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Abstract

We consider a general non-stochastic online pricing bandit
setting in a procurement scenario where a buyer with a bud-
get wants to procure items from a fixed set of sellers to max-
imize the buyer’s reward by dynamically offering purchas-
ing prices to the sellers, where the sellers’ costs and val-
ues at each time period can change arbitrarily and the sell-
ers determine whether to accept the offered prices to sell the
items. This setting models online pricing scenarios of procur-
ing resources or services in multi-agent systems. We first con-
sider the offline setting when sellers’ costs and values are
known in advance and investigate the best fixed-price pol-
icy in hindsight. We show that it has a tight approximation
guarantee with respect to the offline optimal solutions. In the
general online setting, we propose an online pricing policy,
Granularity-based Pricing (GAP), which exploits underlying
side-information from the feedback graph when the budget
is given as the input. We show that GAP achieves an upper
bound of O(n et \/B/cminIn B) on the a-regret where
Ny Umaz s Cmins and B are the number, the maximum value,
the minimum cost of sellers, and the budget, respectively.
We then extend it to the unknown budget case by develop-
ing a variant of GAP, namely Doubling-GAP, and show its
a-regret is at most O(n e/ B/c¢min In2 B). We also pro-
vide an a-regret lower bound Q(Vmaz/Bn/Cmin) of any
online policy that is tight up to sub-linear terms. We conduct
simulation experiments to show that the proposed policy out-
performs the baseline algorithms.

Umax

1 Introduction

In many online multi-agent procurement situations (Badani-
diyuru, Kleinberg, and Singer 2012; Singer and Mittal 2013;
Balkanski and Hartline 2016; Jain et al. 2016), a buyer is of-
ten interested in procuring some subset of resources or ser-
vices from sellers over a period of time by offering sellers
certain prices (or payments) to maximize the buyer’s cu-
mulative reward without exceeding their budget on the total
payment. For instance, in online crowdsourcing platforms
(Ho and Vaughan 2012), a group of workers (i.e., sellers) ar-
rive over time to provide services (e.g. working on tasks such
as labeling images or collecting sensing data). The requester
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(i.e., buyer) with a budget can submit bids (e.g., prices for
workers) to recruit workers to perform tasks for the purpose
of maximizing the total value of recruited workers (e.g., the
quality of labels) of finished tasks (Singer and Mittal 2013).
In addition, in online advertising markets (Ha 2008), website
publishers (i.e., sellers) register advertising placements for
sale over time. The advertiser (i.e., the buyer, who naturally
has a limited operational budget within a fixed period (Lee,
Jalali, and Dasdan 2013)) needs to bid (e.g., through the gen-
eralized second price auction) to procure these placements to
display their advertisements (Yuan, Wang, and Zhao 2013).
If the advertiser wins the bidding auction, they can obtain
impressions (i.e., the value of the placement) such as adver-
tising exposure, and the reward of the advertiser can be the
cumulative impression in display advertising.

Our Challenges. These problems are often known as the
online procurement pricing problem (as highlighted in the
above-mentioned situations) where a buyer with a limited
budget aims to determine what prices to offer for sellers’ re-
sources or services at each period to optimize the buyer’s
reward. While these problems have been studied (Badani-
diyuru, Kleinberg, and Singer 2012; Singla and Krause
2013; Balkanski and Hartline 2016), existing studies have
two main limitations that make previous results not applica-
ble to many real-world situations.

First, most of the previous work in online procurement
pricing focuses on the stochastic setting that assumes that
sellers’ costs (or accepted prices) and rewards for the buyer
typically follow some (unknown) underlying stationary dis-
tribution (Badanidiyuru, Kleinberg, and Singer 2012; Singla
and Krause 2013; Balkanski and Hartline 2016). However,
this assumption does not hold in many real-world situ-
ations because costs and rewards can change drastically
due to external shocks (e.g., market crashes, inflation) and
may not always obey any fixed distribution. For example,
in crowdsourcing platforms, workers’ accepted prices and
performance qualities can vary largely depending on fac-
tors such as task preferences, tastes, experiences, and ex-
pertise. All of these can affect the prices and quality un-
predictably in a non-stochastic manner (Jagabathula, Subra-
manian, and Venkataraman 2017). In online advertising, the
winning price of each advertising placement can be arbitrary
(e.g., depending on bidding strategies of other advertisers),
and the corresponding gained impression is uncertain, e.g.,



clicks of advertisements rely on variable preferences and in-
dividual behaviors of website users (Wilbur and Zhu 2009).

