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Abstract

Real-world datasets often exhibit a long-tailed distribution,
where vast majority of classes known as tail classes have only
few samples. Traditional methods tend to overfit on these tail
classes. Recently, a new approach called Imbalanced SAM
(ImbSAM) is proposed to leverage the generalization benefits
of Sharpness-Aware Minimization (SAM) for long-tailed dis-
tributions. The main strategy is to merely enhance the smooth-
ness of the loss function for tail classes. However, we argue
that improving generalization in long-tail scenarios requires
a careful balance between head and tail classes. We show
that neither SAM nor ImbSAM alone can fully achieve this
balance. For SAM, we prove that although it enhances the
model’s generalization ability by escaping saddle point in the
overall loss landscape, it does not effectively address this for
tail-class losses. Conversely, while InbSAM is more effec-
tive at avoiding saddle points in tail classes, the head classes
are trained insufficiently, resulting in significant performance
drops. Based on these insights, we propose Stage-wise Sad-
dle Escaping SAM (SSE-SAM), which uses complementary
strengths of InbSAM and SAM in a phased approach. Ini-
tially, SSE-SAM follows the majority sample to avoid saddle
points of the head-class loss. During the later phase, it focuses
on tail-classes to help them escape saddle points. Our exper-
iments confirm that SSE-SAM has better ability in escaping
saddles both on head and tail classes, and shows performance
improvements.

Code — https://github.com/Zemdalk/SSE-SAM

Introduction

Over the past few decades, deep neural networks have made
significant progress in various fields, largely due to the use of
well-curated datasets (Deng et al. 2009; Krizhevsky, Hinton
et al. 2009). However, real-world data often exhibit a long-tail
distribution (Ouyang et al. 2016; Zhang et al. 2021; Wei and
Gan 2023; Li et al. 2024), where a few dominant classes (head
classes) hold the majority of samples and most other classes
(tail classes) have very few. Modern over-parameterized neu-
ral networks tend to overfit on head classes and underperform
on tail classes due to inadequate training for the latter (Buda,
Maki, and Mazurowski 2018; Van Horn and Perona 2017).
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Several methods have been developed to address this imbal-
ance. Most of these approaches use re-weighting techniques,
such as LDAM (Cao et al. 2019), logit-adjustment (Menon
et al. 2021; Wang et al. 2023), and Vector Scaling (VS) Loss
(Kini et al. 2021), to adjust class weights and focus on tail
classes in the loss function. This adjustment significantly
enhances model performance in datasets with long-tail dis-
tributions. However, these re-weighting techniques can still
cause overfitting in tail classes (Hawkins 2004).

To address overfitting, many strategies involving smooth-
ness regularization have been proposed (Kang et al. 2019;
Alshammari et al. 2022). Sharpness-Aware Minimization
(SAM) (Foret et al. 2021), known for its strong theoretical
basis and excellent results, has garnered considerable atten-
tion. According to Rangwani et al. (2022), SAM effectively
helps models escape saddle points, heading for a flat local
minimum. Zhou et al. (2023) introduced Imbalanced SAM
(ImbSAM) for long-tail learning, which bypasses the SAM
optimization for head classes to prevent their dominance in
the optimization process, showing notable performance im-
provements in long-tail scenarios. However, empirical studies
indicate that InbSAM significantly reduces the generaliza-
tion ability of head classes compared to SAM. Thus, en-
hancing long-tail generalization requires a careful balance
between head and tail classes.

To find a better solution, we first examine the properties
of SAM and ImbSAM. We show that SAM theoretically has
a greater component on the maximum negative curvature di-
rection than Stochastic Gradient Descent (SGD), suggesting
a stronger saddle escape capability. However, in long-tail
distributions, head classes mainly influence the direction and
magnitude of perturbations in SAM, often neglecting tail
classes. In contrast, empirical studies show that ImbSAM
reduces the misleading effects of head classes, helping tail
classes escape saddles more effectively. However, it results
in insufficient training of head classes.

