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Abstract

Posterior drift refers to changes in the relationship between
responses and covariates while the distributions of the covari-
ates remain unchanged. In this work, we explore functional
linear regression under posterior drift with transfer learning.
Specifically, we investigate when and how auxiliary data can
be leveraged to improve the estimation accuracy of the slope
function in the target model when posterior drift occurs. We
employ the approximated least square method together with
a lasso penalty to construct an estimator that transfers bene-
ficial knowledge from source data. Theoretical analysis indi-
cates that our method avoids negative transfer under posterior
drift, even when the contrast between slope functions is quite
large. Specifically, the estimator is shown to perform at least
as well as the classical estimator using only target data, and
it enhances the learning of the target model when the source
and target models are sufficiently similar. Furthermore, to ad-
dress scenarios where covariate distributions may change, we
propose an adaptive algorithm using aggregation techniques.
This algorithm is robust against non-informative source sam-
ples and effectively prevents negative transfer. Simulation and
real data examples are provided to demonstrate the effective-
ness of the proposed algorithm.

1 Introduction

Functional data analysis (FDA) has gained increasing atten-
tion over the past two decades. Two monographs, Ramsay
and Silverman (2005) and Hsing and Eubank (2015), pro-
vide comprehensive treatments on methodologies and theo-
ries of FDA. In particular, functional linear regression has
emerged as a crucial tool and has been extensively studied
in the literature, including Yao, Miiller, and Wang (2005);
Cai and Hall (2006); Hall and Horowitz (2007); Li and Hs-
ing (2007); Crambes, Kneip, and Sarda (2009); Yuan and
Cai (2010). The aforementioned methodologies are devel-
oped and can be successful when there is sufficient training
data for the target task. However, in many real-world appli-
cations, the available training data is often limited, leading to
unsatisfactory estimation results. Fortunately, samples from
different but related sources can provide beneficial informa-
tion to boost performance on the target problem. The process
of transferring knowledge from additional data to improve
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the task on the target data is a popular topic known as trans-
fer learning (Pan and Yang 2009; Zhuang et al. 2020).

Transfer learning has been widely applied to various
tasks, including text classification (Xue et al. 2008), recom-
mendation systems (Pan and Yang 2013), and medical diag-
nosis (Hajiramezanali et al. 2018). Although many method-
ologies have been developed in the machine learning com-
munity, less attention is paid to the statistical properties and
theoretical guarantees. Recently, some works have begun to
explore transfer learning algorithms in different statistical
models (Cai and Wei 2021; Li, Cai, and Li 2022; Tian and
Feng 2023; Tian, Weng, and Feng 2022; Zhang and Zhu
2022; Li et al. 2024; Li, Cai, and Li 2023; Jin et al. 2024).
However, in the context of functional linear regression, the
estimation performance under transfer learning remains un-
clear. For prediction, Lin and Reimherr (2024) considered
using reproducing kernel Hilbert spaces (RKHS) and de-
rived the error bound on the excess prediction risk under
transfer learning. In contrast, estimation in functional lin-
ear regression is a more difficult problem than prediction, as
measured by the minimax optimal rate (Cai and Hall 2006;
Hall and Horowitz 2007). The impact on slope estimation,
which matters for understanding the effect of functional ex-
planatory variables on the response, has not yet been inves-
tigated in the context of transfer learning.

In this paper, we study the slope estimation problem in
functional linear regression under the transfer learning set-
ting. Specifically, we focus on the case of posterior drift,
where the relationship between responses and covariates
changes while the covariate distributions remain unchanged
(Kouw and Loog 2018; Cai and Wei 2021; Li, Cai, and
Li 2022; Maity et al. 2024). Notably, we can relax the
condition of unchanged covariate distributions to aligned
eigenspaces of the functional covariates, see Sections 2 and
3 for details. Since the slope function is intrinsically infinite-
dimensional, truncation is indispensable to balance bias and
variance during estimation. Our main idea involves con-
structing the estimator using the approximated least square
method. We project all functional covariates onto the com-
mon eigenspace estimated from the auxiliary data and define
the transformed variables as scores. We use the scores from
the source data to obtain an initial estimator, then correct the
bias with a lasso penalty using the target data (Tibshirani
1996).



