
Unlocking the Game: Estimating Games in Möbius Representation for Explanation
and High-Order Interaction Detection

Majid Mohammadi, Ilaria Tiddi, Annette Ten Teije
Department of Computer Science, Vrije Universiteit Amsterdam

De Boelelaan 1111, 1081 HV Amsterdam
majid.mohammadi690@gmail.com, i.tiddi@vu.nl, annette.ten.teije@vu.nl

Abstract

Shapley value-based explanations are widely utilized to de-
mystify predictions made by opaque models. Approaches to es-
timating Shapley values often approximate explanation games
as inessential and estimate the Shapley value directly as fea-
ture attribution with a limited capacity to quantify feature
interactions. This paper introduces a new approach for calcu-
lating Shapley values that relaxes the assumption of inessential
games and is proven to provide additive feature attribution.
The initial formulation of the proposed approach includes
the estimation of game values in their Möbius representation
with exponentially many parameters, but we put forward a
polynomial-time algorithm designed to manage the game’s
numerous values and achieve an efficient linear-time computa-
tion of the Shapley value. Moreover, this formulation uniquely
enables identifying only the significant high-order feature in-
teractions amidst a potentially exponential set. Through exper-
iments, we demonstrate the robust performance of our method-
ology in game estimation and in providing explanations for
multiple black-box models.

1 Introduction
Feature attributions serve as a key technique for interpret-
ing opaque machine learning models, offering insights into
the inner mechanism of these complex systems. Shapley
value-based explanation is a popular technique for feature
attribution (Lundberg and Lee 2017; Covert, Lundberg, and
Lee 2020; Fumagalli et al. 2024; Štrumbelj and Kononenko
2014). A primary obstacle in determining the Shapley value
arises from its inherent computational complexity, which
grows exponentially with the addition of features. In an ef-
fort to manage this complexity, different strategies such as
Monte Carlo estimation and linear regression, are employed
to approximate the Shapley values by sampling from the
characteristic function (see (Chen et al. 2023) for a survey).

Despite their widespread use in various domains, the cur-
rent methods estimate an inessential game for explanation
(Kumar et al. 2021; Covert and Lee 2021), and their ability
to quantify the interactions among features remains limited
(Lundberg and Lee 2017; Tsai, Yeh, and Ravikumar 2023;
Masoomi et al. 2021). This implies that the applications of
current methods are largely confined to solving the problem

Copyright © 2025, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

of attribution - that is, assessing the significance of singular
features. However, it falls short of illuminating the dynamics
of how these features interact, which is critical for under-
standing the model’s synergistic effects.

In this study, we introduce a novel regression problem
aimed at estimating the Möbius representation of the char-
acteristic function to explain the prediction of a black-box
model for individual instances. The proposed model is proven
to provide an additive feature attribution while approximating
the explanation game as an essential game, thereby relaxing
the inessential game presumption for the Shapley value es-
timation. In addition, the Möbius representation allows for
the identification of high-order interactions between features.
Given that both the characteristic function and its Möbius
representation encompass a large number of parameters, tack-
ling this regression task poses significant computational hur-
dles. Nevertheless, we have developed a polynomial-time
algorithm that remarkably reduces the computational burden
from O(2d) parameters to O(n), where d and n are the num-
ber of features and samples, respectively. Additionally, our
approach enables the detection of significant feature inter-
actions of any order directly from the regression’s outcome,
obviating the need to enumerate potentially exponential in-
teractions. Furthermore, we explore optimal regularization
formulation to provide parsimonious models for explanation
and feature interaction.

