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Abstract

Learning in zero-sum games studies a situation where mul-
tiple agents competitively learn their strategy. In such multi-
agent learning, we often see that the strategies cycle around
their optimum, i.e., Nash equilibrium. When a game period-
ically varies (called a “periodic” game), however, the Nash
equilibrium moves generically. How learning dynamics be-
have in such periodic games is of interest but still unclear.
Interestingly, we discover that the behavior is highly depen-
dent on the relationship between the two speeds at which
the game changes and at which players learn. We observe
that when these two speeds synchronize, the learning dynam-
ics diverge, and their time-average does not converge. Oth-
erwise, the learning dynamics draw complicated cycles, but
their time-average converges. Under some assumptions in-
troduced for the dynamical systems analysis, we prove that
this behavior occurs. Furthermore, our experiments observe
this behavior even if these assumptions are removed. This
study discovers a novel phenomenon, i.e., synchronization,
and gains insight widely applicable to learning in periodic
games.

Code — https://github.com/CyberAgentAlLab/
periodic_games_synchronization

Extended version — https://arxiv.org/abs/2408.10595

1 Introduction

Learning in games discusses how multiple agents optimize
their strategies in the repetition of games (Fudenberg and
Levine 1998). Their optimal strategies are usually character-
ized by Nash equilibrium (Nash Jr 1950), where every player
cannot increase its payoff by other strategies. When their
payoffs compete with each other, i.e., in zero-sum games,
it is difficult to achieve equilibrium by naive learning algo-
rithms, such as gradient descent-ascent (GDA). This is be-
cause one’s optimal strategy crucially depends on the other’s
strategy. Their strategies typically draw a complex trajec-
tory, such as a cycle around the equilibrium, without con-
vergence. Thus, dynamical systems analysis is often intro-
duced in learning in games to understand such complex be-
havior (Sato, Akiyama, and Farmer 2002; Piliouras et al.

Copyright © 2025, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

23194

2014; Bloembergen et al. 2015; Mertikopoulos and Sand-
holm 2016; Mertikopoulos, Papadimitriou, and Piliouras
2018; Bailey and Piliouras 2019; Fujimoto, Ariu, and Abe
2024a,b).

Learning in games typically assumes that the same game
is repeatedly played, and the dynamical systems in learn-
ing (say, learning dynamics) may be even more complex
when the game changes with time (called “time-varying”
games). These time-varying games currently attract much
attention (Fiez et al. 2021; Zhang et al. 2022; Duvocelle
et al. 2023; Yan, Zhao, and Zhou 2023; Anagnostides et al.
2023; Feng et al. 2023, 2024). One of the major factors
causing such time-varyingness is the periodic effect in the
real-world environment, such as daily and seasonal cycles.
The games that change periodically are called “periodic”
games. Although such periodic games are significant, they
have been studied only in a few papers (Fiez et al. 2021;
Feng et al. 2023, 2024). Moreover, these studies focus on
a special class of periodic games whose equilibrium is in-
variant over time. Since the Nash equilibrium is the target of
learning, the movement of the equilibrium is expected to im-
pact the learning dynamics significantly'. To summarize, the
learning dynamics in general periodic games with their Nash
equilibrium time-varying are crucial but still unexplored.

Besides the trajectory of the learning dynamics, the be-
havior of the “time-average”, defined as the average of the
trajectory, is also of interest. In time-invariant zero-sum
games, this time-average is known to converge to the Nash
equilibrium over time. This convergence property is intu-
itive because, in GDA, the trajectory cycles around the Nash
equilibrium, and the deviations from the equilibrium can-
cel each other in the long run. However, since the learn-
ing dynamics are expected to be complex in periodic games
equipped with time-varying equilibrium, this time-average
convergence becomes a non-trivial problem. The dynamical
systems analysis is also helpful to examine the time-average
convergence, which has been usually proved by the no-regret
property (Banerjee and Peng 2005; Zinkevich et al. 2007;
Daskalakis, Deckelbaum, and Kim 2011).

