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Abstract

Incorporating user preferences into multi-objective Bayesian
optimization (MOBO) allows for personalization of the op-
timization procedure. Preferences are often abstracted in the
form of an unknown utility function, estimated through pair-
wise comparisons of potential outcomes. However, utility-
driven MOBO methods can yield solutions that are dominated
by nearby solutions, as non-dominance is not enforced. Addi-
tionally, classical MOBO commonly relies on estimating the
entire Pareto-front to identify the Pareto-optimal solutions,
which can be expensive and ignore user preferences. Here,
we present a new method, termed preference-utility-balanced
MOBO (PUB-MOBO), that allows users to disambiguate be-
tween near-Pareto candidate solutions. PUB-MOBO com-
bines utility-based MOBO with local multi-gradient descent
to refine user-preferred solutions to be near-Pareto-optimal.
To this end, we propose a novel preference-dominated util-
ity function that concurrently preserves user-preferences and
dominance amongst candidate solutions. A key advantage
of PUB-MOBO is that the local search is restricted to a
(small) region of the Pareto-front directed by user prefer-
ences, alleviating the need to estimate the entire Pareto-
front. PUB-MOBO is tested on three synthetic benchmark
problems: DTLZ1, DTLZ2 and DHI1, as well as on three
real-world problems: Vehicle Safety, Conceptual Marine De-
sign, and Car Side Impact. PUB-MOBO consistently outper-
forms state-of-the-art competitors in terms of proximity to the
Pareto-front and utility regret across all the problems.

1 Introduction

The challenge of identifying optimal trade-offs between
multiple complex objective functions is pervasive in many
real-world scientific and industrial applications. When
the objectives are black-box functions constructed from
noisy observations, multi-objective Bayesian optimization
(MOBO) (Konakovic Lukovic, Tian, and Matusik 2020;
Daulton, Balandat, and Bakshy 2020) is an effective multi-
objective optimization (MOO) approach owing to its high
sample efficiency, especially as compared to classic MOO
methods such as CMA-ES (Hansen and Ostermeier 2001)
and NSGA-II (Deb et al. 2002). Nonetheless, state-of-the-
art MOBO methods generally seek to estimate the entire
Pareto-front, which can become prohibitively expensive due
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to sample-based evaluation of acquisition functions such as
g-Expected Hypervolume Improvement (QEHVI) (Daulton,
Balandat, and Bakshy 2020).

Recently, there has been a growing interest in preference-
based MOBO (e.g., (Abdolshah et al. 2019; Ahmadian-
shalchi, Belakaria, and Doppa 2024; Shao et al. 2023; Ozaki
et al. 2024)) that aims to incorporate user preferences into
MOO for selecting optimal points. In essence, preference-
based MOBO guides the optimization process towards re-
gions of interest within the Pareto-front by leveraging user
feedback, typically in the form of pairwise comparisons be-
tween solutions generated by the optimization algorithm.
These comparisons are used to estimate an underlying util-
ity function that describes user preferences. However, while
preference-based MOBO can effectively identify solutions
with high utility as informed by user feedback, the resulting
solutions may not be Pareto-optimal.

To address this challenge, we present a new method,
termed Preference-Utility-Balanced MOBO (PUB-MOBO),
that systematically approaches the user-informed regions
of interest within the Pareto-front by synergizing global
and local search strategies. PUB-MOBO begins with a
global search driven by utility maximization to identify
regions in the solution space that align with user prefer-
ences. Subsequently, a local search is conducted in the vicin-
ity of these solutions to discover solutions that are closer
to Pareto-optimality. Additionally, a new utility function,
the Preference-Dominated Utility Function (PDUF), is pro-
posed that encapsulates the concept of dominance within
a single function. PDUF allows for consistently identify-
ing dominating solutions, while providing a straightforward
means for expressing all possible user preferences. This dif-
fers to existing utility functions for preference-based MOBO
such as the negative [; distance from an ideal solution irre-
spective of the solution being on the Pareto-front or an infea-
sible ideal solution (Miettinen 1999), or the weighted sum
where not all Pareto-optimal points can be assigned with the
highest utility value from any choice of weights (Chiandussi
et al. 2012). Empirical demonstrations on several synthetic
benchmark and real-world problems show that PUB-MOBO
not only enhances the utility of the optimization solutions,
but also yields near Pareto-optimal solutions.

