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Abstract

Score-based diffusion models have emerged as effective ap-
proaches for both conditional and unconditional generation.
Still conditional generation is based on either a specific train-
ing of a conditional model or classifier guidance, which re-
quires training a noise-dependent classifier, even when a clas-
sifier for uncorrupted data is given. We propose a method
that, given a pre-trained unconditional score-based generative
model, samples from the conditional distribution under arbi-
trary logical constraints, without requiring additional train-
ing. Differently from other zero-shot techniques, that rather
aim at generating valid conditional samples, our method is
designed for approximating the true conditional distribution.
Firstly, we show how to manipulate the learned score in or-
der to sample from an un-normalized distribution conditional
on a user-defined constraint. Then, we define a flexible and
numerically stable neuro-symbolic framework for encoding
soft logical constraints. Combining these two ingredients we
obtain a general, but approximate, conditional sampling al-
gorithm. We further developed effective heuristics aimed at
improving the approximation. Finally, we show the effective-
ness of our approach in approximating conditional distribu-
tions for various types of constraints and data: tabular data,
images and time series.

Code — https://github.com/DavideScassola/score-based-
constrained-generation

1 Introduction

Score-based (Song and Ermon 2019) and diffusion (Ho,
Jain, and Abbeel 2020; Sohl-Dickstein et al. 2015) gener-
ative models based on deep neural networks have proven
effective in modelling complex high-dimensional distribu-
tions in various domains. Controlling these models in or-
der to obtain desirable features in samples is often required,
still most conditional models require additional constraint-
specific training in order to perform conditional sampling.
This represents a limit since either one needs to train an
extremely flexible conditional model (as those based on text
prompts), or alternatively to train a conditional model for
any specific constraint to be enforced. Moreover, these con-
ditional models often lack robustness, since the constraint
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is only learned through labelled data, even when the con-
straint is a user-defined function. As a consequence, zero-
shot conditional generation with arbitrary but formal logical
constraints specified at inference time is currently hard. This
would be useful in different contexts, for example:

* Tabular data: generation of entries that obey formal re-
quirements described by logical formulas, without a spe-
cific training for every formula.

* Surrogate models: using unconditional surrogate mod-
els to efficiently sample imposing physical constraints,
or exploring scenarios defined by additional constraints.

Text prompt conditioned image generation with diffusion
models (Rombach et al. 2022) has proven extremely flexible
and effective, still it lacks fine grained control and requires
a massive amount of labelled samples.

Recent work focuses on methods to perform guided dif-
fusion on images, without the need to retrain a noise-
dependent classifier (Bansal et al. 2023; Graikos et al. 2022;
Kadkhodaie and Simoncelli 2021; Nair et al. 2023), but the
performance of the approximation of the conditional distri-
bution is never evaluated.

In this article we develop a method for sampling from pre-
trained unconditional score-based generative models, en-
forcing arbitrary user-defined logical constraints, that does
not require additional training. Despite being originally de-
signed for tabular data, we also show the application of our
method to images and time series. In summary, we present
the following key contributions:

* We develop a zero-shot method for applying constraints
to pre-trained unconditional score-based generative mod-
els. The method enables sampling approximately from
the conditional distribution given a soft constraint.

We define a general neuro-symbolic language for build-
ing soft constraints that corresponds to logical formulas.
These constraints are numerically stable, satisfy conve-
nient logical properties, and can be relaxed/hardened ar-
bitrarily through a control parameter.

We test our method on different types of datasets and
constraints, showing good performance on approximat-
ing conditional distributions on tabular data, while pre-
vious methods were rather meant to obtain high-quality
samples that satisfy some given constraints.



* Comparing our method with a state-of-the-art method
(Bansal et al. 2023), we gather evidence that plug-and-
play conditioning techniques designed for images are not
necessarily suited for modelling the true conditional dis-
tribution. Moreover, we show our neuro-symbolic lan-
guage to be useful for defining constraints also within
this other method.

* We show that our method allows to sample conditioning
on constraints that involve multiple data instances.