We tackle a dynamical systems analysis in general peri-

'Indeed, it was said that “An interesting question arises — in
periodic games where there is no common equilibrium.” in (Feng
et al. 2024)



odic games and discuss the time-average convergence. To
the best of our knowledge, this is the first study to focus on
the phenomenon triggered by the synchronization of learn-
ing with periodic games. Interestingly, when the speeds of
learning and time-varying games synchronize, the players’
strategies diverge from the Nash equilibrium, and their time-
average does not converge. Otherwise, they cycle with com-
plicated trajectories, and their time-average converges. We
practically show that this phenomenon is intrinsic by giv-
ing a simple example, i.e., periodic matching pennies. We
prove that this phenomenon holds in 2 X 2 matrix games with
arbitrary wave shapes of periodic games. Furthermore, our
experiments support that this phenomenon is valid in more
general settings: 1) independent of the action numbers, 2)
with the boundary constraint of strategy spaces. This study
finds a novel phenomenon in learning in periodic games and
extracts insight to understand the learning dynamics theoret-
ically.

2  Setting
2.1 Normal-Form Games

Let us introduce normal-form games between two players, X
and Y. Every round, they independently choose their actions
from given sets, A = {a;}i1<i<my and B = {b; }i<j<my,
respectively. When they choose a; and b;, they receive the
payoffs of u;; and v;;, respectively. We define their payoff
matrices as U := (u;;);; and V' := (v;;);;. We assume that
the summation of their payoffs is zero, i.e., V = —U.

In normal-form games, players choose their actions fol-
lowing their strategies, denoted as * = (x;); € X
A™~landy = (y;); € Y := A™ 1 Here, z; means
the probability that X chooses action a;. X’s expected payoff
is given by u(z, y) := x"Uy = 3,2 ;2;y,u,;. By the defi-
nition of zero-sum games, Y’s expected payoff is computed
as v(x,y) = —u(@,y).

2.2 Periodic Games

This study considers a situation where the game can fluc-
tuate periodically. Thus, the payoff matrix depends on time
U = U(t) under the following constraint.

Definition 1 (Periodic game). A periodic game satisfies
U(t) = U(t + 27 /w) with some w € R for all t.

Here, the period is 27/w, where w represents the fre-
quency of the periodic game.

2.3 Gradient Descent-Ascent

Learning in games discusses a process where each player
sequentially optimizes their strategies with time t. One of
the representative learning algorithms is GDA, described as

2
_ o =l f Ou(z,y)
T = arg glea/%( [m x 5 , T + 9z (1)
2 . ou(x,
y = argmax |y -yt - WI2] g Ou@y) o
yey 2 8y

This algorithm is also known as the Follow the Regularized
Leader (FTRL) with the Euclidean regularizer.
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In the interior of the strategy space, Eqgs. (1) and (2) are
rewritten as

d fx\ _ Ox +PU\ [z 3)
dt \y)  \-RUT Oy y)’
1417 1v1T
Po=Ix— X Poi=IL-—"—Y @&
myx my

(see Appendix B.1 for derivation). Here, the subscripts of
X and Y mean that the dimension of the vector or matrix is
my and my, respectively. Furthermore, Ox and Oy are zero
matrices, Ix and Iy are identity matrices, and 1x and 1y are
all-ones vectors. Here, Px and Py mean the projection to
the strategy space by the Euclidean regularizer.

2.4 Eigenvalue of Learning

Let us analyze Eq. (3). For simplicity, we assume that the
payoff matrix U is time-invariant. Since Eq. (3) is a linear
dynamical system (Hirsch, Smale, and Devaney 2013), its
solution is characterized by the eigenvalues of

A= Ox +PU
= —RUT OY .

Here, note that if the projection operator (Px and Py) is re-
moved, A is a skew-Hermitian matrix, all of which eigenval-
ues are known to zero or purely imaginary. Interestingly, this
projection operator does not affect the property of eigenval-
ues, and we can prove that all the eigenvalues of A are zero
or purely imaginary (see Appendix A for detailed calcula-
tion).

For the convenience of notation, consider myx = my =:
m, then the eigenvalues of A are denoted as {+ia()|j =
1,2,---,m} with ) € R (purely imaginary eigenvalues).
We can rearrange them so that they satisfy o(!) > o(2) >
... > al™ = (. Here, at least one pair of the eigenvalues
is zero (a(™ = 0) because both PxU and P,UT degen-
erate in A. Now, these purely imaginary eigenvalues mean
that the dynamics of Eq. (3) are given by the summation of
circular functions. In particular, /) corresponds to the cy-
cling speed of each circular function. We simply call o7) as
“eigenvalue” throughout this paper. We remark that the cy-
cling behavior characterized by purely imaginary eigenval-
ues is consistent with the time-invariance of distance from
the Nash equilibrium (Piliouras et al. 2014) and the Hamil-
tonian structure (Bailey and Piliouras 2019).

