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Abstract

Responsibility plays a key role in the development and de-
ployment of trustworthy autonomous systems. In this paper,
we focus on the problem of strategic reasoning in proba-
bilistic multi-agent systems with responsibility-aware agents.
We introduce PATL+R, a variant of Probabilistic Alternating-
time Temporal Logic. PATL+R’s novelty lies in its incorpora-
tion of modalities for causal responsibility, providing a frame-
work for responsibility-aware multi-agent strategic reason-
ing. We present an approach to synthesise joint strategies that
satisfy an outcome specified in PATL+R while optimising the
share of expected causal responsibility and reward. This pro-
vides a notion of balanced distribution of responsibility and
reward gain among agents. To this end, we utilise the Nash
equilibrium as the solution concept for our strategic reason-
ing problem and demonstrate how to compute responsibility-
aware Nash equilibrium strategies via a reduction to para-
metric model checking of concurrent stochastic multi-player
games.

Introduction
Strategic decision-making and reasoning in multi-agent sys-
tems (MASs) operating in a dynamic and uncertain en-
vironment is a challenging research problem. Formalisms
such as ATL (Alur, Henzinger, and Kupferman 2002) and
PATL (Chen and Lu 2007) provide important frameworks
for reasoning about strategic decision making in MASs.
These formalisms have also found notable applications
in the field of multi-agent planning (Van Der Hoek and
Wooldridge 2002; Jamroga 2004; Schnoor 2010; Demri
and Fervari 2023; Chrpa and Karpas 2024). Recently there
has been a surge in research focused on the trustworthi-
ness of autonomous systems, highlighting the importance
of responsibility as a crucial element of AI systems (Kaur
et al. 2022; Dignum 2020). Consequently, the notion of a
responsibility-aware agent has emerged (Yazdanpanah et al.
2023; Kobayashi, Bondu, and Ishikawa 2023; Cosner et al.
2023). Such an agent must consider not only its own reward
but also its responsibility with respect to the tasks assigned
to it.

This paper explores the problem of strategic reasoning
where agents are aware of causal responsibility (Chockler
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and Halpern 2004; Parker, Grandi, and Lorini 2023), which
captures the impact of an agent’s or coalition’s actions, or
inaction, on outcomes. Analysing causal responsibility en-
ables a balanced distribution of rewards or penalties among
agents based on their contribution to outcomes1. This pro-
vides a way for ensuring fairness among agents. For ex-
ample, consider a scenario where two agents are involved
in carrying out a plan (i.e., a joint strategy) assigned by a
principal. If both agents share the same degree of respon-
sibility for the execution of this plan, they should receive a
fair share of reward (e.g., each receives the same amount of
money). Moreover, agents may pursue different plans based
on their preferences, meaning that individual agents may de-
viate from an overarching plan. Inspired by the concept of
equilibria for multi-agent planning (Bowling, Jensen, and
Veloso 2003), we utilise the Nash equilibrium (NE) as the
solution concept to compute stable plans. If a plan is a NE,
then no agent can benefit from unilaterally deviating from
the plan.

Contributions. This paper focuses on the strategic reason-
ing problem with step-bounded temporal properties, where
agents have access to randomised memoryless strategies and
seek to optimise the balance between responsibility and re-
ward (i.e., agents are responsibility-aware). We present a
parametric model that captures both the uncertainty and
strategic interactions in multi-agent systems of such a set-
ting. We then introduce the PATL+R logic as a language for
specifying properties that encompass responsibility and tem-
poral objectives. By utilising the approach from the para-
metric model checking paradigm, we demonstrate how to
model check PATL+R formulae against our proposed model.
We show that such a model checking problem can be solved
in PSPACE. We further demonstrate how we can utilise the
parametric model to compute NE strategies/plans with re-
spect to agents’ utility functions that consider both reward
and responsibility. These NE strategies/plans are in a sense
optimal for each agent, considering trade-offs between re-
sponsibility and reward. We show that such a computation
can also be done in PSPACE. Omitted proofs can be found
in supplementary material.

1In particular, when combined with norms (Henne et al. 2021),
although we emphasise that the study of normative systems is be-
yond the scope of this paper.
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Related work. Previous research has explored the in-
corporation of responsibility into automated planning. The
work of Alechina et al. (Alechina, Halpern, and Logan 2017)
formalises the attribution of responsibility (or blame) for
joint plan failures. Our work diverges from this by focus-
ing on how the degree of responsibility can actively influ-
ence plan generation rather than post-hoc analysis of a pre-
determined plan. Parker et al.’s work (Parker, Grandi, and
Lorini 2023) is more closely related to ours, as it consid-
ers causal responsibility for plan selection. Specifically, they
consider both Causal Active Responsibility and Causal Pas-
sive Responsibility. Our concept of responsibility is based on
theirs. The primary difference between their work and ours
lies in the model used. They consider an imperfect informa-
tion setting (we use a perfect information setting), and they
only consider a deterministic setting, while ours is proba-
bilistic. The work of Baier et al. (Baier, Funke, and Majum-
dar 2021) bears similarity to ours in the sense that they con-
sider games and strategies, unlike the more traditional model
in classical planning. However, unlike our work, none of
these works consider game-theoretic (specifically, NE) so-
lution concepts. In this regard, our work is more related to
the paradigm of rational verification and synthesis (Abate
et al. 2021; Fisman, Kupferman, and Lustig 2010), where
a given (temporal logic) property is checked within the set
of system equilibria, or equilibrium strategies (plans) are
synthesised. There are works in this research strand in the
domain of probabilistic systems, e.g., (Kwiatkowska et al.
2021; Gutierrez et al. 2021; Mittelmann et al. 2023; Hyland
et al. 2024). However, to the best of our knowledge, no work
in this research line incorporates causal responsibility.

