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Abstract

Several recent works have focused on carrying out non-
asymptotic convergence analyses for AC algorithms. Recently,
a two-timescale critic-actor algorithm has been presented for
the discounted cost setting in the look-up table case where
the timescales of the actor and the critic are reversed and only
asymptotic convergence shown. In our work, we present the
first two-timescale critic-actor algorithm with function approx-
imation in the long-run average reward setting and present the
first finite-time non-asymptotic as well as asymptotic conver-
gence analysis for such a scheme. We obtain optimal learning
rates and prove that our algorithm achieves a sample complex-
ity that can be made arbitrarily close to that of single-timescale
AC and clearly better than the one obtained for two-timescale
AC in a similar setting. A notable feature of our analysis is
that we present the asymptotic convergence analysis of our
scheme in addition to the finite-time bounds that we obtain and
show the almost sure asymptotic convergence of the (slower)
critic recursion to the attractor of an associated differential
inclusion with actor parameters corresponding to local max-
ima of a perturbed average reward objective. We also show the
results of numerical experiments on three benchmark settings
and observe that our critic-actor algorithm performs the best
amongst all algorithms.

1 Introduction

Actor-Critic (AC) methods have proved to be efficient in
solving many reinforcement learning (RL) tasks. Actor-only
methods such as REINFORCE suffer from high variance dur-
ing the estimation of the policy gradient whereas critic-only
methods like Q-learning are efficient in the tabular setting
but can diverge when function approximation is used. AC
methods try to circumvent these problems by combining both
policy- and value-based methods to solve RL problems. In
these approaches, the goal of the actor is to learn the optimal
policy using the value updates provided by the critic, while
the goal of the critic is to learn the value function for a policy
prescribed by the actor. One obtains stable behavior of such
algorithms through a difference in timescales that we explain
in more detail below.

The AC framework is designed to mimic the policy itera-
tion (PI) procedure for Markov decision processes (Puterman
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2014). The AC algorithms incorporate two-timescale cou-
pled stochastic recursions with the learning rate of the actor
typically converging to zero at a rate faster than that of the
critic. The timescale separation in two-timescale stochastic
approximation algorithms such as AC is critical in ensuring
stability of the recursions and their almost sure convergence.
This is because from the viewpoint of the faster timescale,
the slower recursion appears to be quasi-static while from
the viewpoint of the slower timescale, the faster recursion
appears to have converged. This helps the AC scheme to
emulate policy iteration and thereby converge to the optimal
policy. Asymptotic convergence analyses of two-timescale
AC schemes are largely available via the ordinary differential
equation (ODE) based approach. In (Bhatnagar, Borkar, and
Guin 2023), the critic-actor (CA) algorithm was proposed, in
the lookup table setting for the infinite-horizon discounted
cost criterion, where the roles of the actor and the critic were
reversed by swapping their timescales. The resulting proce-
dure is seen to track value iteration instead of policy iteration.

In this paper, we carry this idea forward and present, for
the first time, a critic-actor algorithm with function approx-
imation and for the long-run average (and not discounted)
reward setting. We then carry out detailed asymptotic and non-
asymptotic convergence analyses of the same. Our algorithm
runs temporal difference learning on the slower timescale to
estimate the critic updates and stochastic policy gradient on
the faster timescale for the actor. We prove that this algorithm
emulates an approximate value iteration scheme. Our paper
plugs in an important gap that existed previously by studying
a new class of algorithms obtained by merely reversing the
timescales of the actor and the critic. Our finite-time analysis
shows that the two-timescale CA algorithm has a better sam-
ple complexity when compared with the two-timescale AC
algorithm.

In our algorithm, even though there are three recursions,
the average reward and actor recursions together proceed on
the same timescale that is faster than the timescale of the
critic update. Notice the difference of our scheme with AC
algorithms for average-reward MDPs such as those in (Wu
et al. 2022; Bhatnagar et al. 2009), where the average-reward
recursion proceeds on the same (faster) timescale as the critic
while the actor recursion proceeds slower. We use linear
function approximation for the critic recursion and a policy
gradient actor. We perform the non-asymptotic analysis of



this algorithm and obtain its sample complexity. In addition,
we prove that the scheme remains asymptotically stable and
is almost surely convergent to the attractors of an underlying
differential inclusion. Our analysis helps us in getting the
optimised learning rates for the actor and the critic recursions.
Finally, we show numerical performance comparisons of our
algorithm with the AC and a few other algorithms over three
different OpenAI Gym environments and observe that the CA
algorithm shows the best performance amongst all algorithms
considered, though by small margins. In terms of the training
time performance, CA is better than all algorithms except
DQN on all three environments, and in fact, it takes about
half the training time on two of the environments.

