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Abstract

Despite empirical risk minimization (ERM) is widely applied
in the machine learning community, its performance is lim-
ited on data with spurious correlation or subpopulation that is
introduced by hidden attributes. Existing literature proposed
techniques to maximize group-balanced or worst-group accu-
racy when such correlation presents, yet, at the cost of lower
average accuracy. In addition, many existing works conduct
surveys on different subpopulation methods without revealing
the inherent connection between these methods, which could
hinder the technology advancement in this area. In this paper,
we identify important sampling as a simple yet powerful tool
for solving the subpopulation problem. On the theory side, we
provide a new systematic formulation of the subpopulation
problem and explicitly identify the assumptions that are not
clearly stated in the existing works. This helps to uncover the
cause of the dropped average accuracy. We provide the first
theoretical discussion on the connections of existing meth-
ods, revealing the core components that make them different.
On the application side, we demonstrate a single estimator is
enough to solve the subpopulation problem. In particular, we
introduce the estimator in both attribute-known and -unknown
scenarios in the subpopulation setup, offering flexibility in
practical use cases. And empirically, we achieve state-of-the-
art performance on commonly used benchmark datasets.

Code — https://github.com/skyve2012/DBA
Extended version — https://arxiv.org/abs/2412.13003

1 Introduction

Empirical risk minimization (ERM) often struggles with
distribution shifts that manifest when the training and test
distributions differ (Bickel, Briickner, and Scheffer 2007,
Quionero-Candela et al. 2009; Shimodaira 2000). One ubig-
uitous type of distribution shift is subpopulation shift, which
describes a scenario where the portion of the subpopulations
may vary between training and testing sets. See Figure 1
for an example. This consequently leads to degraded perfor-
mance when a trained model is applied to production/testing
environments (Yang et al. 2023). Ensuring that machine learn-
ing models are robust against these distribution shifts hence
is crucial for their reliability and safe real-world application.
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Figure 1: An image example on subpopulation shift. The left
panel contains images where digits and colors are correlated,
whereas the right panel does not exhibit such correlation.

Existing works proposed different methods in the forms
of auxiliary losses (Li et al. 2018; Arjovsky et al. 2019; Al-
shammari et al. 2022), data augmentations (Zhang et al. 2018;
Yao et al. 2022; Han et al. 2022), modeling objectives (Liu
et al. 2021; Sagawa et al. 2020; Japkowicz 2000; Wu et al.
2023; Nam et al. 2020; Asgari et al. 2022; Rudner et al. 2024;
Han and Zou 2024; Hong et al. 2023; Tsirigotis et al. 2024;
Menon et al. 2021; Lin et al. 2017) and data sampling tech-
niques (LaBonte, Muthukumar, and Kumar 2024; Izmailov
et al. 2022; Japkowicz 2000). They all exhibit superior per-
formance on worst group accuracy while maintaining high
accuracy in the overall set. However, two recent works ex-
perimentally observed that most models experience a drop in
average accuracy performance compared to the ERM setup
despite the high worst group accuracy (Tsirigotis et al. 2024;
Yang et al. 2023). Nonetheless, none of the papers is able to
provide rigorous explanations on the answer to why. The lack
of clarity in understanding can impede the development of
appropriate models and methods, potentially stalling progress
in the field.

In this work, we propose a systematic dataset bias analy-
sis (DBA) framework that is rooted in importance sampling.
With this framework, we reveal the cause of the lower-than-
ERM average accuracy is the mismatch between the learning
objective and the testing dataset. Moreover, we identify the
flexibility of this framework in interpreting the formulation of
some of the existing works that focus primarily on statistical
heuristics and do not specify the underlying assumptions of



the models or data. The DBA framework, on the other hand,
can close the gap, allowing us to explicitly discuss assump-
tions systematically and compare different existing works
with the same language. We believe this analysis offers a com-
prehensive and theoretically grounded view to people who
wish to proceed with the study of subpopulation methods.

Practically, we propose to estimate a single distribution
given the conducted analysis using the DBA framework and
prove that this is enough for solving the subpopulation prob-
lem under certain assumptions. Subsequently, we propose 3
different methods for estimating the distribution given dif-
ferent access levels to data and attributes. Empirically, we
demonstrate the framework improves the test performance
under subpopulation setups and achieves state-of-the-art
(SOTA) results for both average and worst group accuracy
while avoiding the lower-to-ERM performance.

2 Related Work

Here we cover related works about importance sampling, the
survey papers of the subpopulation shift, and the associated
SOTA methods. An extension is included in Appendix.

2.1 Importance Sampling

DBA interprets distributional shift as a mismatch of the
weight function from an importance sampling perspective.
Although primarily focused on subpopulation setups, the
method’s formulation applies broadly to distributional shift
problems. Early works on importance sampling (Shimodaira
2000; Huang et al. 2006) address dataset shifts but lack real-
world experiments and clarity for subpopulation cases. In
contrast, DBA systematically formulates the application to
subpopulation problems, explicitly stating assumptions and
identifying key components like distributions leading to such
issues. Other studies (Kanamori, Hido, and Sugiyama 2009;
Fang et al. 2020) propose weight estimation methods requir-
ing partial test set access, unlike DBA. Additionally, DBA
considers the weight function as the ratio of joint distribu-
tions of x and y, addressing subpopulation and covariate
shifts more realistically.