2 Background
Score-Based Generative Models

Score-based generative models (Song and Ermon 2019;
Song et al. 2021), are a class of models developed in re-
cent years, closely related to diffusion probabilistic models
(Sohl-Dickstein et al. 2015; Ho, Jain, and Abbeel 2020).
Given the objective to sample from the distribution p(x)
that generated the data, these models aim at estimating the
(Stein) score of p(x), defined as s(x) := VxInp(x) and
then use sampling techniques that exploit the knowledge of
the score of the distribution. There are several methods for
estimating the score: score matching (Hyvérinen and Dayan
2005), sliced score matching (Song et al. 2020), and denois-
ing score matching (Vincent 2011). Denoising score match-
ing is probably the most popular one, it uses corrupted data
samples x in order to estimate the score of the distribution
for different levels of added noise, which is in practice nec-
essary for sampling in high dimensional spaces (Song and
Ermon 2019).

Given a neural network sg(x,t) and a diffusion process
q:(X|x) defined for ¢ € [0, 1] such that ¢o(X|x) ~ §(x) (no
corruption) and ¢; (X|x) is a fixed prior distribution (e.g., a
Gaussian), the denoising score matching loss is:

Etm(0,1) () g (%10 186 (X, 1) — Vi In g4 (X[%) 13

With sufficient data and model capacity, denoising score
matching ensures sg(x,t) ~ VxInp;(x) for almost all x
and t, where p;(x) := [ ¢;(x|x0)po(x0)dxg is the distribu-
tion of the data for different levels of added noise. Given
the estimate of the time/noise dependent score sy(x,t),
one can resort to different techniques for sampling from
p(x) = po(x) as annealed Langevin dynamics (Song and
Ermon 2019), denoising diffusion probabilistic models (Ho,
Jain, and Abbeel 2020) or stochastic differential equations
(Song et al. 2021), a generalization of the aforementioned
approaches.

Conditional Sampling with Score-Based Models

Given a joint distribution p(x,y), one is often interested in
sampling from the conditional distribution p(x|y), where y
is for example a label. While it is possible to directly model
the conditional distribution (as usually done in many gen-
erative models), in this case by estimating Vy In p:(x|y),
score-based generative models allow conditional sampling
without explicit training of the conditional generative model.

Applying the Bayesian rule p;(x|y) = % one can
observe that:

VxInp(x|y) = Vi Inpi(x) + Vi Inp; (y|x)
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It follows that one can obtain the conditional score from the
unconditional score by separately training a noise-dependent
classifier p;(y|x). This technique is known as “guidance”,
and it has been used for class conditional image generation
(Dhariwal and Nichol 2021).

3 Related Work

A method for training-free controllable generation with
score-based models is discussed in Song et al. (2021) and
applied to conditional generation tasks such as inpainting
and colorization. Still, the estimate is applicable only as-
suming the possibility to define y, such that p(y;|y) and
p(x¢|y:) are tractable. Earlier works explored the combina-
tion of unconditional latent variables generative models such
as Generative Adversarial Networks (GANs) (Goodfellow
et al. 2014) or Variational Autoencoders (VAEs) (Kingma
and Welling 2013) with constraints to produce conditional
samples (Engel, Hoffman, and Roberts 2017). As for dif-
fusion models, recent research has focused on leveraging
pre-trained unconditional models as priors for solving in-
verse problems as in Kadkhodaie and Simoncelli (2021),
Graikos et al. (2022), Bansal et al. (2023) andNair et al.
(2023) where they generalize to a generic guidance. Despite
these works focused on sampling high-quality samples that
satisfy some given properties, it was not verified if samples
followed the correct conditional distributions, a more dif-
ficult task that is relevant for example when dealing with
tabular data and time series. Given that these methods are
often based on the introduction of an optimization phase
in the original sampling process, it is not guaranteed that
the true conditional distribution will be well approximated.
Moreover, these methods are often fitted for imaging prob-
lems, and were not tested on different kinds of data and con-
straints.