Second, existing studies often consider offering a price
to a single seller at every time period, which is unrealis-
tic for many applications. For instance, in crowdsourcing
platforms, multiple workers are available to provide services
during every time slot. Similarly, in online advertising, the
advertiser can also bid for multiple advertising placements
on every webpage simultaneously.

In this paper, to address these two challenges, we con-
sider the non-stochastic setting of budgeted online procure-
ment pricing problems, where the costs (or accepted prices)
and values of the sellers vary arbitrarily over time. Specially,
this non-stochastic setting encompasses various general sce-
narios, including adversarial and non-stationary settings.

Main Contributions

We propose and consider the non-stochastic budgeted on-
line procurement pricing problem, in which a budget-limited
buyer chooses an appropriate price from a continuous price
space for each seller without information about sellers’ costs
and values at each time step. Given the offered prices, each
seller makes the decision to either accept or reject the offer.

Facing sellers’ unknown information, we naturally ap-
ply the widely known framework of (combinatorial) multi-
armed bandit method (Auer, Cesa-Bianchi, and Fischer
2002) where we are able to choose a price vector for mul-
tiple sellers (set a price for each seller) at each time period,
i.e., pull a set of arms in the bandit, and we can observe the
outcome from sellers due to the selected prices. Our main
contributions can be summarized as follows:

1. Approximation ratio of the offline oracle: We first con-
sider the offline setting where sellers’ values and costs in
the full horizon are known in advance, and investigate the
best fixed-price policy under the discrete price set with
granularity € which decides a fixed-price in hindsight.
We show that it achieves (2 — cimin)(1 + 5-) pmes-
approximation to the offline optimal solutions, where
Umaz (Umin) 1S the maximum (minimum) value of sellers
and ¢;,;,, 1s the minimum cost of sellers. Moreover, any
fixed-price policy has a matching lower bound €({=e=).

Tight regret bound for the online setting: For the gen-
eral online setting, we design a Granularity-based Pric-
ing (GAP) policy when the budget B is given as the
input. In particular, we show that GAP can provably

achieve an upper bound of O(n“zex./B/cy:yIn B)

Cmin

on the a-regret where n is the number of sellers and
a = . We then extend it to the case

Umin
(Q_Cm,i71,)7)1nam

of the unknown budget by developing a variant of
GAP, namely Doubling-GAP, which runs GAP over
multiple phases by applying the doubling method. We
prove that Doubling-GAP achieves an upper bound

of O(ng=e=\/B/cpin In® B) on the a-regret. Further-
more, we provide a tight lower bound up to sub-linear
terms, i.e., the a-regret for any online policy for the
non-stochastic budgeted pricing setting should be at least

Q(Vmaz/Bn/cmin)-

Ymax
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3. Numerical validation: We conduct numerical simula-
tions in the non-stochastic environment. Our results show
that our proposed policy significantly outperforms base-
line pricing algorithms in terms of the cumulative reward.

Related Work

Procurement Pricing. In the pricing literature, many
works focus on seller-centric markets where the seller learns
the optimal price to sell items to buyers to maximize the rev-
enue (the achieved total payment from buyers), e.g., (Misra,
Schwartz, and Abernethy 2019; Romano et al. 2021; Feld-
man et al. 2016). In this paper, we focus on the procurement
pricing problem under the budget constraint in the reverse
markets, where the buyer needs to procure items/services
from sellers by offering prices. This body of work can be
categorized as follows:

(1) Procurement Pricing with Known Information: Rel-
evant works typically focus on designing pricing mecha-
nisms under known stochastic costs and values, and achieves
constant approximation ratios to the optimal solution, un-
der some restrictive conditions, e.g., subadditive functions
(Bei et al. 2012), independent identical distributed sellers
(Anari, Goel, and Nikzad 2014), and independent identi-
cal distributed sellers with submodular functions (Balkanski
and Hartline 2016).

Apart from the above pricing mechanism design prob-
lem, many works consider the online version where agents
may arrive online, and the decision makers should make de-
cisions immediately under the strong assumption that the
decision-makers have access to the perfect information of
agents (Liu et al. 2024). For example, (Diitting and Kessel-
heim 2019) further take into account the inaccurate prior be-
liefs in the posted-pricing design, i.e., the prices are cho-
sen with respect to similar but different probability distribu-
tions. For a more thorough coverage of these works, please
see (Singer and Mittal 2011; Badanidiyuru, Kleinberg, and
Singer 2012; Singer and Mittal 2013; Zhao, Li, and Ma
2014; Amanatidis, Kleer, and Schifer 2022). Since there
is no prior knowledge available in our setting, the above-
mentioned body of work cannot directly address our prob-
lem.

