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Abstract

Many approaches to program synthesis perform a combina-
torial search within a large space of programs to find one
that satisfies a given specification. To tame the search space
blowup, previous works introduced probabilistic and neural
approaches to guide this combinatorial search by inducing
heuristic cost functions. Best-first search algorithms ensure
to search in the exact order induced by the cost function, sig-
nificantly reducing the portion of the program space to be ex-
plored. We present a new best-first search algorithm called
ECO SEARCH, which is the first constant-delay algorithm for
pre-generation cost function: the amount of compute required
between outputting two programs is constant, and in particu-
lar does not increase over time. This key property yields im-
portant speedups: we observe that ECO SEARCH outperforms
its predecessors on two classic domains.

Code — https://github.com/SynthesisLab/DeepSynth2/tree/
eco search aaai

Extended version —
https://doi.org/10.48550/arXiv.2412.17330

1 Introduction
Program synthesis is one of the oldest dream of Artificial In-
telligence: it automates problem solving by generating a pro-
gram meeting a given specification (Manna and Waldinger
1971; Gulwani, Polozov, and Singh 2017). A very classical
scenario for user-based program synthesis, known as pro-
gramming by example (PBE), uses input output examples
as specification. For PBE, combinatorial search for program
synthesis has been an especially popular technique (Alur,
Radhakrishna, and Udupa 2017; Balog et al. 2017; Alur et al.
2018; Shi, Steinhardt, and Liang 2019; Barke, Peleg, and
Polikarpova 2020; Zohar and Wolf 2018; Ellis et al. 2021;
Odena et al. 2021; Fijalkow et al. 2022; Shi, Bieber, and
Singh 2022; Shi et al. 2022; Ameen and Lelis 2023).

To scale combinatorial search for program synthesis,
many approaches rely on defining a heuristic cost function
assigning to every program a numerical value, such that the
programs with least scores are the most likely to satisfy the
specification. For example, DeepCoder (Balog et al. 2017)
and TF-Coder (Shi, Bieber, and Singh 2022) use neural
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models, while BUSTLE (Odena et al. 2021) leverages prob-
abilistic methods for defining a heuristic cost function. Very
recently, LLMs have been used for guiding combinatorial
search (Li, Parsert, and Polgreen 2024; Li and Ellis 2024).

Best-first search algorithms explore the space in the ex-
act order induced by the cost function: this significantly re-
duces the portion of the program space to be explored. Since
EUPHONY (Alur, Radhakrishna, and Udupa 2017)’s use of
A∗ algorithm, several best-first search algorithms have been
constructed (Shi, Bieber, and Singh 2022; Ellis et al. 2021;
Fijalkow et al. 2022; Ameen and Lelis 2023).

The major issue of best-first search algorithms is that they
slow down over time. This is because in order to ensure op-
timality they need to consider a growing frontier of poten-
tially next-to-be-generated programs in their data structures,
which quickly become enormous. The notion of delay cap-
tures this behaviour: it quantifies the amount of compute
required between outputting two programs. The first best-
first search algorithm had linear delay (Alur, Radhakrishna,
and Udupa 2017), and the state of the art algorithms achieve
logarithmic delay (Fijalkow et al. 2022; Ameen and Lelis
2023): the compute required between outputting the tth and
the (t + 1)th program is bounded by O(log(t)).

The fundamental question explored in this paper is
whether there exist best-first search algorithms with
constant delay, also called “no-delay”. We answer this
question positively by constructing the first constant-delay
best-first search algorithm called ECO SEARCH for pre-
generation cost function. Importantly, ECO SEARCH per-
forms a bottom-up search, which implies that it can take
advantage of classical observational equivalence techniques.
Technically, ECO SEARCH relies on the “cost tuple repre-
sentation” introduced in (Ameen and Lelis 2023). A key
novelty of ECO SEARCH is a new frugal expansion built
on top of the one introduced in that paper, which ensures
that it only considers programs when they need to be eval-
uated. Combined with novel data structures it enables ECO
SEARCH to achieve constant delay.

