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Abstract

In this study, we address causal inference when only observa-
tional data and a valid causal ordering from the causal graph
are available. We introduce a set of flow models that can
recover component-wise, invertible transformation of exoge-
nous variables. Our flow-based methods offer flexible model
design while maintaining causal consistency regardless of
the number of discretization steps. We propose design im-
provements that enable simultaneous learning of all causal
mechanisms and reduce abduction and prediction complex-
ity to linear O(n) relative to the number of layers, inde-
pendent of the number of causal variables. Empirically, we
demonstrate that our method outperforms previous state-of-
the-art approaches and delivers consistent performance across
a wide range of structural causal models in answering obser-
vational, interventional, and counterfactual questions. Addi-
tionally, our method achieves a significant reduction in com-
putational time compared to existing diffusion-based tech-
niques, making it practical for large structural causal models.

Introduction
Deep neural networks are highly expressive and learnable,
but are inherently associative, making it difficult for them to
capture causal relationships. This limitation can lead to inac-
curate predictions in fields where causality is crucial (LeRoy
2004; Russo and Williamson 2007; Nguyen et al. 2023).
Among the efforts to alleviate this problem, a promising
direction dubbed causal representation learning (Schölkopf
et al. 2021) is to integrate neural networks within the frame-
work of Structural Causal Models (SCMs) (Pearl 2009).
SCMs are principled way to answer observational, interven-
tional, and counterfactual questions, but learning them from
data remains challenging. This paper focuses on efficient
learning of SCMs from only observational data and causal
ordering, leveraging deep neural networks to model causal
relationships in complex systems.

Some previous methods such as (Sánchez-Martin,
Rateike, and Valera 2022) require a fully observed causal
graph, which can be infeasible in real-world settings. Oth-
ers (Javaloy, Martin, and Valera 2023; Khemakhem et al.
2021) use Autoregressive Normalizing Flows (Papamakar-
ios, Pavlakou, and Murray 2017; Durkan et al. 2019), which
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restrict model design to be monotonic and require additional
regularization to scale to multiple layers. Sanchez and Tsaf-
taris (2022) propose a counterfactual estimation method us-
ing diffusion models and classifier guidance, but it only con-
siders bivariate causal graphs and lacks theoretical analysis.
(Chao et al. 2024) generalize previous diffusion-based meth-
ods but require a fully observed causal graph and a separate
deep neural network for each observed variable, resulting in
slow sequential inference and a large number of parameters.

We propose a identifiable flow models that requires only
observational data and a valid causal ordering. Our approach
is designed to represent SCMs and ensure causal consistency
through its structure. A parallel sped-up design can answer
observational, interventional, and counterfactual questions
with computational complexity scaling linearly with the
number of model layers, independent of the causal graph’s
node count. This scalability enables efficient handling of
large causal models, making our approach practical and ef-
fective for diverse applications.

We empirically demonstrate that our method outperforms
competing approaches across a wide range of synthetic and
real datasets, excelling in estimating both the mean and over-
all shape of interventional and counterfactual distributions.
The experiments confirm that our parallel architecture is not
only scalable but also maintains high performance as the
complexity and size of the datasets increase.

Our key contributions are:

1. We prove the identifiability of flow models for learning
SCMs from observational data and causal ordering.

2. We introduce novel model designs enabling parallel ab-
duction and approximated prediction, removing autore-
gressive constraints and significantly reducing computa-
tional and memory requirements.

3. We validate our methods’ effectiveness and performance
on diverse synthetic and real-world datasets.

Related Work
Recent advances in deep generative models (DGMs) have
found their way into learning Structural Causal Models
(SCMs). Karimi et al. (2020) propose a conditional varia-
tional autoencoder (VAE) for each Markov factorization im-
plied by the causal graph. VAEs on graphs are also stud-
ied assuming certain design constraints but have yet to
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achieve empirical success (Zecevic et al. 2021; Sánchez-
Martin, Rateike, and Valera 2022). (Kocaoglu et al. 2017)
use generative adversarial network for learning a causal im-
plicit generative model for a given causal graph. (Geffner
et al. 2022) propose an autoregressive-flow based non-linear
additive noise end-to-end framework for causal discovery
and inference. (Pawlowski, Coelho de Castro, and Glocker
2020) introduce several generative models to learn SCMs,
but these are not guaranteed to learn the true causal mech-
anism, as multiple models can produce the same observa-
tional distribution. Another DGM class, autoregressive nor-
malizing flows, has also been suggested (Khemakhem et al.
2021). (Javaloy, Martin, and Valera 2023) generalize this by
considering a class of triangular monotonically increasing
maps that are identifiable up to invertible, component-wise
transformations. However, this model design is restricted to
monotonic functions and requires additional regularization
to scale to multiple layers. (Scetbon et al. 2024) view SCMs
as a fixed-point problem over causally ordered variables, in-
fer causal ordering from data and use it to develop a fixed-
point SCM via an attention-based autoencoder.

