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Abstract

Hierarchical pooling in conjunction with Graph Neural Net-
works (GNN) improves performance in graph classification
tasks. Hierarchical pooling has to produce Multi-resolution
representations while preserving graph-level information.
One such hierarchical pooling is Standard-Sparse-Pooling
(SSP). SSP assigns an importance score to each node, selects
the Top-K nodes, and scales their attributes by their scores to
produce the output. We reveal SSPs’ tendency to pool Over
Representative Regions (ORR) on the graph’s signal space
leaving some regions unpooled thus proving that SSP is in-
capable of preserving graph-level information robustly. We
propose to overcome this by an improved differentiable ex-
ploration over the graph’s signal space dubbed as skipping
hence the name SKIPPOOL. We tested SKIPPOOL & its vari-
ant SKIPPOOL-FULL each against matching pooling meth-
ods. Proposed methods achieve new state-of-the-art perfor-
mance on the majority of benchmark datasets. Moreover, we
show that they are more robust at capturing the graph signal
space consequently preserving more graph-level information
than their counterparts. Proposed methods require a reason-
ably few parameters and their execution time can be kept low
with parallelization.

Code — https://github.com/SarithRavI/SkipPool

1 Introduction

Multi-resolution representation captures the input across
various resolutions or scales to achieve maximal invariance
at a local level through local pooling (Bronstein, Bruna,
and Cohen 2021). Various works have investigated how lo-
cal pooling on graphs can improve Graph Neural Network
(GNN) architectures which are the go-to solution for graph-
structured data. Additionally, local pooling with GNNs al-
lows the accumulation of information from the furthest in
the graph and computational efficacy due to the smaller
pooled graph. GNNs are shown to be effective across node
classification (Hamilton, Ying, and Leskovec 2017) & link
prediction (Schiitt et al. 2017) and in graph-level classifica-
tion (Xu et al. 2019) & regression (Gilmer et al. 2017; Du-
venaud et al. 2015) tasks where the preservation of graph-
level information is important. In graph-level tasks some in-
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formation may be lost while capturing low-resolution repre-
sentations of the graph, thus effective graph pooling must
preserve crucial graph-level information while leveraging
the benefits of local pooling. Hierarchical Graph Pooling
does exactly this by extracting hierarchical structures such
as clusters in input nodes’ feature space. Hierarchical graph
pooling can be categorized into two categories: Dense meth-
ods that try to overcome the inherent flat nature of GNNs
through the aggregation of nodes such that hierarchical clus-
ters are formed & Sparse methods only select those deemed
as necessary to represent hierarchical clusters present. For
example, DIFFPOOL (Ying et al. 2018), a dense method cal-
culates a soft assignment matrix for all the nodes over a pre-
determined number of clusters.

According to the SRC framework (Grattarola et al. 2022)
pooling operators are a combination of 3 functions: Select,
Reduce, and Connect. Select specifies the scheme that se-
lects a subset of nodes, Reduce specifies the transforma-
tion of selected nodes to form output nodes, and Connect
specifies relations among output nodes. The Select function
of sparse methods assigns an importance score s; to each
node ¢, then selects a subset based on the rank determined
by scores. We define a standard setup where the scores are
a function of node attributes x; that is s; = f(x;), Select
nodes with Top-K scores, and Reduce selected node i’ as
g(si)xy where ¢ is an arbitrary function. We abuse the
notation s; also for g(s;), meaning s; := g(s;). We de-
fine methods that adhere to this setup as Standard-Sparse-
Pooling (SSP). TOPKPOOL (Gao and Ji 2019; Cangea et al.
2018) & SAGPooL (Lee, Lee, and Kang 2019) belong to
SSP. TOPKPOOL calculate scores as f(x;) = p'x; and
SAGPoOL calculate as f(z;) = p' GNN(z;) where p is
a trainable vector and GNN is any GNN.

Sparse methods like ASAPPOOL (Ranjan, Sanyal, and
Talukdar 2020), KMIS (Bacciu, Conte, and Landolfi 2023)
& EDGEPoOOL (Diehl 2019) add complexities to this stan-
dard setup, so a thorough analysis of SSP is needed. The
key is to understand the role of scores in Selection and Re-
duction. The existing perspective is to treat scores as gating
values: s; ~ 1 on nodes to be selected, s; ~ 0 on the ones to
be discarded. Thus the ideal choice of g is the Sigmoid func-
tion. But empirically s; can differ from the desired values
(i.e. 0 & 1) and still perform well or even outperform (see
Appendix A.1). Such misalignment between the empirical



results and the perspective from which SSP is interpreted is
not studied in the literature. In this work, we address this gap
with a new perspective that fits the Select & Reduce func-
tions of SSP with a more general definition of pooling. Our
new perspective reveals that SSP can’t effectively form hier-
archical representations mainly due to its tendency to over-
represent certain regions on the signal space. As a result
of over-representation certain regions are under-represented
discarding a portion of hierarchical information. A balanced
representation of the whole signal space is required.

Central to our contributions is a new learnable selection
technique that avoids over-representation by reaching nodes
that otherwise will be left out. While keeping scoring as
same as in SSP, what’s novel is that the Top-K ranking is
coupled with a learnable selection scheme that learns to se-
lect nodes. We dub this as skipping on which a new pooling
operator is proposed namely SKIPPOOL. SKIPPOOL, skips
nodes ranked by Top-K that cause over-representation and
only selects nodes that contribute to increasing the quality of
hierarchical representations. Skipped nodes are aggregated
to the selected nodes which also increases the hierarchical
representation. Unlike dense methods where such aggrega-
tion is dense SKIPPOOL maintains a low sparsity while the
output graph also maintains the sparsity of the input graph.
In summary, our contributions are as follows; (i) Introducing
a new perspective on SSP from which drawbacks of SSP are
identified, (ii) Improving SSP using novel differentiable ex-
ploration i.e. skipping, (iii) Test SKIPPOOL against existing
works and empirically confirming its efficacy, (iv) Confirm-
ing that SKIPPOOL preserve significantly more node signal
space information.