2.2 Subpopulation Survey

Yang et al. (2023) provides the first comprehensive experi-
mental study on subpopulation methods. It uses Bayes’ the-
orem to decompose y|z, accounting for attributes (spurious
features), and categorizes datasets into four classes with vary-
ing label-attribute correlations. The paper benchmarks 20
subpopulation methods across these datasets but lacks sta-
tistical quantification of performance differences. Other sur-
veys (Yu et al. 2024; Zhang et al. 2023) cover broader out-of-
distribution (OOD) and domain generalization (DG) methods.
While Yu et al. (2024) focuses on applications, Zhang et al.
(2023) quantifies error inflation due to distribution shifts but
doesn’t address correction via model design. Our work ex-
tends prior studies by providing formal statistical analysis
to quantify errors from both data and modeling perspectives.
DBA also explains why some methods trade worst-case ac-
curacy for lower average test accuracy.
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2.3 Subpopulation Method

We categorize subpopulation methods into four classes: aux-
iliary losses, data augmentations, modeling objectives, and
data sampling techniques. Auxiliary loss methods (Li et al.
2018; Arjovsky et al. 2019; Alshammari et al. 2022) aim
to mitigate the impact of spurious backgrounds via adver-
sarial training, gradient regularization, or class-balanced ad-
justments. Data augmentation methods (Zhang et al. 2018;
Han et al. 2022; Yao et al. 2022) use convex combinations
of samples to reduce background effects. Data sampling
methods (LaBonte, Muthukumar, and Kumar 2024; Izmailov
et al. 2022) identify class-balanced subsets with independent
spurious features for finetuning. Modeling objective meth-
ods (Sagawa et al. 2020; Wu et al. 2023; Lin et al. 2017;
Rudner et al. 2024) focus on robust feature learning, subpop-
ulation correction, or tailored loss terms like KL divergence
or mutual information.

DBA stands out by explicitly stating data assumptions
and connecting existing methods under a unified statistical
framework (see Sec. 4). For instance, it highlights that aug-
mentation methods (Zhang et al. 2018; Yao et al. 2022; Han
et al. 2022) assume conditional similarity across subpopula-
tions. DBA also identifies a universal assumption of identical
conditional generative models across methods, which pre-
vious works did not explicitly address. Empirically, DBA
outperforms SOTA methods on three datasets, confirming
its effectiveness and simplicity, and leveraging importance
sampling for practical implementation.

3 Method

In this section, we first describe the framework, followed by
the introduction of the proposed methods.

3.1 Dataset Bias Analysis Framework

Throughout the paper, we consider the following notations:
x € X and y € ) indicate the random variables for the data
and labels, respectively. X’ and ) refer to their corresponding
spaces. We denote y as a discrete random variable. We use
p(-) to denote the probability distribution and ¢(-) or p(-)
to represent the estimates. Subscripts “tr”’, “va”, and “te”
indicate concepts associated with train, validation, and test
datasets, respectively. We use D to refer to the datasets. We
let My := {q(-)|q(+) estimated with data in D} denote the
model spaces for the general learning problem. s denotes the
attributes/spurious variables that are present in the datasets.
This is also the root of the subpopulation. And I refers to the
dataset indicator, which is the abstract variable that has no
real values (i.e. Iy, Iy,, and I;.). We use Supp(-) to indicate
the support set. We also use the notation “~” on two datasets
(e.g. Dy ~ D) to represent the same data distributions for
the given datasets.

The DBA framework is formulated by initially asking the
question: Which model do we pick after training? Conven-
tional approaches consider ERM over Dy, stop the training,
and choose the model with the lowest loss value on D,,. Usu-
ally, the losses are implicitly assumed to be identical across
Dxr, Dya, and Dy.. There are two drawbacks to this inattentive



assumption. First, it does not properly characterize the differ-
ence across different datasets. Second, it does not naturally
take into account how people make choices on the model. As
a remedy, we propose the following objective (Eq. (1)) as the
foundation for the DBA framework:

E (2 ) ~p(a.y| 1) 108 q(y] 2, Lr)]- 1)

The maximization of the objective (Eq. (2)) hence provides
an intuitive view of how people choose the final model after
the optimization:

ggﬁﬂjiE(m,y)wp(m,y\Ivu)[log Q(y|xv Itr)]’ (2)
In this paper, we consistently focus on the predictive mod-
eling setup (i.e. y|x), which is aligned with existing works.
Intuitively, Eq. (2) describes the scenario where we find the
best conditional predictive model ¢ according to the high-
est log likelihood measured over Dy,. Eq. (2) differs from
ERM by explicitly considering the inherent difference be-
tween different datasets. In most cases, we seek for models
to perform well on the unseen Di.. To characterize this, we
apply a similar logic as in Eq. (1) and focus on measuring
the difference between validation and test sets. We make the
following universal assumption 1.