Diffusion models represent another competitive class of
DGMs. Sanchez and Tsaftaris (2022) use diffusion mod-
els for counterfactual estimation in bivariate graphs where
an image class is the parent of an image. However, this ap-
proach requires training a separate classifier (Dhariwal and
Nichol 2021) for do-interventions, lacks theoretical guaran-
tees, and shows poor performance for more complex images.
(Chao et al. 2024) offer both interventional and counter-
factual inferences, but only guarantee identifiability with a
fully observed causal graph. Their method requires a sepa-
rate neural network for each causal node and sequential in-
ference, making it computationally expensive and memory-
intensive for large causal graphs. In contrast, our proposed
flow models are flexible in design while maintaining causal
consistency. Our approach reduces computational and mem-
ory complexity, enhances scalability by avoiding separate
neural networks for each causal node, and eliminates se-
quential inference, making it more practical for large causal
graphs.

Alternative to DGMs, Ordinary Differential Equations
(ODEs) have been used to describe deterministic SCMs,
which is often unrealistic (Mooij, Janzing, and Schölkopf
2013). (Peters, Bauer, and Pfister 2022) introduce the Causal
Kinetic Model, a collection of ODEs requiring parent val-
ues at each time step. (Hansen and Sokol 2014) illustrate a
causal interpretation of SDE, show how to apply interven-
tions to a SDE. (Wang, Jennings, and Gong 2023) combine
neural SDE with variational inference to model causal struc-
ture in continuous-time time-series data..

Preliminaries
Structural Causal Models (SCMs)
Given a directed acyclic graph (DAG) graph G = (V, E)
representing the causal relationships between d endoge-
nous variables x =

{
x1, ..., xd

}
, a SCM (Pearl 2009) M

associated with G is a set of structural equations xi =
f i

(
xpai , ui

)
for all i ∈ {1, ..., d} that characterize how each

node xi in V is generated from its parent nodes xpai :={
xj | the directed edge (j, i) ∈ E

}
and the corresponding

exogenous variable ui via a deterministic function f i. Usu-
ally u =

{
u1, ..., ud

}
are assumed to be jointly independent,

i.e., p
(
u1, ..., ud

)
=

∏d
i=1 p

(
ui
)
. This makes the SCM

M Markovian, leading to the factorization p
(
x1, ..., xd

)
=∏d

i=1 p
(
xi|xpai

)
. Since G is acyclic, we can specify a causal

ordering π of all nodes such that if node xj is a parent of
node xi then π (j) < π (i).

For deep neural networks to answer causal questions, we
can treat u as latent exogenous variables, encode exogenous
variables to latent spaces z = f̃encode (x, x

pa) as the abduc-
tion step, and decode back x = f̃decode (z, x

pa) as the predic-
tion step. This structure enables VAEs, GANs and Normal-
izing Flows to learn deep SCMs.

Causal consistency A mapping T between variables u
and x is deemed causally consistent with structural causal
model M if it shares the same causal dependencies with
the M. It means their Jacobian matrices have zero values
in the same positions, i.e., ∇uT (u) ≡ I +

∑diam(A)
i=1 Ai and

∇xT
−1 (x) ≡ I − A, where I is the identity matrix and A

is the adjacency matrix of the causal graph.

Triangular Monotonically Increasing (TMI) Maps
for Identifiable SCMs
A function f : Rd → Rd is a monotone increasing triangular
map if:

f (x) =


f1 (x1)

f2 (x1, x2)
...

fd (x1, ..., xd)

 , (1)

where each fi : R → R is monotone increasing (or decreas-
ing) with respect to xi for any x1:i−1. In case µ = ν · f
where µ, ν are strictly positive density and f is a TMI map,
then f is equivalent to the Knothe–Rosenblatt (KR) trans-
port almost everywhere (Jaini, Selby, and Yu 2019).