Main Contributions: (a¢) We present the first critic-actor
(CA) algorithm with linear function approximation for the
long-run average-reward criterion where the critic runs on a
slower timescale than the actor.

(b) We carry out the first finite-time analysis of the two-
timescale CA algorithm wherein we present finite-time
bounds for the critic error, actor error and the average re-
ward estimation error, respectively. In particular, we obtain
a sample complexity of O(e~(+9)) with § > 0 arbitrarily
close to zero, for the mean squared error of the critic to be
upper bounded by e. This is better than the sample complexity
of O(e~25) obtained by the two-timescale AC algorithm of
(Wu et al. 2022) and can be brought as close as possible to the
sample complexity of the recently studied single-timescale
AC schemes (Olshevsky and Gharesifard 2023; Chen and
Zhao 2023) where the same is O(¢~2). Note that for the
latter schemes, there are no formal proofs available for the
asymptotic stability and almost sure convergence (see Section
4 and Appendix of (Panda and Bhatnagar 2024) for details).
(c) We perform a novel asymptotic analysis of convergence
of this scheme by showing that the slower timescale critic
recursion remains stable and tracks a limiting differential
inclusion that depends on the set of local maxima of the actor
recursion corresponding to any critic update. Such an analy-
sis under Markov noise has not been previously carried out
in the context of any AC algorithm and is a generalization of
the ODE based analysis of such algorithms in the presence
of multiple attractors of the actor (Aubin and Frankowska
2009; Benaim, Hofbauer, and Sorin 2005). We mention here
that unlike us, most papers on finite-time analysis of RL algo-
rithms do not prove stability and almost sure convergence of
such algorithms, see Table 1. As a result, we provide stronger
guarantees than such algorithms. See Appendix of (Panda
and Bhatnagar 2024) for details of this analysis.

(d) We show the results of experiments comparing our CA
algorithm with some other well-studied algorithms, on three
different OpenAl Gym environments and observe that CA
performs better than the other algorithms in average reward
performance. In terms of training time, the CA algorithm
performs uniformly better than AC requiring half the training
time on two of the environments (see Section 6 and Appendix
of (Panda and Bhatnagar 2024).

Notation: For two sequences {c,, } and {d,, }, we write ¢,, =
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[cn| <P
|dn|
To further hide logarithmic factors, we use the notation O(-).
Without any other specification, || - || denotes the ¢5-norm
of Euclidean vectors. dpy (M, N) is the total variation norm
distance between two probability measures M and N, and is
defined as dry (M, N) = 5 [, [M(dz) — N(dx)|.

O(d,,) if there exists a constant P > 0 such that

2 Related Work

We briefly review here some of the related work. In (Konda
and Borkar 1999), AC algorithms were presented for the
look-up table representations and the first asymptotic analy-
sis of these algorithms was carried out. Subsequently, (Konda
and Tsitsiklis 2003) presented AC algorithms with function
approximation using the Q-value function and an asymptotic
analysis of convergence was presented. In (Kakade 2001),
a natural gradient based algorithm was presented. Subse-
quently, works such as (Castro and Meir 2009) and (Zhang
et al. 2020) have also carried out the asymptotic analysis
of AC algorithms. In (Bhatnagar et al. 2009), natural AC
algorithms were presented that perform bootstrapping in both
the actor and the critic recursions, and an asymptotic analy-
sis of convergence including stability was provided. A new
method for solving two-timescale optimization that achieves
faster convergence was recently proposed in (Zeng and Doan
2024).

