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Abstract

To unbiasedly evaluate multiple target policies, the dominant
approach among RL practitioners is to run and evaluate each
target policy separately. However, this evaluation method is
far from efficient because samples are not shared across poli-
cies, and running target policies to evaluate themselves is ac-
tually not optimal. In this paper, we address these two weak-
nesses by designing a tailored behavior policy to reduce the
variance of estimators across all target policies. Theoretically,
we prove that executing this behavior policy with manyfold
fewer samples outperforms on-policy evaluation on every tar-
get policy under characterized conditions. Empirically, we
show our estimator has a substantially lower variance com-
pared with previous best methods and achieves state-of-the-
art performance in a broad range of environments.

Introduction

We explore the multi-policy evaluation problem, where we
aim to estimate the performance of multiple target policies.
In reinforcement learning (RL, Sutton and Barto (2018)),
multi-policy evaluation is prevalent for model selections
(Schulman et al. 2017; Prechelt 2002). A simple method to
evaluate multiple policies is to perform online policy evalu-
ation for each target policy separately. However, the number
of required online samples scales up quickly with the num-
ber of target policies.

In many scenarios, heavily relying on massive online data
is not preferable. Firstly, collecting massive online data can
be both expensive and slow when interacting with the real
world (Li 2019; Zhang 2023; Chen, Liu, and Zhang 2024;
Liu, Chen, and Zhang 2024a). Secondly, even if there is a
simulator, for complex problems such as data center cooling,
each step may still cost 10 seconds (Chervonyi et al. 2022).
Thus, building an RL system demanding millions of steps
remains expensive.

To address the expensive nature of online data, offline RL
is proposed to mitigate the dependency on online data. How-
ever, RL systems built only on offline datasets have uncon-
trolled bias. A policy showing high performance on offline
data may actually perform very poorly in real deployment
(Levine 2018). Therefore, both online and offline RL prac-
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titioners heavily use online methods to evaluate the perfor-
mance of policies.

To efficiently evaluate multiple policies, previous works
try to reuse online samples generated by other target poli-
cies. Agarwal et al. (2017) show that naively combining data
generated by other policies may actually worsen the estima-
tion. Data from other policies must be carefully reweighed
before consideration. However, in multi-step reinforcement
learning, those weights require knowing complicated co-
variance terms between every pair of target policies (Lai,
Zou, and Song 2020). Such strong prior knowledge is rarely
available and makes these methods impractical. To avoid
complex weights, other literature (Dann, Ghavamzadeh, and
Marinov 2023) tried to reuse online samples by assuming
deterministic policies and a flexible environment that can
start from any desired state. These assumptions rarely hold.

In our work, we design a tailored behavior policy to ef-
ficiently and unbiasedly evaluate all target policies. Our
method does not require knowing any complex covariance
and applies to general RL settings without any restrictive as-
sumptions. Our contribution is two-fold.

Theoretically, our method is always unbiased (Theorem 1)
and is proven to achieve lower variance than the on-policy
estimator for each target policy under characterized condi-
tions (Theorem 4, Theorem 3). Moreover, we introduce a
similarity metric between policies and prove that the num-
ber of required samples for our method does not scale with
the number of target policies under the similarity condition.

Empirically, compared with previous best methods, we
show our estimator has a substantially lower variance. Our
method requires much fewer samples to reach the same level
of accuracy and achieves state-of-the-art performance in a
broad range of environments.

Related Work

Multiple target policies. In multi-policy evaluation, tradi-
tional approaches often evaluate each policy separately us-
ing on-policy Monte Carlo methods. However, this ordinary
method ignores the potential similarity between target poli-
cies and is crude for two reasons. First, the method does not
utilize data sampled by other policies, causing the number
of required online samples to scale quickly with the number
of target policies. Second, even for a single target policy, the
on-policy evaluation method is still not the optimal choice.



Through a tailored behavior policy (Liu and Zhang 2024),
the variance of the on-policy Monte Carlo evaluation can be
reduced while achieving an unbiased estimation.

