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Abstract
Identifying the Markov properties or conditional independen-
cies of a collection of random variables is a fundamental task
in statistics for modeling and inference. Existing approaches
often learn the structure of a probabilistic graph, which en-
codes these dependencies, by assuming that the variables fol-
low a distribution with a simple parametric form. Moreover,
the computational cost of many algorithms scales poorly for
high-dimensional distributions, as they need to estimate all the
edges in the graph simultaneously. In this work, we propose
a scalable algorithm to infer the conditional independence
relationships of each variable by exploiting the local Markov
property. The proposed method, named Localized Sparsity
Identification for Non-Gaussian Distributions (L-SING), es-
timates the graph by using flexible classes of transport maps
to represent the conditional distribution for each variable. We
show that L-SING includes existing approaches, such as neigh-
borhood selection with Lasso, as a special case. We demon-
strate the effectiveness of our algorithm in both Gaussian and
non-Gaussian settings by comparing it to existing methods.
Lastly, we show the scalability of the proposed approach by
applying it to high-dimensional non-Gaussian examples, in-
cluding a biological dataset with more than 150 variables.

Introduction
Given a collection of random variables X = (X1, . . . , Xd)
with probability measure νπ and Lebesgue density π, dis-
covering the conditional independence relationships of X is
an important task in statistics. These dependencies are rep-
resented in a graph as edges E between vertices V , which
correspond to the variables. The resulting graph structure
G = (V,E) is known as a probabilistic graphical model or a
Markov random field.

Many real-world processes, such as gene expression levels,
generate continuous and non-Gaussian data, requiring meth-
ods that can handle such distributions. Gene expression is reg-
ulated by complex networks involving transcription factors
which exhibit nonlinear dynamics, leading to non-Gaussian
distributions (Marko and Weil 2012). Other applications in-
clude data of financial market returns and climate variables.
These datasets are high-dimensional, and existing algorithms
that assume normality may fail to correctly characterize the
relevant conditional dependencies.
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Structure learning algorithms estimate graphs that capture
and summarize the conditional dependencies within a dataset,
thereby performing model selection. These algorithms are
broadly categorized into global and local methods (Koller and
Friedman 2009). Global methods reconstruct the entire graph
based on global Markov properties, whereas local methods
identify the neighborhood set Nb(k) for each node k in the
graph G based on local Markov properties. The neighborhood
set defines variables XNb(k) such that the conditional density
of variableXk satisfies π(xk|x−k) = π(xk|xNb(k)). In other
words, Xk is conditionally independent of variables outside
the neighborhood X−Nb(k) given XNb(k). For distributions
with a positive probability density functions, global and local
Markov properties are equivalent (Pearl and Paz 1986).

In this work we focus on the following graph recovery
problem: given i.i.d. samples {xi}ni=1 from an (unspecified
and possibly non-Gaussian) probability distribution, identify
the local neighborhood structure, i.e., local Markov proper-
ties, of each variable in the graph.

Existing algorithms that do not assume Gaussianity, such
as Sparsity Identification in Non-Gaussian Distributions
(SING), rely on the iterative estimation of a transport map to
represent the underlying data distribution (Morrison, Baptista,
and Marzouk 2017; Baptista et al. 2024). To do so, SING
requires estimating the joint density of X, which is often
computationally costly for high-dimensional distributions. To
overcome this challenge, we propose Localized Sparsity Iden-
tification for Non-Gaussian Distributions (L-SING), which
learns transport maps representing the conditional distribu-
tions of each node in parallel. Our approach exploits the local
Markov property to construct a probabilistic graphical model
that encodes the conditional dependencies of the nodes. We
summarize the algorithm as follows: (1) learn a transport
map for each node from samples; (2) use the estimated maps
to define a matrix Ω ∈ Rd×d, referred to as a generalized
precision, which encodes conditional dependencies between
non-Gaussian variables; (3) determine the edge set of the
graph from the sparsity of Ω.

We show that L-SING generalizes existing methods, such
as neighborhood selection with the Lasso and the nonpara-
normal approach. Finally, we show L-SING’s scalability and
effectiveness by empirically evaluating it on benchmark prob-
lems and a high-dimensional dataset of gene expression levels
in ovarian cancer patients.

