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Abstract

Real-world optimization problems often involve complex ob-
jective functions with costly evaluations. While Bayesian op-
timization (BO) with Gaussian processes is effective for these
challenges, it suffers in high-dimensional spaces due to per-
formance degradation from limited function evaluations. To
overcome this, simplification techniques like dimensionality
reduction have been employed, yet they often rely on assump-
tions about the problem characteristics, potentially underper-
forming when these assumptions do not hold. Trust-region-
based methods, which avoid such assumptions, focus on lo-
cal search but risk stagnation in local optima. In this study,
we propose a novel acquisition function, regional expected
improvement (REI), designed to enhance trust-region-based
BO in medium to high-dimensional settings. REI identifies
regions likely to contain the global optimum, improving per-
formance without relying on specific problem characteristics.
We provide a theoretical proof that REI effectively identi-
fies optimal trust regions and empirically demonstrate that
incorporating REI into trust-region-based BO outperforms
conventional BO and other high-dimensional BO methods in
medium to high-dimensional real-world problems.

1 Introduction

Real-world optimization problems often involve objective
functions where gradients are difficult to obtain, and evalua-
tions are time-consuming. Typical examples include the de-
sign optimization of industrial products like aircraft (Liem,
Mader, and Martins 2015) and automobiles (Moustapha
et al. 2015), drug discovery (Shields et al. 2021), materi-
als development (Zhang, Apley, and Chen 2020), and the
tuning of hyperparameters in machine learning models (Per-
rone et al. 2021). For such optimization problems, surrogate-
based methods that can optimize with only tens to a few
thousand of objective function evaluations are widely used.
In particular, Bayesian optimization (BO) (Mockus, Tiesis,
and Zilinskas 1978) using Gaussian processes (GPs) (Math-
eron 1963) is frequently employed because it effectively bal-
ances the exploitation of the best-known solutions and the
exploration of uncharted regions. This method constructs a
GP model to represent the probability distribution of objec-
tive function values using a small number of evaluated sam-
ple points. It then iteratively generates new sample points by
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optimizing an acquisition function, which quantifies the util-
ity of any point in the design space based on the GP model.

However, conventional BO using global GP models suf-
fers from performance degradation as the number of de-
sign variables increases, making it primarily suitable for
problems up to about 10 dimensions. For medium to high-
dimensional black-box optimization problems exceeding 10
dimensions, the exponentially increasing design space poses
a challenge due to the limited number of samples available
for objective function evaluations (Binois and Wycoff 2022).
As a result, problem simplification approaches are often ap-
plied. Common techniques include local exploration using
GP models within trust regions (Regis 2016), dimensionality
reduction assuming a sparse set of effective design variables
(Wang et al. 2016), reducing sensitivity in non-essential di-
mensions (Eriksson and Jankowiak 2021), simplifying GP
models to capture only global trends under the assumption
of a simple objective function (Hvarfner, Hellsten, and Nardi
2024), and solving subproblems under the assumption of
separable design variables (Duvenaud, Nickisch, and Ras-
mussen 2011).

These methods have enabled improvements in objective
function values even for problems with hundreds of dimen-
sions. However, methods that rely on assumptions about
problem characteristics may not perform well on problems
that deviate from these assumptions. In practice, the charac-
teristics of a problem are often unknown until it is solved,
which raises concerns about the generalization performance
of these methods. Even for problems with tens of dimen-
sions, they underperform compared to standard BO with
global GP models (Li et al. 2017). High-dimensional BO
methods that do not rely on such assumptions are limited
(Oh, Gavves, and Welling 2018; Gupta et al. 2020). Among
these, methods that use trust regions have been gaining at-
tention. However, these methods primarily focus on local
search, which raises concerns about stagnation in local op-
tima. For instance, trust region BO (TuRBO) (Eriksson et al.
2019) explores multiple randomly defined trust regions si-
multaneously to capture the global optimum, but efficiently
obtaining the global optimum remains challenging due to the
vast design space in high-dimensional problems.

In this study, we propose a novel acquisition func-
tion, regional expected improvement (REI), to enhance
trust-region-based BO for global optimization in high-



dimensional problems. By introducing REI into trust-region-
based BO, we can efficiently solve medium to high-
dimensional problems without making assumptions about
the characteristics of the problem. The specific contributions
of this study are as follows:

e We propose REI, an acquisition function designed to
identify regions likely to include the global optimum and
to escape from local optima.

