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Abstract

In this paper, we link two existing approaches to derive coun-
terfactuals: adaptations based on a causal graph, and optimal
transport. We extend “Knothe’s rearrangement” and “triangu-
lar transport” to probabilistic graphical models, and use this
counterfactual approach, referred to as sequential transport, to
discuss fairness at the individual level. After establishing the
theoretical foundations of the proposed method, we demon-
strate its application through numerical experiments on both
synthetic and real datasets.

Code — https://github.com/fer-agathe/sequential transport
Extended version — https://arxiv.org/abs/2408.03425

1 Introduction
Most applications concerning discrimination and fairness
are based on “group fairness” concepts (as introduced in
Hardt, Price, and Srebro (2016); Kearns and Roth (2019), or
Barocas, Hardt, and Narayanan (2023)). However, in many
cases, fairness should be addressed at the individual level
rather than globally. As claimed in Dwork et al. (2012),
“we capture fairness by the principle that any two indi-
viduals who are similar with respect to a particular task
should be classified similarly.” The concept of “counter-
factual fairness” was formalized in Kusner et al. (2017),
addressing questions such as “had the protected attributes
of the individual been different, other things being equal,
would the decision had remain the same?” Such a statement
has clear connections with causal inference, as discussed
in Pearl and Mackenzie (2018). Formally, consider obser-
vations {si,xi, yi}, where s is a binary protected attribute
(e.g., s ∈ {0, 1}), and x is a collection of legitimate features
(possibly correlated with s). The model output is y, which is
analyzed to address “algorithmic fairness” issues. Following
Rubin (2005), let y⋆(s) denote the potential outcome of y if
s is seen as a treatment. With these notations, counterfac-
tual fairness is achieved for individual (s,x) if the average
“treatment effect,” conditional on x (or “CATE”) is zero,
i.e., E[Y ⋆(1)− Y ⋆(0)|X = x] = 0. This quantity could be
termed “ceteris paribus CATE” since all x’s are supposed to
remain unchanged for both treated and non-treated.

Copyright © 2025, Association for the Advancement of Artificial
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Following Kilbertus et al. (2017), it is possible to suppose
that the protected attribute s could actually affect some ex-
planatory variables x in a non-discriminatory way. In Charp-
entier, Flachaire, and Gallic (2023), the outcome y was “hav-
ing a surgical intervention” during childbirth in the U.S.,
s was the mother’s ethnic origin (“Black,” or not) and x
included factors such as “weight of the baby at birth.” If
Black mothers undergo less surgery because they tend to
have smaller babies, there is no discrimination per se. At
the very least, it should be fair, when assessing whether
hospitals have discriminatory policies, to account for that
difference in baby weights. Such a variable is named “re-
solving variable” in Kilbertus et al. (2017). Using heuris-
tic notations, the “ceteris paribus CATE” E[Y ⋆(1)|X =
x] − E[Y ⋆(0)|X = x] should become a “mutatis mutan-
dis CATE”. For some individual (s = 0,x), this indica-
tor would be E[Y ⋆(1)|X = x⋆(1)] − E[Y ⋆(0)|X = x],
as coined in Charpentier, Flachaire, and Gallic (2023), to
quantify discrimination, where fictitious individual (s =
1,x⋆(1)) is a “counterfactual” version of (s = 0,x).

Two recent approaches have been proposed to assess
counterfactual fairness using this mutatis mutandis ap-
proach. On the one hand, Plečko and Meinshausen (2020)
and Plečko, Bennett, and Meinshausen (2024) used causal
graphs (DAGs) to construct counterfactuals and assess the
counterfactual fairness of outcomes y based on variables
(s,x, y). In network flow terminology, s acts as a “source”
(only outgoing flow, or no parents), while y is a “sink”
(only incoming flow). On the other hand, Black, Yeom,
and Fredrikson (2020), Charpentier, Flachaire, and Gallic
(2023) and De Lara et al. (2024) used optimal transport
(OT) to construct counterfactuals. Moreover, using coun-
terfactual reasoning to achieve fair machine learning (ML)
models has been notably studied (Ma et al. 2023; Robertson
et al. 2024). For evaluation, while De Lara et al. (2024) pro-
vided a theoretical framework, its implementation is chal-
lenging (except in the Gaussian case), and usually hard
to interpret. Here, we combine the two approaches, using
OT within a causal graph structure. The idea is to adapt
“Knothe’s rearrangement” (Bonnotte 2013), or “triangular
transport” (Zech and Marzouk 2022a,b), to a general proba-
bilistic graphical model on (s,x, y), rather than a simplistic
s → x1 → x2 → · · · → xd → y. The concept of “con-
ditional OT” has been recently discussed in Bunne, Krause,
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and Cuturi (2022) and Hosseini, Hsu, and Taghvaei (2023),
but here, instead of learning the causal graph, we assume a
known causal graph and use it to construct counterfactual
versions of individuals (si,xi, yi) to address fairness issues.
Additionally, since we use univariate (conditional) transport,
standard classical properties of univariate transport facili-
tates explanations (non-decreasing mappings, and quantile
based interpretations).