(&)

3 Example: Eigenvalue Invariant Game

In order to intuitively understand the behavior of learning
in periodic games, we now consider the simplest periodic
game, named eigenvalue invariant game, which provides a
phenomenon beyond an existing class of games equipped
with the time-invariant Nash equilibrium (Fiez et al. 2021;
Feng et al. 2023, 2024). This eigenvalue invariant game is
given by two 2 x 2 matrices of U € R?*2 and AU € R?*?
and formulated as follows.

Example 1 (Eigenvalue invariant game). For given two pay-
off matrices U = (u;;)i; € R**? and AU = (Auyj;)i; €



R2*2 with the constraint of Auy, — Auig — Augt + Aoy =
0, the eigenvalue invariant game U (t) is formulated as
U(t) = U + AU cos wt. 6)

Here, U is the time average of periodic game U (t), while
AU is the amplitude of the oscillation. Thus, this periodic
game oscillates between U + AU and U — AU. The con-

straint for AU means that the eigenvalue is time-invariant,
as shown later.

3.1 Analysis of Eigenvalue Invariant Game

We now analyze learning in these eigenvalue invariant
games. First, since * = (z1,22) € A! should be satisfied
in 2 X 2 matrix games, x can be described by a single value
x € [0,1] as @ = (x,1 — ). In a similar manner, we only
consider y € [0,1] fory = (y,1 — y). Thus, the learning
dynamics is described only by the two variables, x(t) and
y().

By directly calculating the eigenvalues of Eq. (5), the
eigenvalues of learning are obtained as

1
oV = 5(1111 — U192 — U1 + Ug2) =: v, @)
a® =0, ®)

(see Appendix B.2 for derivation). Furthermore, the Nash
equilibrium of the time-average of the periodic game, de-
noted as (Z*, 7*), is given by

—U21 + U22

—U12 + U2z
200 ’ '

2

7o

T

©))

Next, the deviation of the Nash equilibrium caused by the
oscillation of the game, denoted as (Az*, Ay*), is also
given by

N —AUm + AUQQ
N 200 ’

. —Augs + Augy

Az™ Ay* .

(10)

Thus, the Nash equilibrium oscillates between (z* +
Ax*, g*+Ay*) and (Z* — Az*, §* — Ay*), which is beyond
the scope of the previous studies (Fiez et al. 2021; Feng et al.
2023, 2024).

Finally, the learning dynamics, i.e., Eq. (3), are described
as

Taly(t) - 7 — Ay* coswt),
—a(z(t) — z* — Ax* coswt).

(1)
(12)

Interestingly, these equations correspond to the dynamics
of forced pendulum without dissipation (Mawhin 2004). In
other words, the competitive learning between the players
can be interpreted as an oscillation inherent in a pendulum,
whereas the vibration of the Nash equilibrium can be as the
external force into the pendulum.
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3.2 Solution of Learning Dynamics

The learning dynamics, Eqgs. (11) and (12), are solvable. In
the case of «/w = 1, the solution is

x(t) =" + %Aa:*(wt sin wt 4 cos wt)

— %Ay*wt coswt + ¢1 cosat + cosinat, (13)
y(t) =7" + %Ay* (wt sin wt + cos wt)

+ %Aaj*wt coswt + cacosat — ¢y sinat, (14)

where c; and ¢y are uniquely determined by the initial state
condition (see Appendix B.3 for the detailed expression of
¢1 and ¢3). This solution means that 2(t) and y(t) diverges
from the average Nash equilibrium (Z*,7*) at a speed of

VIAzH? + [Ay*[Pw/2.

On the other hand, in the case of «/w # 1, the solution is

a2

aw )
—— 5 Ar" coswt + ——— Ay" sinwt
a? —w a? —w

+ ¢1 cos at + co sin at,

2
« aw
y(t) =y" + FeR— Ay*coswt — ——— Az sinwt

a® —w

x(t) =" +
(15)

+ co cosat — ¢ sin at. (16)

Here, x(t) and y(t) consist of two periodic solutions with
the frequencies of o and w. Thus, the solution qualitatively
changes depending on whether a/w = 1 or # 1.