To address the inefficiency in multi-policy evaluation
problem, Dann, Ghavamzadeh, and Marinov (2023) present
an algorithm to reuse online samples from target policies.
However, their algorithm works only when all target poli-
cies are deterministic, which is also highly restricted. By
contrast, our method copes with stochastic policies. The key
difference is that they consider the plain approach by reusing
samples from target policies, while we propose a tailored be-
havior for multiple target policies, which is designed to gen-
erate samples that all similar policies can efficiently share.
Liu and Zhang (2024) also design a behavior policy for off-
policy evaluation. However, they only consider a single tar-
get policy, which is narrower than our settings. In the em-
pirical results section, we also show that our method out-
performs theirs (Liu and Zhang 2024), in multi-policy eval-
uation problems under the multi-step RL setting. Using a
shared behavior policy tailored for all similar target policies,
our method achieves state-of-the-art performance and does
better than all existing methods.

Multiple logging policies. Other approaches consider us-
ing data from multiple logging policies to perform off-policy
evaluation, although only aiming at a single target policy. We
call them logging policies because in their works (Agarwal
et al. 2017; Lai, Zou, and Song 2020; Kallus, Saito, and Ue-
hara 2021), data are previously logged from certain behavior
policies and are fixed. This is different from our setting, in
which we design an active data-collecting policy for multi-
ple target policies.

Agarwal et al. (2017) point out that directly combin-
ing data from different policies may increases the estima-
tion variance. They then propose two new estimators by
reweighting data from different policies. However, their
method is restricted to the contextual bandit setting. By con-
trast, we work on the multi-step reinforcement learning set-
ting, which is much broader. Lai, Zou, and Song (2020) ex-
tend the method from Agarwal et al. (2017) into multi-step
RL. Nevertheless, getting the desired weights for different
logging policies requires knowing complicated covariance
terms between every pair of logging policies. That is, given
K logging policies, their method needs to compute K? co-
variances. Such strong prior knowledge is rarely available
and is computationally expensive, making the method im-
practical. Furthermore, they ignore bias from any off-policy
estimator. By contrast, with the tailored behavior policy,
our estimator is inherently and provably unbiased. Kallus,
Saito, and Uehara (2021) also explore off-policy evaluation
with multiple target policies in RL setting. They combine
the reweighting strategy with the control variate method,
leading to a reduced variance estimation. However, getting
the weights proposed by their method requires knowledge
of state visitation densities, whose approximation is very
challenging in MDPs with large stochasticity and function
approximation (cf. model-based RL (Sutton 1990; Sutton
et al. 2008; Deisenroth and Rasmussen 2011; Chua et al.
2018)). Due to this impracticability, Kallus, Saito, and Ue-
hara (2021) only conduct experiment of their method in the
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contextual bandit setting, remaining the experiment on the
multi-step RL setting untouched. By contrast, our method
avoids reliance on any terms that are impractical to esti-
mate.

Background

In this work, we focus on a finite horizon Markov Decision
Process (MDP), as defined by Puterman (2014), with a fi-
nite state space S, a finite action space A, a reward func-
tion r : § x A — R, a transition probability function
p:SxS8xA— [0,1], an initial distribution py : S —
[0,1], and a constant horizon length T'. To simplify nota-
tions, we consider the undiscounted setting. But our results
can be naturally applied to the discounted setting (Puterman
2014) as long as the horizon is fixed and finite. We define
[n] ={0,1,...,n} for any integer n.

There are K policies to be evaluated. In this paper,
any index with parenthesis around it (e.g. 7(¥)) is re-
(k)
2]

(k) .
_y» where 7" :

lated to the policy index. We define abbreviations 7
{7028, mY and 241 = 2l

P
A x 8§ — [0,1] defines the probability of selecting ac-
tion A; given the state S; at time ¢ € [T — 1]. An ini-
tial state Sy is sampled from py at time step 0. At each
time step t, after the execution of an action, a finite reward
Ri11 = r(St, Ay) is obtained and a successor state Sy is
sampled from p(- | St, Az).

