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Abstract

In this work, we consider an online robust Markov Decision
Process (MDP) where we have the information of finitely
many prototypes of the underlying transition kernel. We con-
sider an adaptively updated ambiguity set of the prototypes
and propose an algorithm that efficiently identifies the true
underlying transition kernel while guaranteeing the perfor-
mance of the corresponding robust policy. To be more spe-
cific, we provide a sublinear regret of the subsequent optimal
robust policy. We also provide an early stopping mechanism
and a worst-case performance bound of the value function. In
numerical experiments, we demonstrate that our method out-
performs existing approaches, particularly in the early stage
with limited data. This work contributes to robust MDPs
by considering possible prior information about the underly-
ing transition probability and online learning, offering both
theoretical insights and practical algorithms for improved
decision-making under uncertainty.

Extended version — https://arxiv.org/abs/2412.14075

1 Introduction

Markov Decision Processes (MDPs) have become a funda-
mental framework for sequential decision-making under un-
certainty, with applications spanning diverse fields such as
control, healthcare and supply chain management. Despite
their widespread use, MDPs often face challenges when the
true transition dynamics are unknown, potentially leading to
suboptimal decisions.

In many real-world scenarios, decision-makers may rely
on external datasets to parameterize the MDP model, but
have access to multiple plausible model estimates, each po-
tentially leading to different optimal policies. This setting
is commonly seen in many applications, for example, the
healthcare system (Steimle, Kaufman, and Denton 2021).
Consider the context of optimizing its breast cancer screen-
ing protocol. Decision-makers might have access to local
hospital data, a national cancer research institute’s model,
and an international meta-analysis. Each source could sug-
gest a different optimal screening frequency and age range
for mammograms. This situation exemplifies the challenge
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of determining which model to trust or how to integrate in-
sights from multiple sources to create a robust and effec-
tive policy when faced with various plausible model es-
timates. Similar challenges with multiple transition mod-
els arise in recommendation systems, supply chain man-
agement, and other domains where early performance and
worst-case guarantees are crucial (Chatterjee et al. 2020).
Moreover, the concept of multiple parameter models is anal-
ogous to the scenario-based stochastic programming litera-
ture, where each scenario represents a different possibility
of the uncertain parameters.

In this work, we focus on this multi-model setting where
there are multiple models (prototypes) of the transition prob-
abilities of the underlying Markov chain and the goal is to
identify the true model and therefore solve for the optimal
policy. Moreover, we address the problem in an online set-
ting that we need to make real-time decisions with streaming
data while knowing the prototypes. These prototypes could
be estimated from offline dataset. The key challenge in such
settings is two-fold: First, we need to efficiently identify the
true underlying transition model while making decisions in
real-time. Second, and perhaps more critically, we must en-
sure good performance during the learning phase when data
is limited and model uncertainty is high. Classical online
MDP algorithms focus primarily on achieving sublinear re-
gret but may perform poorly in early stages and lack worst-
case performance guarantees.

To address these challenges, we propose a novel robust
learning algorithm that efficiently identifies the true transi-
tion kernel while guaranteeing model performance during
the exploration stage. Our approach gradually updates the
discrete prototype set and calculates the optimal robust pol-
icy, which achieves sublinear regret and provides a lower
bound for the algorithm performance at each episode. As
data accumulates, we propose a termination mechanism that
efficiently identifies the true transition kernel.

Our work differentiates itself from existing approaches in
several key aspects. First, we consider an online MDP with
structural information of prototypes, which has not been
studied before. Moreover, most work in robust MDP con-
siders an offline setting or assumes access to a generator
but we consider an online setting. Typically, robust MDP
approaches assume a fixed ambiguity set size to calculate
the optimal policy in the worst-case scenario. In contrast,