3.3 Time-Average Analysis

Under fixed zero-sum payoff matrices, the dynamics of
GDA are known to converge to the Nash equilibrium (called
time-average convergence). We now discuss time-average
convergence under periodic payoff matrices. The time-
average of X’s strategy until time 7" > 0 is defined as

A7)

Interestingly, depending on whether «/w = 1 or # 1, the
time-average has different properties, as shown in the fol-
lowing. See Appendix C for the full proofs of all the theo-
rems.

Theorem 1 (Time-average cycling in «/w = 1). In the
eigenvalue invariant games, when o/w = 1 holds, T(T') and
§(T') cycle around the Nash equilibrium.

Proof sketch. This theorem is proved by directly calculat-
ing the integral of Eqgs. (13) and (14). Intuitively, since the
solution diverges as it oscillates, its time-average is influ-
enced by z(t) of large time ¢ ~ T and never converges. [

Theorem 2 (Time-average convergence in «/w # 1). In the
eigenvalue invariant games, when a./w # 1 holds, T(T) and
y(T') converge to the Nash equilibrium.

Proof sketch. This theorem is proved by directly calculat-
ing the integral of Eqgs. (15) and (16), where each cycle is
canceled out. O
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Figure 1: Learning dynamics in the periodic game of matching pennies with the time-varying Nash equilibrium. (A) The
trajectories of the learning dynamics. The panels show the cases of a/w = 10, 2/3, 1, and 2/3, from left to right. In each panel,
the x-, y-, z-axes indicate x(t), y(t), and z(t), respectively. The black broken line shows the trajectory of the Nash equilibrium,
ie., (x*(t),y*(t)), and the cross markers show the edges of the oscillation of this equilibrium. In the cases of o/w # 1, the
rainbow color shows the time of a single cycle. In a/w = 1, the rainbow color shows the passing of time from blue to red.
(B) The projection of the trajectories of Panels A to the plane of x(¢) — x*(¢) and y(t) — y*(¢). In each panel, the black cross
marker shows the projection of the Nash equilibrium. The color corresponds to that of Panels A. The orange star markers show
the time-average value of the plotted trajectory. The value does not correspond to the equilibrium in «/w = 1. Otherwise, it
corresponds. To simulate the learning dynamics, we use the Runge-Kutta fourth-order method with a step size of 1/40. The
initial strategies are set to the Nash equilibrium of the time-average game.

3.4 Visualization and Interpretation Finally, let us focus on the case of a/w = 1, where the
o ) ) ) ) speed of game change is equal to that of learning. In other

Let us visualize the learning dynamics (see Fig. 1) and in- words, the cycling behavior by learning synchronizes the os-

terpret their behavior. This section focuses on a periodic cillation of the game. Thus, each time the game oscillates

game formulated by U. = ((1,-1),(=1,1)) and AU. = once, the amplitude of the cycle is amplified a little (see

((1/ 10, O)g (0, —1/10)) in Exm. 1. Here, U shows Matching Panel A). By this amplification accumulated, the trajectory

Per}nles Wlth the only equll}brlu.m Of. (@, ﬂ*) = (1/2,1/2). diverges from the Nash equilibrium as expressed in Egs. (13)

This periodic game has a time-invariant eigenvalue of o = and (14). Furthermore, the average of the trajectory does not

2. However, its Nash equilibrium oscillates with the ampli- correspond to the Nash equilibrium.

tude of (Az*, Ay*) = (—1/40,—1/40).

First, let us see the case of a¢/w = 10. This case roughly 4 Theory on Eigenvalue Varying Games

means that the players learn ten times faster than the game
changes. In other words, it approximately corresponds to a
classical situation where a game is time-invariant. Thus, the
learning dynamics are also approximated as the classical dy-
namics, where the strategies of both players almost cycle
around the Nash equilibrium.

Next, we see the case of a/w = 3/2, where the speed of

We now extend the insight obtained from the eigenvalue in-
variant game (i.e., Exm. 1) to more general settings. The
eigenvalue invariant game is generalized in the following
two points: 1) its eigenvalue time-varying and 2) the wave
shape. In the definition, we assume the smoothness of the
wave shape to take the time integral of the payoff matrix.

