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Abstract

In this paper we describe a novel framework for diffusion-
based generative modeling on constrained spaces. In par-
ticular, we introduce manual bridges, a framework that ex-
pands the kinds of constraints that can be practically used to
form so-called diffusion bridges. We develop a mechanism
for combining multiple such constraints so that the resulting
multiply-constrained model remains a manual bridge that re-
spects all constraints. We also develop a mechanism for train-
ing a diffusion model that respects such multiple constraints
while also adapting it to match a data distribution. We develop
and extend theory demonstrating the mathematical validity of
our mechanisms. Additionally, we demonstrate our mecha-
nism in constrained generative modeling tasks, highlighting
a particular high-value application in modeling trajectory ini-
tializations for path planning and control in autonomous ve-
hicles.

Code and extended version —
github.com/plai- group/manually-bridged-models

1 Introduction

For generative models to become practically useful in em-
bodied artificial intelligence domains, guaranteed constraint
satisfaction is effectively required. Examples abound, such
as path planning and control in autonomous vehicles and ad-
vanced driver-assistance (AV/ADAS) systems (Janner et al.
2022; Zhong et al. 2023), kinematic, dynamics, power, and
other constraints in robotics (Schulman et al. 2014), safety
critical plant operation (Knight 2002), etc. Strictly elim-
inating non-factual or offensive hallucinations from large
language models (LLM) falls in this problem category too
(Azamfirei, Kudchadkar, and Fackler 2023; Huang et al.
2023).

Our experimental focus in this paper will be on a partic-
ular subproblem in AV/ADAS planning and behavioral sim-
ulation, so starting here, we will motivate our work using
language from this domain; however, note that the mecha-
nisms and theory we develop are general.

Consider the problem of realistically distributing agents
in top-down, two-dimensional space; cars, pedestrians, etc.
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There are several characteristics of such a distribution that
are sufficiently close to being constraints that they may as
well be. Cars and other vehicles are both constrained to be
“on road” and also to be not overlapping (colliding). Exist-
ing generative models fit to even very large datasets of such
data struggle in the sense that samples from them exhibit “in-
fractions” (constraint violations) at excessive rates (Zwart-
senberg et al. 2023; Jiang et al. 2024; Niedoba et al. 2024);
even when the data on which they are trained is cleaned to
contain only non-infracting examples.

Why does this occur? In the non-parametric limit this
problem would not exist. However, in any finite-data and
finite-capacity model the particular generalization strategy
the model employs remains a degree of freedom. We are mo-
tivated to seek modeling approaches that allow us to direct
and exclude generalizations that place mass outside what-
ever problem specific constraint set there is.

Various approaches to this have been developed (Chang
et al. 2024; Huang et al. 2024); this paper explores diffusion-
bridge-like mechanisms, inspired by diffusion bridge theory,
that empirically demonstrate superior constraint-satisfaction
at little expense to generalization otherwise. We call these
mechanisms “manual bridges” to distinguish them from the
more formally mathematically delimited bridge functions
employed in the greater diffusion bridge literature (Schauer,
van der Meulen, and van Zanten 2017; De Bortoli et al.
2021; Wang et al. 2021; Heng et al. 2021; Chen, Liu, and
Theodorou 2022; Zhou et al. 2024; Shi et al. 2024).

Our central contribution is an architecture that allows
both for imposition of so called “manual bridges” to impose
constraints in diffusion-based generative models and stable
training of models that are constrained in this way, resulting
in “manually bridged models,” a novel family of generative
models that are capable of fitting complex distributions well
while also respecting and representing the sharp boundaries
imposed by constraints.