2 Background
2.1 Establishing a New Perspective

The core of the new perspective is to interpret SSP as same
as one would interpret any other pooling. For example, any
pooling is (informally) defined as obtaining a compact rep-
resentation by assimilating nearby points. As per the new
perspective so is SSP. We extend this idea to fit SSP with a
more formal definition. Let z; € R? and s; € RT be the
attributes and score of node ¢, respectively.

Definition 1 (Bronstein, Bruna, and Cohen 2021) We
define pooling as a transformation of a multiset of signals
on a domain to another multiset of signals on a coarsened
domain. Pooling at scale J is P; : X(Q) — X(Q) where
X (Q,C) := {x; : Q@ — C}, same for X(Q,C). €, C denote
points on the domain and channels of the signal respectively.
A function f : X(€2) — Y is said locally stable at scale J if
approximation f ~ f; o Pj is attainable with the composi-
tion of function f; : X(£2) — Y, and pooling Pj.

See Def. 1 of (Xu et al. 2019) for the formal definition
of a multiset. For any pooled representation 7; € X(Q),
the scaling factor J (&) signifies the size of the region on
domain €2 from which the pooling map to ;. We call this
region Receptive Field (RF) of Z; denoted by RF(Z;) C
X(Q). Note, J(z;) = |RF(Z;)|.

Definition 2 Assume the input node feature space is
countable. If the condition; The summation of any subset
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of output features of a GNN layer is injective to that subset,
is satisfied then that GNN layer is maximally expressive.

This is a direct derivation from the theoretical framework
laid in (Xu et al. 2019). The same work introduces the GIN
layer which is modeled to satisfy the mentioned condition
to achieve maximal expressivity. Whether GIN or similarly
powerful GNN satisfies this condition strictly for any subset
is an empirical concern. But Lemma 5 in (Xu et al. 2019)
shows theoretically this is very well possible.

Definition 3 Suppose any output T; = s;x; € X(Q)
from the SSP denoted by P such that P(RF(Z;)) = Zj,
then,

1. e; € R such that s; = es [RF(Z;)].
2. eq € RT such that 37y, cppz,) d(@k, i) = eq, fora
metricd : X x X — R™.

. If there exists a function ® : X(Q) — R? so that ®(X)
is unique for each multiset X C X' () then RF(Z;)
U(®(RF(Z;))) = ¥(s;z;+e,) where ¥ is the retraction
function of ¢ and e,. € R".

When the input domain €2 is a grid or sequence, pooling
maps the input to output at regular intervals on the domain
such that J(Z,) is constant for all Z;. That is the RF size
of each output representation is the same. If the domain is
a graph then having a fixed-size RF for all outputs is not
straightforward due to irregularities and inconsistencies in
graphs. Unless the graph structure is exploited for an equis-
paced pooling, RFs on graphs must be adaptive and modeled
to be learned.

Our new perspective is SSP too should have the notion of
RF and since there is no structural exploitation for an equis-
paced pooling, the learnable scoring in SSP must encompass
RF. The relation between s; and |RF(Z;)| is defined in Def.
3 (1). Informally, a pooled node is an assimilation of points
of its RF, thus we additionally need a characterization of RFs
using a notion of metric; as in Def. 3 (3). We dub e,. as infor-
mation loss as it signifies the difference between output Z;
and the vector from which RF(Z;) can be fully recovered.
Suppose SSP pooling requires zero graph-level information
loss, then the information loss incurring from mapping an
RF to an output node must be zero so from any I; corre-
sponding RF(Z;) can be recovered. That is there exists a
function ® as in Def. 3 (3) for which RF(Z;) = ®(s;z;)
and e, = 0.

2.2 Objective of SSP

Here, we discuss how well an SSP under ideal conditions
can maintain the expressivity of preceding GNN layers. Two
conditions need to be met for the ideal condition: Informa-
tion loss is zero i.e., e, = 0 for all pooled nodes, and SSP
has maximum local stability (same notion in Def. 1). With
the new perspective, SSP can be seen at a high level as a
search algorithm.

Proposition 1 Assume the preceding GNN satisfies the
condition in Def. 2. The output of an SSP under ideal condi-
tions can be viewed as the solution to the following search
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Figure 1: (a) & (b) show two different output graphs when 2 nodes must be pooled. Yellow blobs around the pooled nodes
(green circles) represent the RFs of nodes projected onto the output. In contrast to RFs of (a), RFs of (b) capture both clusters
A, B preserving the hierarchical structure of the graph. Thus (b) is desirable over (a) which we get from SSP. Assume A is
information-dense, so capturing A to the fullest is desirable. Suppose node xg is selected and both d(xg, x1), d(zo,x2) are
greater than € in Eq. (1). From Eq. (1), ©(zo, RF(Zg)) > ©(x0, RF(Zp)). This means the chances of pooling Z( are higher
than pooling zg. If SSP could pool Zy and consequently fully capture A, it could then reach B as in (b). But instead SSP

over-represent A by pooling redundantly from A as in (a).

problem:

{(zi, %)} = Top-K O(z;, 1)