Moreover, we derive the convergence rate of the proposed
estimator and demonstrate that there is no negative trans-
fer in the presence of posterior drift. When the contrast be-
tween slope functions is sufficiently small, the proposed al-
gorithm effectively improves estimation performance on the
target model by transferring knowledge from source data. It
is noteworthy that the truncation parameter depends not only
on the smoothness of the slope function and the decay rate
of the eigenvalues of covariance functions, but also on the
relatedness between target and source models.

The theoretical challenges mainly lie in the following as-
pects. First, the projection scores of the target data are cor-
related, differing from the conventional case in Hall and
Horowitz (2007). Second, the truncation level is potentially
larger than the target sample size due to additional in-
formation from auxiliary data, which brings new theoreti-
cal issues. To tackle these challenges, we employ the ora-
cle inequality to quantify the error bounds and generalize
the results regarding the restricted eigenvalue condition in
high-dimensional regression to the functional data setting
(Raskutti, Wainwright, and Yu 2010; Negahban et al. 2012).

In practice, we may not know whether the covariate dis-
tributions are equal or share an aligned eigenspace. To avoid
performance deterioration, we provide an adaptive algo-
rithm utilizing aggregation techniques. We demonstrate its
robustness and effectiveness in alleviating negative transfer
caused by non-informative source samples through numeri-
cal studies.

The main contributions of this paper are summarized as
follows:

* We propose an effective algorithm to enhance the learn-
ing of the target slope function by transferring knowledge
from source samples under posterior drift.

e We theoretically demonstrate the absence of negative
transfer in slope estimation for functional linear regres-
sion under posterior drift.

» Under scenarios where covariate distributions may differ
substantially, we propose an adaptive algorithm through
sparse aggregation to prevent performance degradation.

Notations. We use bold letters to denote vectors. For a
given p-dimensional vector w = (w1, ..., w,)" € RP, the
Iy norm is given by [lwll, = (327, [w;]|?)/%,¢ > 0 and
lw|ss = max;|w;|. For a function f : [0,1] — R, let
If1I3 = fol f2(t)dt. For a random variable &, define the v,
Orlicz norm by [|][y, = inf{c > 0 : Eexp(|{|P/cP) < 2}
for p > 1. For a,b € R, define ¢ Vb = max(a,b) and
a A'b = min(a,b). For two deterministic and non-negative
sequences {a,}52; and {b,}>2,, we use a, < b, or
an = o(by) if a, /b, — 0asn — oo. And a, = O(by,)
or a, < b, if sup,, a, /b, < co. Let a, < b, if a, < b,
and b, < a,. For two random sequences {z,}22; and
{yn 52y, let 2, = Op(yn) denote P(|z,/yn| < ¢) — 1
for some finite constant ¢ > 0 and z,, = op(y,) de-
note P(|x,/yn| > ¢) — 0 for any constant ¢ > 0. Un-
less otherwise stated, let ¢, ¢y, ca, ... and C,Cq,Cs, ... de-
note positive constants, not depending on the sample sizes
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n,ni,...,nr. We allow c and C to be different at different
appearances.

2 Methodology Under Posterior Drift
Models

Given the target distribution (), the observations
(X1,Y7), - ,(X,,Y,) are independent and identi-
cally distributed (i.i.d.) from Q, where X; € L?(T) is the
random covariate function in the space of square integrable
functions on a compact interval 7 and Y; is the scale
response. Without loss of generality, let 7 = [0, 1]. The
target model is

Yi—EY:/b(t)(Xi(t)—u(t))dt—i—ei, i=1,....m
T

Q)
where b(t) is an unknown slope function, u(t) = E{X(¢)}
and ¢; is random noise with E(¢;|X;) = 0 and variance o2,
independent of the covariates.

In the context of transfer learning, we observe additional
data from source distributions P), where | = 1,..., L.
Denote A = {1,...,L}. The independent random sam-
plCS (Xl(l)7 Yl(l))v T (Xf(lll)7 YH(LZ)) ’L.}\.”d.
by the following source models,

PO are generated

YO - ®) = [ w0 (xO0) - i (0)dr + e,
T

2)

i 1,...,n;, where w(®)(t) is an unknown slope func-

tion, () = E{XO ()} and €\ is random noise with

E(el(-l)|Xi(l)) = 0 and variance (02)(), independent of the
covariates.