2 Related Work

A framework for constraints on the sample space of gen-
erative models was first theoretically described in (Han-
neke et al. 2018). In their framework, constraints are rep-
resented through a black-box oracle function labeling sam-
ples as valid or invalid. This problem has been practically
explored for generative adversarial networks (GANs) (Kong
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Figure 1: MBM applied to traffic scene generation. The goal is to place vehicles on a given bird’s-eye view image of a map;
indicated here as the “light” region of an underlying aerial image. The model output is the set of “cars” (infraction-free cars
are green; cars involved in infractions are yellow). The top row shows samples from different models given the same map. The
standard diffusion sample (a) contains a collision infraction. The rest of the top row shows different architectural mechanisms
to avoid infractions. Both conditional diffusion (b) and (c) are not realistic: they both distort the distribution, albeit in different
ways, this effect being more apparent in (c). A sample from MBM in (d) shows no infractions while remaining realistic. The

second row shows samples from MBM on additional maps.

and Chaudhuri 2023) and diffusion models (Naderiparizi
et al. 2024). More recently, Christopher, Baek, and Fioretto
(2024) proposed a method for generating constraint satisfy-
ing samples from pre-trained diffusion models. It requires
a projection operator the constraint set, which is generally
intractable for complex constraints. Moreover, they employ
a Langevin dynamics-based (Welling and Teh 2011) sam-
pler which is slow to converge. The main idea in all of these
methods was to improve generative models by incorporating
information from the constraints. In this paper, however, the
goal is to construct a model family that does not generate
invalid samples by design.

Recognizing the expressivity of diffusion models, vari-
ous approaches to incorporating pre-defined constrains into
them have emerged in the literature. Lou and Ermon (2023)
proposed reflected diffusion models that enforce the whole
diffusion sampling trajectory to remain bounded in a convex
set. Fishman et al. (2023, 2024) extended reflected diffusion
models to support more general constraints. However, their
approaches are only evaluated on low-dimensional problems
with simple constraints. Moreover, reflected diffusion makes
the forward process, and consequently training, expensive.
Fishman et al. (2023) also proposed a barrier function based
approach for constrained diffusion models. Liu et al. (2024)
used barrier functions to transform constrained domains into
unconstrained dual ones. Both these methods only support
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convex constraints.

Another closely related body of work is diffusion bridges,
stochastic processes that are guaranteed to end in a given
constraint set. Wu et al. (2022) developed a set of mathemat-
ically sufficient conditions for designing diffusion bridges
to a given constraint set. The follow-up work of Liu et al.
(2023) used bridges to formulate diffusion models on dis-
crete sets. They also provided closed-form bridges for a re-
stricted set of constraints such as product of intervals. These
closed form bridges quickly become intractable as the con-
straint set gets more complex.

3 Background
3.1 Diffusion Models

Diffusion models (Sohl-Dickstein et al. 2015; Song and Er-
mon 2019; Song et al. 2021) are a class of generative models
that learn to invert a stochastic process, known as the “for-
ward process,” that gradually adds noise to samples from a
data distribution go(x¢). The forward process is formulated
as an SDE:

dx, = f(xe;t)dt + g(t)dw, (1)

where f and g are drift and diffusion functions and w is the
standard Wiener process. The forward process is designed
such that the SDE’s solution at time 7" is ¢r(xr) =~ 7(xr)
for some known 7 typically equal to A/(0, I).

X0 ™~ qo,



Anderson (1982) showed that the path measure on the
continuous trajectories following the forward process in
Eq. (1) is identical to the one governed by the following
time-reversed SDE:

dx; = [f(x;t) — g*(t)Va log g (x,)] dt + g(t) dw, (2)

where xr ~ 7 and w is the Wiener process when time
flows backwards. Diffusion models learn the score function
se(x¢;t) = V., log ¢;(x;) and approximate the reverse pro-
cess in Eq. (2) by:

dxy = [f(x¢;t) — g°(t)so(xe; t)] dt + g(t) dw,  (3)

where xr ~ 7(xr). One can learn this score function by
minimizing (Vincent 2011)

Evxo o M) Is0(xi5) = Ve logaxlxo)l?] )

where xg ~ ¢o and x; ~ @;(-|xo) in the expectation and
A:[0,T] — R is a weighting function. Once trained, one
can generate data from the model by sampling x7 ~ 7 and
simulating the approximated reverse process in Eq. (3).

In the remainder of this paper we use ¢ and py respectively
to denote the probability density function of the forward and
reverse process. Py and @ denote the probability mass func-
tions associated with p and q. This applies to the marginals,
conditionals, and posteriors as well. Furthermore, to reduce
notational clutter throughout the rest of the paper, we omit
the explicit mention of # and ¢ when their meaning is evident
from the context.