S;,kES

ey

_ |
Zijer d((L‘, ajj) +e

Proofs are in the Appendix B. S is a set of tuples with all the
possible combinations of s; ;, = (z;, 1)) such that x; is the
i node in X'(Q2) and ry, is the £ nonempty subset of X'(12).
If |X(Q)| = n,then k < 2" —1and |S| = n(2"—1). Eq. (1)
means the selection of Top-K tuples of nodes and candidate
RFs such that the sizes of those RFs are maximized while
the deviation between the picked node and nodes within the
corresponding RF is minimal. A small € ~ 0 is added to
avoid division by zero. It’s easier to understand SSP with
a compact description like Prop. 1 more than with the ex-
isting decoupled Select-Reduce scheme. Much of what was
discussed so far is based on s; € R™. In Appendix A.1, we
discuss why Prop. 1 applies to non-linear activated scores as
well.

where

O(xz,7)

2.3 Analysis of SSP

In this section, we show a certain characteristic of SSP by
unraveling Prop. 1. We mainly focus on this characteristic
which we deem as a critical drawback of SSP. To that end,
we define Partitions as following and all the notations are
the same as in Prop. 1.

Partitions Fora givens; ; € S, wedefineall s; jy € S
such that ry, C rg and ©(x;, 1) < O(xy, ry) as partitions
of ri. The logical extreme case is r is fully symmetric i.e.
all x; € ry are equivalent, where there are |ry| number of
partitions and all partitions (z;/, 7)) satisfy ©(x, 1) =
1/e. Generally, we can expect a sufficiently large ry, to have
two or more partitions.

Over-Representative Regions Suppose a pair (zg,7x)
that satisfies Eq. (1). Note that, partitions of 7, are also
valid solutions to Eq. (1). According to Eq. (1), it’s equally
likely to output these partitions instead of (or along with)
r,. This makes SSP prone to over-representation of some
regions at the expense of under-representation of the rest.
Regions with higher degrees of symmetry are the most likely
for such over-representation. We demonstrate this drawback
using the following example:
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Example: Suppose Eq. (1) gives Top-K(=3) pairs of out-
puts (z1,7r1), (x2,72), (x3,73) such that each r; repre-
sent a distinct region. If r; is symmetric and partition
into two r} & rY, then similarly Eq. (1) can output
(2h,7)), (@, r)), (x2,72). Now we can see region r3 is left
out for partitions of 7.

Fig. 1 provides another example. (You, Ying, and Leskovec
2019) shows that traditional MP layers, which exploit the
graph’s structural symmetries, amplify symmetries in out-
put node embeddings. Hence one could expect this to be a
common drawback in SSP. We conclude the theoretical anal-
ysis of SSP and Appendix A.2 provides strong empirical ev-
idence of unbalanced pooling in SSP due to ORR. Ideal con-
ditions aren’t strictly needed to utilize Prop. 1 for insights,
for example, aforementioned evidence for ORR is observed
under a general setup. Therefore insights coming from Prop.
1 are likely valid for any general setup.

2.4 Continuous relaxation of Categorical
sampling

Sampling from a categorical distribution within the for-
ward pass of a stochastic network poses challenges due to
the inability to compute gradients for discrete random vari-
ables. By continuous relaxation of a categorical distribu-
tion on a simplex one can approximate categorical sam-
ples and with the reparameterization trick (Kingma, Sali-
mans, and Welling 2015) gradients of the distribution pa-
rameters can be computed. Gumbel-Softmax-Trick (GST)
(Maddison, Mnih, and Teh 2017; Jang, Gu, and Poole
2017) is such a continuous relaxation of a categorical sam-
pling method; Gumbel-Max-Trick (GMT) (Maddison, Tar-
low, and Minka 2014). GST uses concrete distribution and
the distribution is controlled by a temperature 7. A con-
crete random vector C' = (C4,...,C}) i.e. the sampling
C' ~ Concrete(bp, ..., 0)) can be obtained by the following
where 6; is i category logit & G is independent sampling
from the Gumbel(0, 1) distribution for each category;

G; = —log(—log u;), u; ~ Uniform(0, 1).
exp{(0; + G;)/T}
Si_oexp {(0; +Gy)/7}

Apart from GST’s use as a surrogate for rather hard objec-
tives of producing strictly discrete latent representations, it

i



can be used as an alternative to soft attention since GST en-
courages discreteness and leads toward hard attention (Raf-
fel et al. 2017). Note that higher 7 (eg: 7 = 10) yields a uni-
form distribution simulating more explorative sampling and
lower 7 (eg: 7 = 0.1) simulates more exploitive sampling re-
quiring some balance between exploration and exploitation.
Such equilibrium can be attained by subjecting sampling to
a Boltzmann exploration (Sutton 1990), in which tempera-
ture is gradually decreased from a higher 7 adhering to some
annealing scheme.

3 Methodology

3.1 Overview

The key idea of SKIPPOOL is to avoid partitioning by
grouping nearby redundant nodes, allowing the selection of
far nodes. Let the input graph be G(V, &, X), where V is
vertices set, £ is edges set, X C R4 is node features set. Let
A be the adjacency matrix of G and, N = |V|. SKIPPOOL
utilizes a scoring method to rank the input nodes and then
uses a grouping method to assimilate nearby points. Start-
ing from the highest-ranked node, first SKIPPOOL uses the
grouping method, then skips to the next highest-rank node
that is not in the group. We limit the maximum length of
a skip named as the stride length F'. Grouping & skipping
continue until the Termination condition is met. There can’t
be more skipping beyond a certain length called the Termi-
nation length denoted by n. Based on the implementation,
eithern =N — Forn=N.

3.2 Main Components

Scoring Similar to SSP we employ a scoring mecha-
nism to rank nodes. Let 7, permute nodes by descending
order of their scores and let sorted node-score pairs be the
set; V= {(s0,v0) , .., (SN—1,vN—1)}. Ts (¢) is the original
(prior sorting) index of node v; € V.