The Thirty-Ninth AAAI Conference on Artificial Intelligence (AAAI-25)

18711



Related Work
Parametric methods for estimating Markov properties assume
the observed data follows a probability distribution whose
density and properties are defined by some parameters. For
Gaussian random variables, conditional dependence is en-
coded by the sparsity of the precision (inverse covariance)
matrix, where zero entries indicate conditional independence
between the corresponding variables. Graph structure learn-
ing thus reduces to identifying the non-zero entries of the
precision matrix in this setting. A widely used approach for
this task is the graphical lasso (GLASSO), which solves an
L1-penalized maximum likelihood estimation problem for
the precision matrix (Banerjee, Ghaoui, and d’Aspremont
2008). Friedman, Hastie, and Tibshirani (2007) further im-
proved computational efficiency of GLASSO by introducing
a coordinate descent algorithm. On the other hand, parametric
methods have also been developed to identify local Markov
properties by estimating each variable’s neighborhood inde-
pendently. These include greedy selection strategies (Bresler
2015) and penalized maximum likelihood estimators, such
as the neighborhood selection method using Lasso regres-
sion (Meinshausen and Bühlmann 2006).

The relationship between the sparsity of the inverse co-
variance matrix and conditional independence, which is cen-
tral to many algorithms, does not immediately generalize to
non-Gaussian distributions. To address general distributions,
semi-parametric methods, such as Gaussian copulas, have
been proposed to model non-Gaussian data. For example, Liu,
Lafferty, and Wasserman (2009) assumed observations are
generated from marginal nonlinear transformations of a mul-
tivariate Gaussian random vector with known Markov proper-
ties. However, the class of distributions explicitly described
by known copulas is relatively limited. While Gaussian copu-
las introduce non-Gaussianity, they may still preserve aspects
of the underlying Gaussian structure (Morrison, Baptista,
and Basor 2022). Therefore, algorithms that perform well on
Gaussian copula-transformed data may struggle with more
complex non-Gaussian dependencies.

Previously, Baptista et al. (2024); Morrison, Baptista, and
Marzouk (2017) proposed SING, which learns the global
Markov structure of continuous and non-Gaussian distribu-
tions. SING constructs a lower-triangular transport map to
estimate the graph structure and iteratively refines the esti-
mated map until the number of edges converges. To do so,
SING estimates a multivariate transport map for the entire set
of variables simultaneously, storing O(d2) entries and thus
becoming computationally and memory intensive in high
dimensions. Alternatively, L-SING learns local structure by
independently estimating each node’s neighborhood. Thus,
L-SING eliminates the need to maintain a global transport
map and instead allowing each node’s map to be computed
in parallel. As a result, L-SING scales more efficiently to
high-dimensional datasets and can use more expressive maps
for each node without exceeding memory constraints.

Recently, Dong and Wang (2022) proposed a neighborhood
selection method that approximates the conditional density
of each variable based on a smoothing spline ANOVA de-
composition. In contrast, L-SING constructs transport maps
to represent arbitrary conditional distributions. For certain

classes of distributions, constructing transport maps offers a
more computationally efficient alternative to direct density
estimation.

Transport Maps
A core step of L-SING is estimating a transport map using
samples from π. Transport maps represent a target random
variable as a transformation of a reference random variable,
such as a standard normal. Given a target probability measure
νπ and a reference probability measure νη, both defined on
Rd, a transport map S : Rd → Rd is a measurable function
that couples these two variables such that the pushforward
measure of νπ through S is νη. We denote the pushforward
measure as S♯νπ. This condition implies S(X) = Z for
X ∼ νπ and Z ∼ νη .

If the measures νπ and νη have densities π and η, respec-
tively, we denote the pushforward density as S♯π = η. When
S is invertible, the measure of S−1(Z) corresponds to the
pullback density, denoted as S♯η = π. For a diffeomorphism
S, the pushforward and pullback densities can be expressed
using the change-of-variables formula:

S♯η(x) = η ◦ S(x) · |det∇S(x)|
S♯π(z) = π ◦ S−1(z) ·

∣∣det∇S−1(z)
∣∣ ,

where det∇S(x) is the determinant of the Jacobian of the
map S evaluated at x, and ◦ is the composition operator.