game change is comparable but not equal to that of learning. Definition 2 (2 x 2 smooth periodic games). 2X 2 smooth pe-
In this case, the learning interacts with the game change and riodic games are defined as any smooth {U (1) }o<t<2r /0 €
provides complex dynamics (see Panel A). Although the tra- R2%2 x [0, 27 /w), satisfying U (t) = U (t + 27 /w).
jectory cycles around the Nash equilibrium many times, the

distance from the Nash equilibrium gets closer and farther 4.1 Solution of Learning Dynamics

as the equilibrium moves. After a while, the trajectory re-
turns to its initial state and thus is periodic as described by
Egs. (15) and (16). In addition, the average of the trajectory 21(t) := w1 (t) — w12 (t) — uoy (t) + u2a(t), (18)
corresponds to the equilibrium (see Panel B). The above ap- 29(t) == —u1a(t) + usa(?) (19)
plies also to the case when the game changes faster than the ’

players learn (e.g., «/w = 2/3 in the panels). 2h(t) = —ug1(t) + u2a(t). 20)

Below, we use the notation of
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Figure 2: Experiments for learning dynamics in the eigenvalue invariant game for U
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((1.1,-1), (~1,0.9)), AU =

((0.2,0), (0,0)) without the constraint of their eigenvalues fixed. (A) The maximum (circle) and minimum (cross) values
of x(t) within 0 < ¢ < T = 3 x 10%. Here, the blue markers indicate that the value exists in the interior of [0, 1], while
the red exterior. (B) The time-average Z in the last time 7'. The orange marker is plotted when the time-average sufficiently
converges, i.¢., the time-average moves less than 1072 in the last 102 time. The red marker means that the time-average does
not converge and take the value outside of the y-axis. The gray broken line shows the analytical solution. The numerical method

and parameter is the same as Fig. 1.

All of these functions are periodic with frequency w. Here,
we see that f(t) represents the eigenvalue of learning and
varies over time. By using these equations, we describe the
learning dynamics in Def. 2 as

o(t) = +f()y(t) —g(t),
y(t) = —f()x(t) + h(?).

These simultaneous differential equations are solved as

2D
(22)

(1) /0 h(r)sin(F(t) — F(r))dr

—/0 g(T)cos(F(t) — F(r))dr

+ ¢1 cos F(t) + co sin F(t), (23)
) = [ glr)sin(F(®) — Pr)ir

+ /0 h(r) cos(F(t) — F(r))dr

+ cocos F(t) — ¢y sin F(t). (24)

Here, ¢; and co are uniquely determined by the initial state
condition (see Appendix B.4 for detailed expression of c;
and ¢y). In addition, we defined F(t) := [ f(r)d. This
F'(t) is not periodic, but other than the linear term AF'(¢) :=
F(t) — ft is periodic with frequency w. This linear term
corresponds to the average eigenvalue, i.e., o = f.

4.2 Time-Average Analysis

Let us analyze the time-average of the learning dynamics,
i.e., Egs. (23) and (24). Since we assume general smooth
periodic functions for f, g, and h, we cannot analytically
calculate the integral of z(t), as different from the case of
Exm. 1. Thus, we have to devise a way to evaluate x(T') (see
the following proof sketch for details). Now, when a/w € N
holds, we prove that the time-average diverges generically
(see Appendix D for some exceptions).
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Theorem 3 (Time-average divergence in a/w € N). In 2 X
2 smooth periodic games with a/w € N, Z(T) and y(T')
diverge over time T.

Proof sketch. As different from the proofs of Thms. 1
and 2, the integral of the trajectory (Egs. (23) and (24)) can-
not be calculated directly. In the case of a/w € N, however,
we can easily evaluate the time-average by paying attention
to the periodicity of sin F'(+) and cos F'(-) with frequency
w. We divide the ranges of integrals, i.e., t € [0,7] and
7 € [0,¢], into the intervals of 27 /w, and the time-average
is also divided into the following four terms: 1) the term of
diverges which is O(T') in the time-average, 2) the term os-
cillates which is O(1), 3) the term converges which is O(1),
and 4) the term is negligible which is O(1/T). In general
functions, f, g, and h, the divergence term takes a finite
value, and thus we prove that the time-average is O(T') and
thus diverges with time.

Otherwise, the time-average converges as follows.