we aim to optimize performance under the true model and
gradually shrink the ambiguity set as data accumulates. This
fundamental difference in goals sets us apart from exist-
ing methods that consider exogenous robustness, where the
environment may be perturbed and the goal is to optimize
for the worst-case scenario. In those works, the size of the
uncertainty set is known, but the nominal transition proba-
bility is unknown. We, however, assume the existence of a
true nominal system and design an adaptive robust algorithm
that remains robust when data points are limited — what we
term endogenous robustness. Our ambiguity set shrinks as
we collect more data. Our work is closest to the online ro-
bust MDP work by (Dong et al. 2022). However, our work
has an essential difference: they consider exogenous robust-
ness and fix the size of the ambiguity set, whereas we aim
to optimize the model performance under the true kernel.
It is important to emphasize that there are no existing sub-
linear regret results for online robust MDP problems, and
achieving such results is notoriously difficult in general. In
this work, by leveraging known prototypes of the underly-
ing transition probability, we are able to provide sublinear
regret bounds. This demonstrates the significant benefit of
incorporating useful prior information about the underlying
MDP model. Our approach could offer valuable insights for
future work on model-based MDPs, particularly in scenarios
where structural information is available or can be inferred.
The main contributions of our work are as follows:

1. We propose a novel algorithm for learning robust policies
in MDPs with multiple transition dynamic prototypes in
an online setting (RPO-AAS). We show that our algo-
rithm achieves sublinear regret with respect to the opti-
mal policy for the true model and introduce an early stop-
ping mechanism that allows our algorithm to converge to

the true model more quickly with sufficient evidence.

. We also propose a non-robust algorithm (NRPO-NPC)
and analyze the technical performance guarantees. This
algorithm does not calculate the robust optimal policy,
but selects the prototype that is closest to the empirical
distribution and runs the optimal policy corresponding
to this prototype. Interestingly, we show that introducing
robustness in the algorithm does not sacrifice efficiency.

. Through numerical experiments, we demonstrate the ef-
fectiveness of our approach compared to existing meth-
ods, showing improved performance particularly in the
early stage with limited data.

2 Related Work

Recent research has explored MDPs with parameter ambi-
guity using multiple models. (Steimle, Kaufman, and Den-
ton 2021) and (Buchholz and Scheftelowitsch 2019) con-
sider finding a policy that maximizes a weighted perfor-
mance across multiple models of MDPs. They proved NP-
hardness of the problem and developed exact and approx-
imate solution methods. (Ahmed et al. 2017) explore sam-
pling rewards and transition probabilities to generate a finite
set of MDPs and find a policy to minimize the maximum
regret over the set of MDPs. Our work differs from these ap-
proaches in two key aspects. Firstly, we consider an online
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setting, whereas previous works focused on offline setting.
Secondly, our goal is to identify the true model and optimize
its performance during exploration while guaranteeing ro-
bustness, rather than optimizing weighted performance for
given weights or worst-case regret across all models.

The problem of regret minimization in MDPs with a fixed
reward function has been studied extensively since (Burne-
tas and Katehakis 1997) and (Auer and Ortner 2006). Prov-
ably efficient learning algorithms fall into two main cat-
egories: The first applies optimism in the face of uncer-
tainty principle (Kearns and Singh 2002; Brafman and Ten-
nenholtz 2002; Azar, Osband, and Munos 2017) while the
second utilizes posterior sampling reinforcement learning
(Osband, Russo, and Van Roy 2013; Osband and Van Roy
2017). (Agrawal and Jia 2017) combine these approaches,
leveraging both the optimistic principle and posterior sam-
pling to achieve a regret bound for weakly communicating
MDPs. Currently the best regret bound for finite MDP is
O(\/H|S||A|T + H?|S|?|A| + H/T) from the UCBVI al-
gorithm, where S is the finite space of states, A is the set
of finite actions and H is the number of horizons (Azar, Os-
band, and Munos 2017). Despite these advancements, to our
knowledge no existing work considers robust algorithms in
MDPs with sublinear regret compared to the optimal reward.

Robust MDPs consider the transition kernels that take
values from an uncertainty set and learn an optimal robust
policy that maximizes the worst-case value function. Most
work in Robust MDP assumes that the the uncertainty set
is known (Iyengar 2005; Nilim and El Ghaoui 2005; Xu
and Mannor 2010). Recently some work consider the ro-
bust optimal policy when the uncertainty set is not exactly
known, or say reinforcement learning. Some work assumes
that there is a generative model (Panaganti and Kalathil
2022; Yang, Zhang, and Zhang 2022) or assumes an of-
fline dataset is present (Zhou et al. 2021; Qi and Liao 2020;
Kallus et al. 2022; Ma et al. 2022). To our knowledge, only
(Dong et al. 2022) considers the robust policy learning in
online setting. They propose algorithms that achieve a regret
of O(|S||.A|* H?) under s-rectangular uncertainty set. How-
ever, these work have a different goal from our work. As
discussed before, they consider the exogeneous robustness,
while we consider endogeneous robustness. They consider
an ambiguity set with fixed size while the radius of our al-
gorithm is shrinking we when collect more data.