From the analysis, SAM and ImbSAM offer complemen-
tary benefits, but it’s challenging to escape saddle points in
both head and tail classes simultaneously. To tackle this, we
introduce a new approach called Stage-wise Saddle Escaping
SAM (SSE-SAM), designed to gradually overcome saddle
points in both head and tail classes. SSE-SAM divides the
training into two phases. Initially, it employs the small loss
assumption to help head classes escape saddle points effec-
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Figure 1: Illustration of proposed SSE-SAM. SSE-SAM splits the training process into two stages. The first stage helps head
classes escape saddle points, while the second stage assists tail classes. The graphs on the right show an initial improvement in
head class performance during the first stage, followed by a significant enhancement in tail class performance during the second

stage. For detailed experimental results, see Sec..

tively. Later, it shifts attention to tail classes to facilitate their
escape from saddle points. Our experiments demonstrate that
SSE-SAM is more effective at escaping saddles in both head
and tail classes.

Our contributions in this paper are summarized as follows:

* We theoretically show that SAM, compared with SGD,
has a greater component along the maximum negative
direction of the loss landscape. This finding demonstrates
the more efficient saddle escaping ability of SAM and
lays the foundation for the following analysis.

* We analyze the complementary characteristics of SAM
and ImbSAM in saddle escaping ability. We observe the
distinct effects of aiding escape from saddle points by
SAM and ImbSAM, both theoretically and empirically.

* We propose a Stage-wise Saddle Escaping SAM (SSE-
SAM) algorithm. SSE-SAM splits the training process
into two stages of saddle escaping to achieve balance in
head and tail classes. Our method achieves remarkable
performance across multiple experiments.

Related Work

In this section, we briefly discuss related work here. More
detailed discussion can be found in Appendix. In the end, we
explain the notation conventions in this paper.

Long-tail Learning

Class re-balancing techniques are mainstream methods in
long-tail learning (Zhang et al. 2023), including re-sampling
(Chawla et al. 2002; Buda, Maki, and Mazurowski 2018),
class-sensitive learning (Lin et al. 2017; Cao et al. 2019; Kini
et al. 2021; Du et al. 2024), and logit adjustment (Menon
et al. 2021; Wang et al. 2023). These strategies aim to pro-
vide a more balanced training environment, enhancing the
representation and performance of tail classes.

Smoothness Regularization Methods

Smoothness regularization algorithms promote convergence
to flatter minima, which can significantly improve generaliza-
tion (Keskar et al. 2016; Jiang et al. 2019). A notable method
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within this domain is Sharpness-Aware Minimization (SAM)
(Foret et al. 2021), which has demonstrated notable success
in guiding models toward smoother convergence and thus,
better generalization. There are abundant theoretical (Wood-
worth et al. 2020; Andriushchenko and Flammarion 2022;
Wen, Ma, and Li 2022; Wen, Li, and Ma 2023) and practical
(Du et al. 2021; Kwon et al. 2021; Mi et al. 2022; Zhou et al.
2023) researches surrounding SAM, underscoring its broad
applicability.

Escaping Saddle Points

Saddle points are regions in the loss landscape where the
function’s gradient is zero but the Hessian matrix is indef-
inite (Lee 2018). Models converging to saddle points typi-
cally exhibit poor generalization (Dauphin et al. 2014). There
are extensive theoretical studies on saddle point problem
(Daneshmand et al. 2018; Jin et al. 2021; Rangwani et al.
2022; Hsieh et al. 2023), and many algorithms have been de-
veloped to efficiently escape from saddle points (Palaniappan
and Bach 2016; Jin et al. 2017; Staib et al. 2019; Criscitiello
and Boumal 2019; Zhang and Li 2021; Huang et al. 2022).

Preliminary
As we have mentioned, our method is a two-stage saddle
escaping method based on SAM and ImbSAM algorithm.
In this section, we first introduce the related concepts and
algorithms.

Sharpness-Aware Minimization

Sharpness-Aware Minimization (SAM) (Foret et al. 2021)
aims to regularize sharpness of loss landscape by finding the
highest loss value in the neighborhood of current weight w
controlled by p, then minimize such value:

min max L(w + €). (1)
w|ell<p

The solution of this minimax problem is approximated by

first order Taylor expansion, which gives € ~ p”gﬁig’w”;”. The

SAM loss function is thus defined as follows:
L
LM (w) = L (w + €) zﬁ(w+p VL(w) ) )

IVL(w)]]



Imbalanced SAM

Imbalanced SAM (ImbSAM) is a variant of SAM tailored
for long-tail distributions (Zhou et al. 2023). It corrects the
bias towards dominant classes found in SAM by allowing
data from less represented classes to contribute more to opti-
mization during training.