In this work, we choose a standard isotropic Gaussian ref-
erence, νη = N (0, Id) and solve an optimization problem to
learn the transport map S given only samples from the target
density π. When π and η are strictly positive and smooth
densities, Baptista, Marzouk, and Zahm (2023); Marzouk
et al. (2016) showed how to learn a lower-triangular transport
map S which has the form:

S(x) =


S1(x1)
S2(x1, x2)
S3(x1, x2, x3)
...
Sd(x1, . . . , xd)

 , (1)

where Sk is a monotone increasing function of xk for all
(x1, . . . , xk−1), i.e., ∂kSk := ∂xk

Sk > 0. A feature of lower-
triangular maps (1) is their suitability for causal dependencies.
Each component Sk represents the conditional distribution
of node Xk given the preceding variables in the specified
ordering (X1, . . . , Xk−1). In particular, for a reference dis-
tribution with independent components whose density factor-
izes as η(x) =

∏d
k=1 ηk(xk), component Sk pushes forward

the marginal conditional distribution of Xk to the marginal
distribution of Zk. That is

Sk(x1, . . . , xk−1, ·)♯ηk(xk) = π(xk|x1, . . . , xk−1), (2)

for all values of the conditioning variables (x1, . . . , xk−1).
Moreover, if Xk is conditionally independent of Xj given
X(1:k−1)\j , then both the density π(xk|x1, . . . , xk−1) and
the map Sk do not depend on xj ; see Spantini, Bigoni, and
Marzouk (2018) for more details on the relationship between
Markov properties of π and the sparsity of triangular maps.
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In L-SING, we exploit the relationship between the spar-
sity of the map component and conditional dependence. In
particular, we seek map components Sk that represent the
conditional distribution of each variable Xk given all other
variables X−k ∈ Rd−1. Given that the last variable of a tri-
angular transport map depends on all variables, this can be
seen as learning a component Sk : Rd → R to describe the
conditional distribution for Xk as

Sk(x−k, ·)♯ηk(xk) = π(xk|x−k). (3)

Our goal is to extract the neighborhood set Nb(k) ⊂
{1, . . . , d} \ k for Xk by learning a map Sk that (sparsely)
depends on a subset Nb(k) of its inputs.

Parameterization of Transport Map

To parameterize the transport map component Sk in (3), we
use Unconstrained Monotonic Neural Networks (UMNNs) to
construct invertible transformations (Wehenkel and Louppe
2019). UMNNs define a strictly monotonic function U as

U(x;ψ) =

∫ x

0

f(t;ψ) dt+ β,

where f(t;ψ) : R → R+ is a strictly positive parametric
function implemented via an unconstrained neural network
with parameters ψ, and β ∈ R is a learnable bias term. The
positivity of f is enforced using activation functions like exp
and softplus applied to the network’s output.

Since the derivative U ′(x;ψ) = f(x;ψ) > 0 everywhere,
U(x, ;ψ) is strictly monotonic and therefore invertible. This
property makes UMNNs suitable for parameterizing transport
maps. Additionally, UMNNs allow f to depend on auxiliary
input variables, enabling flexible modeling of monotonic
functions without restrictive architectural constraints.

In L-SING, an UMNN is used to parameterize each com-
ponent of the transport map. In particular, we seek Sk ∈ Sk

where Sk is a class of monotonic functions implemented as a
UMNN with d input features ∀k ∈ [1, d] with ∂kSk > 0. We
note that the partial derivative of Sk only requires a single
forward pass through the neural network representing the
function f . This is useful in L-SING to evaluate the condi-
tional density (Sk)♯ηk, which requires the derivative of the
map component.