We therefore present GEM-FIX (Game Estimation in
Möbius representation for Feature Interaction detection and
eXplanation), with the principal contributions being enumer-
ated as follows: (i) We put forward a framework for estimat-
ing efficiently the Möbius representation of games given a
subset of characteristic values; (ii) We develop a new repre-
sentation of the Shapley value, enabling the computation of
feature Shapley values in linear time from the solution of the
proposed regression problem; (iii) We develop an efficient
method for identifying only the significant (non-zero) inter-
actions from among potentially exponentially many, through
the solution to our regression model. This approach prompts
us to suggest specific regularization strategies for both inter-
actions and Shapley values. The GEM-FIX implementation is
publicly available at https://github.com/Majeed7/GEMFIX.
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2 Background
Notation In this paper, we denote the set of d features as
D, and represent its power set, which encompasses all non-
empty subsets of D, by D. To facilitate the computation of
Shapley values, we select a subset from D, referred to as S.
We assume that {∅, D} /∈ S, and define S+ = S ∪ {D}.
Each sample S within this subset S is encoded using a binary
vector zS ∈ R|D|. The components of this vector are denoted
as zSS′ for each S′ ∈ D, with the convention that zSS′ = 1
only when S′ is a subset of S. In instances where vectors
or matrices are indexed by subsets such as S, this indexing
scheme is indicative of the elements corresponding to subsets
of features within D or S. Consequently, a vector zS is
conceptualized as a collection of elements, explicitly defined
as

(
zSS′

)
S′∈D

. Also, the notation |.| signifies set cardinality,
and ∥ · ∥p is employed to represent the p-norm. The vectors
are shown by bold-faced lower-case letters, the sets with
capital letters, and matrices with capital Greek letters.

Shapley Value and Möbius Representation A coopera-
tive game is identified by a characteristic function v : 2D →
R that assigns a value for each subset S ⊆ D. A game is
said to be inessential if v(S) =

∑
i∈S v({i}), ∀S ∈ D (Ku-

mar et al. 2021). Given a characteristic function, there are
different solution concepts in game theory that attempt to
provide a fair distribution of the payoff of the grand coalition
(i.e., v(D)) among the players involved. The Shapley value
is an axiomatic approach that is guaranteed to satisfy four
important axioms: efficiency, null player, symmetry, and lin-
earity (Shapley 1953). For a given characteristic function v,
the Shapley value for player i, denoted by ϕi(v), is defined
as (Shapley 1953):

ϕi(v) =
∑

S⊆D\{i}

|S|!(|D| − |S| − 1)!

|D|!

[
v (S ∪ {i})− v(S)

]
The term v (S ∪ {i})− v(S) represents the marginal con-

tribution of player i to a coalition S. This quantifies the added
value player i brings to the coalition, which is pivotal in cal-
culating the Shapley value. The fraction preceding this term
normalizes the contribution across all permutations of players
joining the coalition, ensuring every potential sequence of
players joining is equally considered.

A useful representation of the Shapley value is computed
by using the Möbius representation. The set function v can
be represented by the Möbius representation m as (Grabisch
1996):

v(B) =
∑
A⊆B

m(A), ∀B ⊆ D, (1)

and the Möbius representation m can be written as:

m(A) =
∑
B⊆A

(−1)|A\B|v(B). (2)

The Möbius representation provides a powerful tool for
decomposing the characteristic function into a sum of con-
tributions from different coalitions. Defining m(A) as above
effectively captures the interaction among subsets of players
(or subsets of features), allowing for a more granular analysis

of their contributions. This formulation is especially useful in
efficiently computing the Shapley value by directly summing
over subsets containing the player of interest. In particular,
the Shapley value for feature i can be represented by using
the Möbius representation as (Grabisch 1996):

ϕi =
∑

B⊆D|i∈B

1

|B|
m(B). (3)

With a tolerable abuse of notation, we henceforth refer to
v(A) as m(A) as vA and mA, respectively.

Kernel SHAP Many methods utilize cooperative game
theory and the Shapley value for interpreting black-box ma-
chine learning models. These methods sample subsets of
features and estimate the characteristic function for each
subset. Specifically, for the local explanation of a sample
xxx, Kernel SHAP estimates the characteristic function for a
feature subset S as follows (Lundberg and Lee 2017):

v(S) = E
[
f(xxxS , XD\S)

]
, (4)

where f(xxxS , XD\S) represents the model’s prediction, eval-
uated with features in subset S set to their values in xxx and
the remaining features D \ S replaced with data from the ref-
erence dataset X . We refer to equation (4) as the explanation
game. The essence of Kernel SHAP lies in its approach to
decomposing the model prediction into contributions from
each feature, reflecting the notion of additive feature attribu-
tion. This approach implies that the prediction for a particular
instance can be expressed as a sum of the effects of each
feature on the prediction, formalized as:

f(xxx) = ϕ0 +
∑
i

ϕi, (5)

where ϕi are the Shapley values representing the contribution
of feature i to the prediction, and ϕ0 represents the prediction
value when no features are present, effectively acting as the
average prediction over the dataset. To estimate the Shapley
values, Kernel SHAP employs a weighted linear regression
(Lundberg and Lee 2017):

min
ϕ1,...,ϕd

∑
S∈S

w(S)