Grouping Let the scope of a node be the set of nodes
on V' that fall within the stride length starting from that
source node. Grouping finds nodes in the scope closer to
the source node and discards the distant ones. Let the set
gi = {(8i,vi), s (Si+F—1,vitF—1)} be the scope of node
v; € V with stride length F'. For an arbitrary similarity met-
ric d(+, -), we aim to find a subset ¢; C g; such that there is
a certain distant d*(v;) where d(v;,v;) > d*(v;) Yv; € ¢,
and d(v;, v};) < d*(v;) Vv € gi/ci. Let X(i) be the feature
vector of node v;. In this work d(-, -) is defined as:

d(vi, v;) = exp(=[|X(2) — X(7)I]) 2

Let ®, = {d(v;,v;);Vv; € g;} be the set of similarity
metrics between the source node v; and each node in g;.
D) = {dj, ...,d}_, } is the sorted D; by descending order
7g : I — I where I = {0,1,..., F — 1} (see Eq. 3). We get
the set ¢; by finding a threshold on ®; such that it satisfies
the condition of d*(v;). To that end, we use GST to sample

'nodes in a graph have some arbitrary ordering before input to
the algorithm, here we are referring to the index according to that
ordering.
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an index over indexes of ©;. Let €; be a concrete random
vector over indexes of D’. We get d* (v;) by Eq. (4).2

9= { k)5 Ay = d (viy vigr) € RT,VE € I}

3)

Modeling Category Logits To model category logits
over indexes of @;, we use a simple attention mechanism
that aims to encapsulate the relation between v; and in-
dexes of ©}. The attention is calculated between v; (Query)
and each node in g; (Keys). The attention on index k is:
af = wT (X()|X(g)) where g, = 7, (g,). Note g; is
equivalent to the set we get permuting g; by 7, that sorted
D, to D}.> w € R?? is a learnable vector.

Instead of using «; directly as category logits which we
dub as local logits, we model a more global relationship. In
other words, €; should encapsulate the probability distribu-
tion of d* positioning over index I irrespective of the source
node v; such that the probability of d* being on ¢ € I is
same for all v; € V. We justify this choice in Appendix C.1.
We define global logits as:

n—1

k exp(afn)
o = —_— @)
g::o Sio exp(ad,)

n is the termination length. Having category logits at our

disposal, we model ¢; ~ Concrete(a?, al,...,af 1), using
GST as follows:
exp{(a* +GF) /T

TS exp {(af + GY) /1)

Every G¥ is independently sampled from Gumbel(0, 1) for
all 7 < n and k < F combinations.

Let’s define a new set taking n into account; V' =
{v; € V;0 <i < n}. We define D,D',C € R" ¥, such
that i row in each matrix corresponds to ©;, D, and ¢;
respectively of the node v; € V’/. We get new D* € R"
by D* = SUM, (D’ ® C),, where ® hadamard product &
SUM,, is row-wise sum. Note that i row of D* is the dot
product D*[i] = D'[i]" - C[i]" and D*[i] is d*(v;) defined
in Eq. (4). We get unnormalized weights W € R"™*¥" using
the following:

W =ReLU(K) where K=DoD* € R™F (7)

© denotes row-wise subtraction. Recall that d*(v;) is a
threshold we model to decide nodes within closer proxim-
ity to v;. With the row-wise ReLU in Eq. (7), we add posi-
tive weight to all v; that satisfy d(v;,v;) > d*(v;) and zero
out the rest. By normalizing W in row-dimension we get
A € R™ ¥ such that i row is A[i] = Wi]/ 25;01 Wlia.

Skipping mechanism We use the following simple
schema to select rows in A, and each selected row called

%A set is viewed as a column vector.

3Superscript over a column vector denotes an element and Sub-
script over a row vector denotes an element. || denotes concatena-
tion.



a pivot row corresponds to a pooled node in the new graph.
Starting from the first row, A[i = 0], get the first index j,
where Afi]; = 0 then move to row Afi := ¢ + j] and select
this row. Continue this selection procedure until the termi-
nation condition is met. Let P be a set of indices. At a given
moment of the selection procedure, P holds the pivot rows
up to that point. That is for each p € P, A[p] is a pivot row.
In SKIPPOOL if |P| = [rN] or i + j > n then skipping
terminates, in SKIPPOOL-FULL skipping terminates only if
1+j5>n.

Aggregation Here describe how new node features are
produced using aggregation. Let G; € R*? be a matrix
where rows are feature vectors X(i) Yv; € g; i.e., feature
vectors of nodes in the scope of source node v;, and let s;
be the score value of the source node. We get the new node
feature X' (p), for each p € P as follows:

X' (p) = (spAlp]Gp) " €R? 8)

Edge connectivity Similar to ToPKPoOL & SAG-
POOL we define the new adjacency matrix as: A’
A (). (j)» Vi,J € P. Subscripts denote the rows &
columns of the adjacency matrix.

Temperature Annealing schedule With = — 0, €;
gives a one-hot-vector, yielding d* in Eq. (4) strictly an el-
ement of ;. For 7 — inf, d* is a convex combination of
elements in ®;, giving a soft threshold. Incrementally low-
ering the temperature from high to low, at the initial phase of
learning, allows better exploration of a soft threshold via a
convex combination of neighboring distances gradually con-
verging to a robust local minimum at a lower temperature.
Convergence to strictly an element of ©; is not necessary if
a soft threshold learned at higher temperature yields better
results, which makes such a Temperature Annealing com-
patible with early stopping in a learning setup. Following
(Balin, Abid, and Zou 2019) if T, and 7} are the highest
and lowest temperatures respectively then the temperature

at epoch r is modeled as the exponential decay: Ta(%) R,
where R is the epochs at which 7} should be reached.