Main Contributions
• We use multivariate transport theory for constructing

counterfactuals, as suggested in De Lara et al. (2024),
and connect it to quantile preservation on causal graphs
from Plečko and Meinshausen (2020) to develop a se-
quential transport methodology that aligns with the un-
derlying DAG of the data.

• Sequential transport, using univariate transport maps,
provides closed-form solutions for deriving counterfac-
tuals. This allows for the development of a data-driven
estimation procedure that can be applied to new out-of-
samples observations without recalculating, unlike mul-
tivariate OT with non-Gaussian distributions.

• The approach’s applicability is demonstrated through nu-
merical experiments on both synthetic data and case stud-
ies, highlighting the interpretable analysis of individual
counterfactual fairness when using sequential transport.

Section 2 introduces various concepts used in probabilis-
tic graphical models from a causal perspective. Section 3, re-
visits classical OT covering both univariate and multivariate
cases. Sequential transport is covered in Section 4. Section 5
discusses counterfactual fairness. Illustration with real data
is provided in Section 6.

2 Graphical Models and Causal Networks
2.1 Probabilistic Graphical Models
Following standard notations in probabilistic graphical mod-
els (see Koller and Friedman (2009) or Barber (2012)),
given a random vector X = (X1, · · · , Xd), consider a
directed acyclic graph (DAG) G = (V,E), where V =
{x1, x2, · · · , xd} are the vertices (corresponding to each
variable), and E are directed edges, such that xi → xj
means “variable xi causes variable xj ,” in the sense of
Susser (1991). The joint distribution of X satisfies the
(global) Markov property w.r.t. G:

P[x1, · · · , xd] =
d∏

j=1

P[xj |parents(xj)],

where parents(xi) are nodes with edges directed towards xi,
in G. Watson et al. (2021) suggested the causal graph in Fig-
ure 1 for the German Credit dataset, where s is the “sex” (top
left) and y is the “default” indicator (right). Observe that
variables xj are here sorted. As discussed in Ahuja, Mag-
nanti, and Orlin (1993), such a causal graph imposes some
ordering on variables. In this “topological sorting,” a vertex
must be selected before its adjacent vertices, which is feasi-
ble because each edge is directed such that no cycle exists

sex s

age x1

job x2 savings x3

housing x4

credit x5

duration x6

purpose x7

default y

Figure 1: Causal graph in the German Credit dataset from
Watson et al. (2021), or DAG.

in the graph. In our analysis, we consider a network G on
variables {s,x, y} where s is the sensitive attribute, acting
as a “source” (only outgoing flow, or no parents) while y is
a “sink” (only incoming flow, i.e., y /∈ parents(xi), ∀i).

2.2 Causal Networks and Linear Structural
Models

Wright (1921, 1934) used directed graphs to represent prob-
abilistic cause-and-effect relationships among a set of vari-
ables and developed path diagrams and path analysis. Sim-
ple causal networks can be visualized on top of Figure 2.
On the left is a simple model where the “cause” C directly
causes (→) the “effect” E. On the right, a “mediator” X is
added. There is still the direct impact of C on E (C → E),
but there is also a mediated indirect impact (C → X → E).

Intervention in a Linear Structural Model In a simple
causal graph, with two nodes, C (the cause) and E (the ef-
fect), the causal graph is C → E, and the mathematical in-
terpretation can be summarized in two (linear) assignments:{

C = ac + UC

E = ae + beC + UE ,
(1)

where UC and UE are independent Gaussian random vari-
ables. That causal graph can be visualized in Figure 2, and
its corresponding structural causal model (SCM) described
in Equation 1 illustrates the causal relationships between
variables, as in Pearl (2000). Suppose here that C is a bi-
nary variable, taking values in {c0, c1}. Given an observa-
tion (c0, e), the “counterfactual outcome” if the cause had
been set to c1 (corresponding to the intervention in Figure 3),
would be e + be(c1 − c0). Following Pearl (2009), one can
also introduce the “twin network” corresponding to a mir-
rored version of the initial causal graph in the counterfactual
world. Plečko and Meinshausen (2020) coined this approach
“fair-twin projection” when C is a binary sensitive attribute.