Identifiability refers to recovering ground truth latent fac-
tors. (Xi and Bloem-Reddy 2023) show that nonlinear in-
dependent component analysis (ICA) models with generator
functions that are TMI maps, and fully supported latent dis-
tributions with independent components, are identifiable up
to invertible, component-wise transformations. This means
we can recover the model up to an invertible, component-
wise transformation of the true latent factors. In causal rep-
resentation learning, on top of identifying the latent repre-
sentation, the causal graph encoding their relations must also
be identifiable. (Javaloy, Martin, and Valera 2023) further
show that not only can the model isolate the exogenous vari-
ables, it also shares the functional dependencies with true
structural equations. However, due to the TMI assumption,
their model design must fulfill the monotonic requirements.

Diffusion and Flow Models
In continuous-time diffusion models, the stochastic process
of generating data from a Gaussian prior can be represented
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via a backward SDE (Song et al. 2021):

dx =
(
f (x, t)− g2 (t)∇x log pt (x)

)
dt+ g (t) dw (2)

where w denotes the reverse-time Wiener process. The prob-
ability flow ODE (PF ODE) which shares the same marginal
probability densities pt (xt) as the SDE above is expressed
as follow:

dx =

(
f (x, t)− 1

2
g (t)

2 ∇xlogpt (x)
)
dt, (3)

The PF ODE enables efficient mappings in both directions,
from the data to the prior and vice versa. The PF ODE can
be modeled via the score matching (Hyvärinen and Dayan
2005; Song and Ermon 2019) or flow matching framework
(Lipman et al. 2023; Liu, Gong, and Liu 2023). In the lat-
ter case, the velocity vθ (x, t) of the PF ODE is learned by
minimizing the mean square error w.r.t. the target velocity
v (x0, x1, t) over time t sampled uniformly in [0, 1]:

LFM = EtEx0,x1

[
∥vθ (xt, t)− v (x0, x1, t)∥2

]
(4)

To enable fast sampling, the data and prior distributions
can be connected through a “stochastic interpolant” Xt =
(1− t)X0 + tX1 (Albergo, Boffi, and Vanden-Eijnden
2023; Liu, Gong, and Liu 2023). In this case, v (x0, xt, t) =
x1 − x0 and the PF ODE is called the Rectified Flow.

Method
In this section, we first prove that set of flow models are
an identifiable and flexible choice in learning SCMs given
only observational data and causal ordering. For ensuring
identifiablity we assume that SCMs are Markovian, acyclic
with diffeomorphic structural equations. Then, we propose a
compact model design that can do fast inference (prediction
and abduction) in parallel.

Identifiable Causal Flow Models for Learning of
SCMs with Ordering
We introduce a flow-based model for learning SCMs with
ordering that is identifiable. Our approach involves con-
structing a set of flows, one for each node, so that i) the dis-
tribution of exogenous variables is a factorized distribution
with support over the entire space Rd, and ii) the mapping
from endogenous variables to exogenous variables is a TMI
map. This allows us to leverage a theoretical result from (Xi
and Bloem-Reddy 2023) (Proposition 5.2) to prove for iden-
tifiability.

Let p (u) represent a jointly factorized distribution of
all d exogenous variables u =

{
u1, ..., ud

}
, i.e., p (u) =∏d

i=1 p
(
ui
)

where p
(
ui
)

is a Gaussian distribution in R.
We assume that while the structural causal model (SCM)
M is unknown, the causal ordering π among the nodes is
known. We represent each node xi ∈ R as the value at time
t = 1 of the initial value problem (IVP) below:

dzit = vi
(
zit, u

<πi , t
)
dt, zi0 = ui (5)

where zit denotes the state at time t, u<πi :=
{
uj |πj < πi

}
is the set of nodes with lower orders than ui according

Figure 1: Parallel Causal Flow Model (P-CFM) of a sim-
ple SCM of 3 nodes (Top), unrolled into abduction (Middle)
and prediction processes (Bottom). Green nodes are known,
white nodes are to be calculated, and orange nodes are ap-

proximated. In abduction, all
{
p
(
zjti+1

|zjti , z
<πj

0

)}d

j=1
can

be calculated with one forward pass. In prediction, we show
an example of how p

(
z3ti |z

3
ti+1

, ẑ
<πj

0

)
can be calculated by

approximating z10 , z
2
0 using the endogenous predictor EPθ

given z1ti+1
, z2ti+1

, z11 , z
1
2 . All

{
p
(
zjti |z

j
ti+1

, ẑ
<πj

0

)}d

j=1
can

be calculated simultaneously.