Contrast Under Posterior Drift

Denote the covariance functions by K(s,t) =
cov(X(s), X (t)), KW(s,t) cov(X D (s), XD (1)).
Under posterior drift where K()(s,t) and K (s, ) share an
aligned eigenspace, the spectral expansion is given by

K(s,5) = 3 Medn(s)on(0),
k

EO(s,t) = 3" AV o (s)en (1),
k
0, /\gl) > /\(21) > ... > 0and

where \y > Ay > --- >
[). Consequently, the Karhunen-

S or(t)pi(t)dt = 1(k

Loeve expansion is

Xi(t) = p(t) + > &wde(t), i=1,...,m,
k

>

X0 =) + 3 E0ok0), =1,
k

where & = [ (Xi(t) — p()or(t)dt and £ =

I+ (XZ-(l) (t)—pY () ¢1.(t)dt. Given the complete orthonor-
mal basis ¢1, ¢a, . .., write

wh () =3 wl o (1), b(t) =D bro(t).
k=1 k=1



In general, the slope functions w(’)(t) are different from
b(t). Let 6 = by — w!” and 6P|, = 52, 6] for
I = 1,...,L. Note that the contrast ||§"||; measures the
relatedness between the target model and source models.
Clearly, the smaller the contrast is, the more information can
be transferred from the source data. Intuitively, if we expect
to improve the target estimation by borrowing information
from source data, the source models should be sufficiently
close to the target model, that is, the contrast should be suf-
ficiently small. This will be discussed further in Section 3.

Transfer Learning Under Posterior Drift

To handle the infinite dimensionality, we first perform func-
tional principal component analysis (FPCA) on the source
data to estimate the eigenfunctions and obtain the projected
score variables for both source and target data. Denote

KO (s,1)
1 &

— 3 {x0@ -2 H{xn - X0 0},

i=1

L
t) = Z?TzK(l)(s,t), (3)
where X(t) = ny ! 321, X(l)( t)and 1 = ny/N, N =
Zle n;. Note that

KA(s,t) = Y A (s)0i (1), “
k

where 5\14 > ;\§4 > .- are eigenvalues and qﬁ{‘, (55‘, e
corresponding eigenfunctions. Let

glk - / (Xz(l)(t> _X(l)(t))qgﬁ(t)dt 1= 17...,7117
T
ik = /T (X5(t)

where X (t) =n=1 300 X;(t).

We introduce the following notations for vectors and ma-
trices. Let YO = (v .. v;{"T and Y be an ns-
dimensional vector with each element equal to Y() =

Sy, ) Define Y and Y similarly for the target
sample Denote

are

— X)) op(t)dt, i =1,...

7n’

&)

A1)

20} 20l
(1) 2,1 52,m

n %

& -

where the truncation parameter m is allowed to grow with
the sample sizes. Define g e Rrxm analogously.

We use the approximated least square method to transfer
knowledge from the source data and obtain an initial esti-
mator. Since the slope functions of the target model and the
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Algorithm 1: The transfer learning algorithm under poste-
rior drift.

Input: Target data (X;,Y;),s = 1,...,n and auxiliary
data (X{", ¥,"),i =1,... sl = 1,...,L.

Compute K A(s,t) as deﬁned in (3) and obtain the esti-
mates 5\kA, gzgkA in (4).

Obtain the score variables ftk and fl(l,i in 5), k =

1,...,m.
Step 1: An initial estimator.
L
= arg mmZm (ng — 1)~y ® . 20aw)2.

weR™ -1

Step 2: Bias correction.

6= argmm—HY Y — S — 262 + 7|61,

SER™
where 7 > 0. Letb;C f:d) +c§k
Output: b(t) = S0, brdi(t).

source models are generally different, this initial estimator
may be biased. To correct the bias, we use the target data
and apply the approximated least square with a lasso penalty.
The proposed algorithm is presented in Algorithm 1.