We demonstrate the effectiveness of ECO SEARCH in two
classic domains: the DeepCoder (Balog et al. 2017) do-
main of integer list manipulations and in the FlashFill (Gul-
wani 2011) domain of string manipulations. In our experi-
ments, ECO SEARCH solves twice as many tasks in the same
amount of time than previous methods. To summarize, our
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contributions are the following:
• We introduce ECO SEARCH, a new best-first bottom-up

search algorithm;
• Through a theoretical analysis we show that ECO

SEARCH has constant delay;
• Experimentally, we observe that ECO SEARCH provides

significant improvements over existing algorithms.

2 Background
Cost-guided Combinatorial Search
We consider a set P of elements, which for our applications
in program synthesis is the class of all programs. Given a
specification ϕ we write p |= ϕ when the program p satis-
fies the specification ϕ: we say that p is a solution program.
Note that this definition is independent of the type of spec-
ification: a logical formula, a set of input output examples,
or any other type of specifications discriminating between
solutions and not solutions.

The goal of combinatorial search for program synthesis
is given a specification ϕ to find a solution program. Some-
times it is useful to find more than one solution program, or
even all of them; in this paper we focus on finding a single
one, but the algorithms naturally extend to finding a finite
number of solution programs.

In cost-guided combinatorial search, we further assume
a cost function w : P → R>0, mapping each program to a
(positive) cost. The cost function w is used as a heuristic: the
smaller the cost of a program, the more likely it is to be a so-
lution program. In this context, best-first search algorithms
enumerate programs by increasing costs.

Domain-specific Languages and Context-free
Grammars
Let us now be more specific about how programs are rep-
resented. A domain-specific language (DSL) is a program-
ming language designed to solve a specific set of tasks.
Classically, we represent DSLs using context-free grammars
(CFGs), and more precisely deterministic tree grammars.
We let Σ denote the set of primitive symbols, which include
variables. Each symbol has a fixed arity (variables and con-
stants have arity 0). The set of non-terminal symbols is Γ,
and S ∈ Γ is the initial non-terminal. Derivation rules have
the following syntax:

X → f(X1, . . . , Xk),

where f ∈ Σ has arity k and X,X1, . . . , Xk ∈ Γ. The CFG
is deterministic if given X and f , there is a unique deriva-
tion rule from X with f . A grammar acts as a generator: it
generates trees, which we call programs.

To make things concrete, let us consider a small example.
Our DSL manipulates strings and integers, hence it uses two
types: string and int. It has three primitives:

cast: int -> string
concat: string -> string -> string
add: int -> int -> int

Let us add constants "Hello", "World": string
and 1: int. We also add a variable var: int. The

r1 : str → “Hello” cost: 1.1
r2 : str → “World” cost: 2.0
r3 : str → cast(int) cost: 4.4
r4 : str → concat(str, str) cost: 5.3
r5 : int → var cost: 1.8
r6 : int → 1 cost: 3.3
r7 : int → add(int, int) cost: 5.3

Figure 1: A simple DSL.

class of programs of type int -> string is gener-
ated by the CFG given in Figure 1, which uses two
non-terminals, string and int, with the former being
initial. An example program generated by this grammar
is concat("Hello", cast(add(var,1))). Using
the natural semantics for concat, cast, and 1, this pro-
gram concatenates "Hello" to the result of adding 1 to the
input variable and casting it as a string.

Pre-generation Cost Functions
In most cases cost functions are of a special nature: they are
computed recursively alongside the grammar and induced
by defining COST(r) for each derivation rule r (see Figure 1
for an example). Note that COST(r) can be any positive real
number. Consider a program P = f(P1, . . . , Pk) generated
by the derivation rule r : X → f(X1, . . . , Xk), meaning
that Pi is generated by Xi, then

COST(P) = COST(r) +

k∑
i=1

COST(Pi).

What makes pre-generation cost functions special is that
they do not depend on executions of the programs, in fact
they do not even require holding the whole program in
memory since they are naturally computed recursively. Pre-
generation cost functions is a common assumption (Balog
et al. 2017; Ellis et al. 2021; Fijalkow et al. 2022).

3 ECO SEARCH
We present the four key ideas behind ECO SEARCH: cost
tuple representation, per non-terminal data structure, frugal
expansion, and buckets. The full description and pseudocode
is given in the extended version which also includes a com-
plete description and pseudocode with worked out examples
of the two predecessors HEAP SEARCH and BEE SEARCH.