From the perspective of logical specification language,
we mention the work that uses logical framework to reason
about responsibility, e.g., (Yazdanpanah et al. 2019; Nau-
mov and Tao 2021, 2019; Ciuni and Mastop 2009). All of
these works differ from ours in the model (deterministic vs
probabilistic, one-shot vs temporally extended), the concept
of responsibility, or the research aims (c.f., attribution vs
planning).

Parametric Model of Stochastic Game
In this section, we introduce the model utilised in this pa-
per. We begin with the conventional model of a concur-
rent stochastic multi-player game (CSG) (Shapley 1953;
Kwiatkowska et al. 2021). Then, we define the correspond-
ing parametric stochastic MAS, which captures the dynam-
ics of a given CSG.

Definition 1. A concurrent stochastic multi-player game
(CSG) is a tuple G = (Ag, S, s0, (Acti)i∈Ag, δ,Ap, L)
where:

• Ag = {1, . . . , n} is a finite set of agents;
• S is a finite non-empty set of states;
• s0 ∈ S is the initial state;
• Acti is a finite set of actions for i. With each agent i and

state s ∈ S, we associate a non-empty set Acti(s) of
available actions that i can perform in s. Write ActAg =
Act1 × · · · × Actn.

• δ : S × ActAg → Dist(S) is a probabilistic transition
function;

• Ap is a finite set of atomic propositions;
• L : S → 2Ap is the state labelling function mapping each

state to a set of atomic proposition drawn from Ap.

Following (Kwiatkowska et al. 2021), we augment CSGs
with reward structures of the form r = (rs, ra), where rs :

S → R is the state reward and ra : ActAg → R is the action
reward, and consider cumulative rewards, that is the sum of
payoffs accumulated during the run until a specific point.

In this work, we assume that players have memoryless
strategies. Informally, a memoryless strategy for player i
prescribes, from each state s, the probability of each action
a ∈ Acti(s) being chosen. The set of all memoryless strate-
gies for player i from state s can be encoded by a set of
variables V is = {xa : a ∈ Acti(s)}. Intuitively, the value
of xa ∈ V is corresponds to the probability of action a being
chosen by player i in state s. Let V i =

⋃
s∈S V

i
s . A mem-

oryless (mixed) strategy for i in G thus corresponds to an
evaluation of such a set of variables represented by a func-
tion Ci : V i → R.

Definition 2. Given a CSG G =
(Ag, S, s0, (Acti)i∈Ag, δ,Ap, L), we construct the cor-
responding parametric stochastic multi-agent system
(PSMAS) as a tupleM = (Ag, S, s0, V,∆,Ap, L), where:

• Ag = {1, . . . , n} is a finite set of agents;
• S is a finite non-empty set of states;
• s0 ∈ S is the initial state;
• Act = {a1, a2, . . . , am} is a non-empty finite set of ac-

tions;
• V i = {xi,1, . . . , xi,m} ⊆ V is a finite set of variables

(parameters) over Rm for each agent i;
• ∆ : S × ActAg × S → Fv is the probabilistic transition

function, where Fv is the set of polynomials over V with
rational coefficients which can be viewed as a paramet-
ric transition probability matrix that respects the distri-
bution in δ;

• Ap is a finite set of atomic propositions;
• L : S → 2Ap is the state labelling function mapping each

state to a set of atomic proposition drawn from Ap.

We introduce the notion of admissible evaluations in a
given PSMAS. An evaluation Ci is admissible if

1. ∆Ci(s, α, s) ∈ [0, 1] for all s, s′ ∈ S and α ∈ ActAg,
i.e., each action profile has a probability between 0 and
1;

2. Ci(x) ∈ [0, 1] for all i ∈ Ag and x ∈ V i, i.e., for each
player, each action probability is between 0 and 1;

3.
∑
x∈V i

s
Ci(x) = 1 for all i ∈ Ag and s ∈ S, i.e., For

each player and each state, the total of action probability
values should equal 1.

