
a dangerous situation and before it happens.

Neural Policy and Certificate Repair
Our monitors in the previous section are able to flag fi-

nite state trajectories that may lead to property or certifi-
cate violations. We now show how the verdicts issued by
our monitors can be used to extract additional training data
that describe the property or certificate violations. Hence, if
the control policy and the certificate are both learned as neu-
ral networks, we show how they can be retrained on this new
data and repaired. In the interest of space, we consider the
case of safety properties where certificates are barrier func-
tions. Suppose thatXu is a set of unsafe states in a dynamical
system Σ = (X ,U , f). The pseudocode of our monitoring-
based repair algorithm is shown in Algorithm 1. Our method
can be easily modified to allow Lyapunov function repair
and we provide this extension in the extended version (Yu,
Zikelic, and Henzinger 2024).
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Algorithm 1: Policy Repair. Monitoring-based neural net-
work policy and certificate repair for safety properties.
Input: policy π, barrier function B, number D,

time points t0 = 0 < t1 < · · · < tN ,
(optional) thresholds ξU , ξS ξN for PredPM

1: M← BUILDMONITOR(X )
▷ initializing a monitor, either CertPM or PredPM

2: DNew-data ← ∅ ▷ new training data collected
3: X̃0 ← D states randomly sampled from X0

4: for x0 ∈ X̃0 do
5: x(t)← state trajectory from x(0) = x0

6: for n ∈ {0, 1, . . . , N} do
7: xn ← observed state at time point tn
8: ifM(x0, x1, . . . , xn) = 1 then
9: DNew-data ← DNew-data ∪ {xn}

10: end if
11: end for
12: end for
13: Drepair

Init , Drepair
Safe , Drepair

Non-dec ← DNew-data ∩ X0,
DNew-data ∩Xu, DNew-data ∩ {x | B(x) ≥ 0}

14: if policy certification and repair then
15: π,B ← repair with loss function in eq. (1) and train-

ing data Drepair
Init , Drepair

Safe , Drepair
Non-dec

16: else if certificate certification and repair then
17: B ← repair with loss function in eq. (1) and training

data Drepair
Init , Drepair

Safe , Drepair
Non-dec

18: end if

Learning-based control with certificates. Before showing
how to extract new training data and use it for policy and
certificate repair, we first provide an overview of the general
framework for jointly learning neural network policies and
barrier functions employed by existing learning-based con-
trol methods (Zhao et al. 2020). Two neural networks are
learned simultaneously, by minimizing a loss function which
captures each of the defining conditions of barrier functions
in Proposition 1. That way, the learning process is guided
towards learning a neural control policy that admits a bar-
rier function and hence satisfies the safety property. The loss
function contains one loss term for each defining condition:
L(θ, ν) = LInit(θ, ν) + LSafe(θ, ν) + LNon-dec(θ, ν), (1)

where θ and ν are vectors of parameters of neural networks
πθ and Bν , respectively, and

LInit(θ, ν) =
1

|DInit|
∑

x∈DInit

max(−Bν(x), 0);

LSafe(θ, ν) =
1

|DSafe|
∑

x∈DSafe

max(Bν(x), 0);

LNon-dec(θ, ν) =
1

|DNon-dec|
·∑

x∈DNon-dec

max
(
−’LfθBν(x)− Bν(x), 0

)
.

In words, DInit, DSafe, DNon-dec ⊆ X are the training sets of
system states used for each loss term that incurs loss when-
ever the defining condition in Proposition 1 is violated. The

term’LfθBν(x) in LNon-dec is approximated by executing the
system dynamics from state x for a small time interval. Since
we are interested in repair and not the initialization of πθ and
Bν , we omit the details on how this training data is collected
and refer the reader to (Qin, Sun, and Fan 2022).
Monitoring-based neural policy and certificate repair.
We now show how the verdicts of our monitors are used to
obtain new training data that describes the property or cer-
tificate violations, and how this new training data is used
for the policy and certificate repair. Algorithm 1 takes as in-
put the neural network control policy π and neural network
barrier function B, trained as above. It also takes as input a
finite set of time points t0 = 0 < t1 < · · · < tN at which
the monitor observes new states, as well as the number D of
state trajectories that it monitors. In addition, if the PredPM
monitor is to be used, the algorithm also takes as input the
three thresholds ξU , ξS , and ξN .