To make our pseudocode as readable as possible we use
the generator syntax of Python. In particular, the yield state-
ment is used to return an element (a program in our case)
and continue the execution of the code. The main function is
called OUTPUT, its goal is to output one or more programs.
It is informally decomposed into a generation part, which is
in charge of generating programs, and an update part, which
updates the data structures.

Cost Tuple Representation
Let us take as starting point the BEE SEARCH (Ameen and
Lelis 2023) algorithm, and its key idea: the cost tuple repre-
sentation. BEE SEARCH algorithm maintains three objects:
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Algorithm 1 The generation part of BEE SEARCH

1: function OUTPUT():
2: (skip part of the code)
3: t = (r : X → f(X1, . . . , Xk), n : (n1, . . . , nk))

4: for P1, . . . , Pk in
⊗k

i=1 GENERATED[INDEX2COST[ni]]
do

5: if for all i ∈ {1, . . . , k}, Pi is generated by Xi then
6: P← f(P1, . . . , Pk)
7: add P to GENERATED[c]
8: yield P

• GENERATED: stores the set of programs generated so far,
organised by costs. Concretely, it is a mapping from costs
to sets of programs: GENERATED[c] is the set of gener-
ated programs of cost c.

• INDEX2COST: a list of the costs of the generated pro-
grams. Let us write INDEX2COST = [c1, . . . , c`], then
c1 < · · · < c` and GENERATED[ci] is defined.

• QUEUE: stores information about which programs to
generate next. Concretely, it is a priority queue of cost
tuples ordered by costs, that we define now.

Cost tuples are an efficient way of representing sets of
programs. A cost tuple is a pair consisting of a deriva-
tion rule r : X → f(X1, . . . , Xk) and a tuple n =
(n1, . . . , nk) ∈ Nk. For derivation rules r : X → a,
cost tuples are of the form (r, ∅). A cost tuple represents
a set of programs: (r, n) represents all programs generated
by the rule r where the ith argument is any program in
GENERATED[INDEX2COST[ni]]. The cost of a cost tuple
t = (r, n) is defined as

COST(t) = COST(r) +

k∑
i=1

INDEX2COST[ni].

A single call to OUTPUT generates all programs repre-
sented by the cost tuple t found by popping QUEUE. Let
us consider the case of a cost tuple t = (r : X →
f(X1, . . . , Xk), n : (n1, . . . , nk)), the pseudocode address-
ing this case is given in Algorithm 1. The idea is to fetch
all programs Pi in GENERATED[INDEX2COST[ni]] and to
form the programs f(P1, . . . , Pk). The issue is here that not
all such programs are derived from the grammar: we addi-
tionally need to check whether each Pi was generated from
Xi so we can apply the rule r : X → f(X1, . . . , Xk). This
means that many programs are discarded at this step, and it
may even happen that no program is generated by a call to
OUTPUT.

Taking a step back, the issue is that GENERATED contains
all generated programs, losing track of which non-terminal
were used to generate them.

Per Non-terminal Data Structure
Enters the HEAP SEARCH algorithm, which introduces the
second key idea: per non-terminal data structure. Simply
put, instead of a general data structure, HEAP SEARCH
maintains independent objects for each non-terminal. Let us
apply this philosophy and define the data structures for ECO

Algorithm 2 The generation part in ECO SEARCH

1: function OUTPUT(X, `):
2: (skip part of the code)
3: t = (r : X → f(X1, . . . , Xk), n : (n1, . . . , nk))

4: for P1, . . . , Pk in
⊗k

i=1 OUTPUT(Xi, ni) do
5: P← f(P1, . . . , Pk)
6: add P to GENERATEDX [c]
7: yield P

SEARCH. Our algorithm maintains three objects for each
non-terminal X:

• GENERATEDX : stores the set of programs generated
from X so far, organised by costs. Concretely, it is a map-
ping from costs to sets of programs: GENERATEDX [c] is
the set of generated programs of cost c.

• INDEX2COSTX : a list of the costs of the generated
programs from X . Let us write INDEX2COSTX =
[c1, . . . , c`], then c1 < · · · < c` and GENERATEDX [ci] is
defined.