(
ϕ0 +

∑
i∈S

ϕi − vS

)2

, (6)

subject to the constraint that ϕ0 +
∑

ϕi = vD, with w(S)
defined as:

w(S) =
d− 1(

d
|S|

)
|S|(d− |S|)

, (7)

and setting w({∅}) = w(D) = ∞. This formulation, includ-
ing the constraint, ensures the model’s prediction is decom-
posed into a base value (ϕ0) and feature contributions (ϕi).
In addition, defining a game v̂ by v̂(S) = ϕ0 +

∑
i∈S ϕi, it

indicates that Kernel SHAP effectively constructs an inessen-
tial game for the purpose of providing explanations (Covert
and Lee 2021; Kumar et al. 2021).
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3 Unlocking the Game: Estimating Möbius
Representation

Linear Regression for Möbius Representation Estimation
As discussed, Kernel SHAP and similar methods for explain-
ability focus on explaining the prediction of an instance by
an inessential approximation of the explanation game and
directly computing the Shapley value. We now put forward
an approach that estimates the characteristic function in their
Möbius representation, where it provides an additive expla-
nation by approximating explanation games as essential.

For each S ∈ S, the value vS represents the prediction
of the model when only the features in S are considered as
shown in equation (4). The Möbius representation of vS is:

vS = m∅ +
∑

S′⊆S,S′ ̸=∅

mS′ , (8)

where m∅ and mS′ are the Möbius representation of null
game and coalition S′, respectively. Based on equation (8),
we now put forward a new regression to find the values of
m0 and mS′ based on vS :

min
{mS}S∈D

∑
S∈S

(
m∅ +

∑
S′⊆S,S′ ̸=∅

mS′ − vS
)2

s.t. m∅ +
∑
S∈D

mS = vD, (9)

where m∅ = v∅. Solving this regression problem provides
the Möbius representation of all the game values v, with
which one can compute the Shapley value as well as potential
interactions. Before discussing how to compute such values
efficiently, we first discuss two important properties of this
approach. These two properties are straightforward to verify
based on minimization (8), but proofs are also provided for
further clarification. All the proofs are placed in Appendix A.

Property 1 The local explanation for xxx provided by model
(9) is an additive feature attribution as in equation (5).

Property 2 The explanation game estimated by equation (8)
is essential.

Regularized Formulation and Efficient Solution The ma-
jor challenge with minimization (9) arises from the exponen-
tially many parameters involved, complicating the task of
finding an efficient solution. To address this issue, we imple-
ment two modifications to the optimization framework. We
introduce L2 regularization on the Möbius representation to
manage its complexity, and augment the objective function
with a penalty for any deviation from the equality constraint
for simplicity. Thus, it follows:

min
mmm,eee

λ

2

∑
S∈S+

ξSe
2
S +

1

2
∥mmm∥22 s.t. eS =mmmTzzzS +m∅ − vS

(10)

where ξS = 1 except for ξD = ∞, mmm =
(
mS

)
S∈D

, zzzS =(
zST

)
T∈D

is a binary vector. First, we present the solution
to this problem in the following theorem.

Theorem 1 The solution to minimization (10) is mmm =∑
S∈S+ αSzzzS , where ααα ∈ R|S+| is the solution to the fol-

lowing system of linear equation (∀S, T ∈ S+):

Ωααα = vvv, s.t. ΩST = zzzTSzzzT + IIIS=T (1/λξS), (11)

where Ω ∈ R|S+|×|S+|, vvv =
(
vS −m∅

)
S∈S+ , and IIIS=T is

the indicator function and is one if and only if S = T .

Since Ω is evidently positive definite, the solution to
the system of linear equations in Theorem 1 can be effi-
ciently computed by using Cholesky decomposition (Strang
2012). The computation of Ω is, however, of exponential
complexity, stemming from the inner product zzzTSzzzS′ where
zzzS , zzzS′ ∈ R|D|. We now show that such an inner product can
be computed efficiently in O(d).