Another line of research characterizes the uncertainty
through adversarial MDP formulations, where the environ-
ment parameters can be adversarially chosen. Most studies
focus on the setting where only the reward function can
be corrupted, while transition dynamics of the MDP re-
main fixed but potentially unknown (Neu et al. 2010; Cai
et al. 2020; Jin et al. 2020; Rosenberg and Mansour 2019;
Jin and Luo 2020; Cai et al. 2020). (Neu et al. 2010) first
proposes the online loop-free setting and show a regret of
O(L?/T|Al/a) under some assumptions, where L is the
length of the longest path in the graph, 7" is the number of
episodes, and « is a probability parameter in the assumption.
Some work investigates settings where adversaries can cor-
rupt transition metrics. (Lykouris et al. 2021) consider the



setting that the transition is only allowed to be adversarially
chosen for C' out of the T total episodes and establish a re-
gret of O(C? + /T). Our prototype elimination approach
shares similarities with arm-elimination methods in multi-
armed bandit problems (Even-Dar et al. 2006; Audibert and
Bubeck 2010), but handles the additional complexity of state
transitions rather than simple rewards.

3 Problem Formulation and Preliminaries
3.1 Problem Formulation

We consider a Markov Decision Process defined by a tuple
(S, A, Py,r), where S is the finite state space and A is the
finite action space, Py : S x A x S — [0, 1] is the transition
kernel, r : S x A — R is the reward function. More specif-
ically, we use Py(s,a) and r(s,a) to denote the probability
distribution of the next state and immediate reward when
taking action a at state s. Let Py(s’|s,a) denote the proba-
bility of arriving at state s’ when choosing action « at state
s. Moreover, we assume the reward (s, a) is deterministic,
and without loss of generality, 7(s, a) belongs to [0, 1]. Ex-
tending the algorithms to the setting with unknown reward
does not add significant difficulty.

Loop-Free MDP In this work, we consider an episodic
MDP with finite horizons. We assume the MDP has a loop-
free structure: The state space can be decomposed into L+ 1
non-intersecting layers Sy, ...,Sg such that S = U1L=051,
8;NS; =0 fori # j. Moreover, the first and the last layers
are singletons, i.e., So = {so}, Sp = {sr}. Let L(s) denote
the layer of state s. The loop-free structure means the tran-
sitions are only possible between consecutive layers. These
assumptions are not necessary but are commonly adopted
in literature, intended to simplify notation and analysis, and
can be modified for a more general setup (Rosenberg and
Mansour 2019; Jin et al. 2020).

Transition Prototypes In this work, we aim to illustrate
the benefit of utilizing prior information about the transi-
tion probabilities. Specifically, we consider prototypes that
are known to the decision-maker, each of which may corre-
spond to an underlying model or mechanism that is driv-
ing the transition of the states. We assume that for each
layer [, there are K prototypes of the transition kernel in
the candidate set, denoted as {1, 2, ..., K;} and collectively
referred to as K;. For any layer [, the transition probabil-
ity at state s and action @ defined by prototype & € K;
is P¥(s,a). The true transition kernel of each layer /, de-
noted as kj, must be one of the prototypes, meaning that
®s€$z,a6AP0(37 CL) = ®s€51,aeAPk? (Sa CL).

In the algorithm, we update the candidate set of proto-
types gradually, and we let X; ; denote the set of prototypes
in episode t. We remove the prototypes that are unlikely to
be true as we collect more data. For the prototypes, we make
the following structural assumption, which essentially states
that if the gap between some kernels at a particular state s in
the layer and action a is small, then the difference at other
states in this layer cannot be too large.