Henceforth, we assume that the model takes the form of a
PSMAS. When evaluating solutions, we further assume that
such solutions are admissible.
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V
1

= {x1,1, x1,2} ≜ {x1, 1 − x1}

V
2

= {x2,1, x2,2} ≜ {x2, 1 − x2}

Figure 1: Example: catching balls with parametric proba-
bilistic transitions

Example 1. Consider two agents (A1 and A2) catching a
repeatedly thrown ball, as shown in Figure 1. Each agent
can either ‘Catch’ or ‘Skip’ catching, and possible states are:

s0 = dropped ≜ ¬caught1 ∧ ¬caught2
s1 = collision ≜ caught1 ∧ caught2
s2 = score1 ≜ caught1 ∧ ¬caught2
s3 = score2 ≜ ¬caught1 ∧ caught2

Let the probability of A1 (A2) taking action Skip is x1,1 =
x1 (x2,1 = x2) and taking action Catch is x1,2 = 1 − x1
(x2,1 = 1 − x2) respectively, transition labels and the rele-
vant probabilities are: p1 = x1x2, p2 = (1 − x1)(1 − x2),
p3 = x1(1− x2), p4 = x1(1− x2), α1 = Skip1Skip2, α2 =
Catch1Catch2, α3 = Catch1Skip2, α4 = Catch1Catch2. Let the
reward for A1 (A2) taking action Catch be r1a(Catch) = 2
(r2a(Catch) = 1) and taking action Skip be r1a(Skip) = 1
(r2a(Skip) = 2).
Definition 3. A history ρ is a non-empty finite sequence
s0α0s1α1 . . . sk of states and joint actions, where αi ∈
ActAg is the ith joint action, and ∆(si, αi, si+1) > 0. ρs(i)
denotes the ith state of ρ, and ρα(i) denotes the ith joint ac-

tion of ρ. In this case, we may write ρs(i)
ρα(i)−→ ρs(i + 1).

Let HistM(s) denote the set of histories ofM starting from
state s.
Example 2. An example history of Example 1 starting from
state s0 can be:

ρ = s0

(1 − x1).Catch1

x2.Skip2−→ s2

x1.Skip1

(1 − x2).Catch2−→ s3

x.a denotes an agent taking action a with probability x.

Definition 4. A memoryless (mixed)2 strategy for i is a func-
tion from the set of states to a probability distribution over
agent’s set of actions σi : S → Dist(Acti). A strategy pro-
file is a tuple of strategies for a set of agents, it is denoted
by σ⃗ = (σ1, σ2, . . . , σn). For a set (or coalition) of agents
J ⊆ Ag, write σ⃗J for (σi)i∈J .

Definition 5. A state s and a strategy profile σ⃗ induce a
set of histories denoted by Histσ⃗M(s). For a history ρ ∈
Histσ⃗M(s), the probability of ρ = s0

α0−→ s1 . . .
αk−1−→ sk,

with s0 = s, is given by:

P(ρ) ≜
k−1∏
j=1

(
n∏
i=1

(
σi(s0

α0−→ s1 . . .
αj−1−→ sj)(αj(i))

))

Definition 6. The payoff function defined as a map from a
set of histories to a real value ℘ : HistM(s) → R|Ag|. ℘i
denotes the payoff function of i ∈ Ag and is defined as:

℘i(ρ) ≜

t−1∑
j=0

(ria(αj) + ris(sj)) ·∆(sj , αj , sj+1)


where ρ = s0

α0−→ s1
α1−→ . . .

αt−1−→ st ∈ HistM(s0).

Definition 7. Given a non-empty coalition of agents J ⊆
Ag, a strategy profile σ⃗J , and a state s ∈ S, a joint
plan is a function π : J → Histσ⃗J

M(s). Histπ(s) is the
history consistent with π from s. Let π−i = πAg\{i} =
(π1, . . . πi−1, πi+1, . . . πn) denote joint plan without i.

Definition 8. Two joint plans π1 and π2 are ⟨J⟩-compatible
if the actions taken by coalition J ⊆ Ag along the histo-
ries consistent with π1 and π2 are equivalent, denoted as
π1 ∼⟨J⟩ π2. Plan⟨J⟩π (s) represents the set of plans that are
⟨J⟩-compatible with π starting from state s.

Example 3. Consider two joint plans π1, π2 in Example 1
when the ball is thrown twice, and which result in the fol-
lowing joint traces.

π1 = (Catch1Skip2), (Skip1Catch2)

π2 = (Catch1Catch2), (Skip1Skip2)

Clearly, we have that π1 ∼{A1} π2.

Definition 9 (Causal Active Responsibility (CAR) (Parker,
Grandi, and Lorini 2023)). Given a PSMAS M, we say i
bears CAR for outcome3 φ in joint plan π at state s, if φ
holds for all possible histories consistent with Plan⟨{i}⟩π (s)

while violated in some histories consistent with Plan⟨Ag⟩π (s).

Intuitively, i takes CAR for the occurrence of the outcome φ
in π starting at s if keeping i’s actions fixed the other agents
could not avoid the outcome by choosing different actions.
Note that multiple agents can individually have CAR.

2This specific type of strategy is also called behavioural
(Cristau, David, and Horn 2010).