to π. The solution at time t of the above IVP can be ex-
pressed as zit = zi0 +

∫ t

0
vi

(
ziτ , u

<πi , τ
)
dτ , which means

zit can be regarded as a function of the initial value zi0.
Let f i

(
ui, u<πi , t

)
= f i (zt0, u

<πi , t) := zit denote the
representation of node i at time t, and let f (u, t) :=(
f1

(
u1, u<π1 , t

)
, ..., fd

(
ud, u<πd , t

))
represent the state

of all nodes at time t. Below, we show that f (u, t) is a TMI
map of u satisfying two key properties: monotonicity and
triangularity, as stated in Theorem 1.

Theorem 1. Let f (u, t) be the solution of the set of ini-
tial value problems (IVPs) for all nodes at time t, with the
IVP for node i is described in Eq 5. If the velocity func-
tion vi

(
zit, u

<πi , t
)

is continuous w.r.t. t and Lipschitz con-
tinuous w.r.t. zit for all t ∈ (0, 1), u<πi ∈ Rπi−1, and
i ∈ {1, ..., d}, then f is a triangular monotonically increas-
ing (TMI) map of u.

Proof. First, we prove that f i
(
ui, u<πi , t

)
is a monotoni-

cally increasing function of ui. Since u<i is constant w.r.t. ui

and t, we can simplify the notation by denoting f̂ i
(
ui, t

)
:=

f i
(
ui, u<πi , t

)
and consider f̂ i as a function of ui and

t only. Suppose there exists two initial values a, b of ui

such that a > b (or equivalently, f̂ i (a, 0) > f̂ (b, 0)) but
f̂ i (a, t) ≤ f̂ i (b, t). Since f̂ i (a, t) and f̂ i (b, t) are contin-
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Figure 2: An illustration of the case where f̂ i
(
ui, t

)
is not

a monotonically increasing function of ui for all t ∈ (0, 1).
Since f̂ i

(
ui, t

)
is continuous w.r.t. t, we can find γ ∈ (0, t]

such that f̂ i (a, γ) = f̂ i (b, γ) = ζ. This leads to two distinct
solutions of the IVP starting at ziγ = ζ, which contradicts the
Picard-Lindelof theorem.

uous for all t ∈ (0, 1) (due to the continuity of vi w.r.t. t
and zit), there must exists γ ∈ (0, t] such that f̂ i (a, γ) =

f̂ i (b, γ) = ζ (as illustrated in Fig. 2). This implies that
f̂ i (a, t), f̂ i (b, t) are two distinct solutions of the IVP:

dzit = vi
(
zit, u

<πi , t
)
dt, ziγ = ζ. (6)

with t ∈ (γ, 1) .This contradicts the Picard-Lindelof theo-
rem, which states the IVP in Eq. 6 has a unique solution
if vi

(
zit, u

<πi , t
)

is continuous w.r.t. t and Lipschitz con-
tinuous w.r.t. zit (Simmons 2016; Chen et al. 2018). This
means f̂ i (a, t) > f̂ i (b, t) if a > b, meaning f̂ i

(
ui, t

)
is

a monotonically increasing function of ui. Proving that f is
a triangular map is straightforward since, by design, f i is
a function of nodes with orders lower than or equal to πi.
Consequently, f is a TMI map of u.

Let viθ be a parameterized model of vi. To ensure that
viθ

(
zit, u

<πi , t
)

is continuous w.r.t. t and Lipschitz contin-
uous w.r.t. zit , we model it using a feed-forward neural net-
work with finite weights and 1-Lipschitz continuous activa-
tion functions (e.g., sigmoid, tanh, ReLU, ELU). A detailed
explanation for this can be found in Appendix. The input to
this network is the concatenation of zit , u

<πi ,and t.
Since u<πi is typically unknown and often varies during

training viθ
(
zit, u

<πi , t
)
, we instead model viθ

(
zit, x

<πi , t
)

in practice and consider this velocity in subsequent discus-
sions. This velocity can be viewed as a reparameterization
of viθ

(
zit, u

<πi , t
)

because x<πi = f (u<πi , 1).
We note that our method can be applied when the causal

graph G is available. In this case, we simply replace x<πi in
viθ

(
zit, x

<πi , t
)

with xpai , ensuring that our method remains
consistent with the SCM M.