The CA algorithm was introduced in (Bhatnagar, Borkar,
and Guin 2023) for the look-up table case. In this, the ac-
tor recursion is on the faster timescale compared to critic
and the infinite horizon discounted cost criterion is consid-
ered. Asymptotic stability and almost sure convergence of
the algorithm is shown. In our work, we present the first CA
algorithm for the case of (a) function approximation and (b)
the long-run average reward setting. Further, we present both
— asymptotic as well as non-asymptotic convergence analyses
of the proposed scheme where we observe that our algorithm
gives a better upper bound on the sample complexity as op-
posed to AC. We also observe that our algorithm performs on
par and is in fact slightly better than the two-timescale AC
algorithm.

During the past few years there has been significant re-
search activity on finite-time analysis of various algorithms
in RL. A finite-time analysis of a two-timescale AC algorithm
under Markovian sampling has been conducted in (Wu et al.
2022) and a sample complexity of O(e~2:%) for convergence
to an e-approximate stationary point of the performance func-
tion has been obtained.

Finite-time analyses of a single-timescale AC algorithm
have been presented in (Olshevsky and Gharesifard 2023;
Chen and Zhao 2023). In these algorithms, the actor and the
critic recursions proceed on the same timescale but there are
no proofs of stability and almost sure convergence of the
recursions. A prime reason here is that AC algorithms are
based on the policy iteration procedure whereby one ideally
requires convergence of the critic in between two updates of
the actor. Such guarantees can usually be obtained when there
is a timescale difference between the two updates. A sample
complexity of O(¢~2) is obtained in (Olshevsky and Ghare-



Reference Algorithm Sampling Asymptotic Analysis Sample Com- | Critic
plexity

(Wu et al. 2022) Two-timescale AC Markovian | Shown in (Bhatnagar et al. 2009) (5(6’2‘5) TD(0)

(Olshevsky and | Single-timescale AC iid Not shown O(e?) TD(0)

Gharesifard

2023)

(Chen and Zhao | Single-timescale AC | Markovian Not shown O(e™?) TD(0)

2023)

(Suttle et al. | Two-timescale MLAC | Markovian Not Shown O(12.672) MLMC

2023)

Our work Two-timescale CA Markovian Shown O(e @) TD(0)

Table 1: Comparison with related works: (Olshevsky and Gharesifard 2023) uses Discounted Reward Setting while Others are

for Average Reward.

sifard 2023; Chen and Zhao 2023) for single-timescale AC.
While (Olshevsky and Gharesifard 2023) considers i.i.d sam-
pling from the stationary distribution of the Markov chain in a
discounted reward setting, (Chen and Zhao 2023) makes use
of Markovian sampling and works with the average reward
formulation. On the other hand, we obtain a sample com-
plexity of O(e~(2+9)) with Markovian sampling and in the
average reward setting, where § > 0 can be made arbitrarily
small. In the limit when é = 0, one obtains a single-timescale
AC algorithm for which asymptotic guarantees are not avail-
able. Thus, a major contribution of our work is to provide
a sample complexity of our two-timescale CA scheme that
is arbitrarily close to that of single-timescale AC but while
providing theoretical assurances of asymptotic stability and
almost sure convergence that single-timescale AC does not
provide.

Non-asymptotic convergence properties of two-timescale
natural AC algorithm have been studied in (Khodadadian
et al. 2023) in the look-up table case where a sample com-
plexity of O(e~°) has been obtained. Finite-time analysis is
helpful in finding out the optimal learning rates for different
updates used in the various algorithms. Amongst other recent
works, (Han, Li, and Zhang 2024), (Shen and Chen 2022)
and (Zhang, Zhang, and Maguluri 2021) have also provided
finite-time analyses.

Table 1 shows the comparison of our work with some
of these related works. In (Suttle et al. 2023), a multi-level
Monte-Carlo AC algorithm is analyzed with sample complex-
ity of O(72,,.€~2). However, unlike us, asymptotic stability
and almost sure convergence is not shown. It is also impor-
tant to note that unlike many other variants (including the
single-timescale AC algorithms), the two-timescale AC al-
gorithm, as with our two-timescale CA algorithm, possesses
asymptotic stability and almost sure convergence guarantees.
For our algorithm, the latter properties are shown using a dif-
ferential inclusions based analysis, see Appendix of (Panda
and Bhatnagar 2024) for details.

3 The Framework and Algorithm

In this section, we first discuss the Markov decision process
(MDP) framework. We then present our two-timescale CA
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algorithm where we use linear function approximation for
the value function estimates.