3Outcome is specified in PATL+R formula, presented in the
next section.
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Definition 10 (Degree of CAR). GivenM, the degree of the
responsibility of i ∈ Ag bearing CAR for outcome φ under
joint plan π at state s is defined as the ratio of the prob-
ability of behaviours following Plan⟨{i}⟩π (s) and leading to
ω, relative to that of all possible behaviours leading to φ, if
the occurrence of φ is avoidable (i.e., there exists some be-
haviours following π and not leading to φ); and 0 otherwise.
Definition 11 (Causal Passive Responsibility (CPR) (Parker,
Grandi, and Lorini 2023)). GivenM, we say i ∈ Ag bears
CPR for outcome φ in joint plan π at state s, if φ holds for
all possible behaviours consistent with π, while is violated
in some behaviours consistent with Plan⟨Ag\{i}⟩π (s).
Intuitively, agent i takes CPR for the occurrence of outcome
φ in π starting at s if keeping all other agents’ actions fixed
i could avoid the outcome by choosing different actions.
Definition 12 (Degree of CPR). GivenM, the degree of the
responsibility of i bearing CPR for outcome φ under joint
plan π at state s is defined as the ratio of the probability of
the behaviours following Plan⟨Ag\{i}⟩π (s) and not leading to
φ relative to that of all possible behaviours violating φ if the
occurrence of φ following π is achievable; and 0 otherwise.

The Logic PATL+R
We introduce PATL+R, a variant of PATL that incorporates
quantified reward and responsibility formulae. In this paper,
we specifically consider bounded path semantics.

PATL+R over Finite (Bounded) Paths
Definition 13. LetM = (Ag, S, s0, V,∆,Ap, L). The syn-
tax of PATL+R is made up of state formulae and path for-
mulae represented by ϕ and ψ, respectively.
ϕ ::= a || ¬ϕ || ϕ ∧ ϕ || ⟨A⟩P▷◁p[ψ] || ⟨A⟩R▷◁q[♢≤kϕ]

|| ⟨A⟩D▷◁d[CARi,π(ψ)] || ⟨A⟩D▷◁d[CPRi,π(ψ)]
ψ ::= ⃝ϕ || ϕU≤kϕ

Here a ∈ Ap is an atomic proposition, A ⊆ Ag is a set
of agents, ⟨A⟩ is the strategy quantifier, i ∈ A is an agent,
▷◁ ∈ {≤, <,≥, >}, p ∈ [0, 1], q, d ∈ R are probability,
reward and responsibility degree bounds, respectively, and
k ∈ N is a time bound.
Note that a PATL+R formula is defined relative to a state;
path formula only appear within the probabilistic operator
⟨A⟩P▷◁p [·], the reward operator ⟨A⟩R▷◁q [♢≤kϕ], and the
responsibility degree operator ⟨A⟩D▷◁d [γi], where γi de-
notes the responsibility operator CARi,π(ψ) or CPRi,π(ψ).
The formula ⟨A⟩P▷◁p [ψ] expresses that the coalition A has
a strategy such that the probability of satisfying path for-
mula ψ is ▷◁ p when the strategy is followed. The formula
⟨A⟩R▷◁q [♢≤kϕ] expresses that the coalition A has a strat-
egy such that the expected rewards of satisfying path for-
mula ♢≤kϕ is ▷◁ q when the strategy is followed, where
♢≤kϕ = trueU≤k ϕ. The formula ⟨A⟩D▷◁d [γi] expresses
that the degree of responsibility of i of satisfying path for-
mula ψ under coalition A is ▷◁ d.
Definition 14. Given a model M, semantics for PATL+R
are interpreted as follows. For a state s ∈ S ofM, the sat-
isfaction relation s |=M ϕ for state formula denotes “s sat-
isfies ϕ”:

• s |=M a iff a ∈ L(s).
• s |=M ¬ϕ iff s ̸|=M ϕ.
• s |=M ϕ ∧ ϕ′ iff s |=M ϕ and s |=M ϕ′.
• s |=M ⟨A⟩P▷◁p[ψ] iff there exists a strategy profile of

coalition A such that the probability of paths from state
s which are consistent with the strategy and satisfy ψ is
▷◁ p, i.e.,

∃σ⃗A.P({ρ ∈ Histσ⃗M(s) | ρ |=M ψ}) ▷◁ p.

• s |=M ⟨A⟩R▷◁q[♢≤kϕ] iff there exists a strategy profile
of coalitionA such that the expected accumulated reward
of paths from state s which are consistent with the strat-
egy and satisfy ψ is ▷◁ q, i.e.,

∃σ⃗A.Eσ⃗A

M
(
s, rew(r,♢≤kϕ)

)
▷◁ q.

where:
rew(r,♢≤kϕ)(ρ) ={
∞ if ∀j ≤ k.ρs(j) ̸|=M ϕ∑kϕ
i=0(ra(ρa(i)) + rs(ρs(i))) otherwise

where kϕ = min{j − 1 | ρs(j) |=M ϕ}, and k denotes
the time bound of ♢≤kϕ = trueU≤kϕ.

• s |=M ⟨A⟩D▷◁d[CARi,π(ψ)] iff DA(s,CARi,π(ψ)) ▷◁ d
where:

DA(s,CARi,π(ψ)) =
0 if ̸ ∃π′′ ∈ Plan⟨Ag⟩π (s).(∀σ⃗′′

A ∈ π′′(A).