Since viθ represents the velocity of an ODE that maps
p
(
ui
)
= N (0, I) to p

(
xi
)
, we learn viθ by first construct-

ing a reference diffusion process between p
(
xi
)

and p
(
ui
)
,

and then aligning viθ with the velocity of the PF ODE cor-
responding to this diffusion process. In this work, we select
Zi
t = (1− t)U i + tXi as the reference process due to the

sampling efficiency of its PF ODE. This choice results in the

following training objective for all viθ (i ∈ {1, ..., d}):

L (θ) =
d∑

i=1

EtExi,ui

∥∥viθ (zit, x<πi , t
)
−

(
xi − ui

)∥∥2
2

+ λ ∥θ∥22 (7)

In Eq. 7, we include a weight regularization term to en-
sure that θ is finite. We refer to our method as a Causal
Flow Model (CFM). After training viθ

(
zit, x

<πi , t
)

for all
i ∈ {1, ..., d}, we can compute xi from ui and x<πi as
xi = f i

(
ui, x<πi , 1

)
by solving the ODE in Eq. 5 forward

in time. Similarly, we can compute ui from xi and x<πi as
ui =

(
f i
)−1 (

xi, x<πi , 0
)

by solving this backward in time.
These two steps correspond to the prediction and abduction
steps.

Efficient Causal Flow Models
Efficient Abduction with Masked Autoregressive Veloc-
ity nEural Network (MAVEN) To approximate the ve-
locity v for all nodes while reducing time and memory com-
plexity, we propose the MAVEN architecture. It comprises
two key components: a Masked Autoregressive Neural Net-
work (MADE θ) with a fixed ordering (Germain et al. 2015)
and a simple feed-forward neural network hθ. MADE θ en-
codes x into c ∈ Rd×k, where each vector ci contains node-
specific encoded information dependent only on preceding
variables. The feed-forward network then predicts node ve-
locity by taking a concatenated vector of [zit, c

i, t, i].

ci = MADE θ

(
x<πi

)
(8)

vit = hθ

([
zit, c

i, t
])

(9)

vθ (zt, x, t) =
[
hθ

([
z1t , c

1, t
])

, ..., hθ

([
zdt , c

d, t
])]T

(10)

We enforce the flow of each node to follows a linear path
from the endogenous variable xi to exogenous variable ui.
This is achieved through the prior ODE defined as dxi =(
ui − xi

)
dt. vθ can be trained using gradient descent by

solving the regression problem:

θ∗ = argminθ

∫ 1

0

E
[∥∥vθ (zt, x, t)− (u− x)

∥∥2] dt. (11)

We call the proposed method as Sequential-Causal Flow
Model (S-CFM). It optimizes the abduction process by re-
ducing computational complexity from O(nd) to O(n), en-
abling more efficient processing of large-scale causal net-
works. See Abduction in Fig. 1 for an example of 3-node
causal graph.

Next, we propose a method that reduce complexity of pre-
diction step from O (nd) to O (n), enabling parallel predic-
tion.

Endogenous predictor During prediction, we encounter
challenges due to limited information about endogenous
variables, necessitating a sequential, node-by-node predic-
tion approach. At each time step t, the i-th endogenous vari-
able xi is deterministically derived from current and pre-
ceding exogenous variables u≤πi :=

{
uj |πj ≤ πi

}
. By
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Algorithm 1: P-CFM Model Training.
Input: Observational data X , causal ordering π, exogenous
distribution p(u)

1: while not converged do ▷ Training S-CFM
2: z0 = x ∼ X ; z1 = u ∼ p(u); t ∼ Unif[0, 1];

zt = (1− t) · z0 + t · z1
3: Update parameters of velocity neural network vθ, by

minimizing the following loss:

∥vθ (zt, x, t)− (z1 − z0)∥2

4: end while

5: while not converged do ▷ Training Endogenous
Predictor

6: t ∼ Unif[0, 1]; z0 = x ∼ X
7: Sample zt, z1 given z0 from S-CFM
8: Update parameters of endogenous predictor neural

network NNθ, by minimizing the following loss:

∥EPθ (zt, z1, t)− z0∥2

9: end while

leveraging a neural network, specifically a MADE, denoted
as EPθ (zt, u, t), we can accurately predict these variables.
The predicted endogenous variables then serve as input for
MAVEN to estimate velocity at each time step, effectively
acting as a distillation mechanism for the flow model.