Assumption 1. For any layer | = 0,..., L, any state s €
S, action a € A, and any prototype k € K,, if for some
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constant u € R, the ly-norm ||P*(s,a) — P°(s,a)|1 < u,
then there exists a constant v € R such that | P*(s',a’) —
PO(s',a)||y < ~yu for any other s' € S;,a’ € A.

Assumption 1 reflects that states within the same layer
often share similar transition patterns, which is common in
practice. The constant y quantifies the variability of transi-
tion probability differences across state-action pairs, while u
represents the magnitude of these differences for a reference
state-action pair. Importantly, our theoretical results depend
solely on +, not on the absolute differences captured by w.
This formulation provides flexibility in accommodating var-
ious MDP structures while maintaining analytical tractabil-
ity. While this assumption helps establish theoretical guar-
antees, our numerical experiments in Section 7.2 show that
the algorithm maintains good performance even with ran-
dom prototypes where this assumption may not hold.

In this paper, we use || - ||1 to denote the I;-norm between
two transition probability vector. For any two transition ker-
nels at state s and action a, Py(s,a) and Py (s, a), we define
HPO(Sa Cl), Pl(sa a)‘ 1= ZSIES |P0(S/‘37 CL) - P1(8/|S7a,)|.

In each episode ¢, let 7r; denote the policy, which is a map-
ping from the state space S to action space A. Given the
transition kernel Py and policy 7, the expected reward in
episode ¢ is:

L
E[
l

—

(s, me (1)) Po, ¢,

Il
=]

where s; is the state visited in layer [ and episode ¢t and
m¢(s;) is the corresponding action. Then, the total expected
reward of the learner over 7" episodes is:

T L—1
R((ms)eerry, Po) = Y JE[Y  r(si, mi(s1))| Po, me].
t=1 =0

For a stationary policy 7, with a slight abuse of notation,
the total expected reward is given by

T L—1
R(m, Po) = Y K[> r(s;,m(s1))|Po, .
t=1 =0

Therefore, the regret can be defined as

Reg = R(7™, Py) — R((7¢)¢er), Po)s

where 7" € arg max, E[Zf;ol r(si,m(s1))].

Our regret definition diverges from that in the robust MDP
literature (Dong et al. 2022; Zhou et al. 2021) which opti-
mizes worst-case reward over an ambiguity set, with regret
measured as the gap between worst-case rewards of the al-
gorithm’s policy and the optimal worst-case robust policy. In
contrast, we optimize reward under the true transition kernel,
aligning with the online MDP framework (Neu et al. 2010).

3.2 Preliminaries

Occupancy measures. We now reformulate the learner’s
problem using the concept of occupancy measures. We in-
troduce occupancy measures for the purpose of analysis,
which has been widely used in the analysis for loop-free



MDP (Jin et al. 2020; Rosenberg and Mansour 2019). Given
a policy 7 and transition kernel P, for any state s € S,
s’ € 841, the occupancy measure ™ is defined as:

P,ﬂ'(

q (s a,8") =Plsgs) = 5,7(s) = a,5p(5)+1 = §'| P, 7).

An occupancy measure satisfies the following two prop-
erties and these two properties suffice to define any function
qg:S8xAxS8 — [0,1] to be an occupancy measure. (1)
The learner traverses every layer in each episode due to the
loop-free structure, i.e., forevery l =0,...,L — 1,

ZZZ (s,a,s") = 1.

s€S;acAs'€S 1

(2) The probability of entering a state from the previous
layer equals the probability of leaving it. Thus, for every

l=1,...,L—1ands € S,
Z Z (s,a,s) Z Z (s',a,s)
s'€S;_1acA

s'€S141 acA

Given an occupancy measure ¢, the transition function P9
and the policy w9 can be induced as follows:

q(s,a,s’)
Zy655(5)+1 Q(Sa (1, y) ’

Pi(s'|s,a) =

(als) = St 1509
milal|s) = .
ZbeA ZS’ESL(S)Jrl q(57 b7 S/)

Then the problem of policy learning can be transformed to
learning an occupancy measure ¢; € A(Fp) in each episode
t, where A(F) is the set of all occupancy measures of an
MDP with transition kernel Fy. With the definition of the
occupancy measure, we redefine the expected reward and
regret. The total expected reward of the learner is