Theorem 4 (Time-average convergence in o/w ¢ N). In
2 X 2 smooth periodic games with a./w ¢ N, Z(T') and y(T')
converge over time T

Proof sketch. We consider the same division of the ranges
of the integrals as proof of Thm. 3 and evaluate the four
terms. In the case of a/w ¢ N, however, this evaluation
is much more difficult because we cannot generally use the
periodicity of sin F'(-) and cos F'(-). By utilizing a prop-
erty of the non-periodicity, the divergence term falls into
O(1), while the oscillation term into O(1/T"). Thus, the
time-average converges with neither divergence nor oscil-
lation. O

4.3 Experimental Verification for Theory

Let us see that Thms. 3 and 4 hold in experiments. It
is enough to simply extend Exm. 1 not to satisfy the
constraint for AU, and we use the example of U
((1.1,-1),(-1,0.9)) and AU = ((0.2,0), (0,0)). This ex-
ample is calculated as f(t) = 2 4 0.1coswt and ¢(t) =
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Figure 3: Learning dynamics in games with more than two actions. The upper panels show an example of 3 x 3 matrix games,
while the lower 6 x 6. (A) U, i.e., the time-average payoff matrix is visualized. The row (a;) and column (b;) indicate X’s and
Y’s actions, respectively. The darker red shows that X receives more payoff, while the darker blue shows that Y receives more.
Here, note that a non-dominant structure is given in each payoff matrix, where each action wins one of the opponent’s actions
but loses another. We also remark that all the elements of the payoff matrix are non-zero (colored by light red or blue). We
further consider the perturbation in the payoff matrix. Each element are independently perturbed by the four waves of cos wt,
sinwt, cos 2wt, and sin 2wt with the amplitude of a random number ~ N(0, 0.04%) in the upper panels and ~ N (0,0.022) in
the lower. (B) The maximum value of 21 (t) in overall time 0 < t < T' = 3 x 10%. The meanings of the markers and axes are
the same as Fig. 2-A. (C) The average value in the last time 7". We regard the time-average as convergent when it moves less
than 1072 in the last 103 time. The meanings of the markers and axes are the same as Fig. 2-B. The numerical method and

parameter is the same as Fig. 1.

h(t) = 0.95, showing that not only the Nash equilibrium
but the eigenvalue oscillates. Fig. 2 shows comprehensive
experiments for various w.

First, Panel A shows the maximum and minimum values
of z(t) for the whole ¢. We see that z(t) always continues
to oscillate. Especially in a/w € N, the amplitude of this
oscillation is large. Elsewhere, the amplitude is small.

Next, Panel B shows the time-average Z(7') for suffi-
ciently large 7. We observe that the time-average diverges
in a/w € N, reflecting Thm. 3. Here, however, note that
when «/w takes a sufficiently large integer (ov/w > 3 in the
panel), the divergence is weak and judged to be convergent.
The time-average converges in «/w ¢ N, reflecting Thm. 4.

5 Experimental Results

So far, for theoretical analyses, we have assumed 1) two-
action games and 2) no boundary in the strategy spaces. In
this section, we experimentally demonstrate that indepen-
dent of these assumptions, the following “synchronization
phenomenon” occurs.
e When the frequency (w) synchronizes with the eigenval-
ues o), the dynamics diverge from the Nash equilib-
rium, and their time-average never converges.

¢ Otherwise, the dynamics do not diverge, and their time-
average converges.
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As follows, we show experiments 1) for various action
numbers and 2) with the boundary constraint of the strat-
egy space. See also Appendix E.1 for non-smooth periodic
games.

5.1 Various Action Numbers

3 x 3 matrix games: We consider the case when each
player can take three actions (see the upper panels in Fig. 3).
Here, note that the periodic small perturbation of the payoff
matrix is considered, which causes the slight vibration of the
interior Nash equilibrium. As different from 2 x 2 games,
3 x 3 ones have multiple non-zero eigenvalues, o) >
«® > 0. From Panel B, we see that when aU)/w € N
holds for either j = 1 or 2, the learning dynamics diverge
from the Nash equilibrium, and otherwise, they cycle around
the equilibrium. Panel C shows that when a9 /w € Nholds,
the time-average of the dynamics deviates from the Nash
equilibrium, while otherwise, it converges to near the equi-
librium.