The endogenous predictor is trained by solving the fol-
lowing optimization problem:

θ∗ = argminθ

∫ 1

0

E
[
∥EPθ (zt, u, t)− x∥2

]
dt. (12)

We introduce the Parallel-Causal Flow Model (P-CFM)
by integrating S-CFM with an endogenous predictor. The
training of the predictor leverages the abduction process,
sampling from x with linear complexity. This approach
ensures efficient training, enabling scalability and effec-
tive handling of larger datasets with minimal computational
overhead.

See Fig. 1 for an example of P-CFM on a 3-node SCM.
The training of P-CFM is summarized in Alg. 1, the abduc-
tion step in Alg. 3 and the prediction step in Alg. 2.

Do operator To enable intervention and counterfactual
calculations, we modify Pearl’s do-operator do

(
xi = α

)
differently for S-CFM and P-CFM. In S-CFM, we replace
the i-th causal mechanism f i with a constant function, f i

I =
α. For P-CFM, we adopt the backtracking counterfactual
approach (Von Kügelgen, Mohamed, and Beckers 2023),
which modifies the exogenous distribution p (u) while main-
taining causal mechanisms f . An intervention do(xi = α)
updates p(u) by restricting plausible u values to those yield-
ing the intervened value α. The intervened SCM is defined
as MI = (f, pI(u)), with pI(u) density determined by:

pI(u) = δ
({

ui : fi
(
xpai , ui

)
= α

})
·
∏
j ̸=i

p
(
uj
)
. (13)

During the prediction step, the endogenous predictor uses
intervened exogenous values to predict endogenous val-

ues. Traditional do-operators require finding specific set(
ui, xpai

)
that causes the intervened value α, necessitating

an additional abduction step that can increase complexity
from O(1) to O(nd) during iterative inference. In our ap-
proach where the abduction step can be run in parallel, this
operator is computationally cheaper with a complexity of
O(n). As a result, our overall complexity for observational,
interventional and counterfactual queries are O (n). More
specificially, these queries are detailed as follows:

• The observation is sampled from p (x) as x = Predict(u)
for u ∼ p (u).

• The interventional sampling from p
(
x | do

(
xi = α

))
involves the steps: x = Predict(u) for u ∼ p (u), fol-
lowed by xi = α, ui = Abduct (x)i, and xint =
Predict(u)

• The counterfactual sampling from
p
(
xcf|do

(
xi = α

)
, xf

)
involves the steps:

u = Abduct(xf), xi,f = α, ui = Abduct(xf)i,
followed by xcf = Predict(u).

Algorithm 2: Predict(u)
Input: u, sequence of times 0 = t1 < t2 < ... < tN−1 <
tN = 1

1: z1 = u
2: for n = N tototo 2 do
3: ẑ0 = EPθ (z1, ztn , tn) ▷ Predict endogenous values
4: v = vθ(ztn , ẑ0, tn)
5: ztn−1 = ztn − v · (tn − tn−1)
6: end for
7: Return z0

Algorithm 3: Abduct (x)
Input: x, sequence of times 0 = t1 < t2 < ... < tN−1 <
tN = 1

1: z0 = x
2: for n = 1 tototo N − 1 do
3: v = vθ(ztn , z0, tn)
4: ztn+1

= ztn + v · (tn+1 − tn)
5: end for
6: Return z1

Experiments
We evaluate the performance of the proposed sequential and
parallel CFM on both synthetic and real-world dataset, as
well as a major speed up by parallelization.