T L—1
R((mo)serrys Po) = D B[ r(si, mi(s0)) | Po, i)
t=1 =0

(g™, r)

I
[M]=

w
Il
-

Let ¢* € argmax,ca(p,) 2;1((]1)0’“,7‘) = ¢ denote
the occupancy measure corresponding to the optimal policy
m* under Py, the regret can be defined as

Reg = max R(m, Py) — R((7¢)¢epr), Po) )

T
Z Po u > )

t=1

4 The RPO-AAS Algorithm

In this section, we introduce how we update the ambiguity
set and calculate the robust optimal policy with respect to
the ambiguity set in each episode. The algorithm initializes
the policy 7 to an arbitrary policy 7 (e.g., a uniform policy)
and sets the number of samples Ni(s,a) to zero for each
state-action pair (s, a). In each episode, the following steps

Algorithm 1: Robust Policy Optimization with Adaptive
Ambiguity Set (RPO-AAS)

1: Initialize: m < 7y, number of samples Ny (s, a) = 0 for
eachs e S,aec A
2: fort=1,...,Tdo

3 forl=1,...,Ldo

4: 841, Gy = arg MaxXses, aeA Ni(s, a)

5: Update the set of candidate prototypes:

6: Ki: = {k € Kt | P (s, an) —
Pi(su,an)|li < 74%};1;2”)

7:  end for

8:  Update ambiguity set:

U = Qesaea Qreks., P¥(s,a)

9:  Calculate optimal robust policy:
T = arg max, minpey, R(m, P)

10:  Execute policy 7y for L steps and obtain trajectory
s,,apforl=1,...,L—1

11:  Update N,(s,a) and P, (s, a) for all s, a

12: end for

are performed: First, for each layer/ = 1, ..., L, we identify
the state-action pair (s, ay;) with the maximum number of
samples in that layer. Next, we update the set of prototypes
K1+ by eliminating prototypes whose transition probabilities
significantly deviate from the empirical transition distribu-
tion P, (s, a) for the state-action pair (¢, ay; ). This update is
crucial, as it relies on the state-action pair with the most oc-
currences, ensuring faster convergence of the empirical dis-
tribution to the true distribution. Subsequently, we update
the ambiguity set U, as the Cartesian product of the ambigu-
ity sets for each state-action pair, where each set comprises
the transition probabilities of the remaining prototypes in
the corresponding layer. We then calculate the robust opti-
mal policy 7; by maximizing the worst-case value function
over the ambiguity set {/;. Since our ambiguity set satisfies
the (s,a)-rectangular property, the optimal policy can be cal-
culated using backward induction. The backward induction
and ambiguity set update step takes O(|S||A| + S, Ki)
time, which is efficient. Moreover, the key advantage of this
ambiguity set construction is its high probability of includ-
ing the true transition kernel as in the following lemma.

Lemma 1. For the ambiguity set updated as in Algorithm
1, the true transition kernel lies in the ambiguity set Uy, i.e.,
Py € Uy for all t € [T with probability at least 1 — 6.

We would like to point out that, this robust setting by con-
sidering the ambiguity set and solving for the worst-case
value function over it allows one to have a worst-case per-
formance bound, as stated in Proposition 1. To be more spe-
cific, with the high-probability ambiguity set, we have that
in each episode ¢, policy 7; has the best worst-case perfor-
mance and the performance of policy 7; is lower bounded
by the optimal objective value of the robust MDP. As we
will see later, the non-robust algorithm lacks this robustness
and could have poor performance, especially when we don’t
have enough data at the beginning.



Proposition 1. In episode t, minpey, R(m, P) >
minpey, R(, )for all policy m. Moreover, with probabil-
ity at least 1 — 5 minpey, R(my, P) provides a lower bound
Sor R(my, Py) with probability at least 1 — 6.

The proof uses Hoeffding’s inequality to bound the differ-
ence between the true and empirical transition probabilities.
Due to space limitations, proofs for all results in this paper
are provided in the appendix. This proposition implies that
in each episode t, 7; has the best worst-case performance,
and its actual performance is lower-bounded by the optimal
objective value of the robust MDP. In contrast, a non-robust
algorithm lacks this guarantee and may perform poorly, es-
pecially with limited data at the beginning. While the robust
policy has its own advantages, the question remains whether
this robust policy has a good performance under the true
transition kernel Fy. In the following section, we prove the
theoretical guarantee of the RPO-AAS algorithm under F.