3.2 Constrained Generative Modeling

Constrained generative modeling tackles the problem of
learning and generating from a distribution within a bounded
domain ©Q C R?. This constrained domain (2 is either de-
scribed by explicit constraints, e.g., a set of linear inequal-
ities (Lou and Ermon 2023), or implicitly via binary func-
tions taking x € R¢ as inputs and indicating whether the
constraints are satisfied (Naderiparizi et al. 2024). The train-
ing data in such problem is guaranteed to satisfy the given
constraints. Formally, the dataset D = {x}}¥ | follows a
data distribution ¢o such that Qo(2) = 1. The goal of con-
strained generative modeling is to approximate gy while be-
ing bounded to (2. A maximum likelihood estimation objec-
tive for this problem is formulated as

argmin KL (qo||pg) s.t. Po(x € Q) = 1. ®)
0

3.3 Diffusion Bridges

Diffusion bridges for constrained generative modeling was
introduced by Wu et al. (2022); Liu et al. (2023). It is a gen-
eralized framework of Brownian bridge processes and re-
quires the constraint boundaries to be explicitly stated. For
a constraint set Q C R, a function B?(x;,t) defined on
R? x Rt is an Q-bridge for the reverse process in Eq. (3) if
the solutions of

dx; = [vp(x4;t) + g* () B (x¢3t)dE + g(t)dw,  (6)

at final time ¢t = 0 are guaranteed to be in ). Here xp ~ 7
and vp(x¢;t) := — f(x4;t) + g(t)*sg(xy; t). Intuitively, the
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extra injected term B%(xy;t) is quantified through external
constraint functions, which drifts the particle to move to-
wards the boundary and stay inside 2. Wu et al. (2022) pro-
vides a set of sufficient conditions for Eq. (6) to constitute a
valid diffusion bridge. However, these requirements on B2
make them practically applicable only to a very limited set of
problems. For completeness, we provide these requirements
in the appendix'. Liu et al. (2023) proposes a particular dif-
fusion bridge and shows it satisfies the necessary conditions.
It, however, requires closed form access an expectation that
is only tractable for very simple constraints such as product
of intervals. We discuss this more in Section 4.1. For com-
pleteness, we show the exact form of this bridge in the ap-
pendix. Furthermore, we show it corresponds to an optimal
diffusion model trained on ¢/(£2), a uniform distribution on

Q.

4 Methodology

In this section, we explain “Manually Bridged Models”
(MBM), our approach to constrained generative modeling
with manual bridges. MBM incorporates the complex con-
straint information into the model leading to a formulation
similar to diffusion bridges. We show that such bridged mod-
els parameterize a family of sequence of distributions that
only place mass on § at diffusion time ¢ = 0. The models
are then trained using the same objective as standard diffu-
sion models.

4.1 Manual Bridges

Here, we first formally define the notion of manual bridges.
Next, we explain how they are incorporated in diffusion
models. Finally, we show how to combine multiple bridges
to get a model that satisfies a set of given constraints.
Definition 1 (Q-distance function). Let £ : R? x [0,T] —
RZ0 be a continuous and almost everywhere differentiable
function with finite gradients w.rt. x. We call £ an Q-
distance function when (*}(x; 0) = 0 if and only if x € €.
Definition 2 (Manually bridged model). Given a diffusion
model sg(xq,t), an Q-distance function (}(x;t), and a
Cl-function v : [0,T] — R* such that v(T) ~ 0 and
limy o y(t) = oo, a manual bridge is defined as b} (x; ) =
—(t) V0 (x;t). A manually bridged model is defined as
s2(x;t,7y,0) == sg(x;t) + b(x;1). @)
Intuitively, the added manual bridge term guides the dis-
tribution towards 2. Manually bridged models correspond
to score functions of distributions of the form p (x;t) x
p(x;t) exp(—v ()¢} (x;t)). Since y smoothly changes from
zero at t = T to infinity at t = 0, p(x;t) smoothly
interpolates between p*(x;T) p(x;T) at t = T and
p?(x;0) o¢ p(x; 0)La(x).
Proposition 1. Let sg(x,t) be a score function correspond-
ing to a density pg(x,t). If sg(x,t) is continuous in t and
po(x, 1) is finite for x ¢ Q, then the manually bridged model
in Definition 2 results in a sequence of distributions that only
place mass on Q) at time t = 0.