(∀ρ ∈ Hist
σ⃗′′
A

M (s).ρ ̸|=M ψ))

P({ρ∈Hist
σ⃗′
A

M (s)|ρ|=Mψ, σ⃗′
A∈π′(A), π′∈Plan⟨{i}⟩π (s)})

P({ρ∈HistM(s)|ρ|=Mψ})
otherwise

• s |=M ⟨A⟩D▷◁d[CPRi,π(ψ)] iff DA(s,CPRi,π(ψ)) ▷◁ d
where:

DA(s,CPRi,π(ψ)) =
0 if ̸ ∃π′ ∈ Plan

⟨Ag⟩
M (s).(∀σ⃗′

A ∈ π′(A).

(∀ρ ∈ Hist
σ⃗′
A

M (s).ρ |=M ψ))

P({ρ∈Hist
σ⃗′′
A

M (s)|ρ ̸|=Mψ, σ⃗′′
A∈π′′(A), π′′∈Plan⟨Ag\i⟩π (s)})

P({ρ∈HistM(s)|ρ ̸|=Mψ})
otherwise

For a history ρ ∈ HistM(s0), the satisfaction relation
ρ |=M ψ for a path formula ψ denotes that “ρ satisfies ψ”:

• ρ |=M ⃝ϕ iff ρs(1) |=M ϕ.
• ρ |=M ϕU≤kϕ

′ iff there exists i ≤ k such that:
ρs(i) |=M ϕ′, and ρs(j) |=M ϕ for all j < i.

Example 4. Consider the outcome expressed by

φ = ⟨A1, A2⟩ ⃝ (dropped ∨ score2)

in Example 1, assume agent A1 (A2) executes action Skip

with probability x1 (x2), and Catch with probability 1− x1
(1−x2), and consider joint plan π = (Skip1Skip2) and agent
A1. Note that ∀π′ ∈ Plan⟨{A1}⟩

π (s0), Histπ′(s0) |=M φ,
(i.e., for π′ = (Skip1Catch2) or π′ = (Skip1Skip2)). There-
fore, while keeping the initial state and actions of A1 fixed,
the other agents (i.e., A2 in this example) could not have
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acted differently to avoid the occurrence of φ. Now con-
sider π′′ = (Catch1Skip2), and note that Histπ′′(s) ̸|=M φ,
i.e., there exists a joint plan π′′ ∈ Plan

⟨{A1,A2}⟩
M (s0) which

avoids the occurrence of φ. Thus, s0 |=M CARM(A1, π, φ)
and A1 bears CAR for φ in π at s0, and clearly:

P(φ) = x1x2 + x1(1− x2) = x1
P(¬φ) = (1− x1)(1− x2) + x2(1− x1) = 1− x1

D⟨A1,A2⟩[CARA1,π(φ)] =
x1x2 + x1(1− x2)
x1x2 + x1(1− x2)

· 1 = 1

Example 5. Consider the outcome expressed by

φ = ⟨A1, A2⟩ ⃝ collision

in Example 1, assume each agent executes Skip and Catch

with probability x and 1− x respectively. given a joint plan
π = (Catch1Catch2) and agent A1. Here, Histπ(s0) |=M
φ. Consider π′ = (Skip1Catch2), and note that π′ ∈
Plan⟨{A2}⟩

π (s0) and Histπ′(s0) ̸|=M φ, i.e., by keeping the
initial state and the actions of all other agents fixed, A1 can
instead execute action Catch1 to avoid the realisation of φ.
Thus, A1 bears CPR for φ in π at s0. Clearly,

P(φ) = (1− x)2

D⟨A1,A2⟩[CPRA1,π(φ)] =
x(1−x)

x2+x(1−x)+(1−x)2 = x(1−x)
1−x+x2

Model Checking PATL+R
As PATL+R extends PATL, which operates within a
branching-time logic framework, the fundamental model
checking algorithm shares a basic structure similar to those
used in CTL (see (Baier and Katoen 2008) for details). This
algorithm operates through the recursive computation of the
set Sat(ϕ), which represents states satisfying the formula ϕ
within the model. Given a state formula ϕ, the algorithm
recursively evaluates the truth values of its subformulae ϕ′
across all states, starting from the propositional formulae of
ϕ and following the recursive definitions of each modality.
The problem of model checking a PSMAS w.r.t. arithmetic
term comparison (excluding responsibility operators intro-
duced in this paper) is similar to PATL and rPATL (see (Chen
and Lu 2007; Kwiatkowska et al. 2021) for details). There-
fore, we focus on evaluating responsibility degree formulae
Es,σ⃗A

(D[γi]).

CAR formulae. If γi = CARi,π(ψ), we compute the
probability of behaviours leading to the path formula ψ
when following the strategies devised by i within the joint
plan π, and the probability of all possible behaviours satis-
fying ψ. The degree of the CAR formula is computed as the
ratio of these probabilities. Algorithm 1 outlines the proce-
dure.

CPR formulae. If γi = CPRi,π(ψ), we compute the prob-
ability of behaviours violating the path formula ψ where
agent i varies its actions while other agents maintain com-
patible actions in π. We also compute the probability of all
possible behaviours violating ψ. The degree of the CPR for-
mula is computed as the ratio of these probabilities. Algo-
rithm 2 outlines the procedure.