The loss function of SAM can be decomposed as

LM (w) = L(w +€) = Liead(W + €) + Legit(w +€). (3)

ImbSAM removes the perturbation term in Lyeyq to focus
the sharpness minimization on tail classes. Consequently, the
loss function of ImbSAM is structured as follows:

“4)

ImbSAM
LM () = Lieaa(w) + Ligit(w + €3ait)
VLuin(w)_

IV Liair (w)]
Geometric Measurement of Escaping Saddle Points
We use two methods to measure the ability of models in
escaping saddles.

From theoretical aspect, to analyze the saddle escaping
process, we have to analyze the direction of maximum nega-
tive curvature' around saddles. Here we briefly summarize
the differential geometry theories showing that the direction
of the eigenvector corresponding to the smallest eigenvalue
of Hessian around saddle point is the direction of maximum
negative curvature.

Differential geometry suggests that the principal direction
of maximum negative curvature in the loss landscape corre-
sponds to the eigenvector associated with the most negative
eigenvalue of the Weingarten matrix (Lee 2018) W:

) T 2
W:<I_v5 VL )vg
(67

2
where o := /1 + |[|[VL||2. Proof of such property can be
found in Appendix.

Denote by # the Hessian of £ at wg, V2L (wp). Also,
denote Apin, Umin as the most negative eigenvalue and its cor-
responding eigenvector of H. Since the gradient V.L(wy)
vanishes near saddle points, H effectively approximates W.
In this sense, H is a good approximation of W. Therefore
Umin can effectively represent the direction of maximum neg-
ative curvature of loss landscape.

From empirical aspect, we focus on how well our model
escapes from saddles. Following previous works (Li et al.
2018; Rangwani et al. 2022), we use Ao = |Amax/Amin|
to measure the non-convexity of the loss landscape, where
high A0 indicates convergence to points with less negative
curvature, therefore away from saddle points.

= Lhead(W) + Leail (w +p

&)

(0%

Roadmap

This paper is structured as follows. The next two sections
provide a detailed analysis of the strengths and weaknesses

"Here "maximum” means the absolute value reaches maximum
among all negative curvatures, i.e., the smallest curvature which is
negative. This expression is used throughout this paper.
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of SAM and ImbSAM in escaping saddle points. This ex-
amination reveals their complementary dynamics, leading to
the development of a stagewise approach, presented in the
following section. Experimental evidence to validate the effi-
cacy of our proposed SSE-SAM algorithm is then presented
in the subsequent section. The final section of the paper offers
concluding remarks. All proofs are deferred to Appendix.

Analysis of SAM in Escaping Saddle Points

Advantage: SAM Escapes from Saddles More
Efficiently Compared with SGD

As mentioned in previous discussions, the theoretical power
of SAM comes partially from its ability to escape from saddle
points and heading to a flat local/global minimum. Inspired
by this, we first delve deeper into the theoretical properties
of SAM’s saddle point escaping ability.

Building upon the foundation laid in the preceding section
on geometric measurement of escaping saddle points, we
evaluate this capability by examining how close the learned
weight is to the subspace associated with the most negative
curvature. Moreover, we only need to examine it around the
saddle point, where the Weingarten matrix roughly equals to
the Hessian, i.e., W ~ V2£. The most negative curvature
subspace is roughly the subspace spanned by the eigenvec-
tor associated with the minimum eigenvalue of the Hessian
Amin2. In this sense, a greater component on this subspace
implies a more effective direction for descent around the sad-
dle. Therefore, we compare the update directions of SAM
and ImbSAM by examining the inner product between these
directions and the eigenvector. The result is shown in the
following theorem.