In Step 1, the true parameter of interest is w

(ZZL 17r12(l))*1(ZL mE(ﬁ(l)Yl))), where ) is a

diagonal matrix with elements )\(l) ...,)\,(fl) and g<l> =
( O ()

1 5---5Sm

). In step 2, the targeted parameter is &

b—w= (X, mSO) 7 SF (1508D), where b =
(b1,...,bp) " and 6 = (6 5”,...,55,?). By computation,
we obtain
L —1
o= (Sontn - zorz0) |
=1

L
S mm - 1)EOT(Y O - Y(”)}.
=1

Based on the estimation procedure for KA and gﬁ““, it fol-
lows that Y, m(ny — 1)"'EWTED is a diagonal matrix.
However, the fi’k’s in Step 2 may be correlated, meaning
that =T = is not necessarily a diagonal matrix, which differs
from the conventional case in Hall and Horowitz (2007).

Furthermore, there is no explicit solution for & due to the
lasso penalty.

3 Theoretical Properties

We investigate the theoretical properties of the proposed es-
timator. To begin with, we provide some necessary condi-
tions. Assumption 1 states that the score variables of the
target distribution are sub-Gaussian, which is common in
the literature on functional and nonparametric analysis (Lin
and Lin 2024+; Tian and Feng 2023). In Assumption 2, we



assume that the covariance functions share common eigen-
functions (Dai, Miiller, and Yao 2017). Moreover, Assump-
tion 3 characterizes the decay rate of the eigenvalues of dif-
ferent covariance functions using the parameter «, which
simplifies the exposition. Assumptions 2 and 3 are milder
than assuming equal covariate distributions under posterior
drift. Assumption 4 concerns the slope parameters of interest
and the contrast between the target model and source mod-
els. Assumption 5 about the moments of the source data is
quite standard (Hall and Horowitz 2007).

Assumption 1 The score vector & = (£1,&,-++ , &) is
sub-Gaussian, i.e., |[vT€|ly, < K(vTEev)V/2, for some
constant K > 0, any vector v € R™ and any integer m > 0,
where ¢ is the covariance of §.

Assumption 2 The covariance functions K(s,t) and
KW (s,t) share common eigenfunctions.

Assumption 3 Foe some universal constant ¢y > 0, the
eigenvalues satisfy A\, < c1k™% A — Agy1 > cl_lk’afl
and A < ek AN AN > etk for
1,...,Land o > 1.

Assumption 4 For some universal constant co > 0, assume
b < ek P8 > a/2 + 1 and Zk‘(sz(j” < hforl =
1 L.

Assumption 5 For some universal constant cs > 0, as-
sume XV has finite fourth moment, JE{ (X(l)(t))4}dt <
c3 < 00, and E(g,ﬁ”)‘l < 03{]E(£,(€l))2}2f0r all k. Moreover,
E(e(l))4 <3 < o0

In the context of transfer learning, the truncation param-
eter m can potentially be much larger than n, and the sam-

ple correlations between &;’s are nonzero. These features
distinguish the problem from the classical functional linear
regression. To tackle these issues, we establish the restricted
eigenvalue property under the scenario of functional data,
and leverage the oracle inequalities to obtain error bounds.
Denote = = (§; ) € R™™ and D is a diagonal matrix

with elements )\}/2, )\é/Q, R )\%2. If m > n, the smallest

eigenvalue of ZTZ/n is 0. This means that small perturba-
tions in ||Zwv||2/n can turn into large changes in ||v||o for
v € R™, leading to unstable solutions. In Proposition 1, we
establish the connection between n~!||Zv||2 and ||Dv||3 in
the functional data setting, which is known as the restricted
eigenvalue property in high-dimensional regression analysis
(Raskutti, Wainwright, and Yu 2010).

Proposition 1 Under Assumption 1, for any vector v €
R™, there exists some constant cx depending on the sub-
Gaussian parameter K, such that

yoeeey

D

1 51 )
Sz 2 ZIDvll; - =575

vl | Dv]f2,

with probability at least 1 — cqexp(—csn) for some con-
stants cy4,c5 > 0.