Algorithm 1: Calculate Es,σ⃗A
(D[CARi,π(ψ)])

1: Input:M, s, i, π, ψ,A
2: Output: Es,σ⃗A

(D[CARi,π(ψ)]) with parameters ofM
3: κ← 0
4: Lψ,L+,L− ← {}, {}, {}
5: for each history ρ ∈ HistM(s) do
6: if ρ |=M ψ then
7: Lψ ← Lψ ∪ {ρ}
8: for each π′ in compatible plans Plan⟨{i}⟩π (s) do
9: for each consistent history ρ ∈ Histπ′(s) do

10: if ρ |=M ψ then
11: L+ ← L+ ∪ {ρ}
12: for each π′′ in all possible plans Plan⟨A⟩

M (s) do
13: for each consistent history ρ ∈ Histπ′′(s) do
14: if ρ ̸|=M ψ then
15: L− ← L− ∪ {ρ}
16: if |L−| > 0 then
17: κ← 1
18: Return P(L+)/P(Lψ) ∗ κ

Algorithm 2: Calculate Es,σ⃗A
(D[CPRi,π(φ)])

1: Input:M, s, i, π, φ,A
2: Output: Es,σ⃗A

(D[CPRi,π(φ)]) with parameters inM
3: κ← 0
4: L¬φ,L+,L− ← {}, {}, {}
5: for each history ρ ∈ HistM(s) do
6: if ρ ̸|=M φ then
7: L¬φ ← L¬φ ∪ {ρ}
8: for each π′ in compatible plans Plan⟨{A}⟩

π (s) do
9: for each consistent history ρ ∈ Histπ′(s) do

10: if ρ |=M φ then
11: L+ ← L+ ∪ {ρ}
12: for each π′′ in all possible plans Plan⟨A\{i}⟩

π (s) do
13: for each consistent history ρ ∈ Histπ′′(s) do
14: if ρ ̸|=M φ then
15: L− ← L− ∪ {ρ}
16: if |L+| > 0 then
17: κ← 1
18: Return P(L−)/P(L¬φ) ∗ κ

Algorithms 1 and 2 both run in polynomial space, thus
overall, we obtain the following theorem.

Theorem 1. Model checking PATL+R formula is in
PSPACE.

Proof. The proof will be in two parts. (i) First, we show
that model checking PATL+R formula without D operators
is in PSPACE. This follows from the fact that the fragment
of PATL+R without D operators corresponds to the logic
rPATL proposed in (Kwiatkowska et al. 2019), whose model
checking over CSGs is shown to be in PSPACE. (ii) We
show that model checking PATL+R formulae of the form
⟨A⟩D▷◁d[CARi,π(ψ)] or ⟨A⟩D▷◁d[CPRi,π(ψ)] can be done
in PSPACE under the memoryless strategy assumption. No-
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tice that in Algorithms 1 and 2, the plans π′, π′′ and his-
tory ρ have size of at most polynomial inM. Furthermore,
the checks in lines 6, 12, and 19 can be done in polynomial
time. Thus, the algorithms run in PSPACE. As such, we ob-
tain PSPACE model checking complexity.

Finding Stable Joint Plans
In this section, we discuss how to compute stable joint plans.
To this end, we first introduce the notion of a utility function,
which intuitively is a function that considers both reward/-
payoff and a responsibility degree.
Definition 15. GivenM = (Ag, S, s0, V,∆,Ap, L), a joint
plan π, we define the payoff valuation function of i ∈ Ag as
the expected payoff of Histπ(s0):

Viπ(s0) ≜
∑

ρ∈Histπ(s0)

℘i(ρ) (1)

Example 6. The expected payoff of π1 ofA1 given in Exam-
ple 3 can be computed as:

VA1
π1

(s0) = 2 · (1− x1)x2 + 1 · x1(1− x2)
Definition 16. GivenM = (Ag, S, s0, V,∆,Ap, L), an out-
come φ, and a joint plan π, we define the responsibility val-
uation function of i ∈ Ag as the responsibility degree of
Histπ(s0):

Riπ(s0) ≜ DAg[CARi,π(φ)] + θ · DAg[CPRi,π(φ)] (2)
where θ is a Lagrange coefficient to adjust the weight of CAR
degree and CPR degree.

The equation above defines the responsibility valuation
function Riπ(s0) for agent i. By combining CAR and CPR
with appropriate weights, the responsibility valuation func-
tion provides a measure of agent i’s overall responsibility in
achieving the outcome φ within the specified joint plan π
and a starting state s0.
Definition 17. The utility function is defined in terms of the
payoff valuation and responsibility valuation as:

uiπ ≜ λ(Viπ(s0),Riπ(s0)) (3)
Here, λ is a polynomial function allowing us to weigh the

importance of responsibility and gaining a reward.
A simple instantiation may be a weighted linear function

of the form λ = λ1Viπ(s0) − λ2Riπ(s0). Different func-
tions for λ can be viewed as different norms imposed on
the agents in the system (Ciabattoni et al. 2023), in which
case our approach can be viewed as ascribing a sanction or
reward based on responsibility for achieving or violating the
state of affairs associated with the norm.