Despite the existence of many related prior works with
different focuses, our goal is different and more challeng-
ing: obtaining samples distributed according to the target
conditional distribution, while previous methods rather aim
at obtaining high quality samples. To our knowledge, there
are no works focusing on the correct approximation of the
conditional distribution for tabular data as we do. The best
comparison we can do is with Bansal et al. (2023), since it is
the state of the art for diffusion based zero-shot conditional
generation and a synthesis of previous techniques. We show
that our method is significantly better with tabular data when
the objective is the approximation of the conditional distri-
bution.

4 Method

Problem Formalization

Given a set of observed samples x; € RY, the goal is to sam-
ple from the distribution p(x) that generated x; conditioning
on a desired property. Let 7(x) : R? — {0, 1} be the func-
tion that encodes this property, such that 7(x) = 1 when the
property is satisfied and 7(x) = 0 otherwise. Then the target
conditional distribution can be defined as:

p(x|m) o< p(x)7(x)



Alternatively, one can also define soft constraints, express-
ing the degree of satisfaction as a real number. Let ¢(x) :
R? — R be a differentiable function expressing this soft
constraint. In this case we define the target distribution as:
P (x) o plx)e ™

Moreover, since the form is analogous to the previous for-
mulation, given a hard constraint 7(x) one can build a soft
constraint ¢(x) such that p¢(x) =~ p(x|n). We then consider
p°(x) as the target distribution we want to sample from.

Constraint-Based Guidance

Our method exploits score-based generative models as the
base generative model. As previously introduced, a stochas-
tic process that gradually adds noise to original data ¢(X|x)
is defined such that at ¢ = 0 no noise is added so X ~ p(x)
and at ¢ = 1 the maximum amount of noise is added such
that X; ~ ¢1(X|x) is a known prior distribution (for exam-
ple a Gaussian). Given the possibility to efficiently sample
from p;(x), the time-dependent (Stein) score of p;(x) is es-
timated by score matching using a neural network, let it be
s(x,t) & Vx Inp;(x). As discussed in the previous section,
there are different possible sampling schemes once the score
is available. Given the target distribution:

p(x)e™
7

where Z is the unknown normalization constant, and the dis-
tribution of samples from p¢(x) that are successively cor-
rupted by ¢(X|x):

pi(x) = /Qt(X|X0)pC(X0)dX0

we observe the following relationship:

p(x) ==

e(x)
VxInpg(x) = VxInp®(x) = Vg In %
= Vx[Inp(x) + ¢(x) —In Z] = Vx Inp(x) + Vxe(x)
It follows that at ¢ = 0 one can easily obtain an estimate of
the score by summing the gradient of the constraint to the es-
timate of the score of the unconstrained distribution. Notice
that this is possible since taking the gradient of the logarithm
eliminates the intractable integration constant Z. At ¢t = 1
instead one can assume Vy Inp$(x) = Vi Inp;(x), since
it is reasonable to assume enough noise is added to make
samples from p§ (x) distributed as the prior. In general there
is no analytical form for Vx In p¢(x), also, it cannot be esti-
mated by score matching since we are not assuming samples
from p§(x) are available in the first place.

Conditional Score Approximation

Given this limit, we resort to approximations §.(x,t) for
Se(%,t) = Vx In pf(x). The approximations we use are con-
structed knowing the true value of the score for ¢ = 0 and
t=1:

o(x,0) = s(x,0) + Vxe(x)
o(x,1) =s(x,1)

ey
@)

wme U
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A simple way to obtain this is by weighting the contribution
of the gradient of the constraint depending on time:
Sc(x,1) = s(x,1) + g(t) Vxe(x)

where g(t) : [0,1] — [0, 1] satisfies g(0) = 1 and g(1) = 0.
This is equivalent to extending the domain of the constraint
to noisy data points ¢(x,t) and then approximating it with
e(x,t) = g(t)e(x). Sampling from the target distribution
then reduces to substituting the score of the base model with
the modified score S.(x,t). Notice that this approach does
not require any re-training of the model. The only neces-
sary ingredients are the unconditional score model s(x, t)
and the differentiable constraint ¢(x) encoding the degree of
satisfaction of the desired property.