Theorem 2 For two subsets S, S′ ∈ S+ with their binary
encoded vectors zzzS and zzzS′ , we have

zzzTSzzzS′ = 2|S∩S′| − 1 (12)

4 Shapley Value and Interaction Detection
Estimation

This section efficiently calculates the Shapley value and iden-
tifies significant interactions in an efficient manner. We also
put forward several regularization techniques that are useful
for explanation.

4.1 Shapley Value Estimation

The solution to problem (10) is efficient, but we require to ob-
tain mmm in order to compute the Shapley value and significant
interactions. Due to the exponential number of elements inmmm,
directly calculating Shapley values or detecting interactions
through mmm is impractical, especially for large feature sizes.
To overcome this, we introduce a theorem that serves as the
basis for computing Shapley values and significant interac-
tions directly from ααα, thereby circumventing the calculation
of mmm.

Theorem 3 Let ααα be the solution to minimization (10), then
mS′ =

∑
S+∋S⊇S′ αS , ∀S′ ∈ D.

We now present a new representation for the Shapley value
based on ααα.

Theorem 4 Let ααα be the optimal to problem (10), then ϕi is
computed as:

ϕi =
∑

S∈S+|i∈S

( |S|∑
θ=1

1

θ

(
|S| − 1

θ − 1

))
αS (13)

This theorem indicates that the Shapley value can be com-
puted by using only |S+| parameters, in contrast to the crude
computations with the prerequisite of 2d parameters. Also,
the time complexity of equation (13) is linear in O(|S+|).

19514



4.2 Interaction Detection Framework
One advantage of the formulation in problem (9) allows
detecting feature interactions by finding significant mS’s.
However, the challenge of identifying significant interactions
persists due to the exponentially many potential interactions.
To tackle this, we propose a methodology that simplifies the
process of detecting high-order interactions by introducing a
regularization scheme over ααα.
Proposition 1 For any subset S within D, if αS′ = 0 for all
S′ ⊇ S, then no interactions exist for the feature set S.

Using this proposition, along with Theorem 3, all the sig-
nificant interactions can be computed from the non-zero el-
ements in ααα, instead of iterating over all the potential inter-
actions. We can start with an empty set of interactions and
add significant interactions S′ ⊆ S when αS is significant
(see Algorithm 1). In addition, this proposition along with
Theorem 4 suggests that a sparse α would also minimize
the number of features with a significant Shapley value. We
therefore propose the following optimization problem to find
a sparse solution ααα:

min
α

1

2
∥Ωα− v∥22 + λ′∥Γα∥1, (14)

where λ′ > 0 is a regularization parameter, and Γ is a ma-
trix that induces sparsity in the significant interactions and
influential features. We now discuss multiple choices for Γ.

Sparsity and Interaction Regularization Proposition 1
outlines a way for deducing feature interactions from α;
computing mS for every S within D remains prohibitively
expensive due to the number of all interactions, despite many
of mS being null for a sparse α. The proposition highlights
that only the non-zero elements of α correspond to significant
interactions, indicating that a sparser α will lead to fewer
significant interactions. Consequently, employing Γ = I
(where I represents the identity matrix) yields a sparse α
and, by extension, fewer significant interactions.

This approach refines the process of detecting significant
interactions from a cumbersome exhaustive search of all
possible interactions to a focused examination of non-zero
elements in α. For instances where α contains numerous
non-zero elements, a greedy algorithm can be utilized. Such
an algorithm prioritizes α values by their magnitude, high-
lighting the most significant interactions first, and terminates
based on a predefined time constraint, streamlining the iden-
tification of key interactions.

Sparsity and Shapley Regularization In certain scenarios,
the explanations are clearer with minimal significant features
(Ribeiro, Singh, and Guestrin 2016). This objective can be ac-
complished by introducing penalties over the Shapley values
within the optimization framework, such as applying regular-
ization to ϕ in the Kernel SHAP minimization (6). We now
show that it is possible to attain sparse Shapley values by
implementing regularization on α.
Lemma 1 Problem (14) leads to sparse Shapley values with
Γ be defined as

ΓiS =

{
0, if i /∈ S,∑|S|

θ=1
1
θ

(|S|−1
θ−1

)
, otherwise, Γ ∈ Rd×|S+| (15)

4.3 Overall Algorithm and Complexity
Algorithm 1 summarizes the overall procedure for explain-
ing model f for a given instance xxx. The procedure includes
generating set S+ and their value vS , ∀S ∈ S+, for which
we used the Kernel SHAP sampling procedure. We then need
to compute Ω, obtaining ααα, estimating the Shapley values ϕϕϕ,
and the significant interactions with a greedy approach.