(2) Procurement Pricing with Unknown Information. Fac-
ing the uncertainty caused by the unknown information of
sellers, e.g., unknown costs or values, many works study the
learning-based algorithms for stochastic environments with
unknown distributions. For example, (Singla and Krause
2013) propose a UCB-based posted pricing mechanism for
the budgeted procurement in stochastic online settings. (Hu
and Zhang 2017) introduce an optimal algorithm to re-
cruit workers by exploiting the unique features of micro-
task crowdsourcing. However, in our model, we consider the
non-stochastic online procurement pricing problem involv-
ing a diverse set of sellers, each with varying arbitrary costs
and values over time. Although (Avadhanula et al. 2021)
also consider the budgeted procurement problems, their pay-
ment of procuring the item is determined by the seller and
derived from the unknown stationary distribution. In con-
trast, our model focuses on the pricing problem, i.e., the pay-
ment to the seller is the price offered by the buyer, and the



non-stochastic setting. Consequently, their techniques can-
not be used to address our problem.

Comparison with Existing Works. Closest to our work
are settings investigated by (Kleinberg and Leighton 2003;
Weed, Perchet, and Rigollet 2016), which also deal with
non-stochastic pricing problems. (Kleinberg and Leighton
2003) focus on seller-centric markets (selling items to buy-
ers) and assume that the seller’s bid, if successful, will be
incorporated into the payoff as a revenue loss. Under this as-

sumption, they show that O(T%) is the best possible regret
bound. Our model, on the other hand, separates the loss in-
duced by bids from rewards (as the former is controlled by
a bidding budget B in our setting, and our reward is binary).
The rationale behind our setting is that we consider reverse
scenarios, i.e., buyer-centric markets (or procurement mar-
kets) where the buyer sets prices to procure sellers’ items
or services. Different from the pricing problem in seller-
centric markets, the buyer in procurement markets wants to
learn the optimal price to improve the total obtained value of
items rather than the revenue. In such procurement scenar-
i0s, it is natural that the buyer faces a budget constraint while
maximizing the procured value of items (Singer and Mittal
2011). Such difference in our model allows us to achieve an
O(V/B) regret bound (so the exponent of the main term in
the bound is 1/2 instead of 2/3). It is worth noting that while
(Weed, Perchet, and Rigollet 2016) also addresses the on-
line procurement problem from the buyer’s perspective with
a squared-root regret bound, they do not consider the bud-
get constraints (and they also incorporate the bid into the
payoff as a revenue loss). In addition, they assume that the
algorithm always possesses knowledge of the accepted price
at each round. However, in our problem, this price becomes
unknown when the seller rejects the posted price. Thus, their
techniques cannot be applied to our setting.

As we tackle this online pricing problem as a bandit
model, many bandit algorithms can be considered to be
related to our approach, ranging from non-stochastic (or
adversarial) bandits (Auer et al. 2002) and combinatorial
(semi) bandits (Combes et al. 2015; Neu and Barték 2016)
to budgeted bandits (Tran-Thanh et al. 2012; Badanidiyuru,
Kleinberg, and Slivkins 2018) and bandits with feedback
graph (Alon et al. 2015, 2017) (for more comprehensive
coverage of bandit models, we refer the reader to (Latti-
more and Szepesvari 2020)). Among these, the bandit with
feedback graph model is the most relevant one. However,
they are not designed for cases with budgets and, thus, will
fail to perform in our setting. On the other hand, while bud-
geted bandits can deal with budget limits, they cannot deal
with the combinatorial and non-stochastic nature of our set-
ting. In particular, they either fail to yield meaningful re-
grets due to the combinatorial nature of our problem (Rangi,
Franceschetti, and Tran-Thanh 2019; Immorlica et al. 2019),
or they are designed for stochastic setting only (Sankarara-
man and Slivkins 2018).

Therefore, we propose a new bandit model that tackles
the combinatorial and non-stochastic setting of the budgeted
online pricing, utilizing a special feedback graph structure
based on the monotonicity of sellers’ acceptance functions.
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2 Preliminaries

Non-stochastic Pricing Bandits. In this paper, we con-
sider a procurement scenario where a buyer, with a budget
B, wants to procure items from sellers. There are n fixed
sellers S = {s1, s2,..., $p} where s; is the i-th seller. At
every time slot ¢, any seller s; holds an item with a pri-
vate cost ¢i € [pmin, 1] (only known by themselves) and
avalue v} € [Umin, Vmaz) With Unin < Umas for the buyer!.
Given the continuous price space Acon, = [Cmin, 1], we fo-
cus on a pricing problem that at every time slot ¢, the buyer
chooses a price vector for n sellers e, = (e}, €?,...,e})
where e} € Aoy, is the price offered to seller s;. If the cost
of seller s; at time slot ¢ is not higher than the given price e’
(i.e., ¢t < eb), then s; accepts to sell their item with the price
el and the buyer obtains value v} after paying s; price et. In
our model, we consider the non-stochastic setting where the
cost i and the value v} for any s; € S at each time slot ¢
can be arbitrary.