* We theoretically prove that REI effectively identifies an
optimal trust region.

* We empirically show that incorporating REI into
TuRBO outperforms conventional BO and various high-
dimensional BO methods, without relying on assump-
tions about problem characteristics.

The code for REI is available at: https://github.com/nobuo-
namura/regional-expected-improvement. Appendices for
this paper can be found in Namura and Takemori (2024).

2 Related Works

In high-dimensional BO, the sample density decreases
across the extensive design space, necessitating approaches
that reduce the complexity of GP models.

A common strategy assumes that in high-dimensional
design spaces, some dimensions contribute minimally to
the variation in the objective function. This strategy com-
presses the design space into an active subspace compris-
ing only the effective dimensions. By constructing a GP
model on the compressed design space, model complexity
is reduced. The random embedding BO (REMBO) (Wang
et al. 2016) and hashing-enhanced subspace BO (HeSBO)
(Nayebi, Munteanu, and Poloczek 2019) use random ma-
trices for dimensionality reduction and demonstrate theo-
retical utility when effective dimensions are limited. Alter-
natively, the sparse axis-aligned subspace BO (SAASBO)
(Eriksson and Jankowiak 2021) simplifies the model by us-
ing a sparse prior distribution that reduces the sensitivity of
the kernel function to ineffective dimensions by decreasing
their inverted length scale. The vanilla BO with D-scaled
p(¢) (DSP) (Hvarfner, Hellsten, and Nardi 2024) assumes
that even in high-dimensional problems, the landscape of
the objective function is simple. By setting a prior distribu-
tion that increases the length scale with the dimension size
and simplifying the variance parameters of a GP model, it
prevents model complexity from escalating. This approach
achieves a simplification similar to SAASBO but with re-
duced computational cost.

Another notable approach involves using local GP mod-
els instead of a global GP model. This approach constructs
GP models using sample points distributed within full-
dimensional subregions of the design space or restricts sam-
ple addition to specific subregions. This local modeling ap-
proach suppresses complexity increases and accurately cap-
tures the local shape of the objective function. TuRBO em-
ploys a trust region centered around the best existing sam-
ple point, progressively reducing the size of the trust region
when no improvement in the objective function is observed.
This method captures detailed local structures incrementally
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while advancing the optimization process. When the trust re-
gion becomes too small, the method restarts with a new trust
region centered around the best randomly generated sample
point. An extension of TURBO, BO with adaptively expand-
ing subspaces (BAxUS) (Papenmeier, Nardi, and Poloczek
2022), combines dimensionality reduction with TuURBO’s
search, gradually increasing the dimensions used for model
construction instead of restarting the trust region. Addition-
ally, CASMOPOLITAN (Wan et al. 2021) extends TuRBO
for discrete optimization and mixed-integer problems. Sim-
ilarly, Bounce (Papenmeier, Nardi, and Poloczek 2023) ex-
tends BAxUS to handle discrete variables and incorporates
strategies to reduce the number of samples needed for opti-
mization in lower-dimensional spaces.

3 Preliminaries

We consider obtaining the global optimum of the minimiza-
tion problem for the objective function f as shown below:

(D

where 0 = [0,1]P represents a D-dimensional design
space. This study focuses on problems with D > 10, where
the performance of standard GP-based BO is known to de-
teriorate. For maximization problems of an objective func-
tion f’, we consider solving the corresponding minimization
problem by setting f = — f”. In this section, we discuss the
foundational concepts of GP, BO, and TuRBO, which are
prerequisites for introducing REIL

x* = argmin,c f(x),

3.1 Gaussian Process

For a mean m : €0 — R and a covariance (kernel) func-
tionk : Qx Q — R,aGP f ~ GP(m(x), k(x,x)) is a
random function (or stochastic process) characterized by the
following properties: (i) for any sequence x1,...,x; €
with i > 1, f(x1),...,f(x;) are jointly Gaussian, (ii)

for any x,x’ € €, the mean E [f(x)

f } and covariance
Cov|[f(x), f(x')] are given as m(x) and k(x,x’), respec-
tively. By providing sample points D; = {x;, f;}!_; con-
sisting of pairs of specific design variables x; and objective
function values f; to this model, we can derive the func-
tions representing the posterior mean f(x|D;) and variance
6%(x|D;) as a surrogate of the objective function. In this
study, assuming the mean function is zero, it is necessary
to standardize the objective function values of the sample
points before generating the GP model. Additionally, we as-
sume that the observed values of the function include noise
following V(0,02 ). The noise variance o2 and the kernel
hyperparameters are determined by maximum a posteriori
(MAP) estimation.