In sum, the main contributions of this paper include:

(C1) We introduce a new preference-based MOBO method,



PUB-MOBO, that can effectively integrate feedback
about user preferences and moves towards Pareto-
optimality in MOO of black-box functions.

(C2) We propose the use of gradient descent (GD) in the
context of MOBO, along with a new utility function,
PDUF, that seamlessly combine user preferences with
the notion of dominance to identify user-preferred so-

lutions that are approximately Pareto-optimal.

(C3) We illustrate the importance of reducing gradient un-
certainty in GD to aid PUB-MOBO in locating high-
utility near Pareto-optimal solutions. Our approach is
based on the Gradient Information acquisition func-

tion (Miiller, von Rohr, and Trimpe 2021).

Through numerical experiments on synthetic and real-
world benchmark problems, we demonstrate that in-
corporating GD into utility-based MOBO can signif-
icantly enhance performance, yielding solutions that
better align user preferences and Pareto-optimality.

(C4H

2 Related Work

Traditional MOBO methods such as g-EHVI (Daulton, Ba-
landat, and Bakshy 2020) assume that all Pareto-optimal so-
lutions are equally desirable to the user, which might not be
the case in practice. Instead, preference-based MOBO mod-
els user preferences with utility functions. Lin et al. (2022);
Astudillo and Frazier (2020) propose the EUBO and qEIUU
acquisition functions respectively, which take advantage of
user-preference when querying new points.

Various works have proposed different methods to in-
corporate gradients as additional information in single-
objective BO to enhance global search. Wu et al. (2017)
construct a joint GP to correlate zeroth and first order infor-
mation, demonstrating that gradients aid the surrogate in ap-
proximating the posterior and change which points to query.
Similarly, Makrygiorgos, Paulson, and Mesbah (2023) lever-
age gradients to establish stationarity conditions within a
Karush-Kuhn-Tucker (KKT) formulation.

Other works instead use gradients for first-order opti-
mization, also in the single-objective BO context. Bayesian
and local optimisation sample-wise switching optimisation
method (BLOSSOM) switches from global search to local
search with BFGS when the posterior objective is close to
the objective (McLeod, Roberts, and Osborne 2018). On the
other hand, (Miiller, von Rohr, and Trimpe 2021; Nguyen
et al. 2022) abandon global search and construct local GPs
for local optimization. To our knowledge, involving gradi-
ents for preference-based MOBO has not been studied and
PUB-MOBQO is the first algorithm to do this.

3 Preliminaries
3.1 Problem Formulation

We tackle a multi-objective optimization (MOO) problem
for minimizing ny expensive-to-evaluate objective func-
tions, denoted by f;(x) fori € {1,--- ,ns}. Consequently,
the objective function vector is denoted f(x), where x €
R™= denote the decision variables. We assume that for a can-
didate x, the function f () can be evaluated, but no first- or
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higher-order information about any component of f is avail-
able. Furthermore, an analytical form of f is not known.

For MOO problems without user-preferences, the objec-
tive is to attain Pareto-optimality, which is defined as fol-
lows (Deb and Gupta 2005). A point X in a feasible set
X is Pareto-optimal if it is not dominated' by any other
solution in X. That is, there exists no other feasible point
x € X such that f;(x) < f;(Z) forall i € {1,--- ,ns}
and fj(x) < f;(a*) for at least one j € {1,--- ,ns}. Note
that accurately computing the set of Pareto-optimal points,
referred to as the Pareto-front Xp,reto, can often be compu-
tationally prohibitive, even for small 7.

In the presence of a user, estimating the entire Pareto-
front may become unnecessary, especially when only spe-
cific sub-regions of the feasible set X is of interest. Math-
ematically, such user-preferences are often abstracted in the
MOBO literature via utility functions. Specifically, the MOO
problem is recast as a (scalar) utility maximization problem

max u(f(z)), (D
where u : R™ — R is the unknown utility function that
dictates the behavior of the user. Note that the input to the
utility is a noise-corrupted outcome vector y = f(x) + ¢,
where ¢ is zero-mean noise with variance 03 I ny where I, P
is the ny x ny identity matrix. For the sequel, let the highest
utility Pareto-point be defined as

¥ € argmaxu(f(x)).
ﬂ:eXpareto

2

Following the preference-based BO literature, we assume
that the utility function is not available to evaluate directly,
and no functional form is known. Additionally, it is well-
established that user preferences are difficult to be assigned
to continuous numerical values; instead we suppose that
users are more inclined to provide weak supervision in the
form of pairwise comparisons (Chu and Ghahramani 2005;
Lin et al. 2022). The following assumption asserts that a typ-
ical user will select dominating solutions when possible.