Markov Decision Process

We consider an MDP with finite state and action spaces that is
characterised by the tuple (S, A, P,r), where S denotes the
state space, A is the action space, P(s |s, a) is the probability
of transition from state s to s under action a. Further, r de-
notes the single-stage reward that depends on the state s and
action ¢ at a given instant. Moreover, we let |r(s,a)| < U,,
Vs € S,Va € A where U, > 0 is a constant. We consider
stationary randomized policies g (a|s), a € A, s € S param-
eterised by . Our aim is to maximise the long-run average
reward (with pg being the stationary distribution):

T-1
L) := Th—{%o = Z r(St,at) = Esmpg,amme (5, 0)].
t=0

The differential value function V%(s),s € S is defined as
(with s( being the starting state, a; ~ 7y (+|s;) and sp41 ~

P(si,ar)):  VO(s) = E[Z(r(st,at) — L(6))|so = s5|.

t=0
The differential action-value (Q-value) function is defined as

oo

Qo(s,a) = ]Eg[Z(r(st, ar) — L(6))|so = s,a0 = d]

t=0
(s,a) = L(0) + E[V*(s")],

where the expectation in (i) is taken over s’ ~ P(:|s, a).
The policy gradient theorem (Sutton et al. 1999; Sutton
and Barto 2018) gives the following expression for Vo L(6):

VoL (0) = Egmpig,amm,[Aa(s,a) Vg log m(als)],

o)
=r

where Agy(s,a) = Qg(s,a) — V?(s) denotes the advantage
function.

Function Approximation

In order to save on the computational effort needed to find
exact solutions, one often uses value function approximation



Algorithm 1: Two Timescale Critic-Actor Algorithm

Input: initial average reward parameter Lg, initial actor
parameter 6, initial critic parameter vy, step-size oy for
actor, (3; for critic and ~y; for the average reward estimator.
Draw sg from some initial distribution.
fort =0,1,2,... do

Take the action a; ~ 7y, (+|s¢t)

Observe next state s;1 ~ P(+|s¢, a;) and the reward

re = 1S, ar)

Lit1 = Ly + v(re — Ly

O =11 — Ly + d(sp41) v — ¢(St)TUt

Vi1 = D(vg + Bidip(se))

9t+1 = 9,5 + Oét(StVQ IOg o, (a't|5t)
end for

techniques based on linear or nonlinear function approxima-
tion architectures. We use linear function approximators here
for our theoretical results. Such approximators have been
found to be viable for asymptotic analyses. For instance, see
(Tsitsiklis and Van Roy 1999) for an asymptotic analysis
of temporal difference learning algorithms and (Bhatnagar
et al. 2009) for an analysis of AC algorithms when linear
function approximators are used in the average cost setting.
We approximate the state-value function here using a lin-
ear approximation architecture as V% (s; v) = ¢(s) Tv, where
¢ : S — R¥ is a known feature mapping and @ is the policy
parameter for the considered policy.

Two-Timescale Critic-Actor Algorithm

Algorithm 1 presents the two-timescale CA algorithm involv-
ing linear function approximation for the critic recursion. All
step-sizes satisfy the standard Robbins-Monro conditions. In
addition, 8; = o(ay) fort > 0 and 4 = Koy for some
K > 0,t > 0. As a result of this, the average reward and
actor updates are performed on the faster timescale compared
to the critic updates. The projection operator I'(+) has been
used for the estimates of the critic. Here, for any x € R,
I'(z) denotes the projection of x to a compact and convex set
C C R%. For any vector y € C, we have ||y|| < U,, where
U, > 0 is a constant. As mentioned earlier, the single-stage
reward is a function of the current state and action taken.

4 Finite-Time Analysis
We provide, in this section, the assumptions required and the
main theoretical results for carrying out a non-asymptotic
convergence analysis. We also state below the main results
providing the optimal learning rate and sample complexity
for the two-timescale CA algorithm. The detailed proofs are
given in the appendix of (Panda and Bhatnagar 2024).

Assumption 4.1. The norm of each state feature is bounded
by L, ie., ||¢(i)] < 1.

The above is not a restrictive assumption since the number
of states |\S| is finite. Thus, the requirement on features can
be accomplished by replacing any features ¢(i) € R% i € S

(i)

max;cs ¢(j)

. This assumption is helpful in carrying out

the finite time analysis of the actor and critic recursions as it
helps provide suitable upper bounds for some of the terms.