3.2 Bayesian Optimization

In BO, the process iteratively approximates the objective
function using the GP model based on existing sample points
and adds new sample points by optimizing the acquisition
function. The acquisition function is designed to balance ex-
ploitation, which involves adding new sample points in re-
gions likely to contain the optimal solution to improve the



objective function, and exploration, which involves adding
new sample points in regions with low sample density to
improve the approximation accuracy of the GP model.

Prominent acquisition functions include expected im-
provement (EI) (Mockus, Tiesis, and Zilinskas 1978) and
Thompson sampling (TS) (Thompson 1933). The EI at a
location x on the GP model, assuming a normal distribu-
tion, represents the expected value of the objective function
improvement over the best-known objective function value
fref € Dy, and is calculated as follows.

Sret
(fref - f)(b(f)df

= (fref - f(X|Dt))q)(fref) + &(X|Dt)¢(fref)

where ¢ and ® denote the probability density function and
cumulative distribution function, respectively, of the nor-
mal distribution following N (f(x|D;), 52 (x|D;)). El is of-
ten maximized using gradient methods, but the gradient can
vanish in regions with small improvement. Therefore, Lo-
gEI (Ament et al. 2023), which uses the logarithm of the im-
provement, has been proposed. Additionally, a Monte Carlo
acquisition function qEI (Wang et al. 2020; Balandat et al.
2020), which calculates EI via Monte Carlo sampling, is uti-
lized to add multiple sample points simultaneously.

In contrast, TS involves randomly sampling functions
TS ~ GP(0,k(x,x")|D;) from the posterior distribution
of the GP and then adding new samples by minimizing the
sampled function in the case of minimization problems. Al-
though the latter part is greedy, the functions sampled from
the posterior distribution are more likely to have low ob-
jective function values in regions where the GP uncertainty
62(x) is high, thus balancing exploration and exploitation.

3.3 Trust Region Bayesian Optimization

TuRBO is a representative high-dimensional Bayesian op-
timization method that uses trust regions. It is denoted as
TuRBO-m where m represents the number of trust regions
used in parallel. For simplicity, Algorithm 1 illustrates the
procedure for TURBO-1, where there is only one trust re-
gion and a single sample point is added in each iteration.
Note that while the original TURBO-1 uses TS as the acqui-
sition function, this study also implements LogEI.

In TuRBO, n initial sample points are generated uni-
formly at random across the entire design space, and a hy-
percube with side length [ = [ centered around the sample
point ¢ with the minimum objective function value is defined
as the trust region. A GP model is then constructed using the
initial sample points, and the next sample point is selected
by minimizing the TS acquisition function or maximizing
the LogEl acquisition function within the trust region.

To update the trust region, the objective function value of
the added sample point is compared with that of the existing
sample points for the current trust region. If the minimum
value of the objective function does not improve for 7
consecutive iterations, [ is halved, reducing the search area.
Conversely, if the minimum value of the objective function
improves for 7y, consecutive iterations, ! is doubled, ex-
panding the search area. If the minimum objective function
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Algorithm 1: TuURBO-1

Input: Objective function f, Design space €2, Initial budget
n, Total budget N

Parameter: Initial trust region length [y, Minimum trust
region length 1.y,

Output: Samples Dy = {x;, i},

Do=0,l=1p,t=0
while ¢ < N do
ift=0orl < l,,;, then
Generate initial samples DTF = {x;, f;}"_,
Initialize trust region 7R with length I = [ cen-
tered around ¢ = argmin,cprr f(X)
Augment Dy, < Dy U DTR
t<t+n
else .
Generate a GP model f(x|DT%), 62(x|DTE)
Select a next sample using an acquisition function
X¢41 = argming .7 TS(x)
or
X¢41 = argmax, 7 LogEI(x)
Evaluate objective function fr11 = f(x¢41)
Update cand [ of TR
{g(t+1» fer1)}
T

1:
2:
3:
4
5

@YX

11:
12:
13:
14:

Augment DTF « DTE
Augment D4, < D, UD
15: t—t+1

16:  endif

17: end while

18: return D;

value is updated by the added sample point, the center of
the trust region is also updated to the location of that sample
point. The actual side length of the trust region is adjusted
for each dimension according to the length scale of the GP
model.