We define the return at time step t as Gy
Z?:t 41 Ri. The state- and action-value function is defined
as v 4(s) = Eqpom [Ge| Se=s] and gru 4(s,a) =
E,.o [Gt | St = s, At = a] . The performance of the policy
7 is defined as J(7®)) = 3= po(s)vk) (). We adopt the
total rewards performance metric, introduced by Puterman
(2014), as a measurement of the performance. In this work,
we focus on the Monte Carlo methods, which have been
widely adopted since their introduction by Kakutani (1945).
We draw samples of .J(7(F)) by executing the policy m(*)
online. The empirical average of the sampled returns con-
verges to J((*)) as the number of samples increases. Since
this method estimates the performance of a policy 7(*) by
running itself, it is called on-policy learning (Sutton 1988).

Henceforth, we study off-policy learning, in which we
need to estimate the total rewards J(7(*)) of a pol-
icy 7(®), called the target policy, by running a differ-
ent policy p, known as the behavior policy. Each tra-
jectory {So, Ao, R1,S1,A1,Ra,...,S7—1,Ar_1,Rp} is
generated by a behavior policy u with So ~ pg, Ay ~
pe(+|Se), t € [T — 1]. We use

Per = {Stv At7 Rt+17 LR STflv AT*la RT}

Ter—1

to denote a segment of a random trajectory generated by
the behavior policy p from the time step ¢ to the time step
T — 1 inclusively. The key tool for off-policy learning is im-
portance sampling (IS) (Rubinstein 1981), which is used to
reweight rewards collected by p to give an unbiased esti-
mate of .J(7(®)). For each policy (*), the importance sam-
M - w P (AS)

T pe(Ae]Se)

(
pling ratio at time step ¢ is defined as p;



Then, the product of importance sampling ratios from time

. ' k

ttot’ > tis defined as p::(;)’“ = szt % Among
the various ways to use the importance sampling ratios in
off-policy learning (Geweke 1988; Hesterberg 1995; Koller
and Friedman 2009; Thomas 2015), we use the per-decision
importance sampling estimator (PDIS, Precup, Sutton, and
Singh (2000)) in this paper and leave the study of others for
future work. For 7(*), the PDIS Monte Carlo estimator is
defined as GEP'S (7147 11) = ST PZ;k)’“Ri+1, which is
unbiased for any behavior policy w that covers target pol-
icy 7(®) (Precup, Sutton, and Singh 2000). That is, when Vs,
Va, p(als) = 0 = wt(k)(a|s) = 0, we have V¢, Vs,
E[GEPS (715771) | Sp = 8] = vy 4(s). We also leverage
the recursive form of the PDIS estimator:

PDIS Me:T—1
Gk (Tt:T—l )
(k)
us s PDIS Mt4+1:T—1
P () (Rer + GRS ({17
™ k]
pi MRin

€0
)) te[T—2],
t=T-1.

Because the PDIS estimator is unbiased, reducing its vari-
ance is sufficient for the improvement of its sample effi-
ciency. We achieve this variance reduction goal for multiple
policies by designing a tailored behavior policy.

Variance Reduction in Statistics

In this section, we propose the mathematical framework for
variance reduction using importance sampling ratios. Let A
be a discrete random variable with a finite set of possible
values A, and assume it follows a probability mass func-
tion 7*) : A — [0, 1], called target policy. Additionally,
let ¢ : A — R be a function that maps elements of A to
real numbers. Our objective is to estimate E 4, .x) [¢(A)] for
each 7(¥) where k is an index within a finite set [K]. Since
in this paper, data can be generated from multiple distribu-
tions, we specify their source clearly. We reserve the super-
script with brackets [-, -] to denote the source and the index

of samples. For example, AR s the ith sample gener-
ated by running 7(¥). We use ny, to denote the total number
of samples sampled by policy 7(*). The plain Monte Carlo

methods then samples {A[”(k)’l], e ,A[“UC)’”’C] from each

g(Am" ) as

(k) L L Nk
7" and use the empirical average - > ;*;

the estimate for each E 4, .x) [¢(A4)].
The importance sampling is introduced as a variance
reduction technique in statistics, where the main idea is
N . S
to sample {q(A[“”])}i:1 following a distribution p and
use & SN o Almilyg(Alr) as the estimate, where

: (k) . . . .
p”(k)’“(A) = M(g‘) is the importance sampling ratio. In

this statistics section, we propose the optimal behavior pol-
icy u that evaluates all target policies 7(*) simultaneously by
sharing samples. We also define the similarity of policies and
prove when target policies satisfy the similarity condition,
samples needed to estimate all of them do not scale with the
number of policies K. These ideas are later extended into the
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multi-step reinforcement learning (RL) setting in the follow-
ing section.
Assuming that Vi, ju covers 7(%), i.e.,