Learning the Transport Map
To learn the parameters of Sk, we formulate the optimization
as the solution to a single convex problem. The objective is
to minimize

Sk 7→ Eπ(x−k)[DKL(S
k(x−k, ·)♯π(·|x−k)||ηk)],

which is equivalent to maximizing the log-likelihood of
π(xk|x−k) under the model given by the transport map (Mar-
zouk et al. 2016). Simply, the approach aims to find the
transport map Sk that transforms the conditional distribution
π(xk|x−k) into a simpler reference distribution ηk.

Given M samples from π, a regularized maximum likeli-
hood estimation problem for Sk is given by

min
Sk

1

M

M∑
i=1

[
1

2
(Sk)2(xi)− log ∂kS

k(xi)

]
+ λΦ(Sk)

s.t. Sk ∈ Sk; ∂kS
k > 0, (π − a.e.)

(4)
where λ > 0 is a regularization parameter and Φ is the
regularization penalty term from Rosasco et al. (2012) that is
used to promote sparse functional dependence:

Φ(Sk) :=
d∑

j=1

√√√√ 1

M

M∑
i=1

(
∂Sk(xi)

∂xj

)2

. (5)

The optimal parameter λ is determined in our experiments
by minimizing the validation loss for the objective in (4).

Connections to Existing Methods

To show the generality of L-SING, we demonstrate the
connection of the learning problem above to existing
methods for Gaussian and nonparanormal distributions.

(Gaussian Case) For a Gaussian vector X ∼ N (µ,Σ) with
mean µ ∈ Rd and non-singular covariance Σ ∈ Rd×d, Mein-
shausen and Bühlmann (2006) proposed a neighborhood se-
lection method for estimating the neighborhood sets {Nb(k) :
1 ≤ k ≤ d} through successive linear regressions. The neigh-
borhood selection with Lasso estimates the regression coef-
ficients θk ∈ Rd−1 of Xk given co-variates X−k by solving
the regularized optimization problem

θ̂k = argmin
θ

∥Xk −X−kθ∥22 + λ∥θ∥1, (6)

where the rows of Xk ∈ RM ,X−k ∈ RM×(d−1) contain
M data samples, and ∥θ∥1 is the L1-norm of the coefficient
vector, which is used to promote sparsity in the solution.
The non-zero entries of the resulting vector θ̂k defines the
neighborhood set Nb(k).

Proposition 1. For a linear transport map component Sk,
the optimization problem in (4) reduces to the optimization
problem in (6) for neighborhood selection with the Lasso.

Proof. For a linear map component Sk(x1:d) =
∑d

l=1 alxl
where (al) ∈ R are scalar parameters, the objective in (4) is

min
Sk

1

M

M∑
i=1

[
1

2
(Sk)2(xi)− log ∂kS

k(xi)

]
+ λΦ(Sk)

=min
a1:d

1

M

M∑
i=1

1
2

(
d∑

l=1

alx
i
l

)2

− log ak

+ λ
d∑

j=1

|aj |

Consider the change of variables bl = al

ak
for all l ̸= k. Then,
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we can write the optimization problem as

min
b−k,ak

1

M

M∑
i=1

1
2
(ak)

2

∑
l ̸=k

blx
i
l + xik

2

− log ak


+λ

∑
j ̸=k

|bjak|+ |ak|

 ,

where b−k = (b1, . . . , bk−1, bk, . . . , bd−1). We identify the
re-regression coefficients b−k by solving the problem

min
b−k

∥b−kX−k +Xk∥2 + λ̃∥b−k∥1,

where λ̃ = λ(2M)/|ak|. This objective has the form as the
problem in (6) up to a sign in the coefficients b−k.

While the relationship between L-SING and neighborhood
selection with Lasso is only shown for Gaussian distributions,
L-SING extends beyond Gaussians by using nonlinear
functions (e.g., higher-order polynomials) to parameterize
the transport map.