2.3 Non-Linear Structural Models
Presentation of the Model More generally, consider a
non-Gaussian and nonlinear structural model, named “non-
parametric structural equation model” (with independent er-
rors) in Pearl (2000),{

C = hc(UC)

E = he(C,UE),
(2)
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C E

uC uE

C X E

uC uX uE

{
C = ac + UC

E = ae + beC + UE


C = ac + UC

X = ax + bxC + UX

E = ae + beC + γeX + UE

Figure 2: Linear Structural Causal Model – observation.

c E⋆

uE

c X⋆ E⋆

uX uE

{
C = c (or do(C = c))

E⋆
c = ae + bec+ UE


C = c (or do(C = c))

X⋆
c = ax + bxc+ UX

E⋆
c = ae+bec+γeX

⋆
c +UE

Figure 3: Linear Structural Causal Model – intervention.

where u 7→ hc(·, u) and u 7→ he(·, u) are strictly increas-
ing in u; UC and UE are independent, and, without loss of
generality, supposed to be uniform on [0, 1]. For a rigorous
mathematical framework for non-linear non-Gaussian struc-
tural causal models, see Bongers et al. (2021) or Shpitser,
Richardson, and Robins (2022).

Connections With Conditional Quantiles Consider now
some general DAG, G, on X = (X1, · · · , Xd), supposed
to be absolutely continuous. With previous notations, Xi =
hi(parents(Xi), Ui), a.s., for all variables, representing the
structural equations. We can write this compactly as X =
h(parents(X),U), a.s., by considering h as a vector func-
tion. Solving the structural model means finding a function g
such that X = g(U), a.s. To illustrate, consider a specific i,
and Xi = hi(parents(Xi), Ui). If parents(Xi) = x is fixed,
define hi|x(u) = hi(x, u). Let U be a uniform random vari-
able, and let Fi|x be the cumulative distribution of hi|x(U),
Fi|x(x) = P[hi|x(U) ≤ x]. Since Xi is absolutely con-
tinuous, Fi|x is invertible, and F−1

i|x is a conditional quan-
tile function (conditional on parents(Xi) = x). Let V =
Fi|x(hi|x(U)), then Xi = F−1

i|x (V ) and V is uniformly dis-
tributed on [0, 1]. This means that xi = hi|x(ui) corresponds
to the quantile of variable Xi, conditional on the values of
its parents, parents(Xi), with probability level ui. In the ob-
servational world, ui represents the (conditional) probability
level associated with observation xi, and its counterfactual
counterpart is x⋆i corresponding to the (conditional) quantile
associated with the same probability level ui.

This representation has been used in Plečko and Mein-
shausen (2020) and Plečko, Bennett, and Meinshausen
(2024), where Xi = F−1

i|x (V ) is simply the probabilis-
tic representation of “quantile regression,” as introduced

by Koenker and Bassett Jr (1978) (and further studied in
Koenker (2005) and Koenker et al. (2017)). This could be
extended to “quantile regression forests,” as in Meinshausen
and Ridgeway (2006), or any kind of ML model, as Cannon
(2018) or Pearce et al. (2022). Observe that Ma and Koenker
(2006) considered some close “recursive structural equation
models,” characterized by a system of equations where each
endogenous variable is regressed on other endogenous and
exogenous variables in a hierarchical manner. They used
some sequential quantile regression approach to solve those
recursive SEMs. An alternative we consider here is to use the
connection between quantiles and OT (discussed in Cher-
nozhukov, Fernández-Val, and Melly (2013) or Hallin and
Konen (2024)) to define some “conditional transport” that
relates to those conditional quantiles.

3 Optimal Transport
Given two metric spaces X0 and X1, consider a measurable
map T : X0 → X1 and a measure µ0 on X0. The push-
forward of µ0 by T is the measure µ1 = T#µ0 onX1 defined
by T#µ0(B) = µ0

(
T−1(B)

)
, ∀B ⊂ X1. For all measurable

and bounded φ : X1 → R,∫
X1

φ(x1)T#µ0(dx1) =

∫
X0

φ
(
T (x0)

)
µ0(dx0).