Assumption 1 If y, and y, are candidate outcomes pre-
sented to the user and y, > Yo, then the user will always
select y,; that is, u(y,) > u(ys).

This assumption is a constraint that must be respected when
modeling preference-based MOBO problems to accurately
reflect real user behavior.

3.2 Modeling with Gaussian processes

We first discuss the modeling choices considered to learn the
outcome function f and the utility function w: their respec-
tive approximations are denoted f and .

Modeling outcomes. Gaussian process (GP) regression is

a popular choice for constructing the surrogate f for the true
outcome function f. We train an independent GP for each

lGenerally, a candidate 1 dominates a candidate x5, denoted
by @1 > @2, if fi(x1) < fi(x2) foralli =1,...,ns and for one
such element, f;(x1) < fi(x2).



objective f,, though a multi-output GP that models correla-
tions between the objectives could also be considered (Al-
varez et al. 2012). Each GP is defined a priori by a mean
function m(x) and covariance function k;(z, z') called ker-
nel. For this work, any C? kernel is admissible.

Let X7 = [x1,@2,...,x7]; we drop the subscript for
brevity. Given a dataset D := (X,Y’), comprising input-
outcome pairs, the mean and variance of the posterior are:

pi() = m(z) + ki(z, X)K;H(X) (Vi —m(X)), (3a)
Yi(x) = ki(x, @) — ki(z, X)), H (X)) ks (X, 2),  (3b)

where K, (X) := K(X,X) + %I and m(-) is the prior
mean. Since the derivative is a linear operator, the derivative
GP is another GP (Williams and Rasmussen 2006) charac-
terized fully by the mean and covariance functions

() = Vim(z) + Vhi(2, X)L (X)(Yi - m(X)),
(4a)

YV (x) = V2ki(z, 2) — Vii(z, X)K; (X)) V(X x),
(4b)

Modeling preferences. We assume the user is only ca-
pable of weak supervisions in the form of pairwise com-
parisons (PC). That is, if the user prefers y := f over
y := f’, the pairwise comparison function r(y,y’) = 0. In
the event that the user prefers y’ instead, 7(y,y’) = 1. Pair-
wise GPs c.f. (Chu and Ghahramani 2005) allow us to learn
a latent functional representation « of the true user utility
based on this preference feedback. The latent function satis-
fies 4(y) > 4u(y’) if the user prefers y, and vice versa.

4 Preference-Utility-Balanced (PUB) MOBO

This work is motivated by the practical consideration that
most users expect to be shown promising candidate out-
comes after very few interactions. Furthermore, they often
require some assurance that the suggested candidates are not
only high in utility, but also high in performance, i.e., close
to the Pareto-front. To this end, we propose PUB-MOBO,
which relies on utility maximization to ascertain candidate
solutions that are preferred by the user, while promoting a
local search towards the Pareto-front using estimated gradi-
ents. Empirically, we observe that the local search finds so-
lutions near Pareto points, which subsequently accelerates
the search for high-utility solutions. The rationale behind
this is that the local search likely yields dominating solu-
tions over those found by utility maximization alone. These
dominating solutions, by Assumption 1, have higher utility.
This implies that even with few user interactions, i.e. pair-
wise comparisons, we can obtain promising candidates that
are unlikely to be dominated. As more user feedback is col-
lected, we expect to obtain near-maximal utility solutions
due to the utility maximization, from which following local
gradients should result in a near-Pareto solution.

4.1 PUB-MOBO Algorithm

The proposed PUB-MOBO method operates in three stages.
Following the work of Lin et al. (2022), the first two
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Algorithm 1: PUB-MOBO

1: Generate initial data: LINIT, YINIT, r(lelT)
2. D = (i, Yinir)
3: P < comparisons on a subset of YNt X YINIT
4: Update outcome model f with D
5. Update preference model @ with P
6: while # outcome evaluations < budget do
7:  PE stage
8: 1,2 < argmax, ., EUBO
9: w1, y2 = f(z1), f(x2)
10:  r(y1, y2) < user provides a comparison
11:  Append P with (y1, y2,7(y1, y2))
12:  Update pref. model @ with (y1, y2,7(y1, y2))
13:  EXP stage
14:  xpxp < argmax_, qEIUU
15:  yexp = f(Texp)
16:  Append D with (xgxp, Yexp)
17:  Update outcome model f with (xexp, Yexp)
18:  GD stage
19:  (Xap, Yop) < Local Gradient Descent(xgxp)
20: Append D with (XGD; YGD)

21: end while

stages of the framework are the preference exploration (PE)
stage and the outcome evaluation via experimentation (EXP)
stage. Our method extends these two stages with an addi-
tional stage based on local multi-gradient descent, denomi-
nated the GD stage.