If [ becomes smaller than a predetermined minimum
length [,,;,, the current trust region’s search is terminated.
The optimization is then restarted in a new trust region by
generating initial sample points randomly, without using any
information from previous sample points.

4 Proposed Method

While TuRBO demonstrates excellent performance for high-
dimensional optimization problems without requiring spe-
cial assumptions, it predominantly focuses on local search
and has limited strategies for obtaining the global optimum.
In this section, we introduce REI, an approach specifically
designed to efficiently discover trust regions that are likely
to contain the global optimum. We describe the method for
selecting the trust region when applying REI to TuRBO. It is
important to note that REI is a general approach that can be
applied to any optimization method utilizing trust regions,
not just TuRBO.

4.1 Region-Averaged Acquisition Functions

Since TuRBO evaluates solutions hundreds of times within a
single trust region once it is selected, the trust region should



be determined based on macro features within the region,
rather than the local landscape details of the GP. Therefore,
instead of using conventional acquisition functions such as
EI or upper confidence bound (UCB), which strongly de-
pend on the local structure of the GP, a specialized acqui-
sition function that aggregates the GP structure within the
region is needed.

This acquisition function requires converting the GP dis-
tribution within the trust region into a scalar value. We pro-
pose simply averaging commonly used acquisition functions
within the trust region to achieve this scalarization. Given
the center of the trust region as x4 and its length as [; for
the d-th dimension, the trust region around the center x is
defined as follows:

D

= [ [ max(zq — 14/2,0), min(zq + 14/2,1)]. (2)
d=1

TRx

The region-averaged acquisition function is then defined as
the mean value of the acquisition function within this trust
region. While averaging the objective function is common in
robust optimization (Ribaud et al. 2020), this study instead
uses the average of the acquisition function, which captures
the uncertainty of the GP model rather than the objective
function itself.

4.2 Regional Expected Improvement

A practical region-averaged acquisition function, REI, is de-
fined as the mean value of EI within the trust region. How-
ever, the integral of EI within the trust region is analytically
challenging to obtain, so this study employs Monte Carlo
sampling as a substitute:

EI(

VIR,

22

REI(x) = 3)

ZEI ),

where X; € TRy is a Monte Carlo sample in the trust re-
gion. We primarily use TuRBO-1; however, to prepare for
selecting multiple trust regions in TURBO-m, we employ the
Monte Carlo acquisition function variant qREI by replacing
EI with qEI:

TRx

N, Ny

ZZmax (fret — TSk(%5),0), (4)

j=1k=1

REI(x
q N Nf

where TSy, is the k-th randomly sampled function from the
posterior distribution of the GP.

By using qREI, regions with greater potential for yield-
ing good solutions can be identified. The left side of Fig. 1
shows the results of calculating qREI and EI after uniformly
generating initial samples for a one-dimensional minimiza-
tion problem. EI exhibits a sharp peak on the left end and a
broader peak on the right end. When using EI to select the
trust region, aiming to locate points with the largest objec-
tive function improvement, the left end, where EI is max-
imized, is selected. In contrast, qREI averages EI within a
defined range centered on each point (the orange-shaded re-
gion centered at the dashed line) to search for spaces with
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Figure 1: Comparison of qREI and EI distributions

Algorithm 2: Trust region selection

Input: Objective function f, Design space €2, Initial budget
n, Samples D;

Parameter: Initial trust region length [

Output: Samples DT

1: if D; = @ then
Generate initial samples at random
Dy = DT = {x, fi}y
t=mn
else
DTR =
end if .
Generate a GP model f(x|D;), 62(x|D;)
Select a trust region 7 R with length [ = [y using qREI
¢ = argmax, . qREI(x)
Generate samples in the selected trust region at random
{(x;} il e TR

=t+1
Evaluate the objective function and augment a dataset

DTR « DTRU {c, f(c)} U{xy, f(xi) i
return DTE

»

A

10:

11:

robust improvement. Consequently, qREI achieves its max-
imum at the right end, where EI has a broader peak. Once
the local search in the trust region near the right end is com-
pleted, a second region selection occurs (right side of Fig.
1), and local search is conducted in the left-end region.

In actual problems, EI is likely to have many local max-
ima, and qREI selects regions not only based on the width
of each EI peak but also on the number of local optima
within the region. Region selection using qREI initially pri-
oritizes areas with broad valleys, ensuring good solutions
even within local optima. As the search progresses, qREI
shifts to selecting regions with deep valleys that have the
potential to update known local optima.