(Nonparanormal Case) A random vector X =
(X1, . . . , Xd) has a nonparanormal distribution if there exists
a set of functions {fj}dj=1 such that Z = f(X) ∼ N (µ,Σ),
where f(X) = (f1(X1), . . . , fd(Xd)). Liu, Lafferty, and
Wasserman (2009) proposed applying GLASSO to the
transformed data to estimate the undirected graph from the
sparsity pattern of the estimated precision matrix:

Θ̂ = argmin
Θ≥0

Tr(S(f̃)Θ)− log det(Θ) + λ
∑
j ̸=k

|Θjk|

 ,

where S(f̃) is a sample covariance estimator of f̃(X) based
on an estimator f̃ of f .
Proposition 2. Let X be a random vector following a non-
paranormal distribution, i.e., there exists monotonic functions
f such that f(X) ∼ N (0,Σ) for some strictly positive defi-
nite Σ. Then, the transport map S(x) = Σ−1/2f(x) pushes
forward X to a standard normal random variable.

Proof. To show that this is a valid transport map, we show
that S(X) ∼ N (0, I). First, we recall that the covariance
matrix Σ is symmetric and positive definite, and hence in-
vertible. For a strictly positive definite Σ, we can use the
Cholesky decomposition (or another matrix square root) to
obtain Σ−1/2. Next, we verify that S(X) ∼ N (0, I). Given
that f(X) is Gaussian, we just need to verify the first two
moments of the linear transformation of f(X):

E[S(X)] = E[Σ−1/2f(X)] = Σ−1/2E[f(X)] = 0

Cov[S(X)] = Σ−1/2E[f(X)f(X)T ](Σ−1/2)T = I.

The result above shows that nonparanormal distributions
can be characterized using transport maps and their compo-
nents define its conditionals. Thus, L-SING includes nonpara-
normal methods as a special case.

Computing the Generalized Precision
Finally, we show how to compute a matrix encoding the
conditional independence structure using the estimated trans-
port map. We recall that in the Gaussian setting, the inverse
covariance matrix Σ−1 is also the precision matrix, where
Σ−1

kj = 0 ↔ Xk ⊥⊥ Xj |X−kj (Loh and Wainwright 2012).
For non-Gaussian distributions, we extend this concept using
the transport maps that represent the conditional distributions
of X. Following Morrison, Baptista, and Marzouk (2017),
we consider the generalized precision Ω ∈ Rd×d with entries

Ωjk = E|∂j∂k log π(x)| = E|∂j∂k log π(xk|x−k)|.

Spantini, Bigoni, and Marzouk (2018) showed that
∂j∂k log π(x) = 0 for all x ⇐⇒ Xj ⊥⊥ Xk |X−kj , so
the sparsity of the generalized precision matrix encodes pair-
wise conditional independence properties (similarly to the
precision matrix in the Gaussian setting) for distributions
whose log-density is twice differentiable.

Given that the map component Sk characterizes the con-
ditional distribution of the target density, we can express the
entries of Ω in terms of the map as:

Ωjk = E|∂j∂k[log ηk(Sk(x)) + log ∂kS
k(x)]|

= E
∣∣∣∣∂j∂k [−1

2
(Sk)2(x) + log ∂kS

k(x)

]∣∣∣∣ .
An estimator of this matrix entry based on N i.i.d. samples
from π is given by

Ω̂jk :=
1

N

N∑
i=1

∣∣∣∣∂j∂k [−1

2
(Sk)2(xi) + log ∂kS

k(xi)

]∣∣∣∣
For each variable k, we use the computed transport map Sk

to determine the neighborhood set Nb(k) based on the non-
zero entries Ω̂jk for j ∈ {1, . . . , d}\k. These entries identify
edges in the graphical model. In particular, we say that there
exists an edge between variables Xk and Xj if Ωjk meets the
following conditional independence criteria:

Xk ⊥⊥ Xj |XV \{kj} ⇔ Xk ⊥⊥ Xj∈V \Nb(k) |XNb(k)

⇔ ∂k∂j log π(x) = 0 ∀ x ∈ Rd

Thus, the estimation of the generalized precision matrix al-
lows us to compute an edge set that reflects the conditional
independence structure of the data. We note that for each pair
of edges (j, k), we obtain two estimators for the conditional
independence based on the dependence of map component
Sj on xk and Sk on xj . To reconcile these two estimates,
which are theoretically equal when the estimator for the con-
ditional distributions is correct, we compute a symmetrized
version of the generalized precision matrix.