6 x 6 matrix games: Even if the game has a larger num-
ber of actions, similar results can be obtained. The lower
panels of Fig. 3 show an example of a 6 x 6 matrix game
with an interior equilibrium that fluctuates with time (see
Panel A). This matrix game is equipped with five non-zero
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Figure 4: Learning dynamics under the boundary constraint of Egs. (1) and (2). All the parameters of the game and data are the
same as Fig. 2. (A) The trajectory of learning dynamics in w = «. The meanings of plots and axes are the same as Fig. 1-A. (B)
The maximum value of x() in overall time 0 < ¢t < T = 10*. The meanings of the markers and axes are the same as Fig. 2-A.
(C) The average value in the last time 7. We regard the time-average as convergent when it moves less than 1073 in the last
102 time.The meanings of the markers and axes are the same as Fig. 2-B. The numerical method is the same as Fig. 1 but the

step size is 1/(4 x 10?).

eigenvalues. Although the number of the eigenvalues is dif-
ferent, Panels B and C similarly demonstrate that the syn-
chronization occurs only when a¥) /w € N holds for either
7 =1,2,3,4,0rb5.

Intuition from experiments: Intuitively, the above syn-
chronization can occur in general two-player zero-sum
games. As already explained, such games only have purely
imaginary eigenvalues in general. Since the learning dynam-
ics in general two-player zero-sum games are fixed in the
Nash equilibrium, they are solved as the summation of mul-
tiple cycles around the equilibrium with frequencies (/).
Thus, the oscillation of the equilibrium in a periodic game
can resonate with these cycles. Furthermore, this synchro-
nization is expected to occur in polymatrix games equipped
with more than two players. These polymatrix games are
known to have cycles in the learning dynamics. Indeed, we
have observed the synchronization in three-player Match-
ing Pennies, an example of polymatrix games (see Ap-
pendix E.2).

5.2 Boundary Constraint

Next, we consider the boundary constraint given by the Eu-
clidean regularizer in Egs. (1) and (2). The learning dynam-
ics are different from Eq. (3) only on the boundary of the
strategy spaces, i.e., z,y € {0,1} (see Panel A). Despite
the existence of the boundary constraint, in «/w € N and
its neighbor, one’s strategy oscillates with a large amplitude
(see Panel B). Elsewhere, the amplitude is small. However,
since the amplitude is bounded by the boundary constraint,
the time-average of one’s strategy always converges, even in
a/w € N (see Panel C).

6 Conclusion

This study examined learning in periodic games where the
Nash equilibrium is time-varying. We discussed the dy-
namics of learning and their time-average convergence/non-
convergence. Notably, this study focused on the synchro-
nization of learning with the periodic change of games. We
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identified a phenomenon where the learning dynamics qual-
itatively change depending on whether or not the synchro-
nization occurs. When the synchronization occurs, learning
dynamics diverge from the Nash equilibrium, and their time
average does not converge. Otherwise, the dynamics enter a
complex cycle, but their time-average converges. We proved
this phenomenon in a wide range of games, but with a limi-
tation of 2 x 2 matrices, the smooth periodicity of the game,
and the absence of the boundary constraint of the strategy
space. Our experiments demonstrated that this phenomenon
universally occurs, regardless of these limitations.

One of the remaining problems is that the time-average
converges elsewhere than the Nash equilibrium of the
game’s time-average. This problem is contrary to classical
time-invariant games but consistent with (Fiez et al. 2021).
As a future work, it would be interesting to consider how
to track the time-varying Nash equilibrium or converge to
the Nash equilibrium of the time-average of periodic games.
Another problem is to see and analyze the learning dynam-
ics of other algorithms, such as optimistic (Rakhlin and
Sridharan 2013; Syrgkanis et al. 2015; Daskalakis et al.
2018; Daskalakis and Panageas 2019; Cai, Oikonomou,
and Zheng 2022), extra-gradient (Korpelevich 1976; Mer-
tikopoulos et al. 2019; Lee and Kim 2021; Cai, Oikonomou,
and Zheng 2022), and negative momentum (Polyak 1964;
Gidel et al. 2019; Kovachki and Stuart 2021; Zhang and
Wang 2021; Hemmat et al. 2023), where the strategies them-
selves converge to the Nash equilibrium, called last-iterate
convergence. The behavior of such algorithms is already
known under periodic games when the Nash equilibrium
does not move (Feng et al. 2023, 2024), but not when it
moves. In addition, it would be interesting to analyze the
synchronization in polymatrix games (Bergman and Fokin
1998; Cai and Daskalakis 2011; Bailey and Piliouras 2019)
more deeply. It is non-trivial how synchronization occurs
when a polymatrix game can be divided into multiple games
equipped with different frequencies and eigenvalues. This
study finds a new phenomenon in learning in periodic games
and gives insight into the phenomenon, providing a theoret-
ical basis for these future problems.
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