4.3 Trust Region Selection

The trust region selection using qREI is performed during
the initialization and restart phases of TuRBO. Specifically,
this is achieved by replacing the initial sample generation in
line 4 of Algorithm 1 with the procedure outlined in Algo-
rithm 2. During these phases, a global GP model is gener-



ated using all existing sample points. The next trust regions
are determined by fixing the trust region length to the initial
value | = [l and varying the centers x € () to maximize
qREL Once the trust region is selected, TuURBO proceeds as
described in Algorithm 1 using initial samples that include
one point at the center of the selected trust region and (n—1)
points randomly generated within the trust region.

5 Theoretical Analysis

In the last section, we have defined region-averaged acqui-
sition functions (specifically the qREI acquisition function)
for identifying a trust region likely to include the global op-
timum. In this section, we prove that these region-averaged
acquisition functions enable effective exploration of an op-
timal trust region (i.e., region likely including the global op-
timum). We provide proofs in Appendix A.

Notation and Assumptions. Letk : R” x R - Rbea
positive definite kernel of the form k(x, x’) = F'(x —x') for
any x,x’ € RP, where F is a continuous function on R”
with £ € L1 (RP) and L' (RP) is the space of L' integrable
functions. This represents a wide class of kernels including
Matérn, Gaussian, and rational quadratic kernels (Wendland
2004, Chapter 6). We denote the associated reproducing ker-
nel Hilbert space (RKHS) on 2 by Hr(£2) and the RKHS
norm of f € H () by ||l (o).

Region-Averaging Operator. To discuss an optimization
problem regarding the region-averaged acquisition func-
tions, we define an operator S that transforms the objective
function to a region-averaged objective function as follows.
For f € Hp(Q), it is known that there exists a natural ex-
tension f : RP — Rof f (i.e., f(x) = f(x) for any x € )
with f € Hp(RP) (we refer to Theorem 10.46 in Wend-
land (2004). See also Proposition A.2). For f € Hp(Q), we

define a region-averaged objective function Sf : 2 — R as

}, x € Q.

Sf(x) = Euunit(TR0) [f(X +u)

Here TR is a trust region centered at 0 € R” defined as
(Hi’;l[—li/l li/Q]) and Unif(7TRg) denotes the uniform

distribution on it. In Fig. 2, we illustrate a simple example
of the objective function f and Sf in the case when D =
1.Ifa : RP — R is a lower confidence bound (LCB) of
the (extended) objective function f, then by definition, the
region-averaged acquisition function Sa is a LCB of Sf.
More generally, for any acquisition function a, we regard the
region-averaged acquisition function Sa as an acquisition
function for S f.

Problem Complexity of BO. For a Bayesian optimization
algorithm .4 and an objective function f € Hp(2), we de-

fine (cumulative) regret Ry (f,.A) by Zivzl (f(xe)—f(x*)),
where x; € (2 is a point selected by the algorithm .A. Fol-

lowing (Gupta et al. 2022; Chowdhury and Gopalan 2017),

we define
Un(f) = Bn(f)VNyn, ©)

where By (f) on/2(yn-1 + 1 +1og(1/9)) +
HfHHF(Q)’ d € (0,1), and «y is the maximum information
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Figure 2: A simple example of the objective function f and
its region-averaged function S f.

gain (Chowdhury and Gopalan 2017). Then, it is known that
popular algorithms such as GP-EI and GP-UCB (or 1GP-
UCB) have the following regret upper bound (Gupta et al.
2022; Chowdhury and Gopalan 2017; Srinivas et al. 2010):
That is, the following inequality holds with a probability at
least 1 — 4:

for A = GP-EI and IGP-UCB, where ¢ € (0, 1) is a param-
eter of the algorithms. Therefore, we can regard Uy (f) as
the problem complexity of the Bayesian optimization prob-
lem for the objective function f.

Main Theorem. The example illustrated in Fig. 2 indi-
cates that the complexity of the objective function f is re-
duced if we take the operator S. The following theorem for-
malizes this intuition for a wide class of kernels.

Theorem 5.1. For any objective function f € Hp (), let
Un(f) be the regret upper bound defined as (5). Then, for
any N > 1, Un(f) is reduced if we take the operator S, i.e.,
we have Sf € Hp () and the following inequality holds:

Un(Sf) SUN(f).