Assumption 1. The supports of x, y on D, D,,, and Dy,
follow the relationship:

Supp,,(z,y) D Supp,, (2, y), Supp,.(2,y) O Supp,(z,y),
and Supp,,(z,y) D Supp,,(z,y).

The inclusion relationship described in the Assumption 1
essentially ensures a well-defined weight function (i.e., the
denominator of the weight function is not zero) in the im-
portance sampling setup in the proposed DBA framework.
With this assumption, we make the following claim on the
performance of the picked model (from Eq. (2)) with Di:
How does the picked model perform on the test set?

Claim 1. Given Assumption 1 holds and let q* de-
note the best model obtained from Eq. (2). The likeli-
hood evaluated with the test set D, for the model q*
can be viewed as the importance sampling version of
E(z,y)wp(m,y\lva)[z(xv Y, L, Ire) IOg q (y|x, Ilr)] over the val-
idation set with the function z(-) defined below:

Aov L 1y P@ylle)
(, 9, Las Ire) (@, y|1a)
We defer this and all the following proof details in Ap-
pendix. Claim 1 informs that the only way to guarantee
the best testing performance for the picked model ¢* is
to have access to the distribution p(x,y|li). This points
out a hidden pitfall that commonly exists, yet overlooked,
in the current machine learning optimizations with ERM—
people choose a model with the best validation perfor-
mance and report the corresponding testing performance.
By Claim 1, we know that this general setup is true only
in the case where p(z, y|Iy,) = p(z, y|I.). Otherwise, one
needs to provide an accurate estimation on z(x,y, Iy, Ie)
and pick the training model via a weighted likelihood,
E(z,y)~p(@,y 1) [2(2, Y5 Lva, Lie) log ¢* (ylz, Iir)], on the vali-
dation set, to achieve optimal performance on the test set.

3
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Simply put, Eq. (2) describes the way people pick the
model during optimization, and Claim 1 points out the cor-
rect picking criterion for maximum test set performance. A
natural follow-up question on these two arguments is: Can
we combine the notion of training and picking, and directly
optimize q to maximize the testing performance? The answer
is affirmative under some additional assumptions. To explain,
we first claim an optimization equivalence, providing the
general form with which the optimization on the training set
is identical to the optimization on the testing set (Claim 2).
Then we derive another objective in the setup where we ob-
tain a closed-form g(x, y, Iy, Iie) (see Claim 2) after making
several assumptions on the structure of the test data (Theo-
rem 1).

Claim 2. Given Assumption I holds we obtain the following
equality on the objective:

E (2 y)~p(ayl 1) L0g a(y|z, 1))
=E(2,p)~p(wy1 1) 9@ ¥, LIy Tre) log q(ylx, Iy)],  (4)

where the weight function g(x,y, Iy, I.) := %.

The proof is similar to Claim 1 and can be found in Ap-
pendix. Note that in the language of importance sampling,
the weight function g(z, y, Iy;, I,.) consists of the proposal
distribution p(z, y|I;) and the data distribution p(z, y|I.) in
our setup. Compared to Eq. (1), Eq. (4) offers an objective
that can be optimized with Dy, as the expectation is taken over
the training set—the same space defined for models ¢ € M,,.
Claim 2 also confirms that one must know p(z, y|I;e) to im-
prove the testing performance of ¢ when optimizing a model.

In this paper, we consider a uniform attribute setup that
assumes the uniform distribution on the attribute/spurious
variable s € S, which is a discrete random variable and
Supp(s) = Supp(y). s represents the cause of the subpopu-
lation in our study. Formally speaking, this paper considers
the following subpopulation shift:

Definition 1. The subpopulation shift is defined as the dis-
tributional difference between p(z, y|Ii;) and p(zx, y|I.) that
is introduced by the spurious variable s w.r.t. the response y.
NamelY’ p(57 y|Itr) 7& p(S, y|Ite)'

Specifically, we decompose the joint distribution of x and y
through > p(x,y, s|Iv) = 32, p(x]y, s, Ie)p(y, s|Ir), and
Yo p(@y,slle) = > p(2|y, s, Lie)p(y, s|Lie). And the dif-
ference between datasets is on p(s, y|Iy) # p(s, y|le). In the
following, we describe several assumptions that lead to the
major result of the paper—Theorem 1:

Assumption 2. A universal data generator given the dataset
information I, the label vy, and the attribute s for the training
and test sets: p(z|y, s, I,) = p(x|y, 8, L)

Assumption 3. The attribute variable s follows a uniform
distribution, conditional on y and I..: p(sly,I.) = 1/L,
where L is the number of outcomes for the discrete random
variable s.