Settings
Implementation For MAVEN and endogenous predic-
tor EPθ, we use a MADE with three hidden layers
[256, 256, 256] and ELU activation, and a fully connected
neural network with the same layers and activation. We use
the Adam optimizer with a learning rate of 0.001 and apply
a decay factor of 0.95 to the learning rate if it remains at
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SCM Metric S-CFM P-CFM CausalNF-NSF CausalNF-MAF VACA(
×10−2

) (
×10−2

) (
×10−2

) (
×10−2

) (
×10−2

)
Triangle
NADD

Obs. MMD 0.670.07 0.650.15 0.430.08 2.030.14 2.370.25
Int. MMD 3.210.34 3.160.24 1.860.09 13.310.29 15.531.24
CF. MSE 6.530.34 9.593.53 41.9011.74 9.911,02 146.7316.29

Simpson
NLIN2

Obs. MMD 0.570.05 0.610.05 0.620.05 3.540.21 2.440.22
Int. MMD 0.580.01 0.600.04 0.610.01 4.340.10 2.550.32
CF. MSE 0.720.18 0.730.18 1.980.86 1.290.20 15.281.25

Diamond
NLIN

Obs. MMD 0.360.02 0.380.06 0.440.04 2.264.15 5.230.35
Int. MMD 0.410.05 0.410.06 0.340.02 4.498.95 26.640.63
CF. MSE 0.040.04 0.030.01 16.062.07 197.27438.22 60.623.45

Y
NADD

Obs. MMD 0.460.05 0.460.05 0.550.07 1.010.05 1.680.08
Int. MMD 0.480.03 0.510.04 1.750.70 1.560.13 4.440.20
CF. MSE 28.581.04 29.670.84 37.313.32 30.270.78 32.450.72

LargeBD
NLIN

Obs. MMD 0.400.03 0.390.02 0.420.04 0.970.06 1.341.14
Int. MMD 0.410.02 0.480.03 0.430.03 0.990.03 0.980.06
CF. MSE 0.020.00 0.030.00 0.040.00 0.040.00 0.710.01

LargeLadder
NLIN

Obs. MMD 0.630.01 0.640.00 0.660.04 0.650.05 -
Int. MMD 0.640.01 0.650.00 0.660.00 0.650.00 -
CF. MSE 42.713.12 46.796.67 72.635.4 38.461.30 -

LargeLadder
NADD

Obs. MMD 0.580.06 0.610.02 0.620.03 0.710.05 -
Int. MMD 0.620.00 0.630.00 0.620.00 0.680.00 -
CF. MSE 27.851.39 29.090.29 36.233.49 37.421.94 -

Table 1: Mean and standard deviation of five SCMs with non-linear (NLIN) and non-additive (NADD) structural equations.
Bold indicates the best result; italic indicates the second-best.

a plateau for more than 10 epochs, batch size of 2048, and
train for 900 epochs. Inference process is done in 50 steps.

Synthetic datasets We consider synthetic SCMs various
in the number of nodes and edges as they allow us to have
direct access to the true observational, interventional and
counterfactual distributions to evaluate methods. We study
two main classes of structural equations:

>Non-linear additive noise (NLIN): Simpson, a 4-node
SCM simulating a Simpson’s paradox that is difficult to ap-
proximate. Diamond, a 4-node SCM with 4 egdes arranged
in a diamond shape. Large Backdoor (LargeBD), a 9-node
non-Gaussian noise with sparse causal graph.

>Non-additive noise (NADD): Triangle, a 3-node SCM
with confounding graph in which x1 is the parent of x2, x3

and x2 causes x3. Y, a 4-node Y-shaped SCM.
We randomly sample 50,000/5,000/5,000 samples for

training, evaluation and testing, respectively. See appendix
for more details on the structural equations and all results.

Baselines For the synthetic experiments, we compare our
methods with two recently state-of-the-art methods Causal
Normalizing Flows (CausalNF) (Javaloy, Martin, and Valera
2023) and VACA (Sánchez-Martin, Rateike, and Valera
2022). For CausalNF, we use two types of flow architec-
tures: Masked Autoregressive Flow (MAF) (Papamakarios,
Pavlakou, and Murray 2017) and Neural Spline Flow (NSF)
(Durkan et al. 2019). As a requirements of VACA, we use

fully observed causal graph for training in testing VACA.
Due to the differences in settings, we do not show com-
parison between our methods and Diffusion-based Causal
Models (DCM) (Chao et al. 2024), which requires fully ob-
served causal graph. When only the causal ordering is ob-
served, training the DCM requires either multiple random
selections of parents for each node or full causal graph dis-
covery, which are both expensive. We re-implement these
methods based on provided code. For a fair comparison,
each model uses the same budget for optimization. For the
real datasets, we compare with CausalNF-MAF, CausalNF-
NSF, CAREFL (Khemakhem et al. 2021), regression func-
tion from an additive noise model (ANM) (Hoyer et al.
2008) and standard ridge regression model (Linear SCM).