L-SING Algorithm
In this section, we present L-SING for learning the Markov
structure of a continuous and (possibly) non-Gaussian distri-
butions. The complete procedure is outlined in Algorithm 1.

In practice, we split the provided samples from the tar-
get distribution π into training, validation, and estimation
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Algorithm 1: L-SING Algorithm

Input i.i.d. samples {xi}M+N
i=1 , transport class Sk.

Output Generalized precision matrix Ω̂.

1: for each map component Sk ∈ Sk do
2: for fixed number of epochs do
3: Compute the regularized loss using M samples
4: Back-propagate loss and update Sk parameters
5: end for
6: Compute entries of the generalized precision matrix

Ω̂jk ∀j = 1, . . . , d using N samples
7: Set Ω̂kk = 1
8: end for
9: Return Ω̂L-SING := 1

2 (Ω̂ + Ω̂T ).

sets. The regularized objective in (4) is optimized using the
training set, while the unregularized negative log-likelihood
is evaluated on the validation set to select the optimal regu-
larization parameter λ. To ensure model generalization, we
implement early stopping during the estimation of Sk. That
is, training stops if the validation loss fails to improve for 10
consecutive epochs. Finally, we evaluate Ω̂ using the estima-
tion set to avoid biases arising from reusing samples for both
learning the map and computing the generalized precision.

Edge Set Generation

After computing and normalizing the generalized precision
matrix Ω̂ (scaled to have maximum value 1), we generate a
sparse edge set for the graphical model by thresholding:

1. Choose a threshold value τ > 0.

2. For each pair of variables (j, k) for all j, k ∈ [1, d]:

• If |Ω̂jk| > τ , add an edge between variables j and k.
• Otherwise, no edge is added.

Given that the choice of threshold τ affects the sparsity of
the graph, we demonstrate the sensitivity of the graph spar-
sity and false positive rates (FPR) to variations in τ in our
numerical experiments. In practice, τ can be selected based
on prior knowledge about the expected graph density.

Numerical Results
We now aim to answer the following questions: (1) Can
L-SING accurately quantify the conditional dependencies
of X without relying on assumptions about the distribution
of X? (2) Is L-SING computationally tractable for high-
dimensional problems? The first and second experiments
address question (1), while the second and third experiments
address question (2). Additionally, we compare the perfor-
mance of Ω̂L-SING to existing methods on the same test dataset
(see the arXiv version for detailed experimental setups). The
code to reproduce the numerical experiments is available at:
https://github.com/SarahLiaw/L-SING.

(a) (b)

Figure 1: (a) The undirected graphical model; (b) Adjacency
matrix of true graph (white corresponds to an edge, black to
no edge) for the 10-dimensional Gaussian distribution.

(a) Ω̂L-SING (b) Ω̂GLASSO

Figure 2: Generalized precision matrix for L-SING and the
estimated precision matrix for GLASSO, which are computed
using N = 10, 000 Gaussian evaluation samples.

Gaussian Distribution
To validate L-SING against existing parametric methods,
we evaluated it on data sampled from a Gaussian distribu-
tion. We first generated a symmetric, positive definite matrix
Σ−1 = Ω, where Ω is the true precision matrix. Using this
distribution, we drew M = 5, 000 training samples from a d-
dimensional multivariate normal distribution X ∼ N (0,Σ),
with d = 10. After training L-SING, we computed Ω̂ using
an evaluation set of N = 10, 000 samples drawn from the
same distribution.
Evaluation. Figure 1 visualizes the true underlying graph
and its adjacency matrix. Figure 2 compares the estimated
precision matrices Ω̂ computed using L-SING and GLASSO.

The heatmap colors in Figures 2a and 2b represent the
magnitude of the entries in Ω̂. Figure 2a shows that L-SING
accurately recovers the overall sparsity of Ω. For τ = 0.2, the
estimated adjacency matrix matches the true adjacency matrix
in Figure 1b, with all edges correctly identified. The non-zero
off-diagonal entries are within ±0.1 of the corresponding
values in the true normalized precision matrix (Figure 1b).