Assumption 4.2. For all potential policy parameters
0, the matrix A defined as under is negative definite:
A=E,,  [6(s)(6(s) —(s)) ], where s ~ ug(-) (the
stationary distribution under policy parameter 6) and a ~
7o(-|s),s" ~ P(-|s,a). Further, let Ay denote the largest

eigenvalue of A. Then —A\ 2 supy Ag < 0.

Under a given policy m, Assumption 4.2 has been shown
to hold in (Tsitsiklis and Van Roy 1999) in the setting of
temporal difference learning under the requirements that (a)
the feature vectors are linearly independent and (b) ®r # e,
where e is the vector of all 1’s. This assumption helps give
the existence and uniqueness of v*(6) because the following
equations hold: For s ~ ug(-),a ~ mg(:|s),

Av*(0)+b=0, 1)

b:=E,, /[(r(s a) = L(6))d(s)]-
Assumption 4.2 helps in carrying out a finite time analysis of
the critic error.
Assumption 4.3 (Uniform ergodicity). Consider a Markov
chain generated as per the following: a; ~ 7o (+|$¢), St41 ~
P(-|s¢,at). Then there exist b > 0 and k € (0, 1) such that:

dry (P(s- € -|so = s), po()) < DT, V7 > 0,Vs € S.

Assumption 4.3 states that the 7-step state distribution of
the Markov chain under policy 7y converges at a geometric
rate to the stationary distribution fg.

Assumption 4.4. There exist L, B, K > 0 such that for all

s,s € Sanda,d’ € A,

(a) |‘V10g779(a|5)|| < B,V0 € R4,

(b) ||Vlogmg, (als) — Viegmg,(d'|s)| < K61 — 62,
V0,0, € RY,

(©) |mo, (als) — mo,(als)| < L||fy — O2]|, V01,62 € R

Assumptions 4.4(a) and (c) are standard in the literature on
policy gradient methods, see (Wu et al. 2022). Assumption
4.4(b) implies that the randomized policy is also K -smooth
in the parameter 6, in addition to being Lipschitz continuous
(see Assumption 4.4 (c)).

Assumption 4.5. V0;,05 € R%, Vs € S, 3L, > 0 such that
Ik, (5) — Vit ()]| < L l|61 — 2],

Assumption 4.5 implies that the stationary distribution fg
is L,,-smooth as a function of ¢. This assumption is required
for proving smoothness of v*(6) and has been adopted in
(Chen and Zhao 2023). We provide sufficient conditions in
Theorem A.1 of (Panda and Bhatnagar 2024) for the verifica-
tion of Assumption 4.5.

Assumption 4.6. 3L, > 0 such that for any s € S,
[V (s) — VO(s)| < Ly||1 — 02|, V01,02 € R™.
Assumption 4.6 is needed for deriving finite time bounds
while proving convergence of actor.
Let 74 denote the mixing time of an ergodic Markov chain.
So,
7 :=min{m > 0| bk™ " < min{ay, B, 7}}, (2)

where b, k are defined as in Assumption 4.3.
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Actor error

I l Critic error
Avg. reward

estimate error +—

Figure 1: Dependency of errors among the actor, critic and
average reward estimate.

Sample Complexity Results

We provide here the sample complexity bounds that we ob-
tain. The proofs of these results require several detailed steps
that cannot be accommodated in the limited space. Hence,
we provide the complete detailed analysis in Appendix of
(Panda and Bhatnagar 2024) while brief proof sketches of the
main results are given here.

We consider the following step-sizes: oy = ¢ /(1 + t)”,
B =cg/(1+t)7, 7 =¢,/(1+1t)Y with0 < v < o <1,
20 < 3v,20 —v < 1and cy,cg,cy > 0. Thus, the actor
and the average reward recursions proceed here on the same
timescale but which is faster than the critic recursion. Let

Co 1

o, S 2B(G+Uy) + UnB’

where, G = 2(U, + U,)B, U,, = 2B(U, + U,) and
[VO(s)| < U,,V0 € RY Vs € S, respectively.