• QUEUEX : stores information about which programs to
generate next. Concretely, it is a priority queue of cost
tuples ordered by costs, that we define now.

We naturally adapt the definition as follows. A cost tuple
represents a set of programs: (r, n) represents all programs
generated by the rule r where the ith argument is any pro-
gram in GENERATEDX [INDEX2COSTXi

[ni]].
This makes the generation part in ECO SEARCH very

efficient, solving the limitation discussed above in BEE
SEARCH. In Algorithm 2 we spell out part of the function
OUTPUT, which takes as input a non-terminal X and a natu-
ral number ` (and becomes recursive). To formulate its spec-
ification let us write for a non-terminal X the set of costs
c1 < c2 < c3 < . . . of all programs generated from X ,
we say that c` is the `-smallest cost for X . The output of
OUTPUT(X, `) is the set of all programs generated from X
with `-smallest cost.

Frugal Expansion
We have presented the data structures of ECO SEARCH,
the way it generates programs, and the specification of its
main function OUTPUT. We now focus on the update part
of OUTPUT. The third key idea is frugal expansion, which
addresses the main issue with HEAP SEARCH: the number
of recursive calls to OUTPUT. Indeed, to maintain the invari-
ants on the data structures, we need to add cost tuples to
the queue. As fleshed out in Algorithm 3, for a tuple n :
(n1, . . . , nk) we consider the k tuples obtained by adding 1
to each index i ∈ [1, k]: mi : (n1, . . . , ni + 1, . . . , nk).

The issue is that this happens recursively as written in Al-
gorithm 2, leading to many recursive calls. Two things can
happen for a call to OUTPUT(X, `):

• Either the result was already computed (if
INDEX2COSTX [`] is defined) and its answer is read off
the data structure;

• Or it was not, and we perform some recursive calls as
described in Algorithm 3.
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Algorithm 3 Update part in ECO SEARCH

1: function OUTPUT(X, `):
2: (skip part of the code)
3: t = (r : X → f(X1, . . . , Xk), n : (n1, . . . , nk))
4: (skip generation part of the code)
5: for i from 1 to k do
6: n′← n
7: n′

i← ni + 1
8: if t′ = (r, n′) not in QUEUEX then
9: if n′

i not in INDEX2COSTXi then
10: c′← COST(PEEK(QUEUEXi

))

11: INDEX2COSTXi [n
′
i]← c′

12: add t′ to QUEUEX with value COST(t′)

The key property of frugal expansion is that when calling
OUTPUT(X, `), for each non-terminal Y , at most one recur-
sive call OUTPUT(Y, ) falls in the second case. This analysis
was already done in the arxiv version Section C.2 Lemma 2
of (Fijalkow et al. 2022), therefore we only give an overview.

At this point we have a simplified version of ECO
SEARCH: as we will see in the experiments, it already out-
performs HEAP SEARCH and BEE SEARCH, but it does not
yet have constant delay. We will later refer to this algorithm
as “ECO SEARCH without buckets”.

Buckets
To introduce our main innovation, we need to state and
prove some theoretical properties on the costs of programs
induced by pre-generation cost functions. First some ter-
minology: let us fix a non-terminal X , and P, P′ two pro-
grams generated by X . We say that P′ is a successor of P
if COST(P) < COST(P′) and there does not exist P′′ gener-
ated by X such that COST(P) < COST(P′′) < COST(P′). In
other words, P′ has minimal cost among programs of higher
cost than P generated by X . Note that a program may have
many successors, but they all have the same costs. We write
COST-SUCC(P) for the cost of any successor of P.

We first prove that successors in the cost tuple spaces are
close in the cost space. Proofs of both lemmas below can be
found in the extended version.

Lemma 1. There exists a constant M ≥ 0 such that for any
program P we have COST-SUCC(P)− COST(P) ≤M .

A consequence of Lemma 1 is a similar bound, this time
applying to the queue in ECO SEARCH.

Lemma 2. There exists a constant M ′ ≥ 0 such that in
ECO SEARCH at a any given time, for any non-terminal X ,
all programs P in the queue QUEUEX satisfy:

COST(P)− min
P′∈QUEUEX

COST(P′) ≤M ′.