Multiple Instances Constraints We may also want to
sample multiple instances v = (x1,...,X,) that are tied
together by a single multivariate constraint ¢(v), i.e., sam-
pling from: p¢(v) o p(v)ec™) = e“V []"_, p(x;). In this
case, it is easy to show that V, In p§(x;) = Vx, Inp(x;) +
Vx,c(X1,...,Xy,), then the approximated score for each in-
stance x;, 7 € {1,...,n}is:
Sc(xi,t) = s(xi,t) + g(t)Vx,e(x1, .. .y Xp)

This can be computed in parallel for each instance x;, as the
computation of s(x;,t) can be parallelized by batching the
score network and Vi, ¢(x1, . .., X,) is just a component of
Vye(v). When sampling, the instances will also be gener-
ated in parallel, as they were a single instance.

Langevin MCMC Correction. Depending on the type of
data, we found it useful to perform additional Langevin dy-
namics steps (these are referred to as “corrector steps” in
Song et al. (2021)) at time ¢ = 0 when the score of the con-
strained target distribution is known without approximation.
Langevin dynamics can be used as a Monte Carlo method for
sampling from a distribution when only the score is known
(Welling and Teh 2011; Parisi 1981), performing the follow-
ing update, where ¢ is the step size and z’ is sampled from a
standard normal with the dimensionality of x:

xH = x¥ 4 €8.(x,0) + z'V2e¢
In the limit ¢ — oo and ¢ — 0 Langevin dynamics sam-
ples from p°(x). Nevertheless, as most Monte Carlo tech-
niques, Langevin dynamics struggles in exploring all the
modes when the target distribution is highly multimodal. Al-
gorithm 1 summarizes the modified sampling algorithm.

Choice of Score Approximation Scheme. One should
choose a g(t) that is strong enough to guide samples to-
wards the modes of p§(x) but at the same time that does
not disrupt the reverse diffusion process in the early steps.
We experimented with various forms of g(t), mostly with
the following two functions:
* Linear: g(t) =1—1¢
* SNR: g(t) is equal to the signal-to-noise ratio of the
diffusion kernel. For example, if the diffusion kernel
@(X|x) is N(x,0¢), then g(t) = (1 + 02)~ 2z, assum-
ing normalized data.

In many of our experiments we found SNR to be the most
effective, so we suggest using it as the first choice.



Algorithm 1: Constraint guidance sampling

Input: constraint ¢(x), score s(x,t), score-based sampling
algorithm A(s)
Parameters: g(t), €, n

I: 8c(x,t) < s(x,t) + g(t) Vxe(x)

2: x + A(8.)

3: for: =1tondo

4 z <+ N(0,1) (with the dimensionality of x)
50 X 4+ x+€8.(x,0) + zv/2¢

6: end for

7: return x

Neuro-Symbolic Logical Constraints

We will consider a general class of constraints expressed
in a logical form. Hard logical constraints cannot be di-
rectly used in the approach presented above, hence we turn
them into differentiable soft constraints leveraging neuro-
symbolic ideas (Badreddine et al. 2020). More specifically,
we consider predicates and formulae defined on the individ-
ual features x = (x1,...,x4) of the data points we ought
to generate. Given a Boolean property P(x) (i.e. a predicate
or a formula), with features x as free variables, we asso-
ciate with it a constraint function ¢(x) such that e®*) ap-
proximates the corresponding non-differentiable hard con-
straint 1 p(y) .!'In this paper, we consider constraints that can
be evaluated on a single or on a few data points, hence we
can restrict ourselves to the quantifier-free fragment of first-
order logic. Therefore, we can define by structural recur-
sion the constraint ¢(x) for atomic propositions and Boolean
connectives. As atomic propositions, we consider here sim-
ple equalities and inequalities of the form a(x) > b(x),
a(x) < b(x), a(x) = b(x), where a and b can be arbi-
trary differentiable functions of feature variables x. Follow-
ing Badreddine et al. (2020), we refer to such sets of func-
tions as real logic.

In particular, we define the semantics directly in log-
probability space, obtaining the Log-probabilistic logic.
The definitions we adopt are partially in line with those of
the newly defined LogLTN, see Badreddine, Serafini, and
Spranger (2023), and are reported in Table 1.