Va, u(a) =0 = 7 (a) = 0. (2)

Then, the importance sampling ratio weighted empir-
ical average is unbiased, ie., Yk, E4_.0m[q(4)]

Ea~p [p’r(k)’“(A)q(A)]. If we carefully design the sampling
distribution u, the variance can be reduced. We formulate
this problem of searching a variance-reducing sampling dis-
tribution for K policies as an optimization problem

. 26,
mingea_ Zke[K] Vanu(p™ (A)q(A)),

where A_ is the classical search space (Rubinstein 1981;
Zhang 2022; Liu, Chen, and Zhang 2024b; Qian et al. 2024)
defined as

A= {u € A(A) | Va, Yk, p(a) = 0 = 7 (q) = o}.

Here, A(.A) denotes the set of all probability distributions on
the set A. In other words, A_ includes all distributions that

cover {77(’“) }szl. In this work, we enlarge A_ to A, which
is defined as

A= {,u € A(A) | Va, Yk, u(a) = 0 = 77 (a)q(a) = 0}.
3)

The space A weakens the assumption in (2). We prove
that any distribution  in A still gives unbiased estimation,
though A_ C A.

Lemma 1. Vi € A, VE,

Eavy [p7" " (A)a(4)] = Egrcor [9(4)

Its proof is in the appendix. We now consider the variance
minimization problem on A, i.e.,

mingen  Cpep Vamu(p™ (A)g(A)). @)

The following lemma gives an optimal solution y* to the
optimization problem (4).

Lemma 2. Define p1*(a) o 7(k)(a)2q(a)2. Then
ke[K]

w* is an optimal solution to (4).

Its proof is in the appendix. Here, 11(a) o« f(a) with some
non-negative f(a) means

pla) = fa)/ 32, f(b).

If f(a) = O for all a, the above “reweighted” distribution
is not well defined. We then use the convention to interpret
1(a) as a uniform distribution, i.e., u(a) = 1/|.A|. This con-
vention in using  is adopted in the rest of the paper for
simplicity.

When estimating E , ) [¢(A)], 7 (a)g(a) shows how
much an action contributes to the expectation and is heavily
used (Owen 2013; Liu and Zhang 2024). Denote

2

W (a) = (79 (@)a(a)) ", )



w(a) =Y w (@) /K. (6)
We use (%) (a) to denote the similarity between (*) and the

average w(a),
n® (a) = w™ (a) /w(a). (M

Naturally, 7*)(a) = 1 when all policies are the same on
a. Define = miny , n® (a) and 77 = maxy o n* (a), we
have Vk, a,

n<n®(a) <7. ®)

In the following theorem, we compare the variance of esti-
mation methods. For off-policy evaluation, our designed p*
generates n samples. For on-policy evaluation, when eval-
uating multiple policies, it is common for different policies
to generate different numbers of samples. Thus, to achieve a
fair and general enough comparison, each target policy 7(¥)
generates ny, samples. There is no constraint on ny, as long

as Zle ny = n. Using Al (o denote the ith sample
generated following {7(¥) }, we define the empirical average
for all 7(*) as

3 qalr® )

N

Eon,w (9)
Similarly, using A*"% to denote the ith sample generated
by p*, We define the empirical average for all 7(*) as

R (O B i
Eoff,'n'(k) - SEap HE AT g AT

n

(10)

Then, we characterize sufficient conditions on policy simi-
larity such that with the same total samples, off-policy eval-
uation with our tailored behavior policy p1* achieves a lower
variance than on-policy Monte Carlo on each 7(¥).