Theorem 4.7 (Convergence of Average reward estimate).
Under assumptions 4.1, 4.3, 4.4, 4.6,

t
Z (L = L(0x))*] < O(log®t - t'7") + O(t")
(G+Uy)? 2 !
2_7@ E||M(6
+ ( —C“U B ’QY Z: ” kvvk ” )

where, L(6y) = [r(s,a)] and

M(etavt> = Est"ﬂus’t1at~778t15t+1~P(“5t~,at)[(7a(st?a’t) -
L(0:) + ¢(se1) "o — d(s1) Tvi) Vlog mo, (ar]s)].

S~ g, ,a~T, ,s/NP(.\s,a)

Proof. See Appendix of (Panda and Bhatnagar 2024). [

Theorem 4.8 (Convergence of actor). Under assumptions
4.1,4.3,4.4, 4.6,

=0t ") +0(®og’t -t 7).

t

1 2
> EIM Gk, vr)
(1 +t— Tt) P

Proof. See Appendix of (Panda and Bhatnagar 2024). [

From Lemma 4 of (Bhatnagar et al. 2009), M (0, v)
equals the sum of the gradient of average reward and an
error term that depends on the function approximator of the
critic. From Theorem 4.8, convergence is to the stationary
points of a function whose gradient is this sum.
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Theorem 4.9 (Convergence of critic). Under assumptions
4.1,4.2,4.3, 4.4, 4.5, 4.6,

1+t Z Ellog — v*(01) ||

= O(log?t - t”—2”) + O(t?* 7Y 4+ O(log? t - t~3v+29),
where v*(0y,) is as defined in Equation (1).

Proof sketch. We denote z; := v;—v*(6;). After expanding
|| 2¢||? and using Assumption 4.2, we get an upper bound for
l|z¢||? as:

lze1)1® < Nl2ell® + 2Be (2, 6:6(s¢) — Eg, [0:6(s¢)])
= 2B M|zl + 2(ze, v (6:) — V" (141))
+ 28767 |0(se) |12 + 2[[v*(8:) — v* (Bes1) |-

We then rearrange the terms and take expectation of the
summation from 7 to ¢, to get

Ame%§5m|m—mmu

th k=1

+ZE%MM)%MWk+Z& (e

k=1¢ k=1¢

(Gk) = 0" (Ors1) + (VUR) T (01 — On))

+ Z 5 E(zk, (Vi) (0 — Or1))

k=1

+ Z BBzl ¢ (si)[1%]

k=1

- Z 5 LB (0r) -

k=T

v (Ors) 1%,

where —\ = supy g, see Assumption 4.2. After analyzing
the terms on the RHS, we get the desired result. Please see
the appendix of (Panda and Bhatnagar 2024) for details.

From Theorems 4.7, 4.8 and 4.9, it is clear that (as also
shown in Figure 1), the critic error depends on actor error and
the average reward estimate error. Moreover, actor error and
average reward estimate error are dependent. Hence, Theo-
rem 4.9 relies on the results of Theorems 4.8 and 4.7. From
Theorem 4.8, we can observe that E||M (0x,vx)||*> — 0
as k — oo. Now as actor recursions proceed on the faster
timescale as compared to the critic, the latter appears to
be quasi-static to the actor, cf. Chapter 6 of (Borkar 2023).
Hence, we can say that from the timescale of the actor recur-
sion, v; = v, V¢t > 0.Therefore the point of convergence of
the actor 6; will be #(v) such that

By [(r(s,a) — L(0(v)) + (s ) v
- ¢(S)TU)V10g To(v)(als)] =

Now since the critic is on the slower timescale compared to
the actor, 0, tracks 6(v;) at time instant ¢ when viewed from
the timescale of the critic. Moreover from Theorem 4.9, we



have ||ug, —v*(0g)|| — 0 as k — oo. Hence, we can conclude
that vy, converges to a point w such that w — v*(6(w)) = 0.
Optimizing the values of v and ¢ in Theorem 4.9, we
have v = 0.5 and ¢ = 0.5 4+ 3, where 5 > 0 can be made
arbitrarily close to zero. Hence we have the following:

Z Bljzl* =

Therefore, in order for the mean squared error of the critic to
be upper bounded by ¢, namely,

Z Ellz)? =

we need to set T = O(e~(2+9)) where § > 0 can be made
arbitrarily close to zero. For instance, v = 0.5 and o
0.51 gives a sample complexity O(e~208). Please see the
appendix of (Panda and Bhatnagar 2024) for the detailed
analysis.