Theorem 1. Let W = {wo, w1, - ,w, Wy, , W},

where wy is the starting weight, w; denotes the weight

obtained after optimizing for t steps using SGD, w; de-

notes the weight obtained after optimizing for t steps us-

ing SAM. All weights in VW are around saddle point. Let

L:= meav>\{/||V£(w)|| > 0. Given any p > 1, when Ay <
w

2
_TLp 1+7#n + \/(HT#) n2 + W), under second or-

der Taylor approximation, we have

|<Umin7 'lBt - w0>‘ 2 N'(vmin7 wi — w0>|
| (Omin, VL(wo))|
‘)\min|

For all > 1, when t > 2, we have that (u? + p)t —
242 — 1 > p > 0. Therefore, SAM leads to a component
ON Yy at least p times greater than SGD around the saddle
point, showing a better potential to find a descent path toward
a smooth and flat local minimum (SAM naturally punishes
sharp local minimums through its objective function). Above
all, SAM facilities the saddle point escaping ability of the
optimization algorithm and leads to better generalization by
sharpness regularization.

6
+ ((u* + )t — 2p* — ) ©

2 Xmin 1S mostly negative as shown in the experiments.
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Figure 2: Illustration of Thm.1.

Fig.2 intuitively illustrates Thm.1. Starting from a position

close to a saddle point, SAM moves substantially more to-
wards the direction of vy, than SGD, showing better saddle
escaping capability.
Remark 2. Rangwani et al. (2022) also establish a sad-
dle point escaping theory for SAM. However, their result
relies on the Correlated Negative Curvature (CNC) assump-
tion (Daneshmand et al. 2018), which assumes the exis-
tence of v > 0 such that E[(vyn, VL(w))?] > . If CNC
holds, they show that SAM will increase the second moment
E[(Vmin, VL(w))2]. However, this assumption is not typi-
cally met near saddle points, where NV L(w) approaches zero.
Moreover, the CNC assumption is based on a baseline called
CNC-PGD algorithm, which does not align with the settings
in standard SGD (Daneshmand et al. 2018). Compared with
this existing work, our result is much more general, since it
not only get rid of the CNC assumption but also captures the
dynamic trajectory after t steps. As t increases, the differ-
ent behavior between SAM and SGD becomes increasingly
apparent.

Limitation: Suboptimal Optimization for Tail
Classes in Escaping Saddles

The aforementioned analysis is based on the overall loss land-
scape. When it comes to long-tail distribution, such theories
are no longer validated. Given that head classes vastly out-
number tail classes in such datasets, the shape of the loss
surface is predominantly influenced by head classes, effec-
tively overshadowing the characteristics of tail classes which
remain underexplored. Zhou et al. (2023) empirically show
that while optimization process of SAM significantly benefits
head classes, it leads to suboptimal optimization direction
of tail classes due to the overwhelming existence of head
classes.

Delving deeper into this problem, we provide a formal
theoretical analysis of such suboptimality.

Decomposing loss function of SAM as £L5M(w) = L(w+
€) = Lhead(w + €) + Ly (w + €), we have

_ Vihew(w) V Lt (w)
E=p- . .
[VL(w)] [VL(w)]| 7
€head €tail
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Because |Shead| > |Stail|, we have

>

(4,4 ) € Shead

li(w) > Lt =

>

(®i,y:) € Suil

Lhead = li(w),
®)

where [; is the loss for single sample (x;,y;). In fact, we

have the following propositions:

Proposition 3. Assume that the samples are drawn from

i.i.d distribution, let m = |Sheaal,n = |Swi| then only if

% = (—)(%), we have
Ehead[”v,c(w)uz}
Ezail[”Vﬁ(w)”?]
where
- (1)? d 2?2
Enead = | BV||* + Zaj  Can = @2 + ZU]- ’

j=1 j=1

p 1? are the mean of instance gradient V0;(w) for

1 _(2)?

head/tail class, o ,0,”" are the variance of the j-th di-

mension of the instance gradient V{;(w) for head/tail class.

For long-tail distribution, we have m? > n?, since it is
almost impossible to observe comparable gradients for head
and tail distribution. In this sense, we have €nead > €nil
the optimization will overlook the update for the tail-class.
Furthermore, the following proposition shows the closeness
between €pe,q and € in terms of their angles.