Let us make a simplifying assumption: the cost function
takes integer values, meaning w : P → N>0. Let us anal-
yse the time complexity of OUTPUT(X, ). As discussed
above frugal expansion implies that for each non-terminal
Y , at most one call to OUTPUT(Y, ) yields to recursive calls.
Hence the total number of recursive calls is bounded by the
number of non-terminals, and we are left with analysing the

time complexity of a single call. It is bounded by the time
needed to pop and push a constant number (bounded by the
maximum arity in the CFG) of cost tuples from a queue.
If the queues are implemented as priority queues, the time
complexity of these operations is O(logN), where N is the
number of elements in the queue.

However, thanks to Lemma 2, there are at most M pos-
sible costs in the queue at any given time. Therefore, we
can implement the queues as “bucket queues” (a classical
data structure, see for instance (Thorup 2000)). Concretely,
a bucket queue is an array of M lists, each containing cost
tuples with the same cost. We keep track of the index j of
the list that contains programs of minimal cost. To pop a
cost tuple, we iterate over the jth list. If the list at index
j is empty, we increment j mod M until we find a non-
empty list. To push an element that has a cost k plus from
the current minimal cost, we simply add it to the list at in-
dex (j + k) mod M . The time complexity of popping and
pushing an element in this implementation is constant with
lists implemented as single linked lists for example.

Theorem 1. Assuming integer costs, ECO SEARCH has con-
stant delay: the amount of compute between generating two
programs is constant over time.

4 Experiments
To investigate whether the theoretical properties of ECO
SEARCH bear fruits we ask the following questions:

Q1: Does ECO SEARCH improve the performance of enu-
merative approaches on program synthesis tasks?

Q2: How does the performance of these algorithms scale
with the complexity of the grammar?

Datasets. We consider two classic domains: string manip-
ulations and integer list manipulations. For string manipula-
tions we use the same setting as in BEE SEARCH (Ameen
and Lelis 2023): FlashFill’s 205 tasks from SyGuS. The
DSL has 3 non-terminals, one per type. For integer list ma-
nipulation we use the DeepCoder (Balog et al. 2017) dataset
comprised of 366 tasks. The DSL has 2 non-terminals, again
one per type.

The cost functions used are the same for all algorithms,
following (Fijalkow et al. 2022). Predictions are obtained
with the help of a neural network outputting probability for
each derivation rule. The neural networks are trained on the
same synthetic dataset (one for each domain).

Implementation. All algorithms are re-implemented in
Python. The code is made available as supplementary ma-
terial, it contains the seeds used, the cost functions and all
other additional minor experimental details. All experiments
were run on a 16 GB RAM machine with an Intel Xeon(R)
W-1270 CPU running at up to 3.40GHz, running Ubuntu Jel-
lyfish (no GPUs were used). They were run on at least five
different seeds and we report the mean performance along
with the 95% confidence interval.

Algorithms. We compare ECO SEARCH against the two
state of the art best-first search algorithms: HEAP SEARCH
and BEE SEARCH. Since they are all bottom-up algorithms
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(a) String manipulations from SyGuS using FlashFill’s DSL (b) Integer List Manipulation using DeepCoder’s DSL

Figure 2: Main results: cumulative time for completing tasks

they all use observational equivalence (pruning programs
with same outputs on all input examples). None of them have
hyperparameters except for the rounding off procedure for
costs. For BEE SEARCH we follow the original implemen-
tation and round off cost values to 10−2 in log space (since
our cost function are probabilities). For ECO SEARCH we
need to discretize costs, as follows. We discretize probabil-
ities in log space up to 10−5 By default we use a bucket
size of 20. We also experiment with other values, and for
comparison, we also consider ECO SEARCH without buck-
ets. When the constant M is less than 1000, we use M in-
stead of the given bucket size. Those parameters were not
tuned, we chose these constant as a naive trade-off.

Does ECO SEARCH improve the performance of
enumerative approaches on program synthesis
tasks?
We run all best-first search algorithms on our benchmarks.
with a timeout of five minutes (300s) per task. We plot the
mean cumulative time used and the 95% confidence interval
with respect to the number of tasks solved on Figure 2a
for string manipulations and Figure 2b for integer list
manipulations.