Remark 4.10. The finite-time analysis of single time-scale
AC cannot be easily applied here as we focus on finding the
upper bound on various terms that should approach zero as
time tends to infinity. We do not get such upper bounds in the
sbsence of a timescale difference.

O(log? t - t2A=0:9)y,
T+t—n +t (log )

1 2 T. T(26_05) <
1+i—n (log ) <€

5 Asymptotic Convergence Analysis

We first note that some assumptions needed for the finite-
time analysis are not required for the asymptotic convergence
analysis. In particular, we do not need Assumption 4.3 on
the exponential mixing of Markov noise. Our differential
inclusions based asymptotic analysis that we present, unlike
many other references that assume i.i.d sampling from the
stationary distribution, is powerful enough to carry through
under Assumptions 4.2, 4.4, and 5.1-5.2 (below). Let 6 take
values in a compact set D C R%.

Assumptlon 5.1. The Markov chain {s;} under any policy
% is ergodic for any fixed § € D.

This assumption is routinely made for analysis of RL al-
gorithms with Markov noise (Tsitsiklis and Van Roy 1999;
Konda and Tsitsiklis 2003; Bhatnagar et al. 2009) and guar-
antees existence of a unique stationary distribution uy for any
fixed 8 € D. We shall replace here the stronger requirement
in Assumption 4.3 by Assumption 5.1.

Assumption 5.2. The step-size sequences {a;}, {8:} and
{7+} satisfy the following conditions:
(1) a, Bt,v¢ > 0 for all ¢t with v, = Ky for some K > 0.

() Y o= B = o0; (i) Y (af + f7) < oc.
t t t

For asymptotic convergence, we first analyze in the ap-
pendix of (Panda and Bhatnagar 2024), CA for the average
reward objective, with function approximation, by incorpo-
rating a projection on the actor in addition to the critic update.
Subsequently, we remove the projection on the critic update
and prove the asymptotic stability and convergence of the
algorithm. This algorithm is then similar to the standard AC
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algorithms that have been well-studied in the literature, where
also one projects the actor but not the critic, cf. (Bhatnagar
et al. 2009), except that now the time scales of the two recur-
sions are reversed.

We prove the stability and convergence of our two-
timescale CA algorithm by proving that the critic recursion
asymptotically tracks a compact connected internally chain
transitive invariant set of an associated differential inclusion
(DI) (Aubin and Frankowska 2009; Benaim, Hofbauer, and
Sorin 2005). A DI-based analysis is a generalization of the
ODE approach to stochastic approximation and is necessi-
tated because we allow for multiple local maxima for the
actor-recursion for any given critic update.

The critic update takes the following form, see Appendix
of (Panda and Bhatnagar 2024) for details of the derivation:

Vi1 = V¢ + Be(ye + ke +Y:), where 3)

DI Zwet .0)(R(s.a) - L ~ o] (s
+u; Zp s,a,8)p(s))(s), Ky E[(R(s¢,a;) — L%

+o/ ZP S, t, $t41)(se11) — vf D(s1))d ()| Fa(t)]
St41

—yt, and Yy = —E[0:P(s:)| Fa(t)] + 01¢(st), respectively.

Theorem 5.3 (Stability of the Critic Recursion). Under As-

sumptions 4.2, 4.4, 5.1 and 5.2, the recursion (3) remains

stable, i.e., sup,,_, . ||vn| < oo, w.p.1

Proof. See Appendix of (Panda and Bhatnagar 2024).

O

Consider now the following ODE associated with the faster
(actor) recursion:

6=T5 (VL' +). 4)
where fQ(U(y)) = Oiinnio <F2(y +mv(y) —y and 671'9 "

Ui
an error term, see the appendix of (Panda and Bhatnagar
2024). Consider also the DI associated with the slower (critic)
recursion (with h(-) as the associated set-valued map):

0 € h(v),
{Zug Zwe (s,a)(R(s,a) — L’
—H}TZp s, a, 3

(s) = v"¢(s)e(s)[0 € 0*(v) }.