Lemma 3. Vk € [K],
VANH* (onfﬂ(k)) g VANTr(k) (Elm’ﬂ—(k))7

if the similarity 1)(-) has Vk,

VEE, W @g@)” - (& - 1)a®

< Z; 7 (a)q(a)?, (11)

where
AW =[5, 70 (@)q(a)? = (2, 7¥(@)a())’]

Its proof is in the appendix. In Lemma 3, we show under
characterized conditions, using only the same total samples
n generated by p*, the off-policy estimator already achieves
alower variance than on-policy estimator for each target pol-
icy 7(F). Now, we present a stronger lemma by allowing
each target policy to also generate n samples, resulting in
a total of nK samples, which is K times larger than n. Us-
ing the empirical average for on-policy estimator as defined
in (9), we now have, for all k),

B =Y (A ) (12)
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Then, we simplify the variance of the on-policy estimator
for 7(F) as

on W(k)
V gt (B77)

o qAlr®
(Zz,l q(n ))

ZVANw(k) (By (12))

1 n )
=~V armo (T a4 1)
=Vaur (¢(A)).

In the last step, we leverage the independence of samples.
Similarly, using the definition of empirical average for off-
policy estimator as defined in (10), we have

) = Vi (07 (4)q(4)).

Then, we formalize the superiority for the “n-to-Kn” com-
parison in the following theorem.

Lemma 4. Vk € [K],

Vi (777 (A)a(4)) < Vario (a(4),

if the similarity 7)(-) has Vk,

(Xaea 70 (a)q(a))” < Swea ™ (a)g(a)?.(13)

Its proof is in the appendix. The superiority of using our
designed behavior policy p* comes from two sources. First,
©* generates samples that all similar policies can efficiently
share. Second, it is designed to generate low-variance and
unbiased samples compared with the on-policy evaluation.

(k) (k)

VANTr(k) (Eott,w

(k)

n

n

Variance Reduction in Reinforcement
Learning

We extend the techniques discussed in the statistics section
into multi-step reinforcement learning (RL). In this section,
Theorem 1 is the RL version of Lemma 1 for unbiasedness.
Theorem 2 is the RL version of Lemma 2 for behavior policy
design. Theorem 3 and 4 are the RL version of Lemma 3 and
4, respectively, for variance reduction.

As discussed in the related work section, the major caveat
in multi-policy evaluation problems is data sharing. Without
efficient data sharing, the total number of samples required
for evaluating all policies increases rapidly with the num-
ber of target policies. Previous works try to reuse collected
data across multiple target policies. However, their method
rely on either (1) restrictive assumptions, namely, deter-
ministic policies and flexible environment starting at any de-
sired state (Dann, Ghavamzadeh, and Marinov 2023), or (2)
impractical knowledge, namely, complicated covariances
(Lai, Zou, and Song 2020) and state visitation densities at
very step (Kallus, Saito, and Uehara 2021). Thus, none of the
existing methods (Dann, Ghavamzadeh, and Marinov 2023;
Lai, Zou, and Song 2020; Kallus, Saito, and Uehara 2021;
Agarwal et al. 2017) is implementable in the multi-step RL
setting.

In this work, we tackle this notorious problem of efficient
multi-policy evaluation in RL without any impracticability.

1))

We seek to reduce the variance ), c 5 V (GIP* (0.57



by designing a proper behavior policy p. Certainly, we need
to ensure that the PDIS estimator with this behavior policy
is unbiased.

In the off-policy evaluation problem, classic reinforce-
ment learning (Sutton and Barto 2018) requires coverage
assumption to ensure unbiased estimation. This means they

. . K .
only consider a set of policies that cover {7(* }k:l, ie.,

A_ = {p | VE,t, 5,0, pi(als) =0 = 7" (als) = 0},

Similar to (3), we enlarge A_ to
A ={p | Vk,t,s,a,u(als) =0

— 7" (als)grwm 4(s,a) = 0}.

We prove every policy p € A still achieves unbiased estima-
tion in the following theorem.

Theorem 1 (Unbiasedness). Vi € A, Vk, Vi, Vs,
E [G‘ZD’S(Tt’f;i?) | Sy = s] = Uk 4(8)-
Its proof is in the appendix. One immediate consequence
of Theorem 1 is that Vu € A,Vk,E [GEPS(7l5771)] =
J (7r("”')). In this paper, we consider a set A such that A_ C

A C A. A inherits the unbiasedness property of A and is less
restrictive than A _, the classical search space of behavior

policies. This A will be defined shortly. We now formulate
our problem as

: . PDIS (,.H0:T—1
mi,, e x Zke[K]V(Gk (TO:T—l

By the law of total variance, for any p € A, we decompose
the variance of the PDIS estimator as