Figure 2b presents results for the Gaussian simulation
using GLASSO. Comparing the off-diagonal entries of
Ω̂GLASSO to Ω, edges (1, 5) and (3, 7) are within a ±0.03
range of their true values, while all other edges fall within
±0.1. Note that GLASSO operates directly on the test sam-
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Figure 3: Sensitivity of false positives with L-SING for dif-
ferent thresholds and sample sizes on the Gaussian data.

(a) (b)
Figure 4: (a) The undirected graphical model; (b) Adjacency
matrix of true graph for the butterfly distribution (d = 10).

ples without requiring training. Figure 3 plots the FPR against
the number of training samples for τ = 0.20, 0.10, 0.05. L-
SING’s FPR decreases with increasing M , which demon-
strates its consistency. Higher τ (e.g., 0.20) results in lower
FPR across all sample sizes, indicating more conservative
edge detection. The choice of τ results in a trade-off between
sensitivity and specificity in edge detection.

Butterfly Distribution
Next, we evaluate L-SING on a non-Gaussian butterfly distri-
bution, which exhibits nonlinear dependencies. Consider r
pairs of random variables (X,Y ), where:

X ∼ N (0, 1) Y =WX, with W ∼ N (0, 1).

Figure 4 displays the probabilistic graph and the correspond-
ing support of the generalized precision matrix for r = 5
pairs (d = 10). The variables are orderedX1, Y1, . . . , Xr, Yr,
where Xi corresponds to odd-numbered columns/rows in the
heatmap and Yi to even-numbered ones for all i ∈ [1, r].
This ordering is consistent across all plots of the identified
graph. While each one-dimensional marginal of the butterfly
distribution is symmetric and unimodal, the two-dimensional
marginals exhibit strong non-Gaussianity.
Evaluation. Figure 5a shows the estimated generalized pre-
cision matrix Ω̂ for r = 5 pairs (d = 10), as computed using
UMNN map components with [64, 64, 64] hidden layers and
M = 5, 000 training samples. L-SING successfully recovers

(a) Ω̂L-SING for d = 10 (b) Ω̂L-SING for d = 40

Figure 5: Estimated generalized precision matrix for the But-
terfly distribution with d = 10 and d = 40 variables using
L-SING with N = 10, 000 evaluation samples.

Figure 6: Sensitivity of false positives with L-SING for differ-
ent thresholds on the 10-dimensional butterfly distribution.

the true sparse structure of the graphical model for τ = 0.2
and 0.1, as shown in Figure 6. To show the scalability of
L-SING, Figure 5b presents Ω̂ for r = 20 pairs (d = 40),
using M = 5, 000 training samples and the same UMNN
architecture. With τ = 0.1, L-SING achieves an F1 score
of ≈ 0.941, indicating high precision and recall in identify-
ing the correct edges, even in higher dimensions. An FPR
of ≈ 6.58 × 10−3 indicates that L-SING introduces mini-
mal spurious edges, demonstrating its ability to accurately
recover the structure of the butterfly distribution even as the
dimensionality increases.

Figure 7 shows that both GLASSO and the nonparanormal
(npn) method yield incorrect graphs for this dataset. These
methods only identify the diagonal entries in Figure 4b, cor-
responding to self-dependencies of each variable, and fail to
recover the dependencies between Xi and Yi for all i ∈ [1, r].
GLASSO’s failure arises from its reliance on a Gaussian
assumption, which does not hold for the butterfly distribu-
tion. Similarly, the nonparanormal method, which applies a
truncated ECDF transformation to each variable’s marginal
distribution before running GLASSO, fails because the butter-
fly distribution lies outside the class of distributions assumed
by Liu, Lafferty, and Wasserman (2009). Consequently, it
cannot recover the true edges between variable pairs.
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(a) Ω̂npn (b) Ω̂GLASSO

Figure 7: Conditional independencies with (a) the nonpara-
normal and (b) GLASSO for the butterfly distribution.

(a) Ω̂L-SING (b)

Figure 8: (a) Generalized precision for the Ovarian Cancer
dataset; (b) Sensitivity of graph sparsity/recovered edge count
to changes in the threshold τ .