Algorithm 1 first initializes the monitorM by construct-
ing either the CertPM or the PredPM (line 1), the set of
new training data DNew-data which is initially empty (line 2)
and a set X̃0 ⊆ X0 of D initial states obtained via sam-
pling from the initial set X0 (line 3). Then, for each initial
state x0 ∈ X̃0, it executes the dynamical system to obtain
a state trajectory x(t) from x(0) = x0 (line 5). For each
time point tn, a new state xn is observed (line 7) and the
monitor verdictM(x0, x1, . . . , xn) is computed (line 8). If
M(x0, x1, . . . , xn) = 1, i.e. if the monitor issues a property
or certificate violation verdict, the new state xn is added to
the new training dataset DNew-data (line 8). Once the new data
is collected, it is used to initialize the new training datasets
Drepair

Init = DNew-data ∩ X0, Drepair
Safe = DNew-data ∩ Xu and

Drepair
Non-dec = DNew-data ∩ {x | B(x) ≥ 0} (line 9). Finally,

the neural network policy π and the neural network barrier
function B are repaired by being retrained on the loss func-
tion in eq. (1) with the new training datasets (line 11). If we
are only interested in repairing the barrier function B for a
fixed control policy π, only the network B is repaired while
keeping the parameters of π fixed (line 13).

Experimental Evaluation
We implemented a prototype of our method in Python 3.6
as an extension of the SABLAS codebase (Qin, Sun, and
Fan 2022). SABLAS is a state-of-the-art method and tool
for learning-based control of neural network control policies
with certificate functions. In order to evaluate our method,
we consider the benchmarks from the SABLAS codebase,
together with policies and certificate functions learned by
the SABLAS method for these benchmarks. We then apply
our method to these control policies and certificate functions
in order to experimentally evaluate the ability of our method
to detect incorrect behaviors and to repair them. Our goal is
to answer the following three research questions (RQs):
• RQ1: Is our method able to detect violating behavior and

repair neural network policies and certificate functions?
This RQ pertains to Problem 1.

• RQ2: Is our method able to detect incorrect behavior and
repair neural network certificate functions? This RQ per-
tains to Problem 2 in the Preliminaries Section.
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#DNEW SR (%) BR (%) NDR (%)
Initialized - 93.99 87.03 45.38
Baseline 878 96.61 - -
CertPM 548 99.13 100.00 90.66
PredPM [0,0,-1] 146 99.06 100.00 90.11
PredPM [0,1,-5] 355 98.67 100.00 90.12
PredPM [2,2,0] 1000 99.09 100.00 91.67

Table 1: Results on repairing the control policy and the
barrier function for DroneEnv. For PredPM, we evaluate it
with three threshold configurations [ξU , ξS , ξN ] (we chose
three configurations for which we observed different num-
bers DNEW of property or certificate violations; see the ex-
tended version (Yu, Zikelic, and Henzinger 2024) for results
on more thresholds configurations). Column DNEW shows
the total number of property or certificate violations found
by each method. The safety rate (SR) is the proportion of
time during which the agent stays away from the unsafe set
calculated by 1

T

∫ T

0
[x(t) /∈ Xu] dt, and BR is the proportion

of time during which the system is within the invariant set
{x | B(x) ≥ 0}, and NDR is the proportion of time dur-
ing which the barrier function satisfies the non-decreasing
condition. The best results for each column are in bold. All
results are averaged over 50 further executions.

• RQ3: How strong is predictive power of PredPM moni-
tor, that is, can it predict safety violations ahead of time?