Assumption 2 requires identical generative processes for
x across training and testing. This can be seen as a specific
type of covariate shift, attributing shifts in p(x,y) to varia-
tions in p(y, s) given the attribute s, rather than p(z). Such



an assumption is common in conformal analysis and causal
inference (Yang, Kuchibhotla, and Tchetgen Tchetgen 2024;
Suter et al. 2019; Lei and Candes 2021). Assumption 3 im-
poses a weaker assumption compared to the literature, where
uniformity and independence are generally assumed for both
y and s (Tsirigotis et al. 2024). Compared to the existing
work, we only assume s to follow a uniform distribution
and there is no constraint on the distribution of y. The latter
makes this approach applicable to class-imbalanced test data.

We further make two additional assumptions (Assump-
tion 4 and 5) that reflect the nature of the considered subpop-
ulation problems. This starts with studying the composition
of the shifted datasets. Specifically, we introduce a random
variable m that explicitly describes the substructure of the
given data (i.e. Dy, Dy,, and D). Most existing works only
consider the attribute variable s and its relation to labels y
and data x. However, we realize that simply introducing this
attribute is not enough to quantify the subpopulation as differ-
ent subpopulations may have distinct relationships between
s, y, and x. Therefore, the presence of m enables the quantifi-
cation of such differences, making the proposed framework
more flexible.

In particular, we consider m to be a binary random variable
that takes values mg or m1. And mg refers to the conceptual
minority group in D;, that shares the same statistics for s, ¥,
and x in Dy, whereas m; denotes the majority group that has
distinct statistics of s, y, and possibly x—this explicitly char-
acterizes the prevalent subpopulation in Dy, that causes the
underperformance in D;.. One may question the soundness of
why we claim it is possible to find such a minority group in
Dy An intuitive, yet not strict, proof is to consider the estab-
lished Assumption 1 that constrains inclusive supports across
datasets. With Assumption 1, we can always find a subset
of D, whose data statistics are close to that of Dy, for any
possibly large enough datasets. This leads to the following
assumption:

Assumption 4. p(y|l.) = p(ylmo, L) = p(y| 1)

Assumption 4 describes the scenario where there is no
subpupolation on y between Dy, and Di.. This assumption
indicates that the subpopulation is introduced by the associ-
ation between s and y, or x and y, but not solely by y itself.
Since the minority group mg shares same data statistics as
y, it is natural to have the equality p(y|l.) = p(y|mo, Iy)-
It is noteworthy that there is no constraint on the number of
groups specified by m. The size of 2 is considered in this
paper due to its simplicity and high performance in practice
(see Sec. 5).

Assumption 5, on the other hand, quantifies explicitly that
there is a portion (i.e. my) of samples in D, whose attributes
s are identical to the labels y. Rather than treating it as an
assumption, it is more of a characterization on the subpopu-
lation that widely presents in the real-world data (e.g., Wa-
terbirds and ColorMNIST, or others described in (Yang et al.
2023)), where attributes strongly mislead the model predic-
tion by such correlation.

Assumption 5. p(s|ly,m1,I;;) = 1{,—}, where 1y,_g is
the indicator function.
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With all ingredients, we propose the following theorem on
the modeling objective:

Theorem 1. Given Assumption 1, 2, 3, 4, and 5 hold, the
optimization of Eq. (4) with the following weight function
9(x,y, Iy, I,.) directly maximizes the testing performance:
g({E, Y, Ifh Ite)_l = p(m0|-[tr)
p(ma|ly) - m -p(ylma, L)

1+ p(mo|ly)p(yIn)/L4p(y|ma,In)
p(molln) p(y|ln)/L

. 17?(5:y|yvzﬁlﬂ) ’
p(s=yly,z,Ir)
)

where p(y|lm1, I,) = P(ylfrr)*Ii(yfr?;o‘\jﬁr))'l?(y\fn)

p(ma1|1,,) represent the probability of a binary random vari-
able m taking the value mqg or m, respectively. Namely, the
random variable m denotes the split of D;, into the majority
and minority groups.

. p(molI,,) and

The corresponding proof can be found in Appendix. With
this formulation, p(s = yly, x, I;;) is the only unknown term
to be estimated. Theorem 1 provides a closed form objective
with which models trained with D, perform optimally on
Die. In the following, we consider 3 different setups on the
accessibility of s and the relationship between Dy and D,.
In each setup, we provide a method to estimate Eq. (5). We
further showcase the performance of the proposed methods
in the experiment section (Sec. 5). In Appendix, we include
a discussion on the limitations of this approach concerning
the restriction and possible relaxation of the assumptions.

3.2 Dataset Bias Correction Method

In this section, we provide 3 different approaches to esti-
mate Eq. (5). We summarize these approaches with a general
name: dataset bias correction method (DBCM). The 3 ap-
proaches essentially provide different ways of estimating the
only missing term p(s|y, z, I;;) in Eq. (5). Once the term
is estimated, we employ a universal algorithm (see Algo-
rithm 1) to train the model with D,,. To facilitate the use of
this approach in more real-world applications, we describe
the scenarios where the three following approaches can be
applied in Appendix.