First, for string manipulation, we observe that HEAP
SEARCH is far outperformed by other algorithms with ECO
SEARCH achieving the same score in 14% of the time. This
is why we did not include HEAP SEARCH in integer list ma-
nipulation because it times out on most tasks.

Second, ECO SEARCH without buckets outperfoms BEE
SEARCH. The increase in performance is small on string
manipulation with a bit less than 10 more tasks solved but
on integer list manipulation it solves more than 20 more
tasks compared to BEE SEARCH. To explain why the gap in
performance is different in the two domains, we will see in
the next experiment that BEE SEARCH scales poorly with
the number of non-terminals in the DSL, which is larger for

string manipulation.
Finally, ECO SEARCH outperforms all other algorithms

by a large margin, solving 13 more tasks on integer list ma-
nipulations and 20 more tasks than its variant without buck-
ets. Comparing to BEE SEARCH, it reaches the same number
of tasks solved in slightly more than half the time for string
manipulation and 78% of the time for integer list manipula-
tion, while solving at least 20 new tasks compared to BEE
SEARCH on both datasets.

Summary
ECO SEARCH outperfoms all other algorithms in-
cluding its variant without buckets, solving as many
tasks in 66% of the time and solving 30% more tasks
in total.

How does the performances of these algorithms
scale with the complexity of the grammar?
The goal of these experiments is to understand how well our
algorithms perform on more complicated grammars. How-
ever there is no agreed upon definition of “grammar com-
plexity” as different measures can be used. A bad proxy is
the number of programs it generates: in most cases it is infi-
nite, and grows extremely fast as a function of depth hence
it cannot be accurately compared. We identify three param-
eters: the number of derivation rules, the number of non-
terminals and he maximal distance from a non-terminal to
the start non-terminal, meaning the number of derivation
rules required to reach the non-terminal. In our experiments,
we measure the performance of our algorithms for pure enu-
meration: the programs are not evaluated on input examples,
enumeration continues for a fixed amount of time. For each
parameter, we created parametric grammars:

• The grammar Dk has 3k derivation rules. It uses a single
non-terminal S. The primitives are: k primitives fi (arity
2), k primitives gi (arity 1), and k constants hi (arity 0).
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(a) Throughput for D4 (12 derivation rules) (b) Scaling law for Dk (number of derivation rules)

(c) Throughput for N4 (4 non-terminals) (d) Scaling law for Nk (number of non-terminals)

(e) Throughput for R4
(f) Scaling law for Rk (distance to initial non-terminal).
Time is in log scale

Figure 3: Scaling against the three parameters: throughput and scaling laws.
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The derivation rules are, for each i ∈ [1, k]:

S → fi(S, S) ; S → gi(S) ; S → hi

• The grammar Nk has k non-terminals, called S1, . . . , Sk,
with S1 initial. The primitives are: 2k primitives fi, gi
(arity 1) and k constants hi (arity 0). The derivation rules
are, for each i ∈ [1, k]:

S1 → fi(Si) ; Si → gi(S1) ; Si → hi

• The grammar Rk has k non-terminals, called S1, . . . , Sk,
with S1 initial. The primitives are: k primitives fi (arity
3), k primitives gi (arity 2), k primitives hi (arity 1), and
k constants ki (arity 0). The derivation rules are, for each
i ∈ [1, k]:

Si → fi(Si−1, Si, Si+1) ; Si → gi(S1, Si)

S1 → hi(Si) ; Si → ki

For each of the three parameters, we consider two scenarios:
throughput: for a fixed grammar, how many programs are
enumerated as a function of time; scaling law: for a range
of values of the parameter, how long does it take to enumer-
ate one million programs. We plot the results for the three
parameters and both scenarios on Figure 3.

First, we look at the evolution with the number of deriva-
tion rules. ECO SEARCH and BEE SEARCH perform equally
well, irrespective of the bucket size. However, removing
buckets makes ECO SEARCH much slower. When we look
at the scaling law, the same result is observed, and there is
little to no influence of the number of derivation rules.