Proposition 4. Denote by 0. the angle between €044 and
€, O, the angle between €, and €, 1) the angle between
€neaq and €.41. When ||€peaal| > || €1aitl], we have

€08 Opeaa = 1, (10)
oS O, = cos Y.

Therefore, both in terms of direction and magnitude, €heqq
is close to €. The smoothness regularization direction for
tail classes is dominated by head classes, leading to sub-
optimal regularization trajectory for tail classes. Conse-
quently, this results in less effective generalization enhance-
ments for tail classes compared to head classes in SAM.

Analysis of ImbSAM in Escaping Saddles

Advantage: Efficiently Escaping Saddle Points on
Tail Classes

Previous section shows that SAM fails to assist tail classes
in escaping saddle points. To address this issue, InbSAM
propose a simple and effective solution, i.e., removing the
perturbation term €pe,q in SAM, resulting in a new objective

N V Lot (w
LImOSAM — 7 aa(w) + Lo ('w + pm)'

Previous studies have already shown the effectiveness of
ImbSAM in long-tail distribution (Zhou et al. 2023). The
benefit of only punishing tail-class sharpness seems straight-
forward, because it directly eliminate the influence of the
head class. Our empirical study further confirms this infer-
ence. As is shown in Fig.4, InbSAM has larger Ay, on tail
classes campared with SGD and SAM, rendering it better at
escaping saddles on tail classes and improving generalization
ability.



Limitation: Insufficient Optimization of Head
Classes

Although ImbSAM achieves better performance on tail
classes, its effectiveness in head classes still needs valida-
tion. To this end, we record the head class performance in
Tab.1, showing that InbSAM underperforms SAM in these
classes. This shortfall stems from inadequate optimization of
head classes. Due to the elimination of €pe,q in head classes,
ImbSAM actually has worse saddle escaping performance
on head classes compared with SAM. Empirical Hessian
analysis offers more general and intuitive illustration of the
degenerate saddle escaping ability of InbSAM. See Fig.4,
where a higher A, indicates better saddle escaping ability.
ImbSAM works well on tail classes (Fig.4c), but has unsatis-
factory results on head classes (Fig.4b) and on a global scale
(Fig.4a). Finally, based on our theoretical analysis in Thm.1,
we offer a counter-example that InbSAM shows degenerate
saddle point escaping capabilities.

Proposition 5. Consider a special case where Huyy =
rH, Hpeaa = (1 — r)H withr = IISE"II ~ 0. Let w; denote
the weight obtained after optimizing for t steps by ImbSAM.
Other variables are defined the same as in Thm.1. For any

w > 1, we have that:
(1) when |{Vpin, W} —

>| < M|<'Umin; Wy _'UJO> , as long

(1+”n+ \/ o) p2 4 (2+“) ) it holds

that |<’Umm,wt wo)| = 4
(2) when |<'Umm; wy —
holds that | (Vyyi, W) —

L

as Apin < —

<'vmma wt — w0>
> < /J| <vmm7 wi —
w0> ‘ < ,u‘ <Umm7 wi —

Prop.5(1) states that, even when ImbSAM has worse saddle
escaping ability, i.e., | (Umin, Wi —wo)| < p|{(Vmin, Wt —wo)|,
under mild conditions, SAM still can have better saddle escap-
ing ability. However, according to Prop.5(2), when SAM has
worse saddle escaping ability, InbSAM cannot have better
saddle escaping ability as well. Collectively, these observa-
tions indicate that ImbSAM has a reduced ability to escape
from saddles compared to SAM.

wo)l,
wo)|.

Stagewise Saddle Escaping SAM (SSE-SAM)
Saddle Point Escaping and Generalization

Before introducing the proposed algorithm, we first analyze
the connection between saddle point escaping and general-
ization. We have the following theorem.

Theorem 6. Suppose loss function L is upper bounded by
M. For any p > 0 and any distribution D, with probability
at least 1 — 0 over the choice of the training set S ~ D, there
exists a constant 0 < ¢ < 1 such that

Lp(w) < Ls(w) + pQ\/7

Hmwa<x Amax (V L(w+ ce))

M 1 |w|?(Vd + /Togn)? 1
+ﬁ+ <4d10g <1+ dp2 +Z
+ log% + 2log(6n + 3d)> /(n— 1)} ?