Attribute s is Known When we have access to the attribute
s, we can make a direct estimation on the only unknown term
p(s = yly, x, Iy) using the data (z,y, s) € Dy and apply Al-
gorithm 1 therein. As p(s = yly, x, I;;) increases, the weight
function g decreases (see Eq. (5)), because stronger spurious
correlations make p(s = y|y, x, I;;) larger. Down-weighting
these samples during training helps performance by reducing
reliance on spurious correlations.

Attribute s is Unknown and D, ~ Dy, When we do not
have access to the attribute s and Dy, ~ Dy,, we propose to
use the following term to estimate p(s|y, z, I;;):

]3(8 = y|y7 €, Itr)

N N —1
exp (Ilogp(yleu) — logp(yleva)l) )
T




where p(y|x, Ii,) and p(y|x, I,) are the predictive models
learned with Dy and D,,, respectively. And T is the tempera-
ture hyperparameter. In practice, we find 7 = 1 consistently
produces good results. We explicitly introduce 7 to allow flex-
ibility in the control of the estimation in Eq. (6). Specifically,
we first overfit two independent predictive models on both Dy,
and Dy, and then measure the difference on the two approxi-
mate laws with the training data. Note that p(s = yly, x, I;)
captures how likely s shares the same label as y, which is the
only unknown term evaluated in Eq. (5). Therefore, we do
not need to recover the full distribution p(s|y, x, I;). Instead,
we only need to quantify p(s = yly, x, I;)—how likely the
bias is biased towards the true label y.” This is captured by
Eq. (6), as if two models (trained separately on training and
validation data) produce similar likelihoods (i.e. the differ-
ence in Eq. (6) is smaller) on a given input, then the input
must associate with the attribute s that is same as y. To sum-
marize this approach in one line: two overfitted models act
as a bias corrector!

Attribute s is Unknown and Dy, = Dy, On the other
hand, when Dy, ~ D,,, we cannot utilize the predictive model
estimated with Dy,. Instead, we propose to use the following
term as an alternative,

, log p(ylx, )\~
B(s = yly.a, Io) ccexp | === ) (D)
This is according to the observation that machine learning
models tend to learn the correlated attributes s with y eas-
ily (Asgari et al. 2022). In our case, we simply use p(y|z, I)
as the proxy to characterize such correlation. In this case,
samples with high accuracy should be down-weighted, as the
model easily learns spurious correlations.

3.3 Choose Models

Similarly, we discuss different approaches for choosing a
model. Unlike conventional methods that consistently use
Dy, to decide which model to choose, we propose to consider
different ways for choosing a model when relationships be-
tween Dy, and D, are different. When Dy, ~ D, according
to Eq. (3), z(x,y, I, I..) = 1. This indicates that evaluat-
ing models on validation set is equivalent to evaluating on
the test set, which corresponds to the conventional approach.
However, things change when Dy, ~ Di.. This suggests that
Dy, is not sufficient in measuring the model performance
for the test set as z(x, y, Iya, Ie) # 1. In this case, we can
adopt the similar approach outlined in Sec. 3.2 to estimate
z(x,y, Ly, Iie), which focuses on Dy, and D, rather than
Dy and Die.

4 DBA Interpretation on Existing Work

In this section, we showcase how some representative ex-
isting works can be related to the DBA framework. Such
discussion should complement the existing survey papers on
subpopulation/distributional shifts and provide insights on
the methodological development in the future. We follow the
previously introduced categorization.
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Algorithm 1 The universal algorithm for optimizing
q(ylz, Ir).
Input The initialized model ¢(y|z, I\;); dataset Dy;; The esti-
mation p(s|y, z, I).
Output: the optimized ¢(y|z, I;).

1: Obtain g(zx,y, Iy, L) given p(s = yly,x, ;) (see

Eq. (5)).
2: Perform the following optimization using Dy:

qrgja( E(z,y)Np(z,y\Iu) [g(:ﬁ, Y, I, Itc) log q(?/‘fl?, Itr)} - ®)

The model objective class: Liu et al. (2021)
and Nam et al. (2020) can be viewed as proposing differ-
ent forms of the p(s|y, z, I ;) estimation, where the former
utilizes the classification accuracy and the latter considers
generalized cross-entropy. Sec. 3.2 and 3.2 provide rationale
on the validity of these terms—essentially they character-
ize the probability p(s = y|y, , I;;). Besides the variants of
p(s = yly, z, I;), they propose different training schemes to
correct. Liu et al. (2021) subsamples the training set with their
p(s = yly, z, I;) and Nam et al. (2020) proposes a parallel
model to reweight samples according to p(s = yly, x, Iy)
from the generalized cross entropy. Nonetheless, none of
them is alike DBCM, which is statistically consistent in di-
rectly improving the testing performance.

The data sampling class: The methods in the
data sampling class share great similarity to ours, as the pro-
posed DBCM is essentially an importance sampling (reweigh-
ing) mechanism. ReWeight and ReSample (Japkowicz 2000)
can be treated as variants of the sampling technique. Precisely,
ReWeight adjusts each sample weight according to the class
ratio, in order to recover the class-balanced setup. Similarly,
ReSample bootstraps the dataset with class-balanced weights.
Essentially, they can be treated as the direct estimation of

2,y e
g($7 y7 ]lr7 IKB) = 52;;'7%9
When considering the presence of attribute s, g(x, y, Iy, Ie)

becomes,

assuming p(y|ly) is uniform.