Benchmarks. We consider two benchmarks that are avail-
able in the SABLAS codebase (Qin, Sun, and Fan 2022),
originally taken from (Fossen 2000; Qin et al. 2021). The
first benchmark concerns a parcel delivery drone flying in
a city (called the active drone), among 1024 other drones
that are obstacles to be avoided. Only the active drone is
controlled by the learned policy, whereas other drones move
according to pre-defined routes. The state space of this envi-
ronment is 8-dimensional and states are defined via 8 vari-
ables x = [x, y, z, vx, vy, vz, θx, θy]: three coordinate vari-
ables in the 3D space, three velocity variables, and two vari-
ables for row and pitch angles. The actions produced by the
policy correspond to angular accelerations of θx, θy , as well
as the vertical thrust. The drone is completing a delivery task
at a set destination, hence the property of interest in this task
is a stability-while-avoid property.

The second benchmark ShipEnv concerns a ship moving
in a river among 32 other ships. The state space of this envi-
ronment is 6-dimensional and states are defined via 6 vari-
ables [x, y, θ, u, v, w]. The first two variables specify the 2D
coordinates of the ship, θ is the heading angle, u, v are the
velocities in each direction, and w is the angular velocity
of the heading angle. The property of interest in this task
is also a stability-while-avoid property with obstacles being
collisions with other ships.

Experimental setup. We consider the black-box setting,
hence the dynamics are unknown to the monitor and repair
algorithm. For each monitored execution, N = 2000 and
N = 1200 states are observed for ShipEnv and DroneEnv,
respectively, spaced out at time intervals of ∆t = 0.1s. In

Figure 2: The change in the number of certificate viola-
tions for the Safety condition and the Non-decreasing condi-
tions of barrier functions, for the ship benchmark after one
round of repair and after a second round of repair. The x-
axis represents the number of runs. The first round monitors
D = 15000 system executions. The second round monitors
an additional D = 20000 executions. For better readability,
we plot only the executions (out of 50) for which at least one
certificate violation is detected.

each environment, the states of the eight nearest obstacles
(i.e. drones or ships) are given as observations to the policy,
as well as the certificate functions. In our implementation
of the PredPM monitor, we employ Adam (Kingma and Ba
2014) for approximating the assessments [vU , vS , vN ].

Results: RQ1. We observed that the control policy learned
by SABLAS for DroneEnv does not satisfy the stability-
while-avoid property on all runs – its safety rate is 93.99%
whereas it leads to collision with other drones 6.01% of the
time, initialized with 104 state samples. We applied our re-
pair method to the control policy and the barrier function
learned by SABLAS with D = 1000. To evaluate the im-
portance of monitoring both neural policies and certificates,
we also compare our method against the baseline approach.
The baseline is the simple monitor described in the Intro-
duction, which only monitors a neural policy, flags traces
that reach an unsafe state and adds these states to re-training
data. Our results are summarized in Table 1. As we can see,
both CertPM and PredPM monitors are able to effectively
repair the control policy and the barrier function and lead
to significantly higher safety rates (SR), reaching 99.13%.
The proportions of time at which the Safety and the Non-
decreasing conditions of barrier functions are satisfied (BR
and NDR in Table 1) go up from 87.03% to 100.00%, and
from 45.38% to 91.67%. This demonstrates the advantage
of monitoring both the control policy and the certificate to-
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Figure 3: Number of excution steps (x-axis) vs. verdicts (y-
axis). Estimates vU , vS , and vN for two different systems
executions computed by the PredPM in both environments.