In each PUB-MOBO iteration, these three stages are ex-
ecuted, and the process is repeated ad infinitum, or (more
practically) until a pre-decided budget for total number of
outcome/function evaluations is attained; see Algorithm 1.

Preference Exploration. In the PE stage, the user ex-
presses their preferences over a query of two candidate solu-
tions in a form of pairwise comparisons. The comparison is
then used to update the estimate of the utility function @. The
candidate solutions in the query are obtained by optimizing
the expected utility of both outcomes acquisition function,
which is a look-ahead function that maximizes the differ-
ence in expected utility after a user query r(f (1), f(x2)).
Since this is expensive to compute, a simplified acquisition
called EUBO, proposed in (Lin et al. 2022), is used instead:

EUBO(x1, %3) = E[max(a(f(z1), a(f(x2))].  (5)
This has the advantage of estimating utility with outcome
posteriors that are feasible under f. Note that no evaluation
of f is required in this stage.

Outcome evaluation via Experiments. The EXP stage
involves computing the optimal decision variables and col-
lecting outcome evaluations to update the outcome model f .
In this process, the well-established expected improvement
under utility uncertainty (QEIUU) acquisition function, (As-
tudillo and Frazier 2020), widely used in preference-based
contexts, is maximized to determine the optimal decision



variables, xgxp. Here,
GEIUU(z) = E [max(a(f(z)) — a(f(mbest)),oﬂ . (6)

where ey = arg max,c x ﬁ(f(w)), and

xexp := arg max qEIUU(x).
X

Since the expectation in (6) is with respect to the outcome
and utility models, the analytical expression is challenging
to compute. Instead, this can be evaluated via the Monte
Carlo approach, where the reparameterization trick is ap-

plied to both f' and @ and the acquisition function is op-
timized using sample-averaging; c.f. Wilson, Hutter, and
Deisenroth (2018); Balandat et al. (2020). Note that after
Tpxp s obtained, we append it along with its true outcome
value f(zgxp) to the current dataset D.

Local gradient descent. This GD stage is motivated by
the fact that xgxp, while expected to be high in utility, is
not specifically designed to be near the Pareto-front. Anal-
ogous to single-objective optimization, we will pursue local
gradients that are expected to generate a trajectory of x can-
didates that evolves towards a nearby Pareto-optimal point.
We will refer to these gradient-following decision variables
as ‘xgp’. We set the initial xgp to be Tgxp.

Clearly, for a MOO problem, gradient descent must be
adapted for multiple objectives. We propose the use of mul-
tiple gradient descent algorithm (MGDA) (Désidéri 2012),
which was designed for smooth multi-outcome objective
functions. While MGDA is provably convergent for white-
box optimization problem settings i.e. when gradients of
each outcome of f is accessible, it has not been tested in the
context of black-box MOO such as in this paper, where gra-
dients are not accessible, and must be estimated. However,
MGDA exhibits some theoretical properties that, we hypoth-
esize, and demonstrate via experiments, are beneficial in the
MOBO context. MGDA exploits the KKT conditions (Fliege
and Svaiter 2000; Schiffler, Schultz, and Weinzierl 2002)

a>0,1"a=1, a'Vf(z) =0, (7

and recasts this for MOO as a quadratic cost constrained on
the probability simplex, that is:

®)

It is well-known, c.f. Désidéri (2012), that a solution to (8)
is either: ' Vf(x) = 0, in which case the current pa-
rameters x are Pareto-optimal, or o'V f(z) # 0, and
a TV f(x) is a feasible descent direction. Given that (8) is a
quadratic cost over linear constraints, we can use the Frank-
Wolfe algorithm (Sener and Koltun 2018; Jaggi 2013) to ef-
ficiently compute optimal solutions.