Semi-bandit Feedback. The above model can be inter-
preted as a bandit setting, where the buyer chooses candidate
prices from a continuous range for sellers, which are consid-
ered as combinatorial arms to be pulled at each time slot, and
the reward is the semi-bandit feedback observed from sell-
ers’ decisions. Note that, as sellers’ costs are private infor-
mation, at time slot ¢, the buyer can only observe the binary
decision (accept or reject) of seller s; under the given price
e!, and the corresponding value v can be observed only if s;
accepts the price €. Let z¢(e!) = 1 indicate that s; accepts
the price e! at time slot ¢, otherwise xi(el) = 0.

The Objective. Note that 7(.A) depends on the budget B
of the buyer and e; is the chosen price vector at time ¢. Let
G(A) denote the expected cumulative reward of policy A,
ie,G(A) =E [ZKT(A) S ien i x;(e;)} , where the ex-
pectation is over all possible randomization coming from

policy A. The objective is to design an online pricing pol-
icy A such that G(.A) is maximized as follows,

T(A) n
max G(A), s.t., Z Zefg -xzi(e;y) < B.
(el,EQ,m,eT(_A)) pne it

Dynamic Regrets. Let A* denote the optimal policy for
the above optimization problem. Then, the corresponding
expected regret under budget B is R(B) = G(A*) — G(A).
For this pricing problem, it is not difficult to show that its of-
fline version, where we know all sellers’ costs and values in
advance, is computationally hard. This can be done by, e.g.,
reducing the well known Knapsack Problem to ours. For
such a problem, it is a common approach to consider the a-
regret (Chen, Wang, and Yuan 2013) which is the worst case
difference between an a-optimal sequence of actions and the
performance under a particular policy A for « € (0, 1], i.e.,

Rao(B) = aG(A") — G(A). (1)

"Normalize sellers’ costs and suppose that any seller has a basic
cost Cmin € (0, 1], e.g., the basic production cost (Li et al. 2017).

“Prices are viewed as items’ weights and the objective is to
maximize the total value of selected items under knapsack budget.
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Figure 1: An example for the proof of Theorem 1.

3 Best Fixed-Price Policy in Hindsight

In this section, based on the definition of a-regret, we first
turn to look for learning a computationally efficient bench-
mark oracle, with prior knowledge of sellers’ costs and
values, ensuring an approximation to the general optimum
G(A*). To this end, we consider the best fixed-price policy
in hindsight (without ambiguity, we only say the best fixed-
price policy in the remaining paper), which decides for each
seller their best fixed price over time (corresponding to the
best fixed arm in the bandit setting). We show that this pol-
icy: (i) enjoys a provable approximation ratio (this section);
and (ii) is learnable (Section 4) in the semi-bandit feedback
setting.

We first divide the continuous price space Acon
[¢min, 1] into a discrete price set A with granularity e,
i.e., A = {Cmin, Cmin + € s Cmin + (K — 2)€, 1} where
K = |A] = [1=min] 4+ 1. Specially, we use Fy;s to de-
note the fixed-price policy that chooses prices from the dis-
crete price space A to maximize the cumulative reward. Let
(e1,é€2,...,e,) denote the selected fixed-price vector for n
sellers where e; is the fixed-price for seller s; among all time
slots. Then, the objective of Fy;s is

max xi(e;) - vl
) DR B R
t<7(Fais) i<n
T(Fdis) n )
s.t., Zezwa:i(eZ') <B;Vi<n,e; € A
t=1 =1

Let 7, be the best fixed-price policy for the optimization in
(2). Then, we show the approximation performance of Fj;,.

Theorem 1. The best fixed-price policy F,, under the dis-
crete price set A with granularity € achieves (2 — ¢y ) (1 +
—£ ) ¥maz _gpproximation to the optimal policy A*.

Cmin ’ Umin

Proof. We first consider the case of a single seller. As shown
in Fig. 1, the stars represent sellers’ items and their costs at
different time slots. Suppose that the best fixed-price policy
F.s for the single seller case chooses the fixed-price p* €
A.Let ALG p(p) be the cumulative reward of the fixed-price
policy with price p € Aoy, Denote by N (p) the number of
items with costs no higher than p across all time slots.