Discussion on Components In SKIPPOOL, one can select
the appropriate F' for given pooling ratio r as F' = % + L
This guarantees that /N number of nodes will be pooled.
Elements in W [i] do not result from a Positive Definite (PD)
Kernel. These elements, however, provide a similarity met-
ric for nodes that are determined as closer. K in Eq. (7)
is a Conditional Positive Definite (CPD) kernel (Scholkopf
2000). K depends on D*, thus each row of W is evaluated
on independent CPD kernels. See Appendix C.2 for more
details on the proposed CPD kernel.

4 Experiments

As mentioned in (Grattarola et al. 2022; Bianchi and Lachi
2024) some of pooling layers can directly specify the pool-
ing ratio and some can’t. SKIPPOOL belongs to the for-
mer category while SKIPPOOL-FULL belongs to the latter.
Hence we evaluate both against different matching baselines
separately, to answer the following questions: (Q1) How
do both SKIPPOOL and SKIPPOOL-FULL perform against
other SSP methods (eg: against TOPKPOOL or SAGPOOL
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)?, (Q2) How do both SKIPPOOL and SKIPPOOL-FULL
perform against the broader realm of pooling methods (eg:
against DIFFPOOL which is considered to be dense pooling
methods)?, (Q3) How do SKIPPOOL and SKIPPOOL-FULL
overcome the limitations of SSP methods with their skip-
ping, i.e., sampling capabilities?

Datasets In order to analyze the ability to capture com-
plex hierarchical structures we employ graphs from different
domains chosen from 6 benchmark datasets. We use protein
datasets: PROTEINS (Borgwardt et al. 2005; Dobson and
Doig 2003), D&D (Dobson and Doig 2003; Shervashidze
et al. 2011), chemical compound datasets: NCI1, NCI109
(Wale and Karypis 2006; Shervashidze et al. 2011), and
FRANKENSTEIN (Orsini, Frasconi, and De Raedt 2015)
dataset which contains a set of molecular graphs, and the
social network dataset REDDIT-BINARY (Yanardag and
Vishwanathan 2015). To answer Q3 we use 6 graphs of
varying sizes, namely Grid, Ring extracted from the PyGSP
(Defferrard et al. 2024) library and Airplane, Car, Guitar,
Person from the ModelNet40 (Wu et al. 2015) dataset.

Model configurations To avoid performance boosts
from factors external to pooling layers, we use modestly ex-
pressive GCN (Kipf and Welling 2017) layers as our mes-
sage passing (MP) layers. SKIPPOOL is evaluated on the
architecture presented in (Lee, Lee, and Kang 2019), and
SKIPPOOL-FULL on the architecture similar presented in
(Bacciu, Conte, and Landolfi 2023). Hyperparameter spaces
considered for each experiment are in Appendix E. In each
experiment, we use stratified train/val/test split, and speci-
fications related to splitting/repetitions are in the appendix.
Best models are selected using cross-validation on valida-
tion data. The number of total epochs is 100k unless speci-
fied otherwise, and all the models are trained with early stop-
ping subject to patience criteria. The model training stops
(early) if the validation loss doesn’t improve for 50 epochs,
and the model is restored to the epoch with the least valida-
tion loss on which test data is evaluated. In the temperature
annealing, T, Ty, and R are set to 10,0.1,1k respectively.
When the pooling ratio is 0.5 or 0.1 the stride length F'
for SKIPPOOL is 3, 11 respectively, and for the SKIPPOOL-
FULL stride length that pools closest to the required output
size is picked. For the scoring of nodes in SKIPPOOL and
variants we used the scoring method used in SAGPOOL:
f(zi) = p" GNN(z;).

Baselines SKIPPOOL is compared against global pool-
ing SET2SET (Vinyals, Bengio, and Kudlur 2015),
GLOBAL-ATTENTION (Li et al. 2016), SORTPOOL (Zhang
et al. 2018) & hierarchical pooling DIFFPOOL, TOPKPOOL,
SAGPoOOL, ASAPPoOOL all of which can specify a fixed ra-
tio. SKIPPOOL-FULL against methods that can’t specify a
ratio like BDO, GRACLUS, EDGEPOOL, KMIS variants.

4.1 Results for Graph Classification

Hierarchical Pooling - Fixed Table 1 compares the per-
formance of SKIPPOOL against baselines. The fixed pool-
ing ratio is 7 = 0.5. We note that SKIPPOOL outperforms
previous state-of-the-art methods, with an average improve-
ment of 1.2% over ASAPPOOL and 4.5%, 3.5% over TOP-
KPooOL,SAGPOOL respectively, across the first 4 datasets.



Method D&D PROTEINS NCI1 NCI109 FRANKENSTEIN
SET2SET, 71.60+0.87 72.16+0.43 66.97+0.74 61.04+2.69 61.46+0.47
GLOBAL-ATT.;,  71.38+0.78 71.87+0.60 69.00+0.49 67.87+0.40 61.31+0.41
SORTPOOL, 71.87+0.96 73.91+0.72 68.74+1.07  68.59+0.67 63.4440.65
DirFPoOL 66.95+2.41 68.20+£2.02  62.32£1.90  61.98+1.98 60.60+1.62
TorPKPoOL 75.01+0.86 71.10+0.90 67.02+2.25 66.12+1.6 61.46+0.84
SAGPooL 76.4540.97  71.86+0.97  67.45+1.11  67.86+1.41 61.73+0.76
ASAPPoOL 76.87+0.7 74.19+0.79 71.48+0.42 70.07+0.55 66.26+0.47
SKIPPOOL 77.18+0.48 74.76+0.47 73.67+0.51 72.23+0.73 62.33+0.61

Table 1: Comparison of SKIPPOOL with previous global and hierarchical pooling. Subscript g denotes global poolings. Average
accuracy is reported for 10 random seeds. The best performance among hierarchical poolings is bolded, and the next best is in

violet.
Data Set BDO GRACLUS EDGEPoOOL KMISavg KMISmax SKIPPOOL-Full
D&D 76.69+1.79  75.17+2.11  74.70£1.57 73.56+£1.19 76.91+1.06 76.66+0.94
REDDIT-B  85.63+1.43 84.05+5.81 85.98+1.57 86.98+1.13 87.57+1.96 87.72+1.66

Table 2: Comparison of SKIPPOOL-FULL with poolings that can not directly specify a pooling ratio . KMISavg & KMISmax

are two variants of KMIS.