With the result in Proposition 1, we quantify the estima-
tion error via oracle inequalities in Theorem 1. Theorem 1
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reveals an interesting phenomenon indicating that the spar-
sity parameter 7 plays a crucial role. If we take 7 =< n~1/2,
the rate of convergence consists of several components.
First, the error term m!'~2% represents the bias caused by
truncation. Second, the bound (m!+® +m3h?) N ~! quanti-
fies the estimation error of the initial estimator to its proba-
bilistic limit in Step 1. These two components are standard in
functional linear regression (Hall and Horowitz 2007) with
h = 0. The extra term (n~'/2m®h) A h? characterizes the
error in Step 2. If we set 7 = 0, the rate of convergence is
consistent with that in classical functional linear regression
using only target data.

Theorem 1 Suppose Assumptions 1-5 hold. If T < n=1/2
N='m2+Y) = o(1) and h = O(1), then
R . mh 9 1+« 128 m3h2
IfT=0,n"tm? = 0(1) and N~tm°®*3 = o(1), then
R 1+« 1+«
-0l = 0p (M54 T ).

The truncation parameter m plays an important role in
the final convergence rate, which is determined by the bias-
variance trade-off. In Corollary 1, we elucidate the choice
of the parameter m and the corresponding rate of conver-
gence under different bias levels h. Compared to the min-
imax rate n—(26=1)/(¢+28) iy the conventional functional
linear regression, we identify when the transfer learning al-
gorithm improves estimation performance. When N > n
and h < n—(B=1/2)/(a+26)  the obtained rate of conver-
gence is faster than that of the classical estimator using only
target data. This is intuitive, as effective information trans-
fer from the source data is possible only when there are suffi-
cient source data and the source models are sufficiently close
to the target model. Note that the truncation level m can be
larger than n by taking advantage of the additional informa-
tion from the source data.

Corollary 1 Suppose Assumptions 1-5 hold. Assume n
N.
281
e If h < N 299, we take T < n~ Y2 and m
N/ (@+28) then

<

16— bl3 = Op(N~5555).

268—1 28—1
« [f N 2em2n < h < n” %er2d, we take T < n~ /2
and h72/(2ﬂ71) 5 m S (NhZ)l/(lJra), m2(a+1)N71 —
o(1), then
Ib = blI3 = Op(h?).

*Ifh 2 n_%, we take T = 0 and m =< nt/(at26)
then A s
|b—b|j3 = Op(n~a%).

Corollary 1 implies that if the bias h is sufficiently small,
the lasso penalty can leverage this and help achieve a
faster convergence rate. Otherwise, the ordinary least square
suffices for bias correction. Notably, there is no negative



transfer under posterior drift in functional linear regres-
sion, which contrasts with other high-dimensional regres-
sion problems (Li, Cai, and Li 2022; Tian and Feng 2023). In
practice, the tuning parameters m and 7 can be determined
through cross validation.

4 Adaptive Estimation

In some applications, we may not know whether the func-
tional covariates share aligned eigenspace. If the condition
is violated, our estimator may be subject to performance de-
terioration due to the unaligned eigenfunctions. Similar phe-
nomena have been observed for the FPCA-based approaches
in the conventional functional linear regression (Yuan and
Cai 2010; Cai and Yuan 2012).

To avoid potential performance degradation when covari-
ate distributions have different eigenspaces, we propose an
adaptive algorithm consisting of two main steps. First, we
construct a collection of candidate source sets and obtain
candidate estimators using Algorithm 1 along with auxiliary
samples from these source sets. Second, we perform a sparse
aggregation step on these candidate estimators (Gaiffas and
Lecué 2011). The aggregated estimator is expected to be not
much worse than the best candidate estimator under consid-
eration.

We randomly split the target data into two subsets D; =
{(X:,Y;),i € Ty} and Dy = {(X;,Y;),1 € Iy}, where
n = |Zy|,7 = |Zy|. We use D; to construct candidate sets
and candidate estimators, and D5 for aggregation.