>keik) ¥ (GRS (o2
=Y rerr) Eso [V (G (10727 1 S0)]

+Vs, (B [GRP® (m0r21") | So])
= ket Bso [V (GRPP (ror™5") [ S0)]

+ Vs, (Urm,0(S0)) - (by Theorem 1)

The second term in (15) is a constant given a target policy
7() and is unrelated to the choice of w. In the first term,
the expectation is taken over Sy that is determined by the
initial probability distribution pg. Consequently, to solve the
problem (14), it is sufficient to solve for each s,

PDIS ( -H0:T—1 —
Zke[K] V(GPPS (10730 ) | So = 5) -
Denote the variance of the state value for the next state
given the current state-action pair (s, a) as v, ) .(s,a). We
have v, 4(s,a) = 0 for t = T'— 1 and otherwise

(14)

(15)

mm#d\

U-rr(’“>,t(37a) = VSt+1 (vﬂ("’),t—&-l(StJrl) ‘ Sp=s,A = a’) :
(16)

To achieve variance reduction compared with on-policy
evaluation, we aim to design fi; as an optimal solution to the

following problem

7)

oot
: . PDIS o1 T
min,, e g > V|G Ter—1
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The high-level intuition is that we aim to find the optimal
behavior policy pu; for the current step, assuming that in
the future we perform the on-policy evaluation. To define
optimality, we first specify the set of policies we are con-
cerned about. To this end, we define that V&, G, ,(s,a) =

Grt) 1(s,a)? for t = T — 1 and otherwise
q‘/r(k>7t(sv a) = QTr(k)xt(& a)2 + Vw(k)7t(sa CL) (18)
*)
4 ZSIP(SI‘& (Z)V <GgDIS <7_7Tt+1:T—1> | St+1 — S/) .

t+1:T—1

Notably, G, ,(s,a) is always non-negative since all the

summands are non-negative. Accordingly, we define A =
k A

{4 | k.1, 5,0, pe(als) = 0 = 7" (a])dco 4 (s, ) = 0}.

From (18), we observe for any k, t, s, a, (jﬂk)’t(s,a)

v

Qro) ¢(8,a) > 0. As aresult, if p1; € A, we have ju,(als)

0= 7r§k)(a|s)q}<k)’t(s,a) =0= ﬂt(k)(a|s)qw<k)7t(s,a)
0. Thus, A C A. To summarize, we have A_ C A C A. A
inherits the unbiased property of A (Theorem 1) and is larger
than the classic space A _ considered in previous works (Pre-
cup, Sutton, and Singh 2000; Maei 2011; Sutton, Mahmood,
and White 2016; Sutton and Barto 2018).

Now, we define the optimal behavior policy as

N k I8
u(als) o /S 7 (a]s)2d,00 4 (5. )

q defined in (18) is different from ¢, and is always non-
negative. We confirm the optimality of /i; in the following
theorem.

19)

Theorem 2 (Behavior Policy Design). For any k, t and s,
the behavior policy [i;(a|s) defined in (19) is an optimal so-
lution to the following problem

{#t ”t(i)l"’ré“k) 1}
: . PDIS & T _
mn, cA > V| Gy T —1 | St =s].

Its proof is in the appendix. Next, we formalize the simi-
larity between target policies. Similar to (5), (6) in the statis-
tics setting, Vk, Vt, Vs, we denote

(20)
2

wi® (s,a) = 71 (als) G0 4 (s, a),
we(s,a) = (ZjE[K] w,gj)(s, a))/K.

Then, adopting the notation from (7) and (8), we denote the

(k)

similarity between 7, and the average w; as

*) (s, a) Jiwy(s, a).

m (s,a) = wy (22)
When policies are the same, Vk,t, s, nt(k)(s, a) = 1. De-

fine n, =ming 54 nt(k) (s,a) and 7] = maxy, 4 ngk)(s, a), we
have Vt, k, s, a,
1, <0 (s,a) <7, (23)

Next, to extend the variance reduction property from statis-
tics (Lemma 3) into reinforcement learning, we also allow



each target policy to generate nj samples. With a similar
notation, we have the empirical average for all 7(*) as
(!

n)  ~PDIS 104
2 G <Tt T

ngk ’

k)
T—
(k) -1
onT =

t:T—1

(24)

where 717"+l is the ith trajectory obtained by running 7(*).
To achieve a fair comparison, when doing off-policy estima-

tign by following i, we generate n = Zszl ny samples.
Likewise, define

n [ L]

> G (Ttuqz 1 - )

- .

off,w(¥) .
B = (25)
We have the following theorem.