For our applications, if we consider measures X0 = X1

as a compact subset of Rd, then there exists T such that
µ1 = T#µ0, when µ0 and µ1 are two measures, and µ0

is atomless, as shown in Villani (2003) and Santambrogio
(2015). In that case, and if we further suppose that measures
µ0 and µ1 are absolutely continuous, with densities f0 and
f1 (w.r.t. Lebesgue measure), a classical change of variable
expression can be derived. Specifically, the previous integral∫

X1

φ(x1)f1(x1)dx1

is simply (if∇T is the Jacobian matrix of mapping T ):∫
X0

φ
(
T (x0)

)
f1(T (x0)) det∇T (x0)︸ ︷︷ ︸

=f0(x0)

dx0.

Out of those mappings from µ0 to µ1, we can be in-
terested in “optimal” mappings, satisfying Monge problem,
from Monge (1781), i.e., solutions of

inf
T#µ0=µ1

∫
X0

c
(
x0, T (x0)

)
µ0(dx0),

for some positive ground cost function c : X0 ×X1 → R+.
In general settings, however, such a deterministic map-

ping T between probability distributions may not exist (in
particular if µ0 and µ1 are not absolutely continuous, with
respect to Lebesgue measure). This limitation motivates the
Kantorovich relaxation of Monge’s problem, as considered
in Kantorovich (1942),

inf
π∈Π(µ0,µ1)

∫
X0×X1

c(x0,x1)π(dx0, dx1),

with our cost function c, where Π(µ0, µ1) is the set of all
couplings of µ0 and µ1. This problem focuses on couplings
rather than deterministic mappings It always admits solu-
tions referred to as OT plans.
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Figure 4: Univariate OT, with Gaussian distributions (left)
and general marginal distributions (right). The transport
curve (T ⋆) is shown in red.

3.1 Univariate Optimal Transport
Suppose here that X0 = X1 is a compact subset of R.
The optimal Monge map T ⋆ for some strictly convex cost
c such that T ⋆

#µ0 = µ1 is T ⋆ = F−1
1 ◦ F0, where Fi :

R → [0, 1] is the cumulative distribution function associ-
ated with µi, Fi(x) = µi((−∞, x]), and F−1

i is the gen-
eralized inverse (corresponding to the quantile function),
F−1
i (u) = inf

{
x ∈ R : Fi(x) ≥ u

}
. Observe that T ⋆ is an

increasing mapping (which is the univariate definition of be-
ing the gradient of a convex function, from Brenier (1991)).
This is illustrated in Figure 4, with a Gaussian case on the
left (T ⋆ affine), and general densities on the right.

3.2 Multivariate Optimal Transport
In a multivariate setting, when X0 = X1 is a compact subset
of Rd, from Brenier (1991), with a quadratic cost, the op-
timal Monge map T ⋆ is unique, and it is the gradient of a
convex mapping ψ : Rd → Rd, T ⋆ = ∇ψ. Therefore, its
Jacobian matrix ∇T ⋆ is nonnegative and symmetric. More
generally, with strictly convex cost in Rd × Rd, the Jaco-
bian matrix ∇T ⋆, even if not necessarily nonnegative sym-
metric, is diagonalizable with nonnegative eigenvalues, as
proved in Cordero-Erausquin (2004) and Ambrosio, Gigli,
and Savaré (2005). Unfortunately, it is generally difficult to
give an analytic expression for the optimal mapping T ⋆, un-
less additional assumptions are made, such as assuming that
both distributions are Gaussian, as in Appendix A.1

4 Sequential Transport
4.1 Knothe-Rosenblatt Conditional Transport
As explained in Villani (2003); Carlier, Galichon, and San-
tambrogio (2010); Bonnotte (2013), the Knothe-Rosenblatt
(KR) rearrangement is directly inspired by the Rosenblatt
chain rule, from Rosenblatt (1952), and some extensions ob-
tained on general measures by Knothe (1957). Using nota-
tions of Section 2.3 in Santambrogio (2015), let µ0:d denote
the marginal d-th measure, µ0:d−1|d the conditional d − 1-
th measure (given xd), µ0:d−2|d−1,d the conditional d − 2-
th measure (given xd−1 and xd), etc. Suppose that the µ0-
conditionals, corresponding to the measures µ0:d, µ0:d−1|d,