5 Theoretical Results

In this section, we first establish the regret bound, and then
show the finite sample guarantee and the convergence result.

5.1 Analysis of Regret
To bound the regret, we begin by decomposing (1) as fol-
lows:

T

T
Reg = Z — 4,7 Z = Ge;7) (Gt — qr, 1),

t=1 t=1

where ¢; = q , G: = q7>™ and 7, P, is the optimal so-
lution of the robust optimization problem max, minpe¢yy,

R(m, P). The high-level idea of our proof of regret has three
main steps. First, we upper bound the regret by the total re-
ward difference between the true transition kernel Py and
the kernel given by P, under the optimal policy 7* (Lemma
2). We then bound this reward difference in two steps. We
first establish a bound on the one-norm difference between
P, and P, (Lemma 3), and then bound the difference of total
reward (Lemma 5). We begin with Lemma 2, which provides
an upper bound on the regret in terms of the total reward dif-
ference between the true transition kernel Py and the kernel
given by robust optimization P, under the optimal policy 7*.

Lemma 2. Withprobability at least 19, Zzﬂ:ﬁq*—q},r)—&—
(G = ae,r) < Sy la™™ = ¢ |

Here, g™ — q™ ™ 1 = X, o la™™ (s,0,5") =
g (5 a,s’)|. So it remains to bound Zt 1 llgre: o
qf ©™ ||1. Based on the result from (Rosenberg and Mansour
2019), we bound Zthl g™ — qPo™"||; as follows.

Lemma 3. For any policy m and any P; € U, with proba-
bility at least 1 — 0, the following holds:

Py, Py,
ZH(J T =g
T L 1-1
Z Z Z qPO’ﬂ—(Smaa7rL)§t(37rL7a7rz)7

<2 E
1 m=0 s, €Sm am€A

Py,

t=11
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where (s, a) = || P:(+]s,a), Po(-|s, a)||1.

Thus, to bound the right-hand side in the lemma above,
the key is to bound &, (s, a).

Lemma 4. Suppose Py € U;. Then forany s € S, a € A,
t € [T, and for all k € K, (s, we have:

418 s ./41I1M
P0<s,a>7pk(s7a)“1§\/ Seal AW

With the established bound for &;, we prove the following
bound for the right-hand side of Lemma 3.

Lemma 5. With probability at least 1 — 0, the following
holds:

Z Z qPonr(sm7 am)&t(Sm; am)

=1 m=0s,,ESy, am €A

< L2y(/4AT|S||A|In %

By combining Lemma 2, Lemma 3 and 5, we have the
following regret bound:

Theorem 1. With probability at least 1 —
algorithm has the following regret bound:

LT
Reg < L*v4/4T|S||A|In 3T

It’s worth noting that the state-of-the-art algorithm
for general online MDPs achieves a regret bound of
O(\/H|S||A|T + H?S?| A| + H\/T), where H is the num-
ber of horizons (Azar, Osband, and Munos 2017). Our re-
gret bound maintains the same dependence on , and
T. This demonstrates that, given structural information, our
robust algorithm matches the efficiency of non-robust state-
of-the-art approaches. However, it’s important to note that
designing efficient robust RL algorithms without structural
information remains an open problem in the field.

*
Il
_

0, the RPO-AAS

5.2 Finite-Sample Guarantee and Convergence

In addition to the regret bound, we establish that the pol-
icy obtained by the proposed algorithm has a finite-sample
performance guarantee and converges to the optimal policy.

Theorem 2 (Finite-sample guarantee). Let v™(sg) de-
note the value function at state sy under policy m under

the true transition kernel. For any ¢ > 0, when t >
L472|SHA| In 3LT

o™ (s0) < e

This theorem states that after a sufficient number of
episodes t, the value function of our algorithm’s policy m;
at the initial state sy is within e of the optimal policy 7*’s
value function, with high probability. The required num-
ber of episodes is inversely proportional to €2. This depen-
dency on €? is typical in many MDP problems (Panaganti
and Kalathil 2022). We next show that our algorithm can
actually identify the true prototype after a finite number of
episodes, leading to the optimal policy.