Algorithm 1 GEM-FIX: Game Estimation in Möbius Repre-
sentation for Feature Interaction and eXplanation

Require A trained model f over d features, an instance xxx
Generate set S+ ⊆ D
Compute vS according to equation (4) for S ∈ S+

Compute matrix Ω using Theorem 2
Compute ααα as in Theorem 3 or in minimization (14)
ϕϕϕ = zeros(d) {Shapley value initialization with zeros}
for i = 1, ..., d do
ϕi =

∑
S∈S+|i∈S

(∑|S|
θ=1

1
θ

(|S|−1
θ−1

))
αS

end for
interactions = {} {dictionary for significant interactions}
α̂αα = sort(|ααα|) {Sort ααα by descending magnitude}
while |α̂S | > ϵ and !timeover() do

for S ⊆ S do
interactions[S′] += α̂S

end for
end while
Return ϕϕϕ, interactions

The algorithm’s overall time complexity involves several
computations. Initially, we compute the matrix Ω, with a
complexity of O(|S|+2

d), assuming intersection computa-
tion between sets at worst-case O(d). The complexity of
deriving ααα using Cholesky decomposition is O(|S|+3

) at its
peak, and computing the Shapley values for all d features
requires O(|S|+). Additionally, significant interactions can
be computed based on non-zero elements of ααα and the corre-
sponding set size of non-zeroααα. Let nααα represent the number
of non-zero elements in ααα, and s′ denote the average set size
among non-zero elements inααα. Consequently, all interactions
can be computed in O(nααα2

s′). Thus, significant interactions
can be efficiently computed for sparse ααα or small s′.

5 Related Works
Aside from Kernel SHAP, the Shapley value has been used
for local explanation (Lundberg and Lee 2017; Covert and
Lee 2021; Mohammadi, Tiddi, and Ten Teije 2023; Breuer
et al. 2024). QII (Datta, Sen, and Zick 2016) is a method for
local explanation that uses game-theoretic notions (Shapley
and Banzhaf values) for explanation. Methods like Bivariate-
SHAP (Masoomi et al. 2021) focus on unraveling pairwise
feature interactions, offering a more targeted analysis of how
two features influence predictions in tandem. In addition,
approaches such as L2X (Chen et al. 2018a) and C-Shapley
(Chen et al. 2018b) harness mutual information to detect and
quantify the strength of feature interactions. The issue with
such approaches is that interactions are limited up to a cer-
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tain order, in contrast to GEM-FIX, which is able to detect
high-order interactions.

There are also different interaction indices that explain
the interactions among features. One of the first works
is the Shapley interaction index (Grabisch and Roubens
1999), where the notion of the Shapley value on averaging
the marginal contributions of a feature is extended to the
marginal contribution of a feature subset. Other indices such
as Shapley-Taylor (Sundararajan, Dhamdhere, and Agarwal
2020) and Faith-SHAP (Tsai, Yeh, and Ravikumar 2023) are
introduced as well, grounded in different axioms. GEM-FIX
can identify the most important interacting features through
the Möbius representation among an exponentially big set,
but such interaction indices could also be used along with
GEM-FIX to measure the level of interactions for the identi-
fied set from GEM-FIX (the choice is up to the use case and
the suitability of the interaction indices).

6 Experiments
This section compares GEM-FIX with several methods:
Kernel SHAP (Lundberg and Lee 2017), Unbiased SHAP
(Covert and Lee 2021), Sampling SHAP (Štrumbelj and
Kononenko 2014), Bivariate SHAP (Masoomi et al. 2021),
LIME (Ribeiro, Singh, and Guestrin 2016), and MAPLE
(Plumb, Molitor, and Talwalkar 2018). Due to the space limit,
we place some details on the experiments in the appendix B.