1Our appendix is available at https://arxiv.org/abs/2408.03425.

etc., are atomless (satisfied as soon as µ0 is absolutely con-
tinuous with respect to the Lebesgue measure). For the first
two,

µ0(Rd−1× dxd) = µ0:d(dxd)

µ0(Rd−2 × dxd−1 × dxd)=µ0:d(dxd)µ0:d−1|d(dxd−1|xd)

and iterate. Define conditional (univariate) cumulative dis-
tribution functions:{
F0:d(xd) = µ0:d((−∞, xd]) = µ0(Rd−1 × (−∞, xd])
F0:d−1|d(xd−1|xd) = µ0:d−1|d((−∞, xd−1]|xd),

etc. And similarly for µ1. For the first compo-
nent, let T ⋆

d denote the monotone nondecreasing
map transporting from µ0:d to µ1:d, defined as
T ⋆
d
(·) = F−1

1:d (F0:d(·)). For the second component, let
T ⋆
d−1

(·|xd) denote the monotone nondecreasing map
transporting from µ0:d−1|d(·|xd) to µ1:d−1|d(·|T ⋆

d
(xd)),

T ⋆
d−1

(·|xd) = F−1
1:d−1|d(F0:d−1|d(·|xd)|T ⋆

d
(xd)). We

can then repeat the construction, and finally, the KR
rearrangement is

Tkr(x1, · · · , xd) =


T ⋆
1
(x1|x2, · · · , xd)

T ⋆
2
(x2|x3, · · · , xd)

...
T ⋆
d−1

(xd−1|xd)
T ⋆
d
(xd)

 .

As proved in Santambrogio (2015) and Carlier, Galichon,
and Santambrogio (2010), Tkr is a transportation map from
µ0 to µ1, in the sense that µ1 = Tkr#µ0. Following Bo-
gachev, Kolesnikov, and Medvedev (2005) and Backhoff
et al. (2017), Tkr is the “monotone upper triangular map”
uniquely defined when the µ1-conditionals are atomless
for a chosen coordinate order. Bogachev, Kolesnikov, and
Medvedev (2005) defined the “monotone lower triangular
map,”

Tkr(x1, · · · , xd) =


T ⋆
1 (x1)

T ⋆
2 (x2|x1)

...
T ⋆
d−1(xd−1|x1, · · · , xd−2)

T ⋆
d (xd|x1, · · · , xd−1)

 .

The map xi 7→ T ⋆
i (xi|x1, · · · , xi−1) is monotone (nonde-

creasing) for all (x1, · · · , xi−1) ∈ Ri−1. Further, by con-
struction, this KR transport map has a triangular Jacobian
matrix ∇Tkr with nonnegative entries on its diagonal, mak-
ing it suitable for various geometric applications. However,
this mapping does not satisfy many properties; for example,
it is not invariant under isometries of Rd as mentioned in
Villani (2009). Carlier, Galichon, and Santambrogio (2010)
proved that the KR transport maps could be seen as lim-
its of quadratic OTs. A direct interpretation is that this iter-
ative sequential transport can be seen as “marginally opti-
mal.” Some explicit formulas can be obtained in the Gaus-
sian case, as discussed in Appendix A.
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4.2 Sequential Conditional Transport on a
Probabilistic Graph

The “monotone lower triangular map,” introduced in Bo-
gachev, Kolesnikov, and Medvedev (2005) could be used
when dealing with time series, since there is a natural or-
dering between variables, indexed by the time, as discussed
in Backhoff et al. (2017) or Bartl, Beiglböck, and Pammer
(2021). In the general non-temporal case of time series Xt,
it is natural to extend that approach to acyclical probabilistic
graphic models, following Cheridito and Eckstein (2023).
Instead of two general measures µ0 and µ1 on Rd, we use
only measures “factorized according to G,” some probabilis-
tic graphical model, as defined in Lauritzen (2020).

Definition. Consider some acyclical causal graph G on
(s,x) where variables are topologically sorted, where s ∈
{0, 1} is a binary variable, defining two measures µ0 and
µ1 on Rd, by conditioning on s = 0 and s = 1, respectively,
factorized according to G. Define

T ⋆
G (x1, · · · , xd) =


T ⋆
1 (x1)

T ⋆
2 (x2| parents(x2))

...
T ⋆
d−1(xd−1| parents(xd−1))
T ⋆
d (xd| parents(xd))

 .