, with probability at least 1 — §, v™ (s0) —



Theorem 3 (Prototype Ambiguity Set Convergence). Let

h = minsES,aGA,k:E[K] ||Pk('|8a a)7 PO("Sa a) 1, then when
8S|?| Al In 35T i 1

t > ——————"2—, the candidate set of prototypes only in-

clude the true prototypes, i.e., Ky = {k['}, thus my = 7.

This theorem establishes a finite-time guarantee for our
algorithm’s convergence to the true prototype and, con-
sequently, the optimal policy. The result provides a prin-
cipled stopping criterion, potentially improving the algo-
rithm’s practical efficiency.

6 Extend to Non-robust Algorithm: Selecting
the Best Candidate

We propose another algorithm that selects the transition
kernel that is nearest to the empirical distribution in each
episode, referred to as non-robust policy optimization with
nearest prototype-candidate(NRPO-NPC). Then in each
episode, we run the optimal policy corresponding for the
chosen transition kernel. We demonstrate that this approach
provides the same theoretical performance guarantees for re-
gret, convergence, and finite sample guarantees as the robust
algorithm. However, it lacks the robustness guarantee. To es-
tablish the theoretical results, we first decompose the regret
at each episode as follows:

T
DAd =) =@ =)+ (¢ g™
t=1
+ (quPt _ qﬂ't’PO) (4)
Py

The second term, g — q’”*P ¢+ < 0, since 7 is the opti-
mal policy for transition kernel P;. Similar to the proof for
Theorem 1, we can bound the first term and the third term
as long as we can bound the distance between Py and P;,
which is shown in the following lemma.

Lemma 6. For each layer [, let sy,ay
arg maxses, oA Ni(s,a) denote the (s,a) pair with
the maximum number of samples in the layer. Let
ke = argmingek, , |[P*(su, au) — Pi(su, au)|l1. Then for
any s € S, a € A, t € [T), we have:

4|SL(5)+1HA\ 111%
t

1Po(-[s,a), P*(]s,a) L < \/ ©)

7 Numerical Experiments

In the numerical experiments, we compare the performance
of our proposed robust algorithm with the UCBVI algorithm
(Azar, Osband, and Munos 2017), and the two benchmark
algorithms we propose that considers the prototype infor-
mation. We will provide more details later.

We consider a GridWorld experiment of size 5 x 4, which
is a widely used reinforcement setting from (Sutton and
Barto 1998). In each episode, the learner starts from the
lower left corner and aims to the upper right corner. Let
(1, x2) denote the coordinate, where z; € {0,1,2,3,4}
is the coordinate of the horizontal axis and z2 € {0, 1,2, 3}
is the vertical axis coordinate. The learner collects rewards
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at some states, which we call reward states. We set the re-
ward states to be (2,2), (1,1) and (1, 2) and the rewards are
3, 5 and 1, respectively. At each state s and a, the learner
can either move up (¢ = 0) or right (a = 1), with a success
probability z(s, a), and the learner goes to the opposite di-
rection with probability 1 — z(s, a). z(s, a) is unknown. The
learner’s goal is to maximize the total collected rewards. If a
learner reaches a boundary, she can only move inward. This
problem is an episodic loop-free MDP, where each episode
consists of L = 8 layers. The number of states is |S| = 20
and the number of actions is |A| = 2.

Prototype configuration. In each instance, we generate
K prototypes. We set K = 4 and K = 10, representing
scenarios with few and many prototypes, respectively. For
each prototype, we generate random 2 (s, a) from a uniform
distribution between 0 and 1. For simplicity, we generate dif-
ferent success probabilities only for different states, meaning
z1(8, 0) remains the same for all states, as does zj (s, 1). We
consider two types of prototype sets: The first set of proto-
type satisfies our assumption on the structure of transition
prototypes (Assumption 1). Specifically, for any s and a,
we let |2k, (s,a) — 2k, (s, a)| be fixed for any kernel k; and
ko. We call this setting fixed-gap prototypes. The second set
does not satisfy this assumption. In this setting, we generate
zk($,0) and 2 (s, 1) for all prototypes randomly.