6.1 Game Simulation
For the first experiment, we evaluated the performance of
GEM-FIX in estimating the Shapley value from a subset
of characteristic functions in a cooperative game. To that
end, we simulate cooperative games by randomly generating
the characteristic function and computing the exact Shap-
ley value accordingly (the procedure for generating games
is elaborated on in Appendix B.1). We then draw samples
from the generated characteristic function and subject them to
GEM-FIX and SHAP to estimate the Shapley value. Specif-
ically, we explore two versions of our proposed approach:
one employing a linear model as in minimization (9) (GEM-
FIX-LR), and another incorporating regularization into the
minimization process as in equation (10). Following that, we
compare our methods with the standard Kernel SHAP, as
well as a variation of Kernel SHAP with L2 regularization,
denoted as SHAP-L2, to verify the regularization effect on the
solution. We set λ = 103 for both GEM-FIX and SHAP-L2
to reduce the potential regularization effect on the estimation.

Figure 1 illustrates the absolute difference between the ac-
tual Shapley values and those estimated by methods against
the number of samples drawn for the essential games. Both
variants of GEM-FIX demonstrate a superior capability to
more accurately estimate the Shapley values compared to
Kernel SHAP (though GEM-FIX-LR cannot generate the
estiamtion if the player count exceeds 13, see Appendix B.1
for more experiments). This discrepancy is more pronounced
with smaller sample sizes, where SHAP struggles to yield
reliable estimates of the Shapley value. Further details on ex-
periments with several other players counts and comparison
on inessential games are available in Appendix B.1.

6.2 Synthesized Experiments
We evaluate different explainable methods on three synthe-
sized datasets with known important features (see Appendix
B.2 for the dataset generation procedure). For each dataset,
we generate 100 samples with ten features and subject all
the samples to explainable methods to identify the most in-
fluential features. We then contrast the identified features by
explainable methods to those of the ground truth and compute
the average rank of the influential features for each sample.
The methods are then compared based on the mean and the
standard deviation of the average rank across different sam-
ples. The more effective the explainable method, the lower
the mean of average ranks.

Figure 2 shows the box plots of the mean rank of explain-
able methods for the three synthesized experiments. For the
first datasets (ideally, the average rank is 2, see Appendix
B.2), the Shapley value-based explanations show superior
performance, while in the last two (the ideal average rank is
2.5 and 3 for the second and third dataset, respectively - see
Appendix B.2), GEM-FIX is particularly competitive or supe-
rior to all the methods. In addition, GEM-FIX demonstrates
good performance regarding the standard deviation of aver-
age ranks, implying that it has recovered the most influential
features more consistently across different samples.

We also conducted an evaluation of GEM-FIX’s ability
to detect feature interactions using a synthetic experiment.
We generated 120 datasets with binary features designed
to mimic random subset generation in explanations. Each
dataset’s response variable was set as the weighted sum of
individual feature values plus six randomly created interac-
tion terms. Specifically, interaction terms were generated for
the second, third, and fourth orders. For each interaction or-
der, two distinct terms were created. We applied GEM-FIX
to these datasets and identify all the significant interactions
above a threshold of 0.001, and compared the detected inter-
actions with ground truth. Table 1 presents the true positive
(TP), false positive (FP), and false negative (FN) counts for
the interaction terms detected across various interaction or-
ders. In particular, GEM-FIX demonstrated high TP rates,
successfully identifying many interaction terms. The FP rates
were also very acceptable, but slightly higher when the data
set contained overlapping interactions, such as the terms
{1,2,3} and {1,2}. In such cases, GEM-FIX identified ad-
ditional interactions like {2,3} and {1,3}. Although these
interactions were technically incorrect, they were not en-
tirely inaccurate as there is an interaction among the detected
terms. This overlap primarily contributed to the higher FP
observed in second-order interactions and the high FN rates
in fourth-order interactions. Despite these issues, GEM-FIX
performance is promising in identifying interactions, indi-
cated by the median statistics showing promising recovery
rates for the most significant interactions, especially in the
second and third orders.

6.3 Tabular Datasets
In our real experimental setup, we utilize several real-world
tabular datasets (detailed information provided in Appendix
B.3). For each dataset, a random forest model comprising
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Figure 1: The absolute deviation from ground truth Shapley value for the game simulation.

Figure 2: The box plot of the most influential features for the three synthesized datasets.