Theorem 3 (Variance Reduction with Same Sample Sizes).
Vk, Vt, Vs,

9 ‘ﬂ-(k) on, 7r(k)
v (Etfj}_l | Sy = s) <V (Et:j«_l | S, = s) .

if the similarity n has Vk,Vt,Vs,

k
<3, wh

where
) A2
Agk) (5) = ]EAtN'[Lt {pﬂm’“ l/ﬂ-(k)’t(ShAt) | St = S:|
(k) 4
+VAt~ﬂt ([)Tr § ’“qﬂ<k)7t(5t, At) | Sy = s)

Its proof is in the appendix. We then compare the datasets
when the behavior policy /i and each target policy 7(*) both
generate n samples, resulting in a “n-to-nK”’ comparison,
similar to Lemma 4.

Theorem 4 (Variance Reduction). Vk, Vt, Vs,
v (G (efgrt) 18 =s)

)
(Gpms (T ) 5, = S)

if the similarity 1) has Vk,Vt, Vs,

— E n 2
V(S als) farm (5. ))
<Y, 7 (al$) e 45, a).

Its proof is in the appendix. This theorem implies that in
the multi-step RL setting, running our tailored behavior pol-
icy [1 also ensures that the number of required samples does
not scale with the number of target policies under similar-
ity conditions. The reduced variance of our method depends
on the similarity between target policies, which can be eas-
ily checked through learning ¢ with offline data. Thus, if
RL practitioners are not confident in the similarity between
target policies, they can verify it before actual deployment
without consuming any online data.

(al$)drwm 4(s,a),

27)
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Algorithm 1: Multi-Policy Evaluation (MPE) algorithm

1: Input: K target policies 7(*),

an offline dataset D = {(¢;, s;, ai, s, ;) }

Qutput: a behavior policy [

Approximate ¢,u), from D using any offline RL

method (e.g. Fitted Q-Evaluation)

Compute 7 (x) ; for data pairs in D by (48)

5: Construct D*) = {(ti,sha“fﬁ(k)ms;)}zl

6: Approximate G, ; from D*) by (49) using any offline
method (e.g. Fitted Q- Evaluation)

m
i=1

7: Return: /i;(a \/Zk 1 7rt als)?Grm 4(s,a)
10 size =1,000 size =27,000
' —— Ours —— Ours
. 0.81 —— On-policy MC 0.8 —— On-policy MC
S ’ — obl : — obl
A SON SON
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2
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10t 10? 103 104 10! 102 10° 104
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Figure 1: Results on Gridworld. Each curve is averaged over
900 runs (30 groups of policies, each having 30 independent
runs). Shaded regions denote standard errors and are invisi-
ble for some curves because they are too small.

Empirical Results

We evaluate K = 10 target policies simultaneously by ex-
ecuting the tailored behavior policy fi with n total samples.
We name our method multiple policy evaluation (MPE) es-
timator. We present our empirical comparisons with the fol-
lowing baselines: (1) The canonical on-policy Monte Carlo
estimator with n;, samples for each target policy 7(*), sum-
ming to a total of n = Zszl ny samples. (2) The offline
data informed estimator (ODI, Liu and Zhang (2024)) that
runs each behavior policy (designed for each target policy

(k)) for ny, samples, summing to a total of n = 25:1 ng
samples. (3) The shared-sample on-policy Monte Carlo es-
timator (SON), where we evaluate each target policy with
shared data collected by canonical on-policy Monte Carlo
estimators of all K policies, resulting in n = Zszl ng
samples used to evaluate every target policy. (4) The shared-
sample ODI estimator (SODI), where we evaluate each tar-
get policy with shared data collected by ODI estimators of
all K policies. Since each single behavior policy from the
ODI estimator collects ny samples, each target policy in
SODI leverages n = Zszl ny samples.