Algorithms. We compare four algorithms: (1) our robust
algorithm (RPO-AAS), (2) UCBVI algorithm, (3) the non-
robust nearest prototype-candidate algorithm (NRPO-NPC),
and (4) its variant, NRPO-NPC-2. The latter is a heuristic
that selects the prototype with the smallest 1-norm distance
to the empirical transition probabilities across all states and
actions in the layer. Details are provided in the Appendix.

Experiment Environment. We conduct the numerical ex-
periment using rlberry, a Python library for reinforcement
learning (Domingues et al. 2021). For each setting, we run
100 simulations. In each simulation, we record the average
expected rewards in each episode. We then take the average
of these simulations. The expected episode reward is the ex-
pectation of the total reward under the policy in episode .

7.1 Structured Prototypes Setting

In the fixed-gap setting with K = 4, Figure 1 shows that
NRPO-NPC, NRPO-NPC-2, and RO perform significantly
faster than the UCBVI algorithm. This indicates that our
proposed algorithms can leverage the prototype information
effectively, resulting in better performance. NRPO-NPC-2
converges to the optimal policy fastest, although it lacks
theoretical guarantees. When K = 10, the performance of
NRPO-NPC and RO surpasses NRPO-NPC-2 and UCBVI
(Figure 2). Notably, in both cases, RO has better perfor-
mance at the beginning, showcasing the advantage of con-
sidering robustness.

7.2 Random Prototypes Setting

We start from K = 4 prototypes. Figure 3 shows the per-
formance of the algorithms. In this setting, NRPO-NPC-
2 couldn’t converge to the optimal policy. RO yields bet-
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Figure 1: Average Expected Episode Rewards of different
algorithms with Fixed-gap Prototypes when K = 4.
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Figure 2: Average Expected Episode Rewards of different
algorithms with Fixed-gap Prototypes when K = 10.

ter policies than UCBVI and NRPO-NPC in the first 2,000
episodes. Moreover, the policy given by RO has lower
fluctuations than NRPO-NPC and UCBVI. NRPO-NPC
outperforms UCBVI initially but shows greater variance
and converges to the optimal solution more slowly than
UCBVI. When we increase the number of prototypes to 10,
NRPO-NPC, NRPO-NPC-2, and RO continue to outperform
UCBVI during the first 400 episodes. RO maintains the low-
est variance, indicating that it yields the most stable pol-
icy. However, UCBVI converges to the optimal policy more
rapidly than RO and NRPO-NPC in many cases, resulting in
slightly superior performance after 2,000 episodes.

This observation suggests that as the number of proto-
types increases, the benefits of incorporating prototype in-
formation diminish. This is logical, as in the limit of in-
finite prototypes, the algorithm would gain no advantage
from prototype information. From Theorem 3, more proto-
types potentially reduce A and thus slow convergence, while
too few prototypes may fail to include the transition kernel.
Therefore, the number of prototypes K presents a practical
trade-off. Nevertheless, the RO algorithm maintains its ro-
bustness even in this many-prototype setting.
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S 405 —UucBvI
——NRPO-NPC
W 4.00
RPO-NPC-2
©3.75
g ——RPO-AAS
2350, 2000 4000 6000 8000 10000

Number of Episodes

Figure 4: Average Expected Episode Rewards of different
algorithms with 10 Random Prototypes.

8 Conclusion

In this work, we introduced a novel approach for online
MDPs with transition prototypes. Our robust adaptive al-
gorithm efficiently identifies the true transition kernel while
guaranteeing performance through robust policies. Theoret-
ical analysis shows the algorithm achieves sublinear regret,
provides finite-sample guarantees, and converges to the op-
timal policy in finite time. Numerical experiments demon-
strate its practical advantages, particularly in early learning
stages and with structured prototypes. We also extended our
analysis to a non-robust algorithm, highlighting the value of
prototype information. This work shows the potential of the
combination of structural information and robust optimiza-
tion in reinforcement learning. Future work could explore
extensions to more complex MDP settings and investigate
robustness-optimality trade-offs in various applications.
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