Proof of this proposition is provided in the appendix.

"Please refer to the arXiv version of the paper for the appendix.
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Figure 2: Score function architectural variants considered. The latter three use the same “manual bridge,” with the last notably
including an additional path for the bridge function gradient not previously considered in the literature. Each diagram shows a
single denoising step. In these diagrams the input ¢ to the model is omitted for conciseness.

Proposition 2 (Combining Manual Bridges). Let
b1 (x;t) —m1 () Vol (x;t) and b (x;t)
—2 () V2 (x;t) be two manual bridges as defined in
Definition 2. If Q := Q, N Qy # 0, the combined bridge
b%(x;t) = b (x;t) + b2 (x;t) is also a manual bridge
to Q1 N Qs. Therefore, the space of manual bridges is closed
under addition.

y2(t)

Proof. Without loss of generality, assume lim; "G # 0.
Let (2(x;t) := (2 (x;t) + 3?—8;592 (x;t). Since all func-

tions are continuous in ¢, both /%1 and ¢£?2 are distance func-

tions and limy g zfgg # 0, (%(x;0) is zero if and only if

both /21 (x; 0) and £2 (x; 0) are zero. Therefore, £ is a dis-
tance function to §2. Further, by definition limg o 71 () = oo.
Therefore, —7; (t) V.0 (x;t) = b1 (x;t) + b2 (x;t) =
O

b®(x;t) is a manual bridge to €.

Generalizing Proposition 1, one can combine multiple
bridges by b= {2} = Zf\il b (x;t).

The objective function of MBM is the denoising loss with
this particular parameterization of the score estimator model

Eixom |At) [[S0(xe3t,7,€) — Vi log qi(xi[x0)]1%|  (8)

where xq ~ i}, x; ~ q;(-|x0) in the expectation.

Connection to diffusion bridges Note that our manually
bridged models give rise to reverse SDEs similar to that of
diffusion bridges in Eq. (6). To see this, we can plug the
manually bridged score function in Eq. (3):

dxi = [~v(xe;t) — g* ()b (xe5t)] dt + g(t) dw,  (9)
where v(x4;t) = — f(x¢;t) + g2(t)sa(x¢; t). This is equiv-
alent to Eq. (6) once B (x;;t) = b®(x;;t). However, in
order to guarantee that solutions of this SDE lie in €2, the
bridge function b¥}(x,t) = —v(t)Vxl*}(x;t) must satisfy
requirements such as an expected Polyak-Lojasiewicz con-
dition: B,y [(2(x151)] < By g [[[ Va2 xis0)||).
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This greatly restricts the set of allowed 2-distance func-
tions. Furthermore, it restricts generality of combination
of bridges. Our manually bridged models therefore are not
guaranteed to have SDE solutions in ). However, as shown
in the previous section, they still represent score functions
of distributions that converge to one constrained to €2. Fur-
ther, since we train the model to approximate the reverse
process in Eq. (2), an SDE with a trained model is likely to
converge to this terminal distribution as well. As we show
later in the Experiment section, manual bridges empirically
perform similarly to diffusion bridges.

4.2 Architecture

In practice, the typical diffusion bridge method of incorpo-

rating manual bridges as in Eq. (7) leads to poor training.

This is because the added bridge term increases variance of

the loss. As illustrated in Fig. 2, we consider three different

types of incorporating the bridge information into the model.

1. Conditional diffusion (C-arch): modifies the score
network to take (a re-weighted version of) the bridge as
an additional input. This effectively becomes a condi-
tional diffusion model, and those have been proven to be
highly effective in, e.g., large-scale text-conditional im-
age generation tasks. Note that this mechanism merely
incorporates the information from the distance func-
tion to the score network. As such, it is not a bridged
model and does not provide guarantees regarding the
constraints. However, its training is stable.