As a demonstration of concept, we set K 10 and
ny = 7 for each of the 10 target policies. Target policies
are drawn from the training process of proximal policy opti-
mization (PPO) algorithm (Schulman et al. 2017). We learn
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Figure 2: Results on MuJoCo. Each curve is averaged over 900 runs (30 groups of target policies, each having 30 independent
runs). Shaded regions denote standard errors and are invisible for some curves because they are too small.

our behavior policy /i using Algorithm 1. Hyperparameters
are the same across all MuJoCo and Gridworld experiments.
Experimental details are in the appendix.

Gridworld: We use Gridworld with m® = 1,000 and
m3 = 27,000 states, where each Gridworld has a width m
and height m with a time horizon T' = m.

Env Ours  On-policy ODI SON  SODI
Size MC

1,000  0.125 1.000 0.637 1.289 2.073
27,000 0.129 1.000 0.601 1.561 3.532

Table 1: Relative variance of estimators on Gridworld. The
relative variance is defined as the variance of each estimator
divided by the variance of the on-policy Monte Carlo esti-
mator. Numbers are averaged over 900 independent runs (30
groups of target policies, each having 30 independent runs).

Env Ours On-policy ODI SON SODI
Size MC

1,000 126 1000 632 1264 2046
27,000 131 1000 629 1568 3501

Table 2: Episodes needed to achieve the same of estimation
accuracy that on-policy Monte Carlo achieves with 1000
episodes. Numbers are averaged over 900 independent runs
(30 groups of target policies, each having 30 independent
runs) and their standard errors are shown in Figure 1.

Figure 1 shows our method outperforms all baselines by a
large margin. The relative error is defined as the estimation
error divided by the estimation error of the on-policy MC
at the beginning of x-axis. The samples on the x-axis rep-
resents the total online episodes for multi-policy evaluation.
The blue line in the graph is below other lines, indicating
that our method requires fewer samples to achieve the same
accuracy. To quantify the variance reduction, Table 1 shows
our method reduces variance to about 12.5% compared with
the on-policy Monte Carlo estimator. Table 2 shows that to
achieve the same estimation error that the on-policy Monte
Carlo estimator achieves with 1000 samples, our estimator
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only needs about 130 samples saving about 87% of online
interactions, achieving state-of-the-art performance.

MuJoCo: Next, we conduct experiments in MuJoCo
robot simulation tasks (Todorov, Erez, and Tassa 2012). Mu-
JoCo is a physics engine containing various stochastic envi-
ronments, where the goal is to control a robot to achieve
different behaviors such as walking, jumping, and balanc-
ing. Figure 2 shows our method is consistently better than
all baselines. The tables in the appendix show similar pat-
terns as in the Gridworld experiment. In particular, our es-
timator reduces the variance to about 10% compared with
the on-policy Monte Carlo estimator and saves about 90%
of online interactions.

An interesting observation to demonstrate the discrep-
ancy among target policies is that SODI and SON gener-
ally perform worse than On-policy MC and ODI. This re-
sult suggests that when target policies lack sufficient similar-
ity, reusing data without a carefully designed joint behavior
policy leads to high-variance estimation. Additionally, while
ODI outperforms On-policy MC, SODI performs worse than
SON. This may be because each behavior policy in SODI is
specially tailored for its own target policy, making it vulner-
able to target policy change. These observations confirm the
notorious difficulty of data sharing across multiple policies,
highlighting the need for a tailored and shared behavior pol-
icy to efficiently facilitate data sharing.

Conclusion

In this paper, we introduce a novel approach for multi-policy
evaluation by designing a tailored behavior policy that effi-
ciently and unbiasedly evaluates multiple target policies.
Theoretically, our method eliminates the need for restric-
tive assumptions or infeasible knowledge required by previ-
ous methods. Our method achieves lower variance compared
to on-policy evaluation for each target policy under simi-
larity conditions (Theorem 3, Theorem 4) and ensures the
number of required samples does not scale with the number
of target policies when similarity conditions hold.
Empirically, our method outperforms previously best-
performing methods, achieving state-of-the-art performance
across various environments. One promising future direc-
tion is to extend our variance reduction method to policy
improvement and achieve efficient policy learning.
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