Even though SKIPPOOL has an average gain of 0.87%,0.5%
over TOPKPOOL,SAGPOOL respectively on FRANKEN-
STEIN, there is a significant performance drop against AS-
APPooOL on FRANKENSTEIN. ASAPPOOL gain this per-
formance by becoming a dense pooling at will. We see at
the first pooling layer ASAPPOOL outputs a denser graph
with a node degree of 2, 3 times the node degree if it was
to maintain the sparsity of the original graph, consequently
at the last layer, graphs with 2-3 nodes become complete
graphs. Nearly 88% of the dataset output graphs with 2-3
nodes at the last layer. Whereas SKIPPOOL, SAGPOOL &
ToPKPOOL are truly sparse methods as they maintain the
sparsity of the original graph.

Hierarchical Pooling - Full We test SKIPPOOL-FULL
on 2 relatively large benchmark datasets, DD & REDDIT-
BINARY. According to Table 2, SKIPPOOL-FULL achieves
comparatively high accuracies against trainable sparse pool-
ing methods KMIS(avg), KMIS(max) and GRACLUS.
SKIPPOOL-FULL achieves the state-of-the-art performance
on the REDDIT-BINARY dataset and achieves the second
highest performance on D&D. Finding the best stride size F'
is more flexible than finding the best k& in KMIS, especially
if roughly a particular ratio of the original graph should be
pooled. For example, suppose one wants to pool on aver-
age 50% of graphs in D&D, then in the case of KMIS,
the closest result to this threshold is achievable by setting
k = 1, which on average pool 32%, however in case of the
SKIPPOOL-FULL one can expect somewhat closer ratio to
the threshold by setting /' > 3. For F' = 3 pooled ratio
is expected to be much higher but for ' = 5 we see the
pooled ratio reaches 53%. In general one can pool ~ r using
SKIPPOOL-FULL with F > % + X for A > 1. Results in
Table 2 are obtained with ' = 5 in both datasets where av-
erage pooled ratios of 53% & 52% are obtained. The above
results give favorable answers to Q1 & Q2.
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Figure 2: Nodes attributes (node locations) reconstruction.
It’s clear (strongly in Ring & Car) that SSP discards a por-
tion of the graph due to ORR. Skipping can avoid ORR, re-
sulting in more balanced pooling.

Airplane

4.2 Preserving Node Attributes

We investigate SKIPPOOL and SKIPPOOL-FULL’s ability to
preserve node information to answer Q3. Following (Grat-
tarola et al. 2022), we conduct a graph reconstruction task
using a Graph Autoencoder (GAE) (Kipf and Welling 2016)
to test the ability of different pooling methods to reconstruct
the original graph from the pooled graph. If the pooling pre-
serves more node information then the reconstruction loss
(MSE) must be low. (Grattarola et al. 2022) showed that
SSP methods discard important node information by cutting
off entire portions of the original graph, leading to higher
MSE. This confirms the drawbacks of the SSP we discussed.
See Fig. 2. Lower MSE indicates better preservation of node
information, resulting from more uniform balanced pooling
over the nodes’ signal space. Details related to GAE are in
Appendix E.3.

MSE losses on standalone point clouds are shown in Ta-
ble 3. We use baseline values y to indicate if MSE > ~



Grid2D Ring Airplane Car Guitar Person Rank
Ref. ~ 78.12 48.15 0.97 0.28 0.91 0.13
GRACLUS 1.09+0.00 6.0040.00 0.0940.00 1.02+0.00 0.10+0.00 0.014+0.00 -
DIFFPOOL 0.10+0.05  0.1840.03  0.9440.22 1.43+1.27 1.01+0.25 0.77+0.41 3.67
TorPKPoOL 188+39.2 1322441.3  0.96+0.28 2.2940.23 0.56+0.51 0.554+0.12 4.83
SAGPooL 166+32.7 14854301 2.684+0.81  2.04+0.29 0.604+0.44 0.62+0.33 5.33
ASAPPoOL 214429.9 13464+42.5  3.97+1.21 3.394+1.27 0.614+0.43 1.60+0.31 6.5
SKIPPOOL 52.6+18.9 203.6+56.9 0.83+0.35 1.2840.13 0.51+0.12 0.49+0.07 3.17
KMISavg 47.1424.7  9.42+1.67  5.104£3.04 0.52+0.07  0.3940.02 0.08+0.06 2.83
SKIPPOOL-FuLL  39.04+3.40  33.8+17.1 0.31+0.12  0.24+0.03 0.25+0.07 0.27+0.16 1.67

Table 3: MSE values on scale of 10~* in the GAE experiment. The Rank column indicates the average ranking of parameterized
methods across all the graphs. Entries are Red where the MSE > ~.