This mapping will be called “sequential conditional trans-
port on the graph G, ”or shortly “sequential transport.”2

A classical algorithm for topological sorting is Kahn
(1962)’s “Depth First Search” (DFS), and other algorithms
are discussed in Section 20.4 in Cormen et al. (2022). For
the causal graphs of Figure 5:

T ⋆
G (x1, x2) =

(
T ⋆
1 (x1)

T ⋆
2 (x2|x1)

)
, for Figure 5a,

T ⋆
G (x1, x2) =

(
T ⋆
1 (x1|x2)
T ⋆
2 (x2)

)
, for Figure 5b.

In that simple case, for Figure 5a, we recognize the “mono-
tone lower triangular map,” and the “monotone upper trian-
gular map,” for 5b (see Section 4.1). Finally, for the causal
graph on the German Credit dataset of Figure 1, variables
are sorted, and

T ⋆
G (x1, · · · , x7) =



T ⋆
1 (x1)

T ⋆
2 (x2|x1)

T ⋆
3 (x3|x1, x2)
T ⋆
4 (x4|x2, x3)

T ⋆
5 (x5|x1, x2, x4)
T ⋆
6 (x6|x3, x5)

T ⋆
7 (x7|x1, x4, x5, x6)

 .

Alternatively, using the “monotone lower triangular map”
for the German Credit dataset to compute counterfactuals
would imply that the assumed DAG contains more edges

2Given the topological order of the graph and assuming the
µ0, µ1-conditionals are atomless, the existence and unicity of the
sequential transport map are guaranteed, as it involves fewer con-
ditioning variables compared to the KR transport map.

S

X2

X1

Y

(a)

S

X2

X1

Y

(b)

Figure 5: Two simple causal networks, with two legitimate
mitigating variables, x1 and x2.

Algorithm 1: Sequential transport on causal graph

Require: graph G on (s,x), with adjacency matrix A
Require: dataset (si,xi) and one individual (s = 0,a)
Require: bandwidths h and bj’s

(s,v)← A the topological ordering of vertices (DFS)
Ts ← identity
for j ∈ v do

p(j)← parents(j)
Tj(ap(j))← (Tp(j)1(ap(j)), · · · , Tp(j)kj

(ap(j)))

(xi,j|s,xi,p(j)|s)← subsets when s ∈ {0, 1}
wi,j|0 ← ϕ(xi,p(j)|0;ap(j), bj) (Gaussian kernel)
wi,j|1 ← ϕ(xi,p(j)|1;Tj(ap(j)), bj)

f̂hj |s ← density estimator of x·,j|s, weights w·,j|s.

F̂hj |s(·)←
∫ ·

−∞
f̂hj |s(u)du, c.d.f.

Q̂hj |s ← F̂−1
hj |s, quantile

T̂j(·)← Q̂hj |1 ◦ F̂hj |0(·)
end for
a⋆ ← (T1(a1), · · · , Td(ad))
return (s = 1,a⋆), counterfactual of (s = 0,a)

than the DAG illustrated in Figure 5. In this case, the edges
are specified as E = {(i, j) ∈ V 2 : i < j}, with V =
{s, x1, x2, . . . , x7}. Notably, multivariate OT corresponds to
a fully connected graph, with E = {(i, j) ∈ V 2 : i ̸= j}
(Cheridito and Eckstein 2023). The impact of edge mispeci-
fications on sequential transport is examined in Appendix E.
If the graph is entirely unknown, one could infer it as dis-
cussed in (Zheng et al. 2018; Yu et al. 2019; Cai et al. 2023),
or use Bayes’rule to compute posterior DAGs, incorporat-
ing uncertainty quantification for counterfactuals (Toth et al.
2022).

For the fairness application in the next section, s is treated
as a “source” with no parents, allowing it to be the first ver-
tex in the topological ordering of the network on (s,x). The
counterfactual value is then derived by propagating “down-
stream” in the causal graph as s changes from 0 to 1

4.3 Algorithm
Algorithm 1 describes this sequential approach, which can
be illustrated using the DAG in Figure 5a, as shown in Fig-
ure 6. The preliminary step is to determine the topolog-
ical order of the causal graph. In Figure 5a the order is
(s, (x1, x2)). The first step is to estimate densities f̂1|s of
x1 in the two groups (s being either 0 or 1) as shown in
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Figure 6: Illustration of Algorithm 1 for DAG in Figure 5a,
with simulated data; first step at the top, second step at the
bottom. The red square represents the multivariate OT of the
bottom-left point.