Formula Differentiable function

cla(x) > b(x)] —In(1 4 e FeG)=0D)

cla(x) < b(x)]  —In(1 4 e FbE)—ax))

cla(x) =b(x)] a(x) > b(x) Aa(x) < b(x)
clp1 A 2] clo1] + clea]

clp1 V o) In(ecler] 4 eelea] — eeler]teleel)
c[—y) In(1 — eCM)

Table 1: Semantic rules of log-probabilistic logic. In the ta-
ble, c[p](x) is the soft constraint associated with the formula

®.

1 P(x) 1s indicator function equal to 1 for each x such that
P(x) is true.

Atomic Predicates. We choose to define the inequality
a(x) > b(x) as ¢(x) = —In(1 4 e F@)=b6) "intro-
ducing an extra parameter k that regulates the ”hardness”
of the constraint. Indeed, in the limit K — oo one have
limy,_ oo €€ = 14 (x)>b(x)- This definition is consistent
with the negation but its gradient is nonzero when the con-
dition is satisfied,> though this was not creating issues in the
experiments for sufficiently large values of k. For the equal-
ity we use the standard definition based on inequalities. We
also experimented with a definition based on the 12 distance,
corresponding to a Gaussian kernel, even if this form does
not benefit from a limited gradient.

Boolean Connectives. The conjunction and the disjunc-
tion correspond to the product t-norm and its dual t-conorm
(probabilistic sum) (van Krieken, Acar, and van Harmelen
2022) but in logarithmic space. We use the material impli-
cation rule to reduce the logical implication to a disjunction:
a — b = —aVb. The negation, instead, is consistent with the
semantic definition of inequalities: negating one inequality,
one obtains its flipped version. For numerical stability rea-
sons, however, we choose to avoid using the soft negation
function in any case. Instead, we reduce logical formulas
to the negation normal form (NNF) as in Badreddine, Ser-
afini, and Spranger (2023), where negation is only applied to
atoms, for which the negation can be computed analytically
or imposed by definition. In order to simplify the notation, in
the following we will also use quantifiers (V and J) as syn-
tactic sugar (in place of finite conjunctions or disjunctions)
only when the quantified variable takes values in a finite and
known domain (e.g. time instants in a time series or pixels in
an image). So Vi € {1,...,n} p; is used as a shorthand for
p1AD2A...Apnand Ji € {1,...,n} : p; for py VpaV...Vpy,.

The difference in our definition with respect to LogLTN is
in the logical disjunction (V): they define it using the Log-
MeanExp (LME) operator, an approximation of the maxi-
mum that is numerically stable and suitable for derivation.
They do it at the price of losing the possibility to reduce
formulas to the NNF exactly (using De Morgan’s laws) that
follows from having as disjunction the dual t-conorm of the
conjunction. We choose instead to use the log-probabilistic
sum as the disjunction, since in the domain of our experi-
ments it proved numerically stable and effective.

When sampling, we can regulate the tradeoff between
similarity with the original distribution and strength of the
constraint by tuning the parameter k of inequalities in log-
probabilistic logic. Alternatively, we can multiply by a con-
stant A the value of the constraint in order to scale its gradi-
ent.

Training a Score Model for Tabular Data

Score-based models have been mainly used for image gener-
ation, adapting them to tabular data and time series requires
special care. In particular, the challenge is to correctly model
the noise of the target distribution, implying the tricky task

*This can be addressed by defining a simplified version: a(x) >
b(x) = k(a(x) — b(x))1a(x)<b(x), however such a definition will
no more be consistent with negation.



of estimating the score at ¢ ~ 0 (no noise). We improved the
score estimate mainly by parametrizing carefully the score
network and using large batches.

Correctly estimating the score at ¢ ~ 0 is fundamental to
make our method work in practice, since it allows us to per-
form Langevin MCMC at ¢ ~ 0, where the conditional score
is known without approximation. Combining a correct score
estimation at ¢ ~ 0 with many steps of Langevin MCMC
allows us to (asymptotically) sample from the exact condi-
tional distribution, in particular when the data distribution is
not particularly multimodal.