(11)
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where d is the number of parameters and n is the size of
training set S.

Note that the upper bound can be written as

d
Es(w)—i—pgw
——
(B)
o]

(5o (@)

Here 7 is an increasing function on ||w||?/p? and is of or-

der O(1/+/n). The success of SAM can be viewed as a two-
stage process. By escaping from saddle point along the most
negative eigenvector vy, (A) is consistently minimized
while (B) remains stable. After escaping from saddles, SAM
seeks for smooth local/global minima. (Wen, Li, and Ma
2023) proves that SAM minimizes Ap,y, Which corresponds
to term (B). In all, SAM escapes from saddle point and
finds smooth local minima, minimizing both (A) and (B),
which greatly improves generalization. This result bridges
the gap between escaping from saddle points and improving
model generalization, and dynamically analyzes the behavior
of SAM algorithm, which lays foundation for the following
algorithm.

Hm‘ax Amax (V L(w+ ce))

(12)
1

Stagewise Saddle Escaping SAM (SSE-SAM)
Algorithm

Previous sections analyze the complementary characteristics
of SAM and ImbSAM. To sum up, SAM excels at saddle
points escaping in the overall loss landscape, but fails in
helping tail classes to do so. Conversely, while InbSAM does
focus on helping tail classes escape saddles, the elimination
of head classes perturbation also hurts the generalization
ability of head classes.

Therefore, an important question arises: can we combine
the advantages of both while avoiding their drawbacks? Inte-
grating these approaches seems challenging due to the appar-
ent contradictions in saddle escaping abilities between SAM
and ImbSAM. Nonetheless, recognizing that it is difficult to
achieve it under a single objective, we propose a two-stage
strategy tailored to exploit the strengths of each method while
compensating for their weaknesses:

(1) In the first stage, we apply SAM with a focus on head
classes to ensure a rapid and effective escape from saddle
points. According to small loss assumption (Xia et al. 2022),
the head-classes, often bear way smaller loss value, can
naturally follow the trajectory to escape the saddle points.
Meanwhile, increasing p lowers the upper bound for Ay,
in Thm.1, facilitating an easier saddle escape. Hence, we
construct p and € separately for head- and tail-classes. By
increasing pq;, it is easier for tail-class to escape saddle
points. Overall, the SSE-SAM objective for the first stage is:

£§SE-SAM(w) = Lhead (W + €ncad) + Luait (W + €it)  (13)

V Liead (w) V L (w)
IV L(w)] > €l = Phead TTL ()] -
(2) In the second stage, we resort to the InbSAM algo-

rithm to further assist tail classes to escape saddles. The

where €nead = Phead



SSE-SAM objective for the second stage is:

LM (w) = Lheaa(w) + Loait(w + €t)  (14)
where €uil = phead fvﬁ E('t(vu))ﬂ .

(3) We introduce a hyperparameter v (where 0 < v <
1) to mark the transition point between the two stages.
Specifically, if the total training duration is 7" epochs, the
model will switch from the first stage objective to the second
stage objective after v1" epochs.

For further details and pseudo-code, please refer to Ap-
pendix. Note that when v = 1, SSE-SAM reverts to the SAM
algorithm; when v = 0, SSE-SAM corresponds to the Imb-
SAM algorithm. This demonstrates that -y serves as a pivotal
factor in balancing the synergistic benefits of both SAM and
ImbSAM.

Experiments

In this section, we first present our experimental results,
demonstrating the remarkable performance of our method.
Next, we provide a Hessian analysis to compare saddle escap-
ing abilities, which aligns with our theoretical analysis. More
additional experiment details are presented in Appendix.

Results

Our experiment results on CIFAR-100-LT and CIFAR-10-LT
are presented in Tab.1. All hyperparameters are set according
to the model with the highest overall accuracy: p = 0.05
for SAM, p = 0.10 for ImbSAM, and ppeag = 0.05, prait =
0.10,~ = 0.70 for SSE-SAM. SSE-SAM achieves the high-
est overall accuracy among all methods and baselines. We
also run our model on large scale dataset ImageNet, where
we set p = 0.05 for SAM, p = 0.15 for InbSAM and
Phead = 0.05, py = 0.15,7 = 0.80 for SSE-SAM. The
results can be found in Tab.2.