Metrics To evaluate the methods on the three-layer causal
hierarchy, we report the Maximum Mean Discrepancy
(MMD) (Gretton et al. 2012) between the true and the es-
timated observational and interventional distributions. We
do not evaluate the Average Treatment Effect (ATE) as in
(Javaloy, Martin, and Valera 2023), as the metric does not
provide insights into the distribution of treatment effects
within the population. For counterfactual estimation, we re-
port the mean squared error (MSE) between the actual and
estimated counterfactual values.
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S-CFMDCM P-CFM

Figure 3: Inference time (in seconds) against number of nodes d for 10 samples with 50 discretization steps on Observational,
Interventional, and Counterfactual queries, for data generated using linear structural equations, ranging from 5 to 50 nodes.

Results on Synthetic Datasets
Table 1 reports the experimental results on five synthetic
SCMs for observational, interventional and counterfactual
questions. Each model’s performance is averaged over five
random initializations of parameters and training datasets.
VACA demonstrates poor performance across all datasets,
which can be attributed to the limitations of the encoder-
decoder architectures and the constraints of the graph neural
network. CausalNF-NSF and CausalNF-MAF show com-
petitive results compared to ours. However, due to the affine
constraints of the Masked Autoregressive Flow, CausalNF-
MAF only learns an affine transformation between exoge-
nous and endogenous distributions, performing well in cases
with additive structural equations but failing in non-additive
cases where the endogenous distribution is not Gaussian.
CausalNF-NSF closely approximates observational and in-
terventional distributions in both additive and non-additive
cases but struggles with answering counterfactual questions.

Our methods exhibit a significantly higher and more con-
sistent performance compared to existing methods across the
majority of queries, over both additive and non-additive re-
lationships. Specifically, P-CFM, despite approximating en-
dogenous values x, demonstrates a superior performance
relative to previous methods.

Scalability Fig. 3 demonstrates the scalability of P-CFM
against previous Diffusion-based methods such as DCM,
and our own S-CFM, all using the same number of parame-
ters. DCM’s inference time grows linearly with the number
of nodes d. S-CFM significantly reduces counterfactual gen-
eration time through parallel abduction. In contrast, P-CFM
maintains a nearly constant inference time regardless of d.
This result highlights that P-CFM is not only accurate but
also efficient, making it suitable for larger problems.

Results on Real Dataset
We evaluate S-CFM on real-world setting on the electri-
cal stimulation interventional fMRI data (Thompson et al.
2020), experimental setup is obtained from (Khemakhem
et al. 2021). We do not evaluate P-CFM since it does not
show much advantages in case of only two nodes. The fMRI
data includes time series from the Cingulate Gyrus (CG) and
Heschl’s Gyrus (HG) for 14 patients with medically refrac-
tory epilepsy. The underlying simplified causal structure is a

Algorithm Median Abs. Error

S-CFM 0.58295.0e-2
CausalNF-NSF 0.60182.0e-2
CausalNF-MAF 0.60253.0e-2
CAREFL 0.59833.0e-2
ANM 0.67464.8e-8
Linear SCM 0.60450.0

Table 2: Interventional prediction’s median absolute error
on fMRI data. The results for CAREFL, ANM, and Linear
SCM are obtained from Chao et al. (2023)

bivariate graph with CG → HG. Our task is to predict value
of HG given intervened CG.

Table 2 reports the interventional results on fMRI
datasets. S-CFM demonstrates slightly better performance
compared to the alternatives. This is because the evaluation
is based on the absolute error of a single intervention, which
does not account for distributional information. Addition-
ally, the causal ordering is consistent with the causal struc-
ture in the bivariate case. Nonetheless, the experiment pro-
vides a benchmark for comparing various causal inference
algorithms using real datasets.

Conclusion

We have introduced a new scalable method of causal learn-
ing and inference using flow models: We proved that a flow-
based models can learn identifiable SCMs from only obser-
vational data and causal ordering. To make the models effi-
cient, we designed a masked autoregressive velocity network
and an endogenous predictor that enables parallel inference.
We empirically demonstrated that our method outperforms
SOTA rivals on a wide range of SCMs over non-additive and
non-linear relationships. We showed that our parallel causal
flow model is scalable, maintaining a nearly constant infer-
ence time regardless of the number of variables. We vali-
dated our method on real-world datasets, including an fMRI
study, showcasing its practical applicability.
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