Sgc(xt;t’%g) = sp(x3t, Vol (xs))  (10)

. Diffusion Bridges (DB-arch): offsets the score func-
tion using the bridge function. This is the mechanism
used in diffusion bridge (Wu et al. 2022; Liu et al. 2023).
This mechanism is effective at constraining the distribu-
tion but results in unstable training.

sihon (6,7, 0) = so(xis1) + b2(x3t) (1)
. Manually Bridged Models (MBM—arch; ours): com-

bines the above two mechanisms. We have found that ad-
ditionally providing (a re-weighted version of) the bridge
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Figure 3: Visualization of the checkerboard constraint experiment results. The problem is constrained on a checkerboard pattern
and the data has a uniform distribution over triangles within the checkerboard, shown in (b). Invalid samples are shown in
brown. (c, d) show the diffusion bridge and manually bridged models without a trained diffusion model. This is effectively the
prior distributions in these models. As shown on the second row, bridged models do not produce invalid samples. Further, the
manually bridged model gives comparable samples to the diffusion bridges (Liu et al. 2023). Finally, incorporating the bridges
in our proposed way (labelled with MBM) even improves the diffusion bridge models.

to the score network stablizes training resulting in both a
good model fit and good constraint satisfaction.
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While any of the three mechanisms above can be used to
incorporate either manual or diffusion bridges, our proposed
method, referred to as MBM, involves manual bridges ap-
plied through the MBM-arch mechanism.

5 Experiments

We demonstrate MBM on a simple 2D synthetic dataset and
a traffic scenario generation experiment with collision and
offroad avoidance. Additionally, we include an image water-
marking experiment in the appendix. We release the source
code implementing MBM together with the 2D synthetic
and image watermarking experiments.

5.1 Checkerboard Constraint Experiment

Setup We first experiment with a simple 2D dataset with
a checkerboard constraint (Fig. 3a). The data distribution gq
is a mixture of uniform triangles enclosed in the allowed
checkerboard area. Our dataset consists of 1,000 samples
from this data distribution (Fig. 3b). We report results for
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a baseline diffusion model in Fig. 3e. This is the standard
diffusion as explained in Background section. Samples from
this baseline model include quite a few constraint violations.

Diffusion bridge baseline As stated before, diffusion
bridges (Liu et al. 2023) are only tractable on very simple
constraints. The checkerboard pattern of this experiment is
one example. As stated before and shown in the appendix,
the diffusion bridge for this problem is equivalent an exact
diffusion model for uniformly distributed data in the con-
straint set €2. We empirically verify this in Fig. 3c, where we
construct an SDE with only the bridge. This is equivalent to
Eq. (6) without the v term. As such, the results in Fig. 3c
match U(€2). Consequently, we modify the typical checker-
board data distribution to be non-uniform in the constraint
set. The “squares” in Fig. 3a are constraints. The data just
happens to lie in half of the constraint set. This modification
is necessary to highlight model training within the diffusion
bridge framework — the bridge to the uniform checkerboard
is literally the generative model for the typical checkerboard
dataset.

Following Liu et al. (2023), we implement a model with
DB-arch (see Fig. 2¢). Once this bridged model is trained,
it will match the data distribution while staying within the
constraints (Fig. 3f).
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Figure 4: Checkerboard constraint experiment results. Solid, dashed and dotted lines respectively correspond to manual bridge,
diffusion bridge and baseline models. Different colors represent different mechanisms of incorporating bridges as shown in
Fig. 2. The shaded area shows standard deviation of the metrics over three models trained with different random seeds.

Manual bridges For manual bridges we use ¢*}(x;t) :
mingcq [|x — yHg as the distance function and ~y(t)
L~ where o (t) is the total amount of noise added at time ¢

o2(t

of (tlie diffusion process. We demonstrate in Fig. 3d that our
manually bridged model guides the generation differently
from diffusion models. Similar to Fig. 3c, this is resulted
from an SDE with only the bridge. Fig. 3g shows that a Man-
ually Bridged Model implemented in our proposed mecha-
nism MBM—arch (Fig. 2d) produces comparable results to a
diffusion bridge model.