We define the price p’ € [¢pin, 1] as the maximum price
that satisfies N(p') - p° < B. Let p” denote the mini-
mum price in A which is no lower than p’. Thus, we have
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ALGr(p") < ALGr(p*) as p* is the best fixed-price.
Then, we divide all items into two parts: the items in the
blue and red area have costs in range (p’, 1] and [¢nin, P'],
respectively. Next, we consider the following two cases: 1)
In the red area: the optimal solution .A* in the best case can
obtain at most N(p') < 5 items® with total payment at
least g - Cmin according to the definition of p’. 2) In the blue
area: given the budget B, A* can procure at most g items.

By combining the above two cases, we have

B B-
=+
P P

Due to the definition of p/, there are at least 1% items with

7Cmin B

B
p/ )Umax S (2 - Cmin)vmam27~

G(A") < (

costs no higher than p” as p” > p’. Thus, given the fixed
price p”, ALGp(p*) > ALGr(p") > Umin%- Then,

(2 - Cwu'n)lumazcg

G(AY)
G(Fais) ~

B
Umin 7

3)
S (2 _ Cmin) Umazx (C'min + 6) .
UminCmin

Next, we extend the above approximation to the case with
n sellers. Suppose that A* pays overall z; - B, z; € [0,1] to
sellers; and ), z; < 1.Let Vp(z;- B) and Vo (z; - B) de-
note the maximum value achieved by the fixed-price policy
F;c and A* from seller s; with budget z; - B. Due to Eq. (3),

we have % < (2= Cmin) Vmin Cmin Fais 18 the
best fixed-price policy, then G(F};,) > > .., Vr(zi - B).
G(A”) Si<n Vo(zi-B) _
G(Fiis) Zngn VFr (2i-B) < (2

O

Umazx (C1nin+5) As

We therefore have

VUmaz (Cmin~€)

Crnin)
man UminCmin

Next, we provide an asymptotically tight lower bound for
all fixed-price policies which can choose any price in A,,.

Theorem 2. No fixed-price policy F under Aoy obtains an
approximation ratio better than )(%=az),

Umin

Proof. We consider a scenario involving a single seller with
all costs equal to 1. During the first | B| time slots, the values
are vVp,n, while in the remaining time slots, the values are
Umaz- Lhe best fixed-price policy sets the price at 1, yielding
a total value of | B | V.. In contrast, the optimal solution
can achieve a total value of | B|v,q. by setting the price to
Cmin during the first | B] time slots and 1 in the remaining
time slots. Thus, the performance ratio between the optimal
solution and the fixed-price policy is at least % O

4 The Non-stochastic Pricing Bandit

Given the above best fixed-price policy F; , we now show
that it is learnable in the semi-bandit feedback setting by
introducing an online pricing policy. The main idea is as fol-
lows. Firstly, because the continuous price space can result
in infinite action space when the buyer chooses a price vec-
tor for sellers at each time slot, we first divide the continuous

*We do not round the number of items here and its effect is
negligible since the budget is typically much larger than the cost.
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Figure 2: Example of the feedback graph G? of seller s;.
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Figure 3: The observed feedback graph G of seller s;.

price space into discrete candidate prices with granularity e
by which the best fixed-price policy on such discrete price
set can achieve the granularity-dependent approximation to
the best fixed-price policy on the continuous price (see The-
orem 1). By choosing an appropriate granularity, we can ob-
tain the sub-linear regret with respect to the budget. Sec-
ondly, by leveraging the monotonicity property of the sell-
ers’ acceptance function in the pricing problem, we design a
feedback graph based online learning policy which can effi-
ciently utilize sellers’ binary decisions and thus improve the
cumulative reward. In the following, we first introduce the
feedback graph structure in our non-stochastic pricing prob-
lem. We then propose an online learning policy with a given
budget as the input and analyze its regret. Finally, we extend
the policy to deal with the unknown budget case.

Feedback

Recall that we divide the continuous price space A, =
[cmm, 1] into a discrete price set A with granularity e, i.e.,
= {Comins s Cmin + (K —2)€, 1} where K = [1=min] 4
1 Leta; denote the j-th price in A. Unlike the classical non-
stochastic bandit problem in which only the selected action
revealed the reward, additional decisions at prices apart from
the given price can also be revealed in the pricing problem,
e.g., if seller s; accepts a price e}, we can further have the
information that s; also accepts any price higher than €.