S Experiments

We tested our method on several datasets, still, evaluating
the quality of conditionally generated samples is challeng-
ing. First of all, one should compare conditionally generated
samples with another method to generate conditionally in an
exact way. We chose then to compare our approach with re-
jection sampling (RS), that can be used to sample exactly
from the product of two distributions p(x) and ¢(x), where
sampling from p(x) is tractable and ¢(x) density is known
up to a normalization constant. In our case p(x) is the un-
conditional generative model and ¢(x) = e¢*). Assuming
constraints are such that Vx ¢(x) < 0, then ¢(x) is upper-
bounded by 1. This upper bound is guaranteed by the real
logic we defined previously. RS then reduces to sampling
from p(x) and accepting each sample with probability g(x).
This can be problematic when the probability of a random
sample from p(x) having a non-null value of ¢(x) is low. In
the second place, comparing the similarity of two samples
is a notoriously difficult problem. For relatively low dimen-
sional samples, we will compare the marginal distributions
and the correlation matrix. For comparing one-dimensional
distributions among two samples X and Y we use the 11 his-
togram distance D(X,Y) := 3 ", |z; —y;| where ; and y;
are the empirical probabilities for a given common binning.
This distance is upper bounded by 1. When computationally
feasible, we consider RS as the baseline method. By report-
ing the acceptance rate of RS, we show the satisfaction rate
of the constraint on data generated by the original model.
Moreover, we discuss in Section 5 a comparison with Bansal
et al. (2023) that is arguably the state of the art method for
zero-shot conditional generation of images.

We mostly used unconditional models based on denois-
ing score matching and SDEs, following closely Song et al.
(2021).

Tabular Data

We made experiments with the white wine table of the popu-
lar UCI Wine Quality dataset (Paulo et al. 2009), consisting
of 11 real-valued dimensions (R'!) and one discrete dimen-
sion, the quality, that we discarded. In order to evaluate the
effectiveness with categorical variables, we also made ex-
periments with the Adult dataset (Becker and Kohavi 1996),
consisting of 5 numerical dimensions and 10 categorical di-
mensions, which we embedded in a continuous space using
one-hot encodings. We fitted unconditional score-based dif-
fusion models based on SDEs, then we generated samples
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Figure 1: Marginals of white wine data experiment. We gen-
erated 5000 samples using our constrained sampling algo-
rithm and as many by RS. The plot compares the marginals
of the dimensions directly involved in the constraint. The last
two dimensions are the ones with the largest 11 histogram
distance with respect to RS marginals: 0.15 and 0.13. While
the median distance across all dimensions is ~ 0.1.

under illustrative logical constraints.

First, we generated samples from the white wine
model under the following complex logical constraint:
(fixed acidity € [5.0,6.0] V fixed acidity € [8.0,9.0]) A
alcohol > 11.0 A (residual sugar < 5.0 — citric acid >
0.5). We show in Figure 1 the marginals of the generated
samples, compared with samples generated by RS. There is
a high overlap between marginals for most dimensions, and
we measured an average 11 distance between correlation co-
efficients of =~ 0.07. The largest error, that is associated with
one of the dimensions heavily affected by the constraint, is
still relatively small. For that constraint, the acceptance rate
of RS was only ~ 1.67%, meaning that our method sam-
ples efficiently in low-probability regions. The satisfaction
rates of the relative hard constraint were similar: ~ 92% for
RS and =~ 86% for our method (these can be increased by
increasing the parameter k). Additionally, we tested the ap-
plication of a simple multi-instance constraint acting on pair
of data points x; and xs: alcohol; > alcoholy + 1. Com-
paring again with RS, we achieved a negligible error and
the relative hard constraint was met in 99% of the gener-
ated samples, compared to the 100% of RS, with an accep-
tance rate of 27%. We further confirmed the effectiveness
of our method by generating samples from the Adult model
under the following logical constraint: age > 40 A (race #
”White” V education = “Masters”). In this case equalities
and inequalities involving discrete components are obtained
by imposing the desired component of the corresponding
one-hot encoding equal to 1 for equality, or to O for inequal-
ity. The median 11 histogram distance was ~ 0.05, the max-
imum was =~ 0.13 and the error in correlations was negli-
gible. The relative hard constraint was met in all samples
while the acceptance rate of RS was 1.73%.