ward effective and successful repair. Finally, the comparison
between CertPM and PredPM shows that CertPM is slightly
better in repairing the control policy, but PredPM is more
effective for repairing the barrier function. Due to its predic-
tive nature, PredPM identifies a larger number of property
and certificate violations with the right choice of thresholds,
resulting in larger re-training data DNEW-DATA. We conducted
an analogous experiment with a certificate function consist-
ing both of a barrier and a Lyapunov function and again
observed significant improvements upon repair. Further de-
tails, including results on additional threshold configurations
of PredPM beyond the three configurations discussed in Ta-
ble 1, can be found in the extended version (Yu, Zikelic, and
Henzinger 2024).
Results: RQ2. We observed that the policy learned by
SABLAS for the ship benchmark already achieves SR close
to 100.00%, however, the learned barrier function provides
significantly lower BR and NDR. Hence, we use the ship
benchmark to answer RQ2 which is concerned with the re-
pair of a certificate function for a given control policy. In this
case, a good certificate function acts as a proof of correct-
ness that allows more trustworthy policy deployment. Fig-
ure 2 shows what the number of certificate violations for the
barrier function looks like before and after repair, for the
ship benchmark with CertPM used as a monitor. The results
demonstrate that there are significantly fewer certificate vi-
olations upon repair. Additionally, we conducted the same
experiment for the drone benchmark, and also observed sig-
nificant level of improvement in BR and NDR upon repair.
We refer to the extened version for more results.
Results: RQ3. Recall that PredPM considers safety proper-
ties and monitors the control policy together with the barrier

function. Upon each new observation, it computes an esti-
mate vU on the remaining time before the safety property
may be violated, vS on the remaining time before the Safety
condition of barrier functions may be violated, and vN on
the remaining time before the Non-decreasing condition
of barrier functions may be violated. Figure 3 shows how
these estimates change along two different executions for
DroneEnv and ShipEnv. It can be seen that vS becomes neg-
ative before vU , meaning the system is estimated to violate
the Safety condition of barrier functions before it reaches
the unsafe region. Hence, by tracking vS , PredPM can pre-
dict unsafe behaviors and raise warnings before they happen.
In comparison to the others, there are more estimated viola-
tions of the Non-decreasing condition. This means that ξN
can be set to a lower value, as we tend to consider the other
two violations to be more severe. Overall, the experiments
suggest PredPM can be particularly well-suited for runtime
use, in addition to repairing neural networks.
Summary of results. Our experimental results empirically
justify the following claims: (i) Our method is able to suc-
cessfully repair neural network control policies and certifi-
cate functions. Using either CertPM or PredPM for repair
leads to significant improvements over the initial policy;
(ii) Our method is able to successfully repair neural network
certificate functions in the setting where the control policies
are fixed; (iii) Using PredPM allows predicting safety prop-
erty violations before they happen, hence showing potential
for practical safety deployment even in the runtime setting.
Practical considerations and limitations. To conclude, we
also discuss two practical aspects that one should take into
account before the deployment of our method: (i) As high-
lighted in the Introduction, our method provides no guaran-
tees on the correctness of repaired policies. This means that,
in principle, one could end up with a policy whose perfor-
mance is suboptimal compared to the initial policy. How-
ever, we did not observe a single case of such a behavior in
our experiments. (ii) It was observed by (Zikelic et al. 2022)
that methods for jointly learning policies and certificates rely
on a good policy initialization. Hence, our repair method is
also best suited for cases when the policy is well initialized
by some off-the-shelf method (e.g. with SR at least 90%).

Conclusion
In this work, we propose a method for determining the cor-
rectness of neural network control policies and certificate
functions and for repairing them by utilizing runtime moni-
toring. Our method applies to the black-box setting and does
not assume knowledge of the system dynamics. We present
two novel monitoring algorithms, CertPM and PredPM. Our
experiments demonstrate the advantage of monitoring poli-
cies together with certificate functions and are able to re-
pair neural policies and certificates learned by a state-of-
the-art learning-based control method. Interesting directions
of future work would be to consider the repair problem for
stochastic systems and multi-agent systems. Another inter-
esting direction would be to explore the possibility of de-
ploying predictive monitors towards enhancing the safety of
learned controllers upon deployment, i.e., at runtime.
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