then reconstructed points cannot be matched with original
point clouds. We report MSE values of baseline methods
and ~ values from (Grattarola et al. 2022). SKIPPOOL out-
performs its sparse counterparts i.e SAGPoOOL, ToPKPOOL
& ASAPPOOL in 5 out of 6 point clouds. SKIPPOOL sur-
pass baseline values v in 3 point clouds whereas SAGPOOL
surpass v only in Guitar cloud. Knowing that SKIPPOOL
runs on top of SAGPOOL, we identify that the skipping
technique employed in SKIPPOOL can reach regions in the
original graph that SAGPOOL leave out. For example, there
is an average 85% drop in MSE on Ring cloud for SKip-
POOL compared to its sparse counterparts. We see superior
performance from SKIPPOOL-FULL as it outperforms all
the baselines including the dense method DIFFPOOL. Fur-
ther SKIPPOOL-FULL surpass -y in 5/6 point clouds rank-
ing no.l among parameterized baselines. Performance of
SKIPPOOL-FULL further confirms the efficacy of the skip-
ping mechanism employed: when the restriction of obtaining
an exact number of nodes is relaxed the skipping mechanism
can adaptively reach regions that baselines tend to leave out.

4.3 Memory and Running Time

If the input node feature dimension is d, then SKIPPOOL &
SKIPPOOL-FULL require 3d number of parameters wherein
SAGPooL & ToPKPOOL need d parameters and ASAP-
POOL needs 2d? + 3d parameters. SKIPPOOL requires sub-
stantially lesser parameters compared to ASAPPOOL even
when ASAPPooOL adheres to sparsity. Note that the in-
crease in parameters against SAGPOOL is not substantial.
Further,SKIPPOOL & SKIPPOOL-FULL are CPU-bound al-
gorithms where the usage of CPU for sequential operations
is much higher than overall GPU usage. Given all these se-
quential operations are on matrix indices, on which the gra-
dient is not calculated, we can parallelize these operations.
By resorting to multi-processing we can avoid SKIPPOOL &
SKIPPOOL-FULL from incurring large execution times. Ta-
ble 4 compares the execution time per epoch over different
sizes of architectures confirming that the increase in time is
not substantial. Sometimes we see SKIPPOOL is faster than
ASAPPOOL mainly due to ASAPPOOL outputting denser
graphs which incurs computation load on later graph convo-
lutions, whereas sparse graphs from SKIPPOOL don’t incur
that much computation load.
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Data Set Method 1=1 1=2
ASAP 1.23 2.45

DD SKIP 1.97 (1.6x)  3.42 (1.4x)
Skip-FuLL  2.11 (1.7x)  3.80 (1.6x)

RED.-B  ASAP 4.05 OOM
SKIP 3.31 (0.8x) 5.8
SKip-FuLL  3.62 (0.9x) 6.55

Table 4: Average runtime s/epoch. I: number of pooling &
MP layers, OOM: Out of Memory. Within brackets mention:
SkipPool’s runtime as a fraction of ASAP’s runtime.

5 Conclusion

Standard Sparse Pooling (SSP) is simple yet fails to give
good hierarchical representations. SSP can avoid Over-
Representative Regions (ORR) by enforcing the gathering
of partitions together to form larger clusters. A proper node
selection instead of Top-k that is robust at separating re-
dundancies from useful nodes can serve the purpose. KMIS
(Bacciu, Conte, and Landolfi 2023) works in this direction
but with a lack of awareness of partitions, it resorts to a
completely heuristic approach that searches for adequately
spaced nodes in the domain (graph) rather than searching
for adequately separated features in feature space, thus it is
composed of many non-differentiable discrete operations.

We introduced a learnable selection mechanism on top of
SSP that can avoid ORR by exploring beyond the capacity of
SSP. Proposed methods show improvement in graph classifi-
cation tasks due to their ability to preserve more graph-level
information. The notion of ORR is revealed by shifting the
perspective on importance scores as gating values to fit with
a more generic definition of pooling. Our results indicate
that mitigating ORR alone can improve SSP by a signifi-
cant margin. Therefore, we argue that adding complexities
to SSP, as in heavily parameterized approaches, is unneces-
sary. The focus should be on improving SSP’s exploration to
achieve better performance.

References

Bacciu, D.; Conte, A.; and Landolfi, F. 2023. Generaliz-
ing downsampling from regular data to graphs. In Pro-



ceedings of the AAAI Conference on Artificial Intelligence,
6718-6727.

Balin, M. F.; Abid, A.; and Zou, J. Y. 2019. Concrete
Autoencoders: Differentiable Feature Selection and Recon-
struction. In Proceedings of the 36th International Confer-
ence on Machine Learning, ICML 2019, volume 97, 444—
453,

Bianchi, F. M.; and Lachi, V. 2024. The expressive power
of pooling in graph neural networks. Advances in Neural
Information Processing Systems, 36.

Borgwardt, K. M.; Ong, C. S.; Schonauer, S.; Vishwanathan,
S. V.N.; Smola, A.J.; and Kriegel, H.-P. 2005. Protein func-
tion prediction via graph kernels. Bioinformatics,21: 47-56.

Bronstein, M. M.; Bruna, J.; and Cohen. 2021. Geometric
deep learning: Grids, groups, graphs, geodesics, and gauges.
arXiv preprint arXiv:2104.13478.

Cangea, C.; Velickovi¢; Kipf, T.; and Lio, P. 2018. To-

wards sparse hierarchical graph classifiers. arXiv preprint
arXiv:1811.01287.

Defferrard, M.; Martin, L.; Pena, R.; and Perraudin, N. 2024.
PyGSP: Graph Signal Processing in Python.

Diehl, F. 2019. Edge contraction pooling for graph neural
networks. arXiv preprint arXiv:1905.10990.

Dobson, P. D.; and Doig, A. J. 2003. Distinguishing Enzyme
Structures from Non-enzymes Without Alignments. Journal
of Molecular Biology, 330(4): 771-783.