Theorem 5.1 indicates that with region-averaged acqui-
sition functions such as qREI, one can explore a globally
optimal trust region more effectively compared to the origi-
nal optimization problem regarding f and shows a potential
superiority over standard methods using global GP models.

Wan et al. (2021) also extended TuRBO and provided
cumulative regret analysis (Theorems 3.3, 3.4, Wan et al.
(2021)). However, their regret analysis followed the standard
proof techniques developed by (Srinivas et al. 2010), and
they have not provided a theoretical comparison to standard
methods using global GP models such as GP-UCB (Srinivas
et al. 2010).

6 Experiment
6.1 Implementation Details

We evaluate the effectiveness of qREI using TuURBO-1 im-
plemented in Botorch (Balandat et al. 2020) with LogEI as
the acquisition function for local search (TuRBO-1-LogEI).
Results for TuRBO-m and TuRBO-1 with TS as the acquisi-
tion function are provided in Appendices E and F. For sim-
plicity, qREI is always used for trust region selection with
N, = 128 and Ny = 256 used for Monte Carlo sampling.
We use two versions of TuURBO with qREI: one where qREI
is implemented as in Algorithm 2, used for both initializa-
tion and restarts, and another where standard TuRBO initial-
ization is used, with qREI applied only during restarts. The
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Figure 3: Histories and violin plots of objective function values for the medium-dimensional problems.

former is denoted as TuRBO-1-LogEI-qREI, while the latter
is referred to as TuURBO-1-LogEI-qREI(restart).

The parameters for TuURBO follow those of Botorch im-
plementation with 7y, = 10. Other key parameters, includ-
ing lo = 0.8, l;in = 0.57, and 7 = D, are consistent with
those in the original paper. Details of the other parameter
settings are provided in Appendix B.

6.2 Baselines

The baselines for comparison include TuRBO-1-LogEI
(without qREI), along with DSP, Bounce, SAASBO, GP-
LogEI, and CMA-ES (Hansen and Ostermeier 2001). DSP
and Bounce were implemented using the authors’ original
repositories. SAASBO and GP-LogEI adopted the Botorch
implementation, with SAASBO using LogEI instead of EI
as the acquisition function, and GP-LogEI using a global GP
and LogEI for standard BO. For CMA-ES, we used the py-
cma (Hansen, Akimoto, and Baudis 2019) implementation
through pymoo (Blank and Deb 2020).

6.3 Benchmarks

To address high-dimensional optimization problems where
assumptions about problem characteristics do not hold, we
use benchmark problems based on real-world applications.
In evaluating the effectiveness of qREI, the number of
restarts is considered crucial. To confirm the impact of qREI
within a limited number of function evaluations, we mainly
focus on design optimization problems for vehicles where
noise influence is minimal. Specifically, we use human-
powered aircraft (HPA) (Namura 2024), rover trajectory
planning (Wang et al. 2018), and MOPTAO08 problems. The
HPA test suite includes nine single-objective problems. We
used HPA101-0 (D 17), 102-1 (D = 32), and 103-
1 (D = 32) as medium dimensional problems and 101-2
(D = 108) as a high-dimensional problem. The rover trajec-
tory planning problem (D = 60) was used with a fixed noise
term to ensure reproducibility, in order to clearly assess the
impact of qREL. The MOPTAOQ8 problem (D = 124) was
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used in its unconstrained form, consistent with the previous
study (Eriksson and Jankowiak 2021). These two problems
were used as high-dimensional problems.

6.4 Setup

For all problems and methods except CMA-ES, the number
of initial samples is n = 30, and the batch size is 1. The pop-
ulation sizes of CMA-ES are determined by its own algo-
rithm, implemented with the default settings. Due to compu-
tational resource constraints, the maximum number of func-
tion evaluations varies by method: N = 2000 for the pro-
posed methods, TURBO, Bounce, and CMA-ES; N = 1000
for DSP and GP-LogEI; and N = 500 for SAASBO. The
number of independent runs with different random seeds is
11 for all problems. To compare the optimization results, we
use the mean histories of the best objective function values
with respect to the number of evaluations and violin plots of
the final results. These visualizations allow us to evaluate the
best method based on the number of evaluations and assess
the variability in the performance of each method.