Quantitative results We report our quantitative results in
Fig. 4. We report evidence lower bound (ELBO) and in-
fraction rate to respectively measure distribution match and
constraint satisfaction rate. We compare standard diffusion
model with both types of bridged models (diffusion and
manual bridges) as well as different mechanisms for incor-
porating bridges.

Although passing the bridge information to the model to
condition on (as done in conditional diffusion models, la-
beled C-arch in the plot) reduces infraction rate, it fails
to achieve zero infraction rate. With bridges incorporated,
both diffusion bridges or manual bridges brings the infrac-
tion rate down to (almost) zero with both DB—arch and
MBM-arch mechanism. However, the ELBO plot shows
that the DB—arch models are much slower to converge.
It takes the DB—arch models around 250k iterations to
achieve their maximum validation ELBO while the other
models achieve the maximum at around 20k-30k iterations
and start over-fitting after. It demonstrates that our proposed
MBM-arch mechanism or incorporating bridges is even
effective for implementing diffusion bridges of Liu et al.
(2023). This plot also verifies that while diffusion bridges
have a more solid grounding with guaranteed convergence to
an {)-constrained distribution, our proposed manual bridges
can successfully achieve similar results. This makes manual
bridges a much simpler and more widely applicable alterna-
tives to diffusion bridges.
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5.2 Traffic Scene Generation

We continue to the experiment of generating realistic traffic
scenes for placing various number of arbitrary-sized vehi-
cles on different maps. Since a major part of traffic simu-
lation tasks focuses on learning driving behaviors and pre-
dicting vehicle trajectories, the task of generating a realistic
initial traffic scene before the traffic simulations is equally
significant. A common practice to determine whether a gen-
erated traffic scene sample is valid, is to check if any ve-
hicle is outside the drivable region (called “offroad”), or if
vehicles overlap one another (called “collision”). To deal
with the invalid samples being generated, the previous meth-
ods for this problem usually simply discard them (Tan et al.
2021; Zwartsenberg et al. 2023). This requires repeated sam-
pling from the model and is computationally inefficient. A
more recent method updates the model post-hoc by guid-
ing it via a separately trained model to lower the infraction
rate (Naderiparizi et al. 2024). While it lowers the infrac-
tion rate, it is still far from the ideal of zero infraction and
requires extra computing resources. MBM is constructed to
achieve (almost) zero infraction rate, hence eliminating the
requirement of repeated sampling or post-hoc modifications.

The problem in this experiment is to generate up to 25
vehicles on a bird’s-eye view image of a road from one of
70 locations in the dataset. To condition on the road, we ex-
tract its image features using a convolutional neural network
(CNN) encoder (LeCun et al. 1998) and pass them to the
score network. The CNN is trained jointly with the score
network. Each vehicle is represented by its center position,
length, width, heading direction and velocity, which makes
7 dimensions per vehicle. Note that vehicles are considered
jointly, and their interactions are modeled in full, so that
the overall dimensionality of the problem is N x 7, with
N the total number of vehicles. As alluded to earlier, there
are two constraints in this experiment: collision and offroad.
For the collision constraint we compute the area of intersec-
tion between two vehicles as the €2.-distance function. For
offroad, we consider a car that has all four wheels off the
drivable area as offroad. Therefore, for the ),-distance, we
compute the shortest squared distance to the constraint set



Method Collision (%) |  Offroad (%) | Infraction (%){ r-ELBO 1

Standard diffusion (Karras et al. 2022) 17.40 = 0.01 7.33 +£0.18 23.00 £0.14 —0.94 +0.01
Guided diffusion 0.00 + 0.00 0.00 + 0.00 0.00 + 0.00 —1.53+£0.11
Manual bridge with C-arch 19.47 £ 0.20 6.87 £ 0.03 24.52 £0.23 —0.94 + 0.00
Manual bridge with DB-arch 0.24 £0.03 0.00 += 0.00 0.25+0.03 —1.20£0.01
Manual bridge with MBM—arch (ours) 0.10 % 0.00 0.00 £+ 0.00 0.10 £ 0.00 —0.95+0.00

Table 1: Results for traffic scene generation. We compare our model MBM—-arch against its alternative architectures C-arch
and DB-arch, a standard diffusion model, and a guided variant using the bridge term as a guidance signal.

of each of the four corners of the vehicle and take the min-
imum. The ~y functions for collision and offroad are respec-
tively v.(t) = w%’(t) and 7,(t) = m. The complex
constraints of this problem renders diffusion bridges (Liu
et al. 2023) and most of the existing diffusion-based con-
strained generative modeling approaches (Lou and Ermon
2023; Fishman et al. 2023; Liu et al. 2024; Fishman et al.
2024) inapplicable.