Duvenaud, D. K.; Maclaurin, D.; Iparraguirre, J.; Bombarell,
R.; Hirzel, T.; Aspuru-Guzik, A.; and Adams, R. P. 2015.
Convolutional networks on graphs for learning molecular
fingerprints. Advances in neural information processing sys-
tems, 28.

Gao, H.; and Ji, S. 2019. Graph u-nets. In international
conference on machine learning, 2083-2092. PMLR.

Gilmer, J.; Schoenholz, S. S.; Riley, P. F.; Vinyals, O.; and
Dahl, G. E. 2017. Neural message passing for quantum

chemistry. In International conference on machine learn-
ing, 1263-1272. PMLR.

Grattarola, D.; Zambon, D.; Bianchi, F. M.; and Alippi, C.
2022. Understanding pooling in graph neural networks.
IEEE transactions on neural networks and learning systems.
Hamilton, W.; Ying, Z.; and Leskovec, J. 2017. Inductive
representation learning on large graphs. Advances in neural
information processing systems, 30.

Jang, E.; Gu, S.; and Poole, B. 2017. Categorical Reparam-
eterization with Gumbel-Softmax. In International Confer-
ence on Learning Representations.

Kingma, D. P.; Salimans, T.; and Welling, M. 2015. Vari-
ational dropout and the local reparameterization trick. Ad-
vances in neural information processing systems, 28.

Kipf, T. N.; and Welling, M. 2016. Variational graph auto-
encoders. arXiv preprint arXiv:1611.07308.

Kipf, T. N.; and Welling, M. 2017. Semi-Supervised Clas-
sification with Graph Convolutional Networks. In Interna-
tional Conference on Learning Representations.

17553

Lee, J.; Lee, I.; and Kang, J. 2019. Self-attention graph pool-
ing. In International conference on machine learning, 3734—
3743. PMLR.

Li, Y.; Tarlow, D.; Brockschmidt, M.; and Zemel, R. S. 2016.
Gated Graph Sequence Neural Networks. In 4th Interna-
tional Conference on Learning Representations, ICLR 2016.
Maddison, C. J.; Mnih, A.; and Teh, Y. W. 2017. The
Concrete Distribution: A Continuous Relaxation of Discrete
Random Variables. In 5th International Conference on
Learning Representations, ICLR 2017. OpenReview.net.

Maddison, C. J.; Tarlow, D.; and Minka, T. 2014. A* sam-
pling. Advances in neural information processing systems,
27.

Orsini, F.; Frasconi, P.; and De Raedt, L. 2015. Graph in-
variant kernels. In Proceedings of the 24th International
Conference on Artificial Intelligence, 3756-3762.

Raffel, C.; Luong, M.-T.; Liu, P. J.; Weiss, R. J.; and Eck, D.
2017. Online and linear-time attention by enforcing mono-

tonic alignments. In International conference on machine
learning, 2837-2846. PMLR.

Ranjan, E.; Sanyal, S.; and Talukdar, P. 2020. Asap: Adap-
tive structure aware pooling for learning hierarchical graph
representations. In Proceedings of the AAAI conference on
artificial intelligence, 5470-54717.

Scholkopf, B. 2000. The Kernel Trick for Distances. In
Advances in Neural Information Processing Systems.

Schiitt, K.; Kindermans, P.-J.; Sauceda Felix, H. E.;
Chmiela, S.; Tkatchenko, A.; and Miiller, K.-R. 2017.
Schnet: A continuous-filter convolutional neural network for
modeling quantum interactions. Advances in neural infor-
mation processing systems, 30.

Shervashidze, N.; Schweitzer, P.; van Leeuwen, E. J.;
Mehlhorn, K.; and Borgwardt, K. M. 2011. Weisfeiler-
Lehman Graph Kernels. Journal of Machine Learning Re-
search, 12(77): 2539-2561.

Sutton, R. S. 1990. Integrated Architectures for Learning,
Planning, and Reacting Based on Approximating Dynamic
Programming, 216-224. Elsevier.

Vinyals, O.; Bengio, S.; and Kudlur, M. 2015. Order matters:
Sequence to sequence for sets. International Conference on
Learning Representations (ICLR).

Wale, N.; and Karypis, G. 2006. Comparison of Descrip-
tor Spaces for Chemical Compound Retrieval and Classifi-
cation. In Sixth International Conference on Data Mining
(ICDM’06), 678-689.

Wu, Z.; Song, S.; Khosla, A.; Yu, F.; Zhang, L.; Tang, X;
and Xiao, J. 2015. 3d shapenets: A deep representation for
volumetric shapes. In Proceedings of the IEEE conference
on computer vision and pattern recognition, 1912—1920.
Xu, K.; Hu, W.; Leskovec, J.; and Jegelka, S. 2019. How
Powerful are Graph Neural Networks? In International Con-
ference on Learning Representations.

Yanardag, P.; and Vishwanathan, S. 2015. Deep Graph Ker-
nels. In Proceedings of the 21th ACM SIGKDD Interna-
tional Conference on Knowledge Discovery and Data Min-
ing, 1365-1374.



Ying, Z.; You, J.; Morris, C.; Ren; and Leskovec, J. 2018.
Hierarchical graph representation learning with differen-
tiable pooling. Advances in neural information processing
systems, 31.

You, J.; Ying, R.; and Leskovec, J. 2019. Position-aware
graph neural networks. In International conference on ma-
chine learning, 7134-7143. PMLR.

Zhang, M.; Cui, Z.; Neumann, M.; and Chen, Y. 2018. An
end-to-end deep learning architecture for graph classifica-
tion. In Proceedings of the Thirty-Second AAAI Conference
on Artificial Intelligence. AAAI Press.

17554