To further demonstrate the improved trade-off effect be-
tween head and tail classes, we trained two groups of models.
Each group consists of three models: SAM (ext.)?, InbSAM,
and our SSE-SAM. SSE-SAM and SAM share pheaq, and all
three models share p,;. The results are presented in Tab.3.
In each group, the evaluation results for Many class accu-
racy generally follow the pattern “SAM > SSE-SAM >
ImbSAM?”, indicating that SSE-SAM indeed reduces the
insufficient training of head classes to some extent, aligning
with our expectations. Meanwhile, Medium and Few class
accuracy typically adhere to the pattern “SSE-SAM > Imb-
SAM > SAM”, suggesting that SSE-SAM more effectively
escapes saddle points in tail classes. Additionally, it is no-
table that SSE-SAM generally outperforms ImbSAM in tail
classes, exceeding our expectations.

Finally, we delve into the dynamic training process of
SAM, ImbSAM, and our SSE-SAM. The results are pre-
sented in Fig.3. The data indicates that after the transitional
point, the accuracy for medium and few classes in SSE-SAM
exceeds that of InbSAM, while the accuracy for many classes
remains between that observed with SAM and ImbSAM.

3We use SAM (ext.) to denote models trained with the extended
version of SAM, i.e., the first stage objective in SSE-SAM.
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CIFAR-100-LT CIFAR-10-LT
Many Med. Few Avg Many Med. Few Avg

CE 743 43.1 11.6 44.6 923 78.6 54.8 77.0
+SAM 753 45.6 12.9 46.2 93.2 79.8 60.4 79.4
+ImbSAM 723 50.4 16.6 47.9 922 79.2 65.8 80.4
+SSE-SAM 71.7 54.5 17.1 49.3 93.0 80.5 72.8 83.2

LDAM 74.3 48.4 17.7 48.3 90.8 76.0 61.5 77.6
+SAM 76.3 49.6 19.4 499 91.2 77.4 62.6 78.5
+ImbSAM  72.0 554 23.3 51.6 89.1 78.9 71.7 80.8
+SSE-SAM 72.3 54.7 21.5 509 91.1 81.8 69.7 81.9

LA 75.0 457 16.2 47.1 91.8 80.0 654 80.4
+SAM 75.2 499 21.2 50.2 92.3 80.8 73.3 83.1
+ImbSAM  68.7 54.1 23.5 50.0 91.1 80.5 74.0 82.8
+SSE-SAM 68.8 58.7 28.6 53.2 92.5 81.1 79.2 85.1

VS 73.5 46.7 19.3 47.8 92.0 80.1 65.1 80.4
+SAM 73.0 539 24.6 51.8 89.9 81.2 81.9 84.9
+ImbSAM  68.9 552 25.4 51.0 90.9 80.0 76.6 83.3
+SSE-SAM 69.7 57.2 30.5 53.5 91.6 82.6 79.0 85.1

Table 1: Comparison of overall and split accuracy (%) on
CIFAR-100-LT and CIFAR-10-LT. ‘Med.” denotes Medium
classes, ‘Avg’ denotes overall accuracy. We set IF = 100.

Many Med. Few Avg.

CB 369 327 16.8 33.2
T-norm 59.1 469 30.7 494
cRT 62.5 474 29.5 50.3
LWS 61.8 486 335 51.2
DisAlign 61.3 522 314 529
DRO-LT 64.0 49.8 33.1 535
CE 54.8 43.8 257 45.1

CE+SAM 549 448 284 46.0
CE+ImbSAM 549 446 29.2 46.1
CE+SSE-SAM 56.0 46.0 31.2 47.5

Table 2: Comparison of overall and split accuracy (%) on
ImageNet-LT.

Overall, the all-class accuracy of SSE-SAM experiences fur-
ther improvement upon entering the second stage of training.
This enhancement solidifies the superior performance of SSE-
SAM relative to the other methods.