Given a PSMASM, a PATL+R path formula φ, and util-
ity function uiπ for each i, our task is to compute an NE joint
plan π that satisfies φ. The high-level procedure is as fol-
lows.
1. First we compute the set of strategy profiles satisfying the

formula φ. We apply parametric model checking tech-
niques on M to compute rational valuation functions
over parameters V i for each agent i ∈ Ag, representing
strategic transition probabilities in mixed strategies over
each action a ∈ Act in each state s.

2. Then, from this set of strategies, we restrict it to a subset
of strategies that are NE. We do this by formulating a set
of equations corresponding to NE, and solve them with
respect to the set of strategies from step 1.

Nash Equilibrium for Responsibility and Utility
Definition 18. Given M = (Ag, S, s0, V,∆,Ap, L), for
each agent i, and πAg\i, a plan πi is a best response w.r.t.
utility functions if it is the set

uBRi(π
Ag\i) ≜ {πi|max

πi
(λ(Viπi,πAg\i(s

0),Riπi,πAg\i(s
0)))}

A joint plan π is considered a mixed Nash equilibrium
(NE) if it belongs to the best response sets π ∈ uBRi(π

Ag\i)
for all i ∈ Ag inM.

Computing expected payoff for reachability V . The
computation of the payoff valuation function, as given
in (1), involves calculating the reachability rewards us-
ing the formula: E is,σ⃗A

(⟨A⟩R[♢≤kϕ]) = E(℘i({ρ ∈
HistM(s, σ⃗A) | ρ |=M ♢≤kϕ})), where ℘i(ρ) =∑kϕ
j=0

(
ria(ρa(j)) + ris(ρs(j))

)
, kϕ = min{k, k′} and k′ ≤

k s.t. ρs(k′) |=M ϕ.

Computing expected responsibilityR. The computation
of the responsibility valuation function, as given in (2), in-
volves calculating both the CAR and CPR degrees using the
formula:
Es,σ⃗A

(D[CARi,π(ψ)])

=

{
0 if ̸ ∃π′′ ∈ Plan⟨A⟩

π (s).(∀ρ ∈ Histπ′′(s).ρ ̸|=M ψ)
P({ρ∈Histπ′ (s)|ρ|=Mψ for π′∈Plan⟨{i}⟩π (s)})

P({ρ|ρ|=Mψ}) otherwise

Es,σ⃗A
(D[CPRi,π(ψ)])

=

{
0 if ̸ ∃π′ ∈ Plan

⟨A⟩
M (s).(∀ρ ∈ Histπ′(s).ρ |=M ψ)

P({ρ∈Histπ′′ (s)|ρ ̸|=Mψ for π′′∈Plan⟨A\i⟩
π (s)})

P({ρ|ρ ̸|=Mψ}) otherwise

which can be obtained by Algorithm 1 and 2.
Finally, computing the best response set uBRi(π

Ag\i)
corresponds to finding the set of plans πi that maximise the
utility.

Parametric best response expressions. When perform-
ing parametric model checking against PATL+R formulas
to evaluate the best responses formulated above, we obtain
parametric expressions representing the best response strate-
gies. These parametric expressions contain parameters that
represent the probabilities associated with different actions
or strategies of the agents involved. The values of these
parameters determine the optimal strategies for each agent
within the joint plan. For example, in the case of utility-
based best response, the parametric expression represent-
ing the probabilities of different actions that maximise the
expected cumulative rewards for each agent. Similarly, for
responsibility-based best response, the parameters may rep-
resent the probabilities associated with actions that minimise
the expected responsibility degree for each agent. By vary-
ing the values of the parameters, we can explore different
scenarios and analyse how changes in the probabilities of
actions impact the overall effectiveness of the joint plan.
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Example 7. Consider the scenario from Example 1, φ =
⟨A1, A2⟩♢≤2(collision∨ dropped). Assume the probability of
A1 and A2 taking action Skip is x1 and x2 respectively, and
the reward value of A1 taking Skip and Catch is 1 and 2
respectively, while the reward value of A2 taking Skip and
Catch is 2 and 1 respectively. We compute the expected pay-
off of the agents w.r.t φ as follows:

E(℘A1([[φ]])) =2(1− x1)(1− x2) + 2(1− x1)x
2
2x1

+ x2
1(1− x2)x2 + 2(1− x1)x2(1− x2)

+ 2x1(1− x2)
2(1− x1) + x1x2

And a similar calculation for E(℘A2([[φ]])).
Example 8. Continuing Example 7, φ =
⟨A1, A2⟩♢≤2(collision ∨ dropped), and consider a joint
plan π = {(Catch1Skip2)(Skip1Skip2)}, We have:
P(Lφ) = 1 + 4x1x

2
2 − 4x2

1x
2
2 − x2

1 − x2
2 − 2x1x2 + 4x2

1x2

DA
M(s0, [CARA1,π(φ)]) =

(1− x1)(x
2
2x1) + (1− x1)(1− x2)

P(Lφ)

DA
M(s0, [CARA2,π(φ)]) =

x1x2(x2 − x1x2 + 1)

P(Lφ)

Finding optimised plans by solving equilibria equations.
Theorem 2. Given M = (Ag, S, s0, V,∆,Ap, L), if the
utility function ui is monotonic on i’s mixed strategies, then
the (mixed) joint plan π = (π1, . . . πn) is a mixed NE ofM
iff for each i ∈ Ag, every pure strategy (with probability 1)
of πi is a best response to πAg\i.
The theorem establishes the equivalence between being a
mixed Nash Equilibrium and every pure strategy being a
best response to the complementary mixed strategies. The
proof can be obtained by contradiction, details can be found
in (Mu, Najib, and Oren 2024).