Graph-based Feedback. Following the description in
(Alon et al. 2017), we adopt a graph-theoretic interpretation
to describe the additional information revealed by the cho-
sen price. At each time slot ¢, there exists a directed graph
Gi = (V,Dj) for seller s;, called feedback graph, where
the node set V represents the price set A and D} is the set
of arcs, i.e., ordered pairs of nodes. For any ¢, ¢’ € A, the
arc (¢/,€") is included in D} if and only if the decision of
s; regarding price ¢’ also reveals the acceptance/rejection of
price e (there is also an arc (e, e) pointing to themselves).
Thus, at time slot ¢, there are n feedback graphs represented
as G, = {G},G3, ..., G7'}. It is important to note that we do
not possess any information about the feedback graph prior
to the buyer’s actions. To provide a visual representation, we
use Fig. 2 as an example to illustrate feedback graph G..
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Example 1. Suppose that the cost of seller s; at time slot t is
¢ € (ap, ans1), h < K—1. Specifically, when choosing any
price €} > an+1, S; obviously accepts e}, and we have the
information that s; accepts any price higher than et. Thus,
as shown in Fig. 2, there exists an arc (€', ") for any price
pair €', e" such that e’ < e" and e’ > ap11,€” > api1 (the
arc (e, e) is excluded in the figure for simplification). On the
contrary, when choosing any price €i < ay, seller s; rejects
the price ei and will also reject any price no higher than
el. Then, there exists an arc (e',e") for any price pair €', e
such that e’ > €" and €’ < ap,e” < ay, in Fig. 2.

Observed Feedback System. Since the cost of each seller
at each time slot is unknown, the buyer can only observe part
of feedback graph Gi after selecting a price e! for seller s;.
Recall that % (e!) € {0, 1} represents whether s; accepts the
price el € A ornot. Let Gil be the observed feedback graph,
which is a sub-graph of G containing the prices whose de-
cisions are revealed by ¢! and the directed edges connecting
these prices. Specially, the observed feedback graph is be-
cause if zi(el) = 1 (or z¢(el) = 0), when setting any price
e > el (or e < el) for s;, we obtain the information that s;
accepts (or rejects) any price ¢/ > e (or ¢’ < ¢). For exam-
ple, if zi(el) = 1, the observed feedback graph G? for s;
is displayed on the right side of Fig. 3. The buyer can also
obtain v} value by choosing any price e > ei. Otherwise, if
zi(el) = 0, the observed feedback graph G is displayed
on the left side of Fig. 3, and the buyer obtains 0 value by
setting any price e < ei. Let G, = {G% };<,, be the observed

. . it .
feedback system at time slot ¢. We write e (Z—>) e’ if there

. . ! ;. . . !
exists an arc (e, e’) in G} , and A is the set of prices in G} .

The GAP Policy

Given the defined feedback graph, as shown in Algorithm
1, we develop an online learning policy, Granularity-based
Pricing (GAP), which contains three main components:
price selection, feedback observation and estimation update.

Price Selection. At each time slot, GAP first chooses a
price vector for n sellers. Denote by wi(e) the weight of
price e € A for seller s; at time slot ¢. We maintain a set
of time-varying weight vectors W = {W}};<7 i<, where
Wi =34 wi(e). At each time ¢, we compute the impor-
tance sampling probability, denoted by pi (e), for each seller
s; and each possible price e € A, which is dependent of the
time-varying weights and the exploration constant v/ K as

ife) = (1 — wé(e)‘
pt( ) ( FY) ZEIEA w; (6/)
The exploration constant /K guarantees that, for each
seller, the buyer always has an underlying positive prob-
ab111ty to explore prices in set A. Then, we choose
price el drawn according to the distribution pi
(pi(a1),...,pi(a;),...,pi(ax)) for each seller s;. Let B(t)
denote the remaining budget at the beginning of time slot ¢.
If the sum of the chosen prices for sellers at time slot ¢ is
higher than B(t), i.e., Y. ,., ei > B(t), GAP terminates.

Otherwise, GAP sets price vector e; = (e}, €7, ..., €}').

+%,V66A,i§n. (4)



Algorithm 1: The Granularity-based Pricing (GAP) Policy
Il’lpllt: 37 57 Cminy Umin, Umax

1: Initiation: €, v, n;

2: Generate price set A = {Cmin, Cmin+€, ..
2)e, 1} where K = [1=Gmin] 4 1,
Weight wi(e) := 1,Ve € A, Vi < n;
t+ 1,B(t) + B;
while B(t) > 0andt <7 do

Compute pj(e), Ve € A,Vi < n according to Eq. (4);
Draw price e} ~ (pj(a1),...,pi(ax)), Vi < n;

If Y, ., e > B(t), then GAP terminates;