Time Series Surrogate Models

A surrogate model is a simplified and efficient represen-
tation of a complex, eventually computationally expensive
model. It is possible to learn a surrogate model of a complex
stochastic dynamical system by fitting a statistical model
to a dataset of trajectories observed from it. Following our
approach, one can use a score-based generative model to
learn an unconditional surrogate model, and then apply con-
straints to enforce desirable properties. These can be phys-
ical constraints the system is known to respect, or features
that are rare in unconditioned samples. So we can exploit
this method to both assure consistency of trajectories and
explore rare (but not necessarily with low density) scenar-
i0s. As a case study, we apply our proposed method for the
conditional generation of ergodic SIRS (eSIRS) trajectories.
The eSIRS model (1927) is widely used to model the spread-
ing of a disease in an open population®. The model assumes
a fixed population of size N composed of Susceptible (.5),
Infected (I), and Recovered (R) individuals. We consider
trajectories with [ discretized time steps, thus we have that

the sample space is Xesirs = (NOQ)H, where the two di-
mensions are S and I (R is implicit since R = N — S — I).

First we train a score-based generative model to fit tra-
jectories that were generated by a simulator, with H = 30
and N = 100. Then we experimented with the application
of different constraints, including the following consistency
constraints:

* Non-negative populations: ¥Vt S(t) > 0N I(t) >0
* Constant population: ¥t S(t) + 1(t) < N

We show in Figure 2 and Figure 3 two experiments with
two different constraints. In both experiments the consis-
tency constraints (positive and constant population) were al-
ways met, with a small improvement over the unconditional
model. In the two experiments we additionally imposed a
bridging constraint and an inequality, that were also met
with minimal error.

Images

We test our method on image datasets in order to investigate
the potential in high-dimensional data. We consider satisfac-
tory validating the results by visual inspection of the gener-
ated images, since in this case the quality of individual sam-
ples is often considered more important than matching the
true underlying distribution. We do not use classifier-based
metrics such as FID or Inception score since data samples
from the original conditioned distribution are not available,
hence a comparison is not possible.

We use as pre-trained unconditional models a model
based on a U-net that we trained on the MNIST dataset, and
a pre-trained model for CelebA (Liu et al. 2015) 64x64 im-
ages made available in Song and Ermon (2020).

Digits sum. Using a pre-trained MNIST classifier, we de-
fine a multi-instance constraint that forces pairs of mnist dig-
its to sum up to ten. Given pairs of images (x,y ), we define

30pen in the sense of having infective contacts with external
individuals, not part of the modelled population.
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Figure 2: Bridging with eSIRS time series. We show here a
subsample of the 5000 time series generated with constraint
guidance (orange) with a subsample of the > 50000 time
series generated by RS from the simulator (green). Addi-
tionally to the consistency constraints, that are always met,
we imposed the following equalities: S(0) = 95, I(0) = 5,
S(25) = 30. Constraints are generally met: the average 11
absolute difference with all three target values is below 0.19.
The 11 histogram distance for each time step marginal is rel-
atively small, considering that it accounts also for the error
of the unconditional model: for S and I the median 11 his-
togram distance across time are ~ 0.11 and ~ 0.13.

the constraint in the following way:

9
\/ class(x,4) A class(y, 10 — )
i=1
where class(x,4) := P{xisclassifiedasi} = 1, and P is

obtained from a pre-trained classifier.
The generated pairs of digits add up to ten in &~ 96% of
cases*, however, only 2-8 and 4-6 pairs were generated.

Restoration. Given a differentiable function f(-), that
represents a corruption process in which information is lost,
we define the following constraint:

Vi f(x)i =i

where ¢ is the pixel index and y is a corrupted sample, pos-
sibly such that there is a y that satisfies Vi y; =~ f(y):.
Such constraint has the effect of sampling possible x such
that Vi f(x); = ¥;, i.e., “inverting” f or reconstructing the
original y. f can be any degradation process, such as down-
sampling, blurring or adding noise. So our approach can be
used for image restoration for a known degradation process.