P, ylle) _ 3o, p(xly, s, Le)p(y, slLe)
Pl ylle) > p(ly, s, Lo)p(y, 5| Iu)
&)

Their setups, in this case, further assume p(y, s|I;.) is uni-
form and p(y, s|Ix) = p(y, s|l), which is a stronger as-
sumption compared to the proposed.

The auxiliary loss class: Tsirigotis et al.
(2024) and Menon et al. (2021) are commonly used logit
adjustment methods. With the DBA framework, they can be
viewed as a two-step method. First, both methods propose
an estimation of p(y, s = y|, x, I;). Then the estimates are
used as a penalty term to regularize the ERM of the pre-
dictive model ¢(y|x, Ii;). In the first step, Tsirigotis et al.
(2024) applies a similar approach to one described in (Liu
et al. 2021). Both share conceptual similarity to the DBCM
variant in Sec. 3.2. Menon et al. (2021), on the other hand,
simply enforces the uniform class balance assumption. Once

g((L’, Y, Itr, Ite) =



p(y, s = ylx, Iy is obtained, they optimize w.r.t.

E(m,y)wp(m,yHu) [IOg q(y|xa Itr) + 1Ogﬁ(y7 s = y|l’, Itr)]-
(10)

To compare the difference between Eq. (10) and the optimal
objective (Eq. (4)), we prove the following theorem with two
additional assumptions on the label y.

Assumption 6. The label y given I, follows a uniform dis-
tribution.

Assumption 7. The training set contains only the dominant
group mq: p(ma|l,) = 1.

Theorem 2. Given Assumption 1, 2, 3 6, and 7 hold, the
optimization of Eq. (4) with the following weight function
9(x,y, Iy, I,.) directly maximizes the testing performance:

g(l’, y>Itr7—[te)_1 =1L 'P(Zh s = yl‘rvItr)- (1D
And the objective Eq. (4) is of form:

E’(a:,y)~p(x,y|[,,) [g(l‘, Y, Ilh Ile) ( IOg q(y|:v, Itr)
+ logp(ya § = y|I7 Itr))
+g($, y7 Ith Ite) 1OgL . g(xa y7 Itra Ite)} . (12)

The proof is in Appendix. Eq. (10) differs Eq. (12)
by 2 aspects. First, Eq. (10) ignores the weight function
g(x,y, I, Ie) before the summation. Second, the regulariza-
tion g(z,y, Iy, Iie) log L - g(, y, Iy, Iie) in Eq. (12) is miss-
ing. Without these terms, Eq. (12) is not guaranteed to opti-
mize for a class-balance dataset, as indicated in (Tsirigotis
et al. 2024; Menon et al. 2021). Consequently, these methods
may underperform.

The augmentation class: Despite existing works
provide augmentation techniques in the form of linear com-
bination (Zhang et al. 2018; Yao et al. 2022; Han et al. 2022),
none of the papers provides statistical interpretation on why
such techniques work better than ERM. We see our DBA
framework as the first to provide support for the soundness
of the augmentation technique. In short, the augmentation to
combine data samples can be viewed as variations of the di-

rect recovery of g(x,y, Iy, Ie) = Z Eizl‘ﬁrg under a different

set of assumptions. Specifically, we provide the following
Theorem 3 to support this statement. The proof can be found
in Appendix. In the following theorem, m and m; are iden-
tical to the terms introduced in Theorem 1. We first describe
the assumptions.

Assumption 8. The data generator of D, are condi-
tionally identical given different group information m:
p(z|mo, In) = p(x|ma, L) = p(z|Ly).
Assumption 9. The predictive model on D,, shares the same
law with the model that is conditioned on the group mg for
Dy,: p(y|ﬂc, Ite) = p(y|:v, mo, Itr)'

Note that Assumption 9 is conceptually similar to the setup
for Theorem 1.

Theorem 3. Given Assumption 1, 8, and 9 hold, the weight
function g(x,y, Iy, I,) has the following form:
g(x, Y, Izra Ite)il ::)\O(I7 Itra Ite) : p(z|Itr)
+>\1(x7yaIlraIl€) p(x|Ilr) (13)
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Xo(x, Iy, ) = plmolle)  ang Mz, y, In, L) =

p(z|le)
plmllple:mide) — Thig means the weight function
p(ylxwllc)p(xlllc)

g(x,y, Iy, Ie) is a reweighing of the original p(z|[y). The
commonly used augmentation can be viewed as a sample-
level adjustment to the weight function. From Theorem 3 we
know that the sum of \g and \; need not be 1, which is dif-
ferent from some existing augmentation approaches (Zhang
et al. 2018; Yao et al. 2022) !. The theorem also offers sta-
tistical rationale on why the weighted linear combination
works (Han et al. 2022). Since both A\g and A; depend on
the data statistics from the testing set, methods that utilize
sample-independent coefficient (Zhang et al. 2018; Yao et al.
2022) should experience degraded performance. We believe
this provides insights into the advancement of augmentation-
based techniques in the future.