Solving (8) yields an optimal o with which we can take a
gradient step gp ¢+ Tgp —na!| V f(xp). However, there
are two clear difficulties at this juncture. First, this update
may yield an xgp ¢ X. To counter this, we stop updating
when this happens, and stop the local gradient search phase,
moving on to the next PUB-MOBO iterations with an up-
dated dataset D that contains all the xgp and correspond
Ygp observed so far.

. T 2 . 4T
anncl) |a"Vf(x)|” subjectto: 1" =1.
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Algorithm 2: LOCAL GRADIENT DESCENT

1: Initialize xgp < Texp

2: (Xap,Yep) = (0,0)

3: # of multi-gradient steps, ngp

4: # of GI optimizations, ng

5: Early stopping threshold, egp

6: for i < ngp do

7:  Compute pV (xgp) using (4a)

8:  Compute M = puV (xgp)' " (zcp)

9: o < Frank-Wolfe(M)
10:  xgp + xep — no' 1wV (zgp)
11:  ifxzgp € Xand HaTuV(wGD)H; > egp then
12: Evaluate the true objective: ygp = f(xap)
13: Append (X ep, Yep) with (z6p, Yap)

14: Update outcome model f with (2gp, Yop)
15: fOI‘j < ngrdo

16: Tgr + arg max, Gl

17: Evaluate the true objective: yg1 = f(xar)
18: Append (X p, Yap) with (zar, Ygr)

19: Update outcome model f with (g, yar)
20: end for
21:  else
22: break
23:  end if
24: end for

25: return (Xgp, Ycp)

The second and more debilitating problem is that we do
not have access to gradients of f. Thankfully, we do have a

surrogate model f with which we can obtain an estimate of
the gradient at any = with uV := E[V f(x)] through (4a).
The gradient step is then

€))

Unfortunately, there is no clear correlation between the un-
certainties in f and V f, so iV could have large uncertain-
ties even near previously observed points. Therefore, it is
imperative to incorporate techniques that can reduce uncer-
tainty in the posterior of the gradient estimate. To this end,
we propose to use the gradient information (GI) acquisition
function, described in Miiller, von Rohr, and Trimpe (2021).

We explain briefly the mechanism of the GI acquisition.
Suppose we select the best candidate from the EXP stage,
xexp, and set it as the initial candidate for the local gradient
search: gp. The GI acquisition tries to select a subsequent
point &’ that will minimize the uncertainty of the gradient at
xgp if ' and its corresponding ¢’ were known.

By considering all n y objective independently distributed,
we can formulate the uncertainty information contained in
the covariance matrix 3V in (4b) using A-optimal design
(Chakrabarty, Buzzard, and Rundell 2013), and maximize:

TGD  TGD — naTuV(mGD).

ZE [Tr(=Y (wap| D)) — Tr (Y (zan|D, (=, 4')))] ,
i=1 (10)



which, for Gaussian distributions, is equivalent to

nr

Gl(z') = > Tr(Vki(zap, XK, (X")VE/ (zap, X))

i=1

(1)
where X’ = {X U a’}. For each gradient-step in ngp, the
GI acquisition function is optimized ng times to reduce gra-
dient uncertainty. Upon each optimization, we evaluate the
outcome function to obtain a corresponding ygp, which is
appended to the dataset D for subsequent PUB-MOBO iter-
ations.

S Preference-Dominated Utility Function

The utility function represents the user preference in
preference-based MOBO algorithms and is used to simulate
user responses. Practically, the utility function is employed
to respond to user queries, such as providing pairwise com-
parisons between two outcomes (Lin et al. 2022). A util-
ity function used to test preference-based MOBO algorithms
should satisfy two key properties:

(P1) Dominance Preservation: When evaluating a query,
the true utility function should satisfy Assumption 1.

(P2) Preference Integration: The utility function should
have parameters 6,, that allow unique strictly maximal-
utility Pareto-optimal solutions. That is, for any €
Xpareto, there exists an easily computable 6, € R™«
such that u(f(x)|0.) > w(f({Xpareto \ }|0u).

For instance, the commonly used ¢; distance (a) fails to
satisfy the Preference Integration property when calculated
from the utopia point, and violates Dominance Preservation
when calculated from any other point. This is illustrated in
Fig. 1a, where the contours of an /; distance utility function
is shown with an example Pareto-front. Here, the two red
points are indistinguishable according to the utility function,
demonstrating the limitations of ¢; distance in distinguish-
ing between Pareto-optimal solutions.