Theorem 5.4. Suppose the ODE (4) has isolated local max-
ima 6*. Correspondingly suppose v* € R is a limit point
of the solution to the DI (5). Then under Assumptions 4.2,
4.4, 5.1 and 5.2, sup, ||v¢|| < oo and sup, ||0:]| < co w.p.1
respectively. In addition, (v, 0;) — (v*,0%) almost surely,
where 0% is a local maximum of (4) and v* is the unique
solution to the projected Bellman equation corresponding to
the policy 7T6*, i.e., the two together satisfy

®T DY dv* = T DY Ty (d0*). (6)
Remark 5.5. We assume isolated local maxima for (4) in The-
orem 5.4 as it helps uniquely identify the converged policy.
In the absence of this assumption, one will again obtain a DI
(instead of the ODE), whose limit points the algorithm will
asymptotically converge to almost surely.

&)

where h(v
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Figure 2: Comparison of Critic-Actor with few other algorithms
Environment | Critic-Actor | Actor-Critic | DQN PPO AC PPO CA Single
Timescale
AC
Frozen Lake 0.00633 4+ | 0.0036 + | 0.0028 + | 0.00207 £ | 0.00194 =+ | 0.0035 +
0.0034 0.0027 0.0023 0.0009 0.0005 0.0028
Pendulum —6.30+0.41 | —6.45+0.324 | —6.45+0.316 | —6.39 £0.38 | —6.44 +0.51 | —6.53 £0.42
Mountain Car | —0.0084 + | —0.009 + | —0.036 + | —0.029 + | —0.0337 + | —0.009 +
Continuous 0.0001 0.0002 0.014 0.0084 0.0018 0.0002

Table 2: Comparison of Critic-Actor with different algorithms in terms of average reward

6 Experimental Results'

We present here the results of experiments on three different
(open source) OpenAl Gym environments namely Frozen
Lake, Pendulum and Mountain Car Continuous, respectively,
over which we compare the performance of CA with AC as
well as the Deep Q-Network (DQN) (Mnih et al. 2015) in
the average reward setting, and PPO (Schulman et al. 2017).
Detailed descriptions of these environments can be found at
https://gymnasium.farama.org/.

While (Bhatnagar, Borkar, and Guin 2023) analyzes the
asymptotic convergence of the full-state CA (FS-CA) in the
discounted cost setting, for experiments, they also incorpo-
rate a setting with function approximation. For the CA and
AC implementations, we have thus used their code? but made
changes to incorporate the average reward setting. For DQN,
we have used the original code from the paper and made
changes to incorporate the average reward setting. For PPO,
we implement two variants, namely, PPO-AC and PPO-CA,
where in both algorithms, clipping has been used in the actor
updates and the advantage function is estimated using the
critic parameter and we have used two separate losses (the
actor-loss and the critic-loss), to train the actor and the critic
networks respectively. We have used the average reward set-
ting for implementing PPO (actor and critic) unlike the base

'The code for all of our experiments is available at
https://github.com/prashul306/Critic-Actor.
“https://github.com/gsoumyajit/Actor-Critic-Critic-Actor

implementation that considers discounted reward.

The plots of our experiments are averaged over 10 dif-
ferent initial seeds after training the agent for 10,000 steps.
Table 2 presents the average reward along with standard error
(obtained upon convergence) for all the five algorithms in the
three environments while Table 9 in the Appendix of (Panda
and Bhatnagar 2024) presents their training time (in seconds).
It can be seen from Table 2 that CA shows the best results
in all environments, though by small margins. In terms of
training time performance (Table 9 in appendix of (Panda and
Bhatnagar 2024)), CA is better than AC and single-timescale
AC on all three environments and in fact, it takes about half
the run-time on two of the environments and is also better
than the other algorithms as well except DQN. The latter
has the best training time performance though it loses out on
accuracy.

7 Future Work

We used a projected critic like (Wu et al. 2022; Olshevsky
and Gharesifard 2023; Chen and Zhao 2023), for our non-
asymptotic analysis. It would thus be of theoretical interest
to derive similar bounds on the critic as we did but when
projection is not used. It would also be of interest to de-
velop potentially more efficient algorithms of the CA type,
such as Natural CA, Soft CA etc., and study their theoretical
convergence properties as well as empirical performance.
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