the top left of Figure 6. Next, numerical integration and
inverse are used to compute the cumulative distributions
F̂1|s and quantile functions Q̂1|s. To compute the counter-
factual for (s = 0,a), a⋆1 is calculated as T̂1(a1), where
T̂1(·) = Q̂1|1◦F̂1|0(·). The second step involves considering
the second variable in the topological order, conditional on
its parents. Suppose x2 is the second variable, and for illus-
tration that x1 is the (only) parent of x2. The densities f̂2|s of
x2 are then estimated in the two groups, conditional on their
parents: either conditional on x1 = a1 (subgroup s = 0), or
conditional on x1 = a⋆1 (subgroup s = 1). This is feasible
since all transports of parents were computed in an earlier
step. This can be visualized in the bottom left of Figure 6. As
in the previous step, the conditional cumulative distributions
F̂2|s and conditional quantile functions Q̂2|s (conditional on
the parents) are computed. Then a⋆2 is determined as T̂2(a2)
where T̂2(·) = Q̂2|1 ◦ F̂2|0(·). This process is repeated un-
til all variables have been considered. At the end, starting
from an individual with features x = a, in group s = 0,
the counterfactual version in group s = 1 is obtained, with
transported features, mutatis mutandis, a⋆. As the number of
parents per variable in the DAG increases, calculating condi-
tional distributions for a variable becomes complex and less
robust. Handling categorical variables in counterfactuals is
detailed in Appendix B, enabling the application of sequen-
tial transport to datasets like adult income and COMPAS
in Appendix D.

5 Interpretable Counterfactual Fairness
5.1 Individual Counterfactual Fairness
General Context Following Dwork et al. (2012), a fair
decision means that “similar individuals” are treated simi-
larly. As discussed in the introduction, Kusner et al. (2017)
and Russell et al. (2017) considered a “counterfactual fair-
ness” criterion. Based on the approach discussed above, it is
possible to quantify unfairness, for a single individual, of a
model m, trained on features (s,x) to predict an outcome
y. If y ∈ {0, 1} is binary, then m represents the underly-
ing score, corresponding to the conditional probability that
y = 1.

Illustration With Simulated Data Consider the causal
graphs in Figure 5, with one sensitive attribute s, two le-
gitimate features x1 and x2 and one outcome y. Here, y is
the score obtained from a logistic regression, specifically,

m(x1, x2, s) =
(
1+exp

[
−
(
(x1+x2)/2+1(s = 1)

)])−1
.

Iso-scores can be visualized at the top of Figure 7, with
group 0 on the left, 1 on the right. Consider an individ-
ual (s, x1, x2) = (s = 0,−2,−1) in group 0, with a
score of 18.24% (bottom left of Figure 7). Using Algo-
rithm 1, its counterfactual counterpart (s = 1, x⋆1, x

⋆
2) can

be constructed. The resulting score varies depending on the
causal assumption. The score would be 61.40% assuming
the causal graph of Figure 5a, and 56.34% assuming causal
graph 5b. In the first case, the mutatis mutandis difference
m(s = 1, x⋆1, x

⋆
2)−m(s = 0, x1, x2), i.e., +43.15%, is:

m(s = 1, x1, x2)−m(s = 0, x1, x2) : −10.66%
+ m(s = 1, x⋆1, x2)−m(s = 1, x1, x2) : +15.63%

+ m(s = 1, x⋆1, x
⋆
2)−m(s = 1, x⋆1, x2) : +38.18%.

The first term is the ceteris paribus difference, the second
one the change in x1 and the third one the change in x2,
conditional on the change in x1. If, instead, we assume the
causal graph of Figure 5b, the score of the same individual
would become 56.34% and the mutatis mutandis difference
m(s = 1, x⋆1, x

⋆
2)−m(s = 0, x1, x2), i.e., +38.09%, is:

m(s = 1, x1, x2)−m(s = 0, x1, x2) : −10.66%
+ m(s = 1, x1, x

⋆
2)−m(s = 1, x1, x2) : +14.51%

+ m(s = 1, x⋆1, x
⋆
2)−m(s = 1, x1, x

⋆
2) : +34.24%.

At the bottom right of Figure 7, the mutatis mutandis impact
on the scores can be visualized.