Ovarian Cancer Dataset
Finally, we address question (2) by demonstrating the scala-
bility of L-SING on the high-dimensional curated Ovarian
Data (Ganzfried et al. 2013), comprising gene expression
profiles from 578 ovarian cancer patients sourced from The
Cancer Genome Atlas (TCGA). Following the data process-
ing procedure in Shutta et al. (2022), we selected biologically
relevant genes. Specifically, we identified two gene sets from
the Molecular Signatures Database: genes down- and up-
regulated in mucinous ovarian tumors compared to normal
ovarian epithelial cells. After intersecting these genes with
those available in TCGA, the final dataset included 156 genes
(variables) and 578 samples, split into 346 training, 117 eval-
uation, and 115 validation samples. For L-SING, estimating
Sk and computing the corresponding entries of Ω̂k took 42.3
seconds, while GLASSO took 13.1 seconds.

Evaluation. Figure 8a presents Ω̂, as computed using
UMNN map components with [64, 128, 128] hidden layers.
Figure 8b shows the effect of τ on graph sparsity, showing
that larger τ leads to sparser graphs, with the most significant
changes in edge count and sparsity occurring for τ ∈ [0, 0.4].
This range is critical for estimating the graph. Rather than
relying on manual graph inspection, we follow the threshold
selection procedure in Shutta et al. (2022) and set τ = 0.2
based on sparsity and edge count. Notably, 58% of the entries
in Ω̂L-SING are less than 0.2, resulting in a sparse graph as
weak connections are effectively pruned.

To avoid biases in model interpretation due to qualitative

(a) Ω̂GLASSO (b) Ω̂npn

Figure 9: Estimated pairwise conditional independencies on
evaluation samples from the Ovarian Cancer problem.

inspection, we adopt a quantitative approach using centrality
measures to compare against existing methods, given the ab-
sence of a ground truth graph for this problem. Specifically,
we compute an average centrality rank based on between-
ness, degree, hubscore, and closeness centralities. Using the
support of the generalized precision matrix from L-SING
(Figure 8a), we observe that the gene CTSE exhibits the
highest mean centrality rank. This aligns with prior findings
by Marquez et al. (2005), which identify CTSE as an up-
regulated and specific marker for mucinous ovarian cancers.

We compare these results to those of Shutta et al. (2022),
who use GLASSO (Figure 9a). They highlight EPCAM as
the second most important gene in ovarian cancer, supported
by Spizzo et al. (2006), but did not identify CTSE as signif-
icant. In contrast, L-SING ranks EPCAM 14th out of 156
genes based on mean centrality. A direct comparison between
L-SING and GLASSO is challenging due to the lack of a
ground truth, as L-SING captures additional non-Gaussian de-
pendencies that GLASSO, by design, cannot detect. Finally,
we compare Ω̂GLASSO and Ω̂npn. The difference, measured by
the Frobenius norm, is ∥Ω̂GLASSO − Ω̂npn∥F = 6.43, indicat-
ing that relying solely on Gaussian-based methods provides
an incomplete representation of the network structure. We
demonstrate that parametric methods like GLASSO may fail
to detect non-Gaussian relationships, underscoring the advan-
tage of using L-SING to recover nonlinear dependencies.

Conclusion
We have proposed L-SING, a method for learning the struc-
ture of high-dimensional graphical models underlying non-
Gaussian distributions using transportation of measures. Un-
like previous methods that estimate the joint distribution all
at once, L-SING constructs a generalized precision matrix by
learning each variable’s neighborhood independently. This
local approach allows for parallelization, making L-SING
computationally tractable (e.g., more memory efficient than
global methods) in high-dimensional settings. We have also
shown the broad applicability of L-SING by establishing
theoretical connections to existing methods and through em-
pirical comparisons. Future work involves extending L-SING
to handle mixed continuous and discrete variables and devel-
oping thresholding and scoring strategies to reduce sensitivity
to tuning parameters, as done in Zhao et al. (2024) for the
Gaussian setting.
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