Candidate Source Sets

To avoid the unstable inverse of covariance operators and
truncation operations during the construction of candidate
sets, we model the discrepancy between cross covariance
functions, defined as ¢ = ||g) — g3, where g()(t) =
cov(XW(t), YD) and g(t) = cov(X(t),Y). The statistic
¢® is a viable choice as it typically increases with the con-

trast ||6(V||1 and has the potential to characterize differences
in eigenspaces. The empirical estimates are given by

1 n
o — /0 {; > xOm Y - ¥ 0)-
- %)

Then, we construct the candidate sets as

Ay = {1 <k < L: (®is among the first [ smallest of all},
(®)

forl=1,...,L.

Sparse Aggregation

For each construgted candidate set ./le, we obtain the can-
didate estimator b;(t) using D; U A; with Algorithm 1 for
l=0,1,..., L. Motivated by the principle of model aggre-
gation, which aims to obtain an estimator not much worse
than the best estimator under consideration, we use sparse
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Algorithm 2: The adaptive transfer learning algorithm for
functional linear regression.

Input: Target data (X;,Y;),i = 1,...,n and auxiliary
data (X, YD) i=1,... n.
Randomly split the target data into two sub-samples D; =
{(Xi, Y;),Z S Il} and Dy, = {(X“ Y;),l € Ig}
Construct the L + 1 candidate sets Ao, fil, ey Ay such
that Ay = () using (7) and (8).
for(=0,...,Ldo
Obtain the candidate estimator b;(t) using data Dy U
{(Xi(l),Yi(l)),i =1,...,n;1 € A} with Algorithm
1

end for
Sparse aggregation:

I;sagg(t) = 5‘611,*(t) + (1 - 5‘)612,* (t)7

where [y ,, {2 , and ) are obtained from (9) and (10).
Output: by, (1).

aggregation to achieve adaptivity and prevent negative trans-
fer. To reduce computational cost, we adopt sparse aggrega-
tion without the preselection step as in Gaiffas and Lecué
(2011).

Define R, 2(b) = > icr,{Yi — Yo — fol b(t) (Xi(t) —
Xo(t))dt}? /i, where Yo = Y, 7 Yi/n and X(t)
> iez, Xi(t)/n. Denote

1€Lo

1= argmin R, 2(b;). 9)
1=0,1,....L
Moreover,
Mo, = argmin R,y , + (1= Nb). (10)

A€[0,1],1=0,...,L

The sparse aggregate estimator is bsqgq () = 5\5111* )+(1-
Abi,  (2).

Remark 1 In addition to sparse aggregation, other meth-
ods such as exponential aggregation (Rigollet and Tsybakov
2011) and Q-aggregation (Dai, Rigollet, and Zhang 2012)
can be utilized for adaptive estimation. However, their ag-
gregate performance heavily depends on the critical tem-
perature parameter. In our numerical experiments, we com-
pare their performance by tuning the temperature parameter
through 5-fold cross-validation against the performance of
sparse aggregation. Based on numerical results, we advo-
cate for sparse aggregation because of its competitive, ro-
bust performance and computational efficiency, which does
not require parameter tuning.

S Synthetic Data

We conduct several experiments to demonstrate the perfor-
mance of the transfer learning algorithm. Let 7 = [0, 1],
n = 150, n; = 100 and the total number of source sam-
ples L = 20. We take X;(t) 2 N M Zikdn(t),



i=1,...,n, where \y = k™%, ¢5(t) = 2'/%cos(knt) for
k > 1,and Z;;,’s are uniformly distributed on [—31/2, 31/2].
The target slope function is b(t) = 220:1 br¢r(t) with
bp = 4k~8(—1)*+1. For the slope functions in the aux-
iliary samples, we have w®)(t) = Zk 1wk)¢k( t) for
Il =1,..., L. The generation mechanisms of w,(f) and X
will be provided later. The responses Y and Y(*) are gener-
ated from (1) and (2), respectively, with EY = EY () = 0,
w(t) = pM(t) = 0 and the errors ¢, ¢) ~ N(0,02) where
o = 0.5. Denote A, = {1 <1< L: |6V, <hl}.

Transfer Learning on .4; with Aligned Eigenspace

We explore the numerical performance of Algorithm 1 when
the eigenspaces of the target sample and source samples are
aligned.

(D For I € Ap, let XV(t) = 3220 /Ao ZP gy (#) for i =
1,...,n; and w,(cl) = by — Rph/sfork =1,...,50, where
Zi(,? ’s are generated from N (0, 1), s is some positive integer
within [1, 50] and Ry,’s are independent Rademacher random
variables.