6.5 Results

Medium-Dimensional Problems. First, we evaluate the
effectiveness of qREI in mid-dimensional problems, where
TuRBO excels and trust regions are restarted many times.
As illustrated in Fig. 3, the use of qREI enhances the perfor-
mance of TuURBO-1-LogEI across all problems. Both vari-
ants of TuURBO-1-LogEI-qREI exhibit the best performance
in HPA101-0 and HPA102-1. In these two problems, many
methods underperform relative to GP-EI. However, TuURBO-
1-LogEI-qREI, which significantly surpasses both TuURBO-
1-LogEI and GP-EI (see Appendix C), emerges as a practical
approach for medium-dimensional problems. In HPA103-1,
unlike DSP, SAASBO, and GP-EI, which show significantly
reduced performance, TuRBO-1-LogEI-qREI demonstrates
excellent performance on par with Bounce and CMA-ES.
It consistently exhibits high performance across different
problems. In Appendix D, we experimentally demonstrate
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Figure 4: Histories and violin plots of objective function values for the high-dimensional problems.

that region-averaged acquisition functions, including qREI,
yield better solutions than those obtained through trust re-
gion selection based on conventional acquisition functions,
such as EI or UCB.

High-Dimensional Problems. Subsequently, we assess
the performance of TuRBO-1-LogEI-qREI in high-
dimensional problems where restarts are infrequent. In the
rover trajectory planning problem, as shown in Fig. 4, one
or two restarts barely occurred, and with the performance
improvements brought by qREI, both variants of TURBO-1-
LogEI-qREI achieved the best results after more than 1000
evaluations. For the HPA101-2 and MOPTAOQ8 problems,
almost no restarts occurred, and even when a restart did
happen, the number of evaluations reached 2000 in the early
stages of local search in the new trust region. Therefore,
the effect of qREI was limited to the initial trust region
selection, resulting in nearly identical performance between
TuRBO-1-LogEI-qREI(restart) and TuURBO-1-LogEI

In the HPA101-2 problem, however, the introduction of
qREI increased the probability of selecting a reliable ini-
tial trust region, and in the later stages of the optimiza-
tion process, TuURBO-1-LogEI-qREI outperformed TuRBO-
1-LogEI. It should be noted that by increasing the batch size
and the number of evaluations, the performance improve-
ment effect of qREI during restarts has been confirmed, as
detailed in Appendix G. The MOPTA problem exhibits no-
tably smaller variability across trials than other problems
and converges to solutions of similar quality regardless of
the chosen trust region, thus resulting in a very limited ef-
fect of qREI. Additionally, because computation was termi-
nated when TuRBO-1-LogEI-qREI caught up with TuURBO-
1-LogEI, the effect of qREI is evident only in the reduc-
tion of the maximum values in the violin plot for TURBO-1-
LogEI-qREI compared to TuRBO-1-LogEI.

The approach using qREI is considered effective even for
high-dimensional problems. However, in high-dimensional
problems, the number of evaluations required before restart-
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ing increases, leading to fewer restarts, which is a limitation
of this method. To address this, similar to the dimensional-
ity management in Bounce, it may be effective to limit the
number of function evaluations in each trust region and to
shrink the trust region in a planned manner.

DSP and SAASBO showed good performance in the
early stages of exploration in these high-dimensional prob-
lems although they had modest performance in medium-
dimensional problems. While Bounce demonstrated excel-
lent performance on HPA101-2, it did not perform as well on
other problems. Since many of the methods in prior studies
make assumptions about the problem characteristics, they
may not always achieve sufficient performance depending
on the nature of the real-world problem. Therefore, TURBO-
1-LogEI-qREI, which consistently shows stable and supe-
rior performance regardless of individual problem charac-
teristics, can be considered a powerful method for medium
to high-dimensional black-box optimization where the prob-
lem characteristics are unknown in advance.

7 Conclusions

In this paper, we introduced the use of regional expected
improvement (REI) and its variant qREI within the TURBO
framework to enhance high-dimensional Bayesian optimiza-
tion. We theoretically demonstrated the effectiveness of the
region-averaged acquisition function, including qREI. Our
experiments showed that when the trust region was restarted
multiple times, the proposed method outperformed existing
methods due to the optimal trust region selection by qREI.
They also demonstrated robustness across different prob-
lem settings, in contrast to other methods that are more de-
pendent on specific problem characteristics. These findings
highlight qREI coupled with trust-region-based Bayesian
optimization as a powerful and versatile tool for medium to
high-dimensional black-box optimization.
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