5.2 Global Fairness Metrics
Instead of focusing on a single individual, it is possible to
quantify the fairness of a model m on a global scale. For
example, the Demographic Parity criterion can be extended
to Counterfactual Demographic Parity (CDP), allowing fair-
ness assessment within a population subgroup with s = 0.
Consider the empirical version of “counterfactual fairness”
in Kusner et al. (2017)

CDP =
1

n0

∑
i∈D0

m(1,x⋆
i )−m(0,xi), (3)
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Figure 7: In the background, level curves for (x1, x2) 7→
m(0, x1, x2) and m(1, x1, x2) respectively on the left and
on the right. Then, on the left, individual (s, x1, x2) = (s =
0,−2,−1) (predicted 18.2% by model m), and on the right,
visualization of two counterfactuals (s = 1, x⋆1, x

⋆
2) ac-

cording to causal graphs 5a (bottom right path, predicted
61.4%) and 5b (top left path, predicted 56.3%). The red
dot is the counterfactual obtained with multivariate OT (pre-
dicted 56.5%).

which corresponds to the “average treatment effect of the
treated” in the classical causal literature. This can be com-
puted more efficiently using Algorithm 2 in Appendix B,
which offers a faster alternative compared to Algorithm 1.
Other group fairness metrics, based on Equalized Odds, can
be extended to aggregated counterfactual fairness measures
(see Appendix C).

6 Application on Real Data
We analyze the Law School Admission Council dataset
(Wightman 1998), focusing on four variables: race s ∈
{Black,White} (corresponding to 0 and 1), undergraduate
GPA before law school (x1, UGPA), Law School Admis-
sion Test (x2, LSAT), and a binary response (y) indicat-
ing whether the first-year law school grade (FYA) is above
the median, as described in Black, Yeom, and Fredrikson
(2020). Unlike De Lara et al. (2024); Black, Yeom, and
Fredrikson (2020); Kusner et al. (2017), we assume the
causal graph in Figure 8, where UGPA influences LSAT.
We aim to evaluate counterfactual fairness for Black indi-
viduals in logistic regression predictions (ŷ|s = 0), com-
paring an “aware” classifier, i.e., that includes s among the
explanatory variables, with an “unaware” model that con-
siders only x = (x1, x2). Fairness is measured using CDP
(see Eq. 3). We apply the sequential transport method from
Algorithm 2 to compute counterfactuals ŷ⋆(s = 1)|s = 0
following the network’s topological order in Figure 8. These
results are compared with those obtained from multivariate
OT (De Lara et al. 2024) and quantile regressions (Plečko,
Bennett, and Meinshausen 2024), namely Fairadapt.

Figure 9 illustrates the similarity between Fairadapt and
sequential transport, both assuming a DAG, as shown by the
counterfactual pathways for a Black individual (left) and the
alignment of counterfactual predicted score densities (right).
The density of multivariate OT counterfactuals resembles
factual White outcome distribution due to its matching pro-

race S
LSAT X2

UGPA X1

FYA Y

Figure 8: Causal graph of the Law School dataset.
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Figure 9: Counterfactual calculations for a Black individu-
als on the left (percentages indicate predicted scores), and
densities of predicted scores (aware model) for all Black in-
dividuals with factuals and counterfactuals on the right. The
dashed line represents the density of predicted scores for the
observed White individuals.

cess. Overall, the three methods yield similar results, as re-
flected in the aggregated counterfactual fairness metric in
Table 1. Lastly, the “aware” model, which directly incorpo-
rates s into its covariates, is less counterfactually fair than
the “unaware” model.

Conclusion

In this paper, we propose a sequential transport approach
for constructing counterfactuals based on OT theory while
respecting the underlying causal graph of the data. By us-
ing conditional univariate transport maps, we derive closed-
form solutions for each coordinate of an individual’s char-
acteristics, which facilitates the interpretation of both indi-
vidual counterfactual fairness of our predictive model, and
global fairness through “counterfactual demographic parity.”
Future work could extend counterfactual fairness evaluation
to mitigation by applying pre-processing or in-processing
methods using sequential transport for counterfactual gen-
eration.

Fairadapt multi. OT seq. T
Aware model 0.3810 0.3727 0.3723

Unaware model 0.1918 0.1821 0.1817

Table 1: CDP for Black individuals from Eq. 3 comparing
classifier predictions over original features x (resp. (s =
0,x)) and their counterfactuals x⋆ (resp. (s = 1,x⋆)), using
Fairadapt, multivariate OT, and sequential transport.
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