Second, looking at the number of non-terminals, for the
throughput scenario the results are the same as for the
main experiments: HEAP SEARCH < BEE SEARCH < ECO
SEARCH without buckets < ECO SEARCH. On the scal-
ing law, we observe that BEE SEARCH is outperformed
by HEAP SEARCH for grammars with more than 15 non-
terminals. The same growth is observed for all variants of
ECO SEARCH albeit at a slower pace. This suggests that BEE
SEARCH scales badly with the number of non-terminals:
increasing the number of non-terminals 4x, BEE SEARCH
takes 3x more time, while ECO SEARCH takes only 2x more.

Finally, looking at the distance to the starting non-
terminal. BEE SEARCH is missing since we failed to enu-
merate 10K programs within the timeout, even for R4. Sim-
ilarly, HEAP SEARCH was not plotted for larger parame-
ters because it failed to enumerate 1M programs. For the
throughput, except for the disappearance of BEE SEARCH
the results are as expected. For the scaling law, we observe
that the distance has a significant impact: ECO SEARCH
takes 6x more time for R22 compared to R4.

Moreover, Figure 3 highlights the slowing down over time
of the different algorithms. If we compare how the through-
put evolves with the number of programs enumerated, then
all algorithms but ECO SEARCH slow down faster due to
their logarithmic delay. It is highlighted on Figure 3e, where
HEAP SEARCH fails to generate 100.000 programs in the
last 20 seconds of the experiment, and BEE SEARCH sim-
ply fails to do so in the first 20 seconds. The slope for
ECO SEARCH without buckets clearly increase faster than
for ECO SEARCH indicating a faster slow down.

Summary
ECO SEARCH scales better in terms of number of
non-terminals and distance to starting non-terminal,
and as well as BEE SEARCH for the number of deriva-
tion rules. ECO SEARCH slows down less than alter-
natives and is robust to the number of buckets.

5 Related Works
Combinatorial search for program synthesis has been an
active area (Alur et al. 2018), and a powerful tool com-
bined with neural approaches (Chaudhuri et al. 2021). In
particular, cost-guided combinatorial search provides a nat-
ural way of combining statistical or neural predictions with
search (Menon et al. 2013; Balog et al. 2017).

By exploring the space in the exact order induced by
the cost function, best-first search algorithms form a natural
family of algorithms. The first introduced was an A∗ algo-
rithm (Alur, Radhakrishna, and Udupa 2017). ECO SEARCH
can be thought of as the unification of HEAP SEARCH (Fi-
jalkow et al. 2022) and BEE SEARCH (Ameen and Lelis
2023), both best-first search bottom-up algorithms.

Best-first search algorithms were also developed for In-
ductive Logic Programming (Cropper and Dumancic 2020).

Importantly, ECO SEARCH follows the bottom-up
paradigm, where larger programs are obtained by com-
posing smaller ones (Udupa et al. 2013). Such algorithms
have been successfully combined with machine learning ap-
proaches, for instance PC-Coder (Zohar and Wolf 2018),
Probe (Barke, Peleg, and Polikarpova 2020), and Dream-
Coder (Ellis et al. 2021). In these works, machine learn-
ing improves combinatorial search while BUSTLE (Odena
et al. 2021) and Execution-Guided Synthesis (Chen, Liu, and
Song 2019) guide the search process with neural models.
Alternatively, CROSSBEAM (Shi et al. 2022) and Lambd-
aBeam (Shi et al. 2023) leverage Reinforcement Learning
for this purpose. Interestingly, LambdaBeam solve tasks that
LLMs cannot solve thanks to its ability to perform high-level
reasoning and program composition. Together with recent
approaches using LLMs for guiding search (Li, Parsert, and
Polgreen 2024; Li and Ellis 2024), this motivates developing
faster algorithms for cost-guided combinatorial search.

6 Conclusions
We introduced ECO SEARCH a new best-first bottom-up
search algorithm, and proved it has constant-delay, meaning
that the amount of compute required from outputting one
program to the next is constant. On two classic domains it
enables solving twice as many tasks in the same amount of
time than previous methods.

Our experiments reveal an important research direction:
search algorithms suffer drops in performance when the
complexity of the grammar increases. Often the grammar
remains small and this limitation is not drastic. However, re-
cent applications of program synthesis use large grammars,
for instance Hodel (2024) constructs a large DSL to solve
the Abstraction Reasoning Corpus (Chollet 2019). We leave
as an open question to construct best-first search algorithms
that can operate at scale on such DSLs.
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