Observe Vi < n,zi(e}), ri(el) and Gy

B(t+1) « B(t) = Xicp €1 - wi(ey);

Ve € Al i < n, compute £(c) = T’lie)

Ve € A,i <n, compute@i( )— ]I{ € Al};

e, (e
132 Vee A,i <n,wi,(e) =wj(e)-exp (nﬁt(e)),
14: t—t+1
15: end while

7cmin+(K_

Y XU AW

—

Ju—
—_

»

Feedback Observation. Following the given price e, the
buyer observes s;’s decision xi(e?), the obtained value de-
noted by 7 (e}), and the feedback system G;. Spemally, ]
can be observed when z}(e}) = 1, i.e., ri(e}) = v} - z}(e}).
Let mi(el) = e - xi(el) be the payment paid to s; under the
price ei. Recall that A% contains prices whose decisions are
revealed after the selection of ef; for s;. Thus, when choosing
price e € Al for s;, the obtained value 7¢(e) equals 7 (e?).

Estimation Update. Next, we use £.(e) to measure the

price-efficiency of Ve € A! for s;, i.e., £i(e) = # We

further define the side-observation yielded unbiased esti-

mate as £,(e) = ?‘EZ;H{@ € Ai},Ve € A,i < n, that di-

vides £.(e) by the probability of gi(e) = 3. ., pi(e),
e'te!" e

where ¢i(e) is the sum of the probabilities of choosing
prices who also reveal s;’s decision for price e based on
the feedback system G;. Obviously, this estimate leverages
the side-observations of other prices based on the partic-
ular characterization of the pricing problem. Finally, we

use the estimate @:(e) to update weights as wj,(e) =
wile) - exp (nli(e))
between weights w} (e) and wj_ , (€) is controlled by scaling

,Ve € A,i < n. The main difference

estimated efficiency @1 (e).

Regret Analysis

Upper Bound of Regret. We compare GAP against an a-
approximation solution with o = (Q—CZZLW According
to Theorem 1, the a-regret in Eq. (1) can be bounded by
Ra(B) = aG(A") = G(A) < (1+ 7 ==)G(Fg;,) = G(A).
Then, by choosing appropriate €, we have the following re-
gret upper bound.

Theorem 3. By setting ¢ = szn/\/» 17 = €/Umas and
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Y = €/Cmin, the expected a-regret of GAP is at most

( Womet V/B/CminIn B) where o = ( Vmin

2—Cmin)Vmaz

Lower Bound of Regret. We now show that our a-regret
upper bounds are tight up to sub-linear terms. In particular,
we provide the following regret lower bound.

Theorem 4. For any buyer’s policy M, there exists a se-
quence of sellers’ costs and values where the expected -

regret of M is at least (’Umaw v Bn/cmm).

Extension to Unknown Budget

Note that GAP depends on the given budget to determine the
price granularity e that determines the candidate price set A,
and tuning parameters 7 and -y, respectively. We now fur-
ther extend it to a scenario where the budget is not given in
advance, e.g., the online algorithm may not know the adver-
tisers’ budgets in advance (Udwani 2024). To address it, we
develop a variant of GAP, referred to as Doubling-GAP, by
adopting the doubling method. Specifically, we can define
a doubling sequence (7});cn, where T; = €' and Ty = 1,
and divide the learning process into multiple phases. At the
beginning of each phase, e.g., the [-th phase, we fully restart
the underlying policy GAP by initializing the price granu-
larity € and the corresponding parameters -y, 77 based on the
current budget BT and setting the running time slot for this
phase to B —20=L Let Lp denote the last phase running GAP,

ie, L = mmleN{Zhgz By - e" > B}, which implies
L = [In(B + 1)] — 1. Then, we have the regret bound:

Corollary 1. The a-regret of Doubling-GAP is at most
Umin

O(ngmes\/B/cmin In® B) where o = o —.

min)VUmaz

S Simulation Experiments

We empirically evaluate the proposed main policy GAP by
comparing it with four state-of-the-art baseline algorithms
from the literature, which represent the typical variations of
online learning algorithms one may use in the budgeted non-
stochastic pricing bandit problem. In particular, they are: the
classic non-stochastic Exp3 algorithm (Exp3) (Auer et al.
2002); the stochastic pricing mechanism BP-UCB (Singla
and Krause 2013); KUBE (Tran-Thanh et al. 2012) which
estimates sellers’ costs and values by using traditional con-
fidence bound; and the Thompson Sampling (TSampling)
algorithm (Gopalan, Mannor, and Mansour 2014) which
chooses prices for sellers at each time slot according to the
generated value sampled from the dynamic beta distribu-
tion. These algorithms are representative standard methods
designed for non-stochastic (adversarial) bandits, budgeted
bandits, and online pricing, respectively. Additionally, they
often assume that the budget information is known.