We implement a diffusion model based on EDM (Karras
et al. 2022). Our model has a transformer-based architec-
ture (Vaswani et al. 2017) composed of self-attention and
cross-attention layers modeling the interactions between ve-
hicles and between vehicles and the road map. For eval-
uation, we report collision, offroad, and overall infraction
rate to measure constraint satisfaction and the validation loss
which corresponds to a reweighted ELBO (r-ELBO) to eval-
uate the distribution match. The standard diffusion serves as
the baseline. We also include a guided diffusion variant that
guides this pre-trained diffusion with our manual bridges
without further training. We compare these with different
mechanisms for incorporating manual bridges as described
in Section 4.2. Table 1 reports our results for this experi-
ment. Adding the manual bridge as an offset to the model,
DB-arch, strongly reduces infractions but it deteriorates
model quality significantly as evidenced by the degraded r-
ELBO. While guided diffusion achieves zero infraction, its
significantly worse r-ELBO suggests a strong distribution
shift. MBM—-arch ultimately produces a model with close
to zero infractions, and importantly recovers performance
in resulting r-ELBO. In summary, MBM with our proposed
MBM-arch mechanism is able to effectively nearly solve
the problem of infraction free traffic scene generation.

6 Discussion

We introduced manually bridged models, a family of score
functions corresponding to distributions that anneal between
a known base distribution 7(x7) to an {2-constrained distri-
bution at time ¢ = 0. Manual bridges can, for instance, be
used to impose prior knowledge in the form of safety con-
straints. We showed

* one can construct such manual bridges having access to
a distance function to the constraint set,

e such bridges can be combined to get a multiply-
constrained model,

¢ learning diffusion processes on top of manual bridges
can fit observational data while maintaining safety con-
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straints and overcoming potentially unwelcome biases
imposed by suboptimal manual bridges,

architecture matters when imposing bridges, particularly
for effective learning. We propose a combination of (i)
including the manual bridge in the score function in form
of addition and (ii) conditioning the score network on the
bridge. We empirically demonstrate that this combina-
tion is crucial in training of bridged models.

Limitations While MBM is much more flexible and
widely applicable to constrained generative modeling prob-
lems, it still relies on differentiable distance functions, which
may not be straightforward to implement for certain prob-
lems. Further, it is quite likely that there is a greater family
of manual bridges that can be described and composed than
we have established. This includes both the bridge primitives
and the methods of combining bridge functions.

The proper functioning of manual bridges still requires
a fair amount of hyperparameter fiddling, particularly inte-
gration schedule, minimum noise level, and bridge scaling.
This is related to the gap between numerical and exact inte-
gration, however, it bears mentioning here as the asymptotic
scaling of bridges and their gradients is extreme; sufficiently
so to be fiddly. The specific inspiration for the architecture
innovation we introduced came from this low noise asymp-
totic scaling difficulty. Even with our architectural innova-
tion and manual bridge conditions, applying this method to
new domains is not automatic. In this sense it is not terribly
different to prior specification in Bayesian models, except
here the error mode looks more like getting garbage sam-
ples that are “safe.”

Future Work There is a great deal of theory work to be
done, particularly with respect to how manual bridges fit
into the diffusion bridge formalism. We would ideally like
to identify the mathematical conditions on manual bridges
and their combinations that would give rise to formal guar-
antees of constraint satisfaction. Thus far, it appears that we
need a generalization of Ito’s lemma that relaxes the primary
twice differentiable condition to twice differentiable almost
everywhere or even looser.

While solving the constrained, conditional agent place-
ment distribution problem is of value; it is obvious that our
approach should and could be extended to trajectory space
as well. Static actor placements are, after all, merely short
trajectories. Our initial attempts at this were promising, but,
work remains to be done.
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