Hessian Analysis

We utilize Aa0, as described in Preliminary section, to
evaluate convexity. We analyze the A, for all classes,
head classes, and tail classes across models trained using
SGD, SAM (p = 0.05), ImbSAM (p = 0.10), SAM (ext.)
(Phead = 0.05, paig = 0.10), and our SSE-SAM (phead =
0.05, pit = 0.10,y = 0.7). The outcomes are illustrated in
Fig.4. Fig.4a distinctly demonstrates that SSE-SAM shows
superior overall performance compared to the other methods.
Specifically, for head classes, we analyze Ay, for class 0,
where Fig.4b shows that SSE-SAM outperforms all other
methods. In the case of class 80, which represents tail classes,



IF=100 IF=50
Models Phead  Ptail
Many Med. Few Avg Many Med. Few Avg
SGD 0.00 0.00 743 431 11.6 446 73.6 414 154 499
SAM 005 005 753 456 129 462 747 439 19.1 521

ImbSAM 0.00 005 73.0 50.1 152 476 714 485 232 533
SSE-SAM  0.05 0.05 731 513 158 483 734 497 224 545

SAM (ext.) 0.05 0.10 752 486 149 478 744 464 213 534
ImbSAM 0.00 0.10 723 504 166 479 709 502 241 540
SSE-SAM  0.05 0.10 71.7 545 171 493 722 519 261 55.6

Table 3: Comparison of overall and split accuracy (%) of different IFs and p’s. We set v = 0.70 for SSE-SAM models. We
use CE as loss function and train all models on CIFAR-100-LT.

50 76 54 18
49
o 4 71 Q o 13

o o o o

< < < a4 <
40 ImbSAM 66 IMbSAM ImbSAM 8 ImbSAM

SAM SAM 39 SAM SAM
SSE-SAM SSE-SAM SSE-SAM SSE-SAM
150 250 350 450 150 250 350 450 150 250 350 450 150 250 350 450
Epochs Epochs Epochs Epochs
(a) Overall (b) Many classes (c) Medium classes (d) Few classes
Figure 3: Test accuracy on CIFAR-100-LT across different classes.
10.0 9.19 10.0 863 8.69 same puil- Concerning phead, OUT analysis indicgtes that the
75 75 predominance of head classes results in suboptimal escape
5.06 280 5.75 559 5.97 576 from saddles in tail classes. Here, the ppeaq of IMbSAM is 0,
0 0 <AL indicating an absence of suppressive effect from head classes;
25 25 the ppead of SAM (ext.) is 0.05, displaying the most signif-
0.0 = 0.0 = icant suppressive effect; the ppeag 0f SSE-SAM transitions
S & @@" éo,c,*\ £ § & @\@“' & from 0.05 to 0, reflecting a suppressive impact that lies be-
Yoy ° Yoy ° tween the other two methods. These findings corroborate our
theoretical expectations.
(a) All classes (b) Class 0

100 Conclusion
75 6.64 Sl In this work, we theoretically show that SAM has better abil-
5o 5.05 5.20 = ity in escaping saddle points compared with InbSAM. Under
long-tail distribution, we analyze that SAM is good at es-
25 1.10 caping saddles for head classes but fails to efficiently escape
00 [ o e ts saddles for tail classes. InbSAM, on the contrary, focuses on
£ & %&%" escaping saddles for tail classes while suffers from insuffi-

N gv.

(c) Class 80

Figure 4: Comparative Analysis of \y,, for Different Mod-
els. These results validate SSE-SAM’s effective balance be-
tween head and tail classes compared with SAM and Imb-
SAM.

Fig.4c reveals that SSE-SAM’s capacity to escape saddle
points lies between InbSAM and SAM (ext.), all sharing the
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cient training of head classes. Leveraging this complemen-
tary effect, we propose a two-stage saddle escaping algorithm
SSE-SAM. At the first stage, SSE-SAM uses SAM to help
head classes escape saddles. At the next stage, SSE-SAM
sets ppead = 0 to focus on helping tail classes in escaping
saddles. Experiment results show that SSE-SAM escapes
saddles efficiently both on head and tail classes, achieving
outstanding performance among all compared baselines.
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