We follow the standard setup for evaluating non-
stochastic bandits (Zimmert, Luo, and Wei 2019; Alipour-
Fanid, Dabaghchian, and Zeng 2021). In particular, in our
experiments the degree of the non-stochasticity can be quan-
tified by the stochastically constrained adversaries. That is,
the mean cost/value of each seller switches while staying
unchanged for phases that are increasing exponentially in
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Figure 4: Reward vs. Budget

length (which is a common metric in non-stochastic ban-
dit literature). This approach has proven effective in testing
non-stochastic algorithms via extensive experiments (Zim-
mert and Seldin 2021). We divide the horizon into phases

Lot ti 41, byt + 1,0, T,
——

Ts

T Ty

in which the length of the s-th phase is set as Ty = 1.6°. The
cost of seller s; is uniformly set as follows,

|

and the value of each seller similarly switches between range
[0.1,0.2] and [0.2, 1]. Such a model can be justified by real-
world applications, e.g., in a network routing problem, an
adversary might periodically attack the network, making the
delay and the throughput of every edge change dynamically
(Pongle and Chavan 2015).

Results. We compare the performance of the algorithms
by the total reward over at least 100 rounds. To evaluate
the impact of the budget, we vary the budget in the range
[5000, 40000] with the increment of 5000 and let B = 20000
by default. We also let the number of sellers, i.e., n, be se-
lected from {5, 15,25,35,45}, and let n = 25 by default.
Besides, we keep the ratio between the budget B and the
total horizon fixed so as to measure the performance of all
algorithms in a fair comparison with the increase of budget.

When the budget varies, the achieved total reward of algo-
rithms are shown in Fig. 4. We conclude that our proposed
GAP policy outperforms all baseline algorithms. Firstly, the
total reward achieved by GAP is significantly higher than
that of BP-UCB, TSampling, and KUBE. Precisely, the to-
tal reward of GAP is 55.59%, 59.89% and 26.32% larger
than those of BP-UCB, TSampling, and KUBE on average,
respectively. This is because these algorithms make efforts
learning distributions of sellers’ costs and values, which falls
into inaccurate estimation due to the “non-stochastic” envi-
ronment. Secondly, for the non-stochastic algorithms, GAP
also achieves a better total reward than Exp3. In detail, the
total reward of GAP is 14.16% larger than that of Exp3 on

if ¢ belongs to an odd phase,
otherwise

)

i 0.1,0.2]

0.2,1]
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Figure 5: Reward vs. Number of Sellers

average. This is because GAP can pay more precise prices
than that of Exp3 by utilizing the side-information which
leverages the characterization of the feedback graph in the
pricing problem. Lastly, we observe that the gap between
GAP and the compared algorithms is enlarged with the in-
crease of budget. This is because GAP can choose prices
more accurately with the increase of running time slots,
which results in more efficient utilization of the budget than
the baseline algorithms, and thus obtains greater achieved
reward. Moreover, we analyze the impact of the number of
sellers, and the corresponding results are shown in Fig. 5.
The total reward achieved by GAP are much higher than
those of baseline algorithms. Precisely, the total reward of
GAP is 48.69%, 62.22%, 47.45% and 12.31% larger than
those of the BP-UCB, TSampling, KUBE and Exp3 algo-
rithms on average, respectively. In summary, these results
validate that the proposed method significantly outperforms
the baseline algorithms.

6 Conclusion

In this paper, we investigate the problem of non-stochastic
online pricing with semi-bandit feedback in the procure-
ment scenario where sellers’ costs and values at each time
slot are arbitrary. Firstly, for the offline setting where sell-
ers’ costs and values over time are all known in advance,
we investigate the learnable benchmark oracle, that is, the
best fixed-price policy. We show its tight approximation ra-
tio to the global optimum. In the general online setting, we
first investigate the known budget case and propose feed-
back graph based policy GAP which achieves an upper
bound of O(n¥=e\/B/cpiy In B) on the a-regret where
a = (2763::)‘%” . We then extend it to the case where the
budget of the buyer is unknown and introduce Doubling-
GAP which divides time slots into multiple phases which
run GAP. We show that the a-regret of Doubling-GAP is
at most O(ng=e=\/B/cmin In* B). We also prove a tight
lower bound up to a logarithmic factor, that is, the regret

is Q(vmaz/Bn/Cmin). The conducted simulation experi-
ments show that the proposed policy outperforms the com-

pared baseline algorithms.

Ymazx
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