S Experiment

We compare different DBCM variants (see Sec. 3.2) bench-
marking models with three benchmarking datasets. We show-
case the SOTA performance of our models, to demonstrate
the consistency of the theory developed in Sec. 3. In addi-
tion, we provide experimental evidence that complements
the theory on explaining why existing works would sacrifice
average accuracy for higher worst group accuracy.

5.1 Experimental Setup

To ensure a fair comparison, we consider models and datasets
prepared by Yang et al. (2023). Specifically, we consider
two vision datasets: Waterbirds (Sagawa et al. 2020)
and ColorMNIST (Nam et al. 2020; Tsirigotis et al. 2024),
and one language dataset: CivilComments (Borkan et al.
2019), in order to cover the two popular data types. We mod-
ify the ColorMNIST dataset such that it aligns with the
setup in Tsirigotis et al. (2024), which is a harder setup. This
is because the vanilla version in Yang et al. (2023) consists
of only two types of attributes, whereas the version in Nam
et al. (2020); Tsirigotis et al. (2024) contains 10 attributes.
The modified ColorMNIST contains a “ratio” indicator that
specifies the portion of samples that do not correlate with
labels and attributes. In our experiment, we consider ratios
2% and 0.5%, as they are the intermediate and the hardest se-
tups. In practice, we also treat p(mq|Iy;) and p(mg|I) serve
as prior knowledge/hyperparameters of training composition.
Specifically for ColorMNIST, where spurious sample ra-
tio is known, we directly assign 0.5% or 2% for p(mqg|Iy;)
(i.e., 1 — p(m1|Iy)). When the composition ratio is unknown,
p(mo|Iy) is treated as a hyperparameter and empirically we
identify p(mo|I+) = 0.85 performed well across datasets.
The evaluation consists of 8 benchmarking models
from Yang et al. (2023) that fall into the 4 different classes
(see Sec. 1 and 4): Mixup (Zhang et al. 2018); LISA (Yao
et al. 2022); JTT (Liu et al. 2021); Focal Loss (Lin et al.

'We consider the reformulation of the objectives in Zhang et al.
(2018); Yao et al. (2022) according to Han et al. (2022), where the
objective with the mixup random variable g can be transformed to
the mixup of two weighted terms with the random variable y. See
Sec. 3.2 of (Han et al. 2022) for details.



ColorMNIST(0.5%) ColorMNIST(2%) ‘Waterbirds CivilComments Availabili -
vailability of s
average worst average average worst average worst
ERM 81.69+0.10 1.14+040 9523+0.07 56.82+0.23 8825+0.16 67.76 030 87.59+0.38 48.17 £2.61

Mixup (Zhang et al. 2018)
LISA (Yao et al. 2022)
JTT (Liu et al. 2021)

Focal Loss (Lin et al. 2017)

81.12+220 0.00+0.00 96.09+0.20 80.00+2.22 8852+0.22 59.97+2.01 87.67+0.12 53.10£2.11
89.45 £1.57 21504851 9732£037 8727+6.55 93.63+£0.66 7695+425 87.224+0.13 40.62+4.32
8198+ 1.17 2.00+0.08 9503+0.10 56.82+221 88324020 68.80+£299 87.78+0.29 47.06+£2.94
6737 £044 0.00£0.00 94.62+£025 43.00+233 87.75+036 54.67+£2.67 87.74+0.16 43.73 £ 3.66

GroupDRO (Sagawa et al. 2020) 82.88£0.09 9.00+0.08 9519+ 101 40.91+120 92.03£0.16 83.64=1.88 8678=+0.18 5651+ 1.93 s Known

MMD (Li et al. 2018)
ReSample (Japkowicz 2000)
ReWeight (Japkowicz 2000)

1135+ 1.30  0.00+0.00 11.354+226 0.00£0.00 88.33+0.51 53.58+238 82.08+£0.63 0.00=£0.00
94954+ 0.19 6637 +2.33 9834+£023 9200+£1.66 93724022 80.69+1.86 84.59+123 62.17+1.72
9243 +£0.21 57.84+1.78 97.83+0.19 9146+180 93.86+0.30 81.15+220 87.04+0.74 5827+2.14

DBCM(Sec. 3.2, known s)

96.67 +0.27 84.62+£2.02 98.76 +020 92.31+1.73 94.01+0.19 83.18£2.00 87.85+0.15 43.33+2.15

ERM 81.69£0.10 1.14+040 9523+£0.07 56.82+0.23 8825+0.16 67.76+0.30 87.59+0.38 48.17 £2.61

Mixup (Zhang et al. 2018)
LISA (Yao et al. 2022)

JTT (Liu et al. 2021)

Focal Loss (Lin et al. 2017)
ReSample (Japkowicz 2000)
ReWeight (Japkowicz 2000)