In Figure 4 we show the results of image restoration ex-
periments with a blurred and a downsampled image. Sam-
ples are realistic and we report a low error with respect to
the target corrupted image (the absolute error per channel is
approximately less than 0.015).

“according to classes assigned by the classifier
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Figure 3: Imposing an inequality on eSIRS time series. We
show here a subsample of the 100 time series generated
with and without constraint guidance. Additionally to the
consistency constraints, that are always met, we imposed
Yt I(t) < 20, that is perfectly met in 99% of the samples.

©u

Original

Downsampled
(16x16)

Figure 4: Restoration experiments with CelebA. The first
image on the left is a sample image from the CelebA dataset.
Each row shows the corrupted image followed by samples
generated imposing the restoration constraint.

In general, we observed the effectiveness of our method to
depend on the task. For most experiments involving tabular
data, keeping a large constraint strength k (as k = 30) was
sufficient. However, for some experiments, as most tasks in-
volving images, we needed to tune the constraint strength
until a satisfactory trade-off between constraint satisfaction
and quality of samples was reached.

Comparison with Universal Guidance

We compared our conditioning method with Universal Guid-
ance, introduced in Bansal et al. (2023). Universal Guidance
was successfully used in the context of image generation and
it is arguably the state of the art for zero-shot conditional
generation. Their method is based on three improvements
over the standard guidance technique, that they call forward
universal guidance, backward universal guidance and per-
step self-recurrence. Forward universal guidance consists in
using the gradient of the constraint with respect to the pre-
dicted clean data point X (prediction based on the trained
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Method White wine eSIRS bridging
AvgLLl MaxLl AvgLl MaxL1

Ours 0.1 0.15 0.13 0.25

Univ. Guidance 0.29 0.85 0.47 1.0

Table 2: Comparison with Universal Guidance. On the first
white wine and eSIRS bridging tasks our method performs
significantly better in terms of 11 histogram distance (we re-
port average and maximum distance over the marginals).

denoising net), instead of the current data point x;. Back-
ward universal guidance involves an optimization of X ac-
cording to the constraint and modifying the score used for
the reverse process as a consequence. Applying these tech-
niques on tabular data and time series we observed little ef-
fect of forward universal guidance, and a significantly detri-
mental effect of backward universal guidance. Metrics re-
ported in Table 2 show the superiority of our method for
two of the previously discussed tasks. We think this signifi-
cant difference is due to the fact that Universal Guidance, as
most recent plug-and-play techniques, modify the sampling
algorithm by introducing an optimization phase.

On the other side, we noticed a sensible improvement in
some of our image-based conditional generation tasks. For
example, relatively to the MNIST digits’ sum experiment,
universal guidance allowed us to generate all possible pairs,
that always summed up to ten. We infer that universal guid-
ance can be useful when the objective is to generate high-
quality samples that satisfy a given constraint, but it can lead
to large biases when modelling the conditional distribution,
that is of primary interest in some contexts, as with tabu-
lar data and time series. Moreover, with these experiments
we verified that our Log-probabilistic logic is effective also
within other guidance techniques.

6 Conclusion

We have shown how we can exploit pre-trained uncondi-
tional score-based generative models to sample under user-
defined logical constraints, without the need for additional
training. Our experiments demonstrate the effectiveness in
several contexts, such as tabular and high-dimensional data.
Nevertheless, in some high dimensional settings as images,
we had to trade-off between sample quality and constraint
satisfaction by tuning the constraint strength. More sophis-
ticated methods specifically designed for images are prob-
ably necessary, still these could fail to model the true con-
ditional distribution. In fact, we show the superiority of our
method in approximating conditional distributions for tab-
ular and time-series data with respect to a state of the art
method for zero-shot conditioning. Future work will aim at
finding better approximation schemes, starting from works
focused on general plug-and-play guidance for images.

For a deeper discussion about the experiments, hyperpa-
rameters and other technical details we refer readers to the
extended version of this article (Scassola et al. 2024).
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