0.0

15
15
oo 0.9
0.7
-18

1.0 1.0 0.6
~ -2.7 ~ :

> > 0.4
Miioce, 367 :

. 45 O 0.3

e -5.4 0.1

%80 05 10 15 08, 0.0

4t

(a) ¢; distance Utility function

(b) PDUF

Figure 1: Contour plots of (a) the commonly used negative
11 distance Utility function (b) the proposed PDUF.

Therefore, we propose the preference-dominated utility
function (PDUF) which merges the concept of dominance
with user preferences. An illustration of the contours in a 2D
case is shown in Fig. 1b. The PDUF integrates the concept
of dominance with user preferences by combining multiple

)
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logistic functions centered around different points in the ob-
jective function space. The PDUF is defined as:

ne Ny

uw) = — > T] Loty ci)

¢ i=1j=1

12)

1

L+exp (8- (y; —ciy))’
where ¢; = (ci1,¢i2,-..,Cin,) denotes the i center for
one logistic function, 3 denotes a parameter that controls the
steepness of the logistic function, and . denotes the number
of centers. The logistic function Lg(y;,c; ;) approximates
the step function and enforces dominance for each objective
Y5, as seen in the red dashed lines in Fig. 1b, and the prod-
uct aggregates this approximation for all objectives. Further-
more, the sum of logistic function products preserve domi-
nance in the objective space. Indeed, for every y that domi-
nates user query c;, PDUF will express user preference with
u(y) > u(c;). Finally, the centers define the parameters 6,,
that ensure the utility function adheres to the preference in-
tegration property by aligning them along an arbitrary line
(the grey line in Fig. 1b).

Ls(yj,cij) = (13)

6 Experiments

We empirically validate the proposed PUB-MOBO algo-
rithm on 6 benchmark problems and report the performance
of utility regret, R, and distance to Pareto-front, dpaeto,
against outcome evaluations and user queries

u(f(z*)) —u(f(z))
ulf(@™)
Jmin @)~ F @)l

The problems are chosen from synthetic and real-world
problems where the Pareto-front is known, so we can eval-
uate PUB-MOBO in the performance metrics R and dpygeto-
All experimental results are obtained using a 13th Gen Intel-
Core 17-13620H repeated across 20 seeds with hyperparam-
eters ngp = 10,ngr = 1, = 0.1. In the experiments, we
investigate two aspects of PUB-MOBO: (a) the relevance of
using gradient information and (b) the trade-off between cost
of outcome evaluations and gradient uncertainty reduction
in the GD stage. We compare against the s.o.t.a. preference-
based MOBO method (Lin et al. 2022) and two variations of
PUB-MOBO:

* EUBO+qEIUU is a 2-stage algorithm proposed in (Lin
et al. 2022) which only contains the PE and EXP stages.
The acquisition functions used are EUBO and qEIUU in
each stage, exactly like in PUB-MOBO. This serves as a
baseline of the performance when no gradients are used.
PUB-MOBO-PG is a PUB-MOBO ablation that relies
solely on predicted gradients (PG) in the GD stage, omit-
ting both outcome evaluations and GI optimizations. This
makes it relatively inexpensive, but it ignores the fact
that additional samples can yield useful derivative infor-
mation. This ascertains whether the gradient uncertainty
needs to be accounted for at all, and how important the
GI step is.

R:

(14)

dParelo = ( 15 )
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Figure 2: Median and 25-75 percentiles performance comparison on synthetic benchmarks on 20 random seeds with a 100
outcome evaluation budget. Plot titles indicate MOO benchmark; horizontal axis is either number of outcome evaluations or
number of user queries. Vertical axis indicates simple regret of utility (user satisfaction) and distance from the Pareto-front

(optimality).

* PUB-MOBO-PG+OE is a PUB-MOBO ablation that
uses the predicted gradients as in PUB-MOBO-PG, but
an Outcome Evaluation (OE) is performed at every gradi-
ent descent step in an effort to lower gradient uncertainty
around observed points. This further checks whether the
expensive GI optimization is needed to improve conver-
gence, or if outcome evaluations are sufficient.

PUB-MOBO is the proposed method from Alg.1-2 with
up to ngp (ngr + 1) outcome evaluations in the GD stage.