Theorem 2 has implications for computing NE. If a mixed
plan π is a best response, then each pure strategy within
the mix must also be a best response, implying that all
pure strategies in the mix yield the same expected utility.
In other words, every choice in the support of any agent’s
equilibrium mixed plan must result in the same valuation:
ui(π−i, πi) = ui(π−i, πi′) for any two actions a, a′ ∈ Act
corresponding to πi, πi′ with positive probabilities. This fact
allows us to express the NE condition as follows: ui(π−i, πi) = ui(π−i, πi′) ∀πi, πi′∑m

j=1 πij = 1 ∀i
0 ≤ πij ≤ 1 ∀i, j.

(4)

Solving these equations identifies the NE and finds the
optimal joint plan for given objectives. Thus, we obtain the
following theorem. The proof is obtained from a reduction
to the existential theory of the real numbers (Canny 1988).
Theorem 3. Computing NE joint plan satisfying PATL+R
formula φ can be done in PSPACE.
Example 9. Continuing Example 7 (where we use a linear
weighted function such that λ1 = 1, λ2 = 0) for best re-
sponse calculation, by Theorem 2, we have:

2(1− x2) + 4x2(1− x2) = x2 + 2(1− x2)x2
2(1− x1) = x1 + 8(1− x1)x2
0 ≤ x1 ≤ 1
0 ≤ x2 ≤ 2

by solving the above NE conditions, we get:

x1 =
√
17/4− 1/4 ≈ 0.78, x2 = 2/3,

i.e., when A1 takes action of Skip with probability of 0.78
and A2 takes action of Skip with probability of 2/3, an NE
equilibrium is reached.
Example 10. Continuing Example 8 for best response cal-
culation, by Theorem 2, we have:

(1−0)(0·x2
2+1−x2)

1+4·0·x2
2−4·02ẋ2

2−x2
1−x2

2−2·0·x2+4·02·x2

=
(1−1)(1·x2

2+1−x2)

1+4·1·x2
2−4·12·x2

2−x2
1−x2

2−2·1·x2+4·12·x2

x1·0(0−x1·0+1)
1+4x1·02−4x2

1·02−x2
1−02−2x1·0+4x2

1·0

= x1·1(1−x1·1+1)
1+4x1·12−4x2

1·12−x2
1−12−2x1·1+4x2

1·1
0 ≤ x1 ≤ 1
0 ≤ x2 ≤ 1

by solving the above NE conditions, we get: x1 = 0 and
x2 = 1, i.e., when A1 takes action of Catch while A2

takes action of Skip under joint plan π, an NE equilibrium
is reached. This meets our intuition, as the outcome con-
sidered in the example for responsibility analysis is φ =
⟨A1, A2⟩♢≤2(collision∨dropped), to minimise their responsi-
bility, the best option would be for one of the agents to catch
the ball. Additionally, the joint plan considered in the exam-
ple is π = {(Catch1Skip2)(Skip1Skip2)}, therefore, the op-
timised plan regarding minimised responsibility would have
A1 catch the ball while A2 skips catching.

Conclusions and Future Work
In this paper we developed an approach to multi-agent
strategic reasoning with responsibility-aware agents. We in-
troduced PATL+R, a logic that can be used to reason about
causal responsibility and temporal properties. We provide an
approach to model-check PATL+R formulae against a para-
metric model of probabilistic MAS and show that it can be
done in PSPACE and is thus no more difficult than the model
checking problem of the extended rPATL logic as presented
in (Kwiatkowska et al. 2021). We also show how to syn-
thesise NE joint strategies/plans that satisfy some PATL+R
property, which can also be done in PSPACE.

Building on this paper, several promising avenues for fu-
ture work are immediately apparent. Perhaps the most obvi-
ous is to consider finite-memory strategy settings. As shown
in (Kwiatkowska et al. 2018; Svoreňová and Kwiatkowska
2016), bounded temporal properties often require finite-
memory strategies. It would also be interesting to explore
how to extend our approach to a more expressive logic, such
as Probabilistic Strategic Logic (PSL) (Aminof et al. 2019).
While this would enable us to model complex scenarios and
reason about agent behavior more easily, we must also con-
sider the associated increase in complexity. Another avenue
for exploration is the following question: what can be done
if no NE joint plan satisfies the required property? One ap-
proach to addressing this is to “repair” the system, for ex-
ample by introducing explicit norms (Bulling and Dastani
2016) or modifying the reward structure using reward ma-
chines (Dann et al. 2022).
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