Interaction Order (#Total) Statistic TP FP FN

Second (240)
Sum 236 43 4

Median 2 0 0
Mean 1.96 0.09 0.033

Third (240)
Sum 228 32 12

Median 2 0 0
Mean 1.9 0.26 0.1

Fourth (240)
Sum 160 19 80

Median 1 0 1
Mean 1.33 0.15 0.66

Table 1: Results of the synthetic experiment for interaction
detection across different interaction orders, summarizing
the sum, median, and mean of TP, FP, and FN from 120
experiments. Each experiment included six interaction terms
of orders two, three, and four.

500 trees is trained. Subsequently, this model and a set of 50
randomly selected samples undergo analysis using various ex-
plainable methods to determine key features for the samples.
Also, we calculate the exact Shapley values for each sample
to establish a ground truth and compare different methods
based on their deviations from these values. This experiment
incorporates Shapley value-based explanations only due to
the comparative analysis focusing on the deviation from the
ground truth Shapley value.

Figure 3 shows the mean and standard deviation of discrep-
ancies to the exact Shapley values across different sample
sizes. According to the graph, GEM-FIX exhibits superior
accuracy in terms of average deviation from the ground-truth
Shapley values, particularly with smaller sample sizes. Con-
versely, other methods perform much better with increasing
sample sizes, as indicated by a more significant reduction in

deviation from the ground truth as the sample size increases.
The time comparison of the explainable methods on tabular
datasets is also provided in Appendix B.3.

6.4 Textual Datasets

In this section, we aim to explore the effect of masking words
identified as least important by various explainable methods
on the predictions of a pre-trained BERT model used for
sentiment analysis. We analyze three textual datasets, apply-
ing explainable methods to 50 reviews from each dataset.
Further details about the BERT model and the datasets are
provided in Appendix B.4. To evaluate different explainabil-
ity methods, we identify influential words in each review,
masking those deemed least impactful. We hypothesize that
masking these less influential words will not significantly
alter the model’s predictions. Variations in predictions, with
varying percentages of words masked, are illustrated in Fig-
ure 4, where the x-axis represents the percentage of words
masked. The results show that GEM-FIX performs superiorly
by accurately identifying both the most and the least influ-
ential words, as evidenced by the stable predictions when
significant portions of reviews are masked. Kernel SHAP and
Sampling SHAP also demonstrate competitive performance,
whereas LIME and MAPLE appear less effective in pinpoint-
ing critical words in reviews. Additionally, we assess these
methods based on the time efficiency of generating explana-
tions. According to Figure 5, GEM-FIX’s execution time is
on par with Kernel SHAP and outperforms Sampling SHAP,
while, in principle, it solves a problem with exponentially
many parameters. In contrast, LIME and MAPLE, despite
their speed, offer less reliable results as indicated by their
performance in the word removal analysis.
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Figure 3: The deviation from ground-truth Shapley value on five tabular datasets.

Figure 4: Deviation from original prediction by masking the deemed redundant features.

Figure 5: The execution time of methods on explaining the sentiment analysis of 50 reviews.

7 Conclusion and Discussion
GEM-FIX puts forward a novel approach to compute the
Shapley value and identify significant interactions in expla-
nation games using their Möbius representation. Unlike tradi-
tional estimators, GEM-FIX relaxes the essentiality of games
for providing explanations. It addresses the challenge of man-
aging exponentially many parameters of games through a
data-driven approach. Initially, an optimization model is effi-
ciently solved, and subsequently, a new Shapley value formu-
lation is developed that limits the complexity to a maximum
of |S| parameters, where S represents the sample set. The
method is able to identify only the significant interactions
computed from exponentially many cases.

For future research, several paths can be explored. While
GEM-FIX effectively identifies significant interactions, the
process can become time-intensive with an increase in the

number of these interactions. Given the focus on explain-
ability on the most important rather than all significant in-
teractions, further refinement is needed. Future work could
include a detailed analysis of the impact of regularization
techniques discussed in Section 4.2 on pinpointing these crit-
ical interactions. Moreover, GEM-FIX does not clarify the
uncertainty associated with Shapley value estimates or the
optimal sample sizes required. Integrating Bayesian models
could enhance understanding of the estimation uncertainty
and aid in determining the necessary sample sizes for accu-
rate estimation.
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