6.1 Synthetic benchmarks

We examine 3 synthetic problems that are commonly found
in MOO literature: DTLZ1, DTLZ2 (Deb et al. 2005), and
DHI1 (Deb and Gupta 2005). The results are displayed in
Fig. 2 in order of increasing n,: DTLZ2 (n, = 8, ny = 2),
DTLZI1 (n; =9, ny =2), DH1 (n, =10, ny = 2).
EUBO+q@EIUU is the poorest-performing algorithm
across all the synthetic benchmarks, affirming the effec-
tiveness of the additional stage based on local gradient
search. The strategy of exploring locally dominating solu-
tions off of the solution proposed by the utility maximiza-
tion stages, not only results in solutions that are closer to
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the Pareto-front but also achieves lower utility regret. How-
ever, PUB-MOBO-PG performs equally poor in most of
the synthetic benchmarks, largely due to inaccurate gradi-

ent estimation obtained with the surrogate model f by (4b).
We frequently observe that the evolution of xgp in the GD
stage is prematurely terminated either due to constraint vio-
lations in « or because the Frank-Wolfe algorithm results in
la™ 1Y (zop) Hz < egp. This occurs not because the algo-
rithm has reached a Pareto-optimal point, but rather due to
erroneous gradient estimates. These findings underscore the
critical importance of accurate gradient estimation and mini-
mizing gradient uncertainty for the success of PUB-MOBO.
The PG+OE variant significantly outperforms the PG variant
in most experiments. Although evaluating the true outcome
function at each xgp incurs additional computational cost,
the increased accuracy in gradient estimation from updat-
ing the outcome model more than justifies the expense. This
leads to a more efficient algorithm overall, as reflected by
lower utility regret and closer proximity to the Pareto-front,
both in terms of outcome evaluations and user queries. In a
similar trend, PUB-MOBO further improves upon PG+OE
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Figure 3: Median and 25-75 percentiles performance comparison on real-world benchmarks. Analogous description to Fig. 2.

variant. The reduction of the gradient uncertainty obtained
by evaluating the xgp suggested by the GI acquisition func-
tion, further improve the gradient estimate yielding lower R
and dpyrero- This empirically demonstrates that the additional
outcome evaluations in the GD stage are justified.

6.2 Real-world benchmarks

We examine 3 problems based on real MOO problems: Ve-
hicle Safety (Liao et al. 2008), Conceptual Marine Design
(Parsons and Scott 2004), and Car Side Impact (Jain and Deb
2013). The implementations of these problems are taken
from (Tanabe and Ishibuchi 2020). The results are shown
in Fig. 3 in order of increasing n,: Vehicle Safety (n, =5,
ny = 3), Conceptual Marine Design (n, = 6, ny = 4), Car
Side Impact (n, =7, ny =4).

Similar to the results on the synthetic benchmarks,
the EUBO and PUB-MOBO-PG methods are the worst-
performing. The real-world benchmarks present a more
complex optimization landscape, which increases the dif-
ficulty of accurate gradient estimation. Notably, PUB-
MOBO-PG+OE, which performed better on synthetic prob-
lems, exhibits similarly poor performance to EUBO and
PUB-MOBO-PG on these more challenging benchmarks.
In contrast, PUB-MOBO continues to outperform all other
methods, consistently delivering near-optimal solutions with
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respect to both utility regret and proximity to the Pareto-
front, due to its effective gradient uncertainty minimization.

The results from both synthetic and real-world exper-
iments demonstrate that incorporating a gradient descent
stage in utility-based MOBO leads to solutions with lower
utility regret and closer proximity to the Pareto-front, all
while requiring fewer outcome evaluations and user queries.
Empirical evidence suggests that it is more effective to con-
duct additional outcome evaluations during each GD stage
to achieve accurate gradient steps, as seen in PUB-MOBO,
rather than opting for cheaper but less accurate steps.

7 Conclusion

We introduce PUB-MOBO, a sample-efficient multi-
objective Bayesian optimization method that integrates user
preferences with gradient-based search to find near-Pareto-
optimal solutions. Across synthetic and real problems, it
achieves high utility and reduced distance to Pareto-front so-
lutions, highlighting the importance of reducing gradient un-
certainty in the gradient-based search. Moreover, we intro-
duce a new utility function, PDUF, that respects dominance
and models different user preferences. An avenue of future
research is to apply the Local Gradient Descent method to
other MOBO algorithms.
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