81.03 £2.30 0.00£0.00 9526£0.17 42.05+3.61 90.65+030 6729193 8748+0.11 54.84£2.13
68.09 £2.06 0.00£0.00 94.46+0.53 1591 +13.11 89.80+1.11 66.82+3.87 87.18+0.28 49.21 £2.11
81.80 £0.19 2.00£0.08 9542+£0.02 4886+ 1.85 88.83+£0.28 6636+£3.10 87.78+3.84 47.06=E8.09
67.12+£0.50 0.00£0.00 94.53+£0.32 37.00+4.10 89.92+043 61.68+3.01 87.74+0.12 50.08 £4.10
81.55+£0.21 0.00£0.00 9570£0.15 6500£1.63 87.99+£0.12 64.17£1.98 83244173 6891 £ 4.51
76.77+£0.37 0.00+0.00 9493 4+0.08 54.55+0.10 87.81+0.18 67.60+1.67 87.02+1.12 58.73 &+ 4.60

s Unknown

DBCM(Sec. 3.2, Dy ~ D)
DBCM(Sec. 3.2, Dy » D)

94.63+0.35 57.95+230 97.64£0.10 81.00+140 8825+0.05 70.56+0.12 87.86+0.30 43.41+£220
86.12+£0.29 341+£0.70 96.08+£020 61.36+1.90 91.04+0.07 62.77+£0.10 87.624+020 53.89+2.16

Table 1: Results on the three benchmarking datasets with both cases where s is known and unknown, respectively. We report
both average and worst group accuracy, with mean and standard deviation (“+£”) for each of the considered methods after 3
independent runs. The boldfaced values indicate the highest accuracy in comparison.

2017); GroupDRO (Sagawa et al. 2020); MMD (Li et al.
2018); ReSample (Japkowicz 2000); ReWeight (Japkowicz
2000). For each model, we consider two setups, where the
first allows the presence of attributes and the second does not.
We retrain all the considered models from Yang et al. (2023)
and pick the best models according to the average validation
accuracy, which is different from the worst-group-accuracy
criterion in Yang et al. (2023) to match the objective in Eq. 4
(i.e. the framework considers on average accuracy by design).
For model optimization, we consider default optimizers and
learning rates in Yang et al. (2023). Details are in Appendix.

Attribute s is Known This section presents results with
accessible attribute s. In addition to the 8 benchmarking mod-
els, we also include results with ERM as the baseline. We
consider the DBCM variant in Sec. 3.2. Results are summa-
rized in the upper half of Table 1. It is clear that when the
attribute s presents, the proposed DBCM(Sec. 3.2, known s)
achieves the highest average accuracy among all the consid-
ered datasets. And all the accuracy of our model exceeds the
ERM baseline. This provides the empirical evidence for The-
orem 2 and 1. Although there is no theoretical quantification
on the worst group accuracy, DBCM achieves two highest
and one competing (i.e., Waterbirds) worst group accuracy.

Attribute s is Unknown This section presents results with-
out accessing the attribute s. We omit results for Group-
DRO (Sagawa et al. 2020), MMD (Li et al. 2018) as both
methods naturally require the knowledge of s (Yang et al.
2023). DBCM(Sec. 3.2, D ~ Dy,) and DBCM(Sec. 3.2,
Dy » Dy,) are two variants of the proposed method. Results
are summarized in the lower half of Table 1. We observe
that the proposed DBCM variants achieve the highest aver-
age accuracy among all the compared datasets, and 3 out
of 4 highest worst group accuracy, suggesting the validity
of the methods when s is unknown. And in the case of the
worst group accuracy for ColorMNIST(0.5%), almost all but
DBCM cannot correctly classify the worst group samples (i.e.
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worst group accuracy = 0), suggesting that DBCM method
is robust to the change of spurious association between the
attributes and the labels.

5.2 Observation on the Degraded Average
Accuracy

From Table 1 we empirically identify an interesting
phenomenon—compared to all other methods, DBCM is the
only model that consistently outperforms the results of ERM.
This observation is aligned with Yang et al. (2023); Tsirigotis
et al. (2024). Yet the previous work did not provide system-
atic reasoning on why. We argue that the cause is an incorrect
model objective that is different from the data composition in
De. Specifically, the reduced average accuracy is the result
of the misspecified p(z, y|I) in g(x, y, Iy, It ). For the full
explanation, please refer to Appendix. It is noteworthy that
we are the first to provide such a statistical interpretation of
the degradation phenomenon.

6 Conclusion

In summary, we present the DBA framework to identify the
true model objective that improves the test performance. The
paper proposes different DBCM variants with weaker as-
sumptions compared to the existing works and demonstrates
the SOTA performance. Additionally, we reinterpret the ex-
isting work with the proposed framework, which explains the
issue of the degraded average accuracy. With the analysis,
we convey a message that to achieve decent test performance
(even without the access to test during training), one must
comprehensively investigate the relationship between those
datasets and the model objective. For this purpose, we hope
the proposed framework could act as a complementary tool
to all the existing work, help people analyze such gaps, and
facilitate the development of the corresponding model solu-
tions.
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