Let K = |.Ap|. We consider different combinations of
s 1,5,20,50 and A 2,20,200, respectively. The
proposed method in Algorithm 1 is denoted by “Aj; TL-
FLR”. For comparison purposes, we include the FPCA-
based estimation (Hall and Horowitz 2007) using only tar-
get data, which is denoted by “FLR”. We evaluate the per-
formance using the mean integrated squared error (MISE),
ie., fo (t))%dt, which is approximated on a grid
of 100 equally spaced points on [0, 1]. The tuning parame-
ters of all considered approaches are chosen by 5-fold cross-
validation.

As shown in Figure 1, the “Aj;, TL-FLR” consistently out-
performs “FLR” across all considered scenarios, even when
the contrast is extremely large. The numerical results align
with theoretical findings in Theorem 1 and Corollary 1. In
functional linear regression, when the eigenspaces of the tar-
get sample and source samples are aligned, the proposed
transfer learning algorithm avoids negative transfer, mean-
ing its performance is at least as good as that of the “FLR”
using only target data.

Adaptive Transfer Learning in General Settings

We further include the adaptive method in Algorithm 2, de-
noted by “Agg TL-FLR”, and the naive transfer learning
method using all source samples, denoted by “Naive TL-
FLR” for comparison under various data generation mecha-

nisms.
() For I = 1,..., L, let XV (t) = 32 VA2 b (8),
i =1,...,n;, where Zi(,i)’s are generated from N (0, 1). For

L€ Ap,wl) = by—Rh/50; forl € A, w” = b, —40Ry,
where R},’s are independent Rademacher random variables.
(II) For I € Ap, let X(t) = 3220 /A ZW i (1); for

l e A5, Xi(l)(t) = 20:1 \/AkZi(;lC)l//k(t), where ;s are
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0.3
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00 ———15 2 00 ———520 0 ——5 15
K K K
s=5, h=2 s=5, h=20 s=5, h=200
0.3 0.3 03
wo2 woz2 - wozl.__ )
I -l @ R T -
=01 =01 =041
00 ———52 00— O ——515
K K K
$=20, h=2 $=20, h=20 $=20, h=200
0.3 0.3 03
wog wozl__ wool 7
[ R I I o) = -
=01 - =01 =041
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[ 2] 7 B Bt s
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Figure 1: Estimation errors of different methods under
Model (I) over 1000 repetitions. FLR: black, dashed; A,
TL-FLR: purple, dot-dashed.

Haar functions, i.e.,

2j/2’ t e [ +0.5)7
w2f+f(t) = _2j/27 te [5223 y 37 }7
0, otherwise,

forj = 0,1,... and £ = 0,1,.... The regression coeffi-
cients w,(f) are the same as in Model (II).
(V)Forl =1,...,Llet X" (t) = 320 /A Z2W (1),
1 =1,...,ny where Yy s are the same as in Model (III).
The regression coefficients w(l) are the same as in Model
D).

Model (II) corresponds to the case where all the source
samples share the same eigenspace as the target sample. In
contrast, the eigenspaces for each source sample in Model
(IV) are completely unaligned with the eigenspace of the
target data. In addition, Model (III) represents an intermedi-
ate case where the eigenspaces for source samples in A, are
aligned with the eigenspace of the target data.

The results are depicted in Figure 2. In Model (II) where
the eigenspaces are perfectly aligned, the three transfer
learning methods consistently outperform “FLR”, as there
is no negative transfer under this model. The “Agg TL-FLR”
exhibits the ability to adaptively select the most informative
source samples for estimation, leading to the best perfor-
mance. In Model (IIT), the method “Agg TL-FLR” achieves
comparable performance to “A4;, TL-FLR”. However, the
“Naive TL-FLR” leads to inferior performance when K is
small, due to the inclusion of the source samples in A‘;L
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Figure 2: Estimation errors of different methods over 500
repetitions. Top row: Model (II); middle row: Model (III);
bottom row: Model (IV). FLR: black, dashed; A;, TL-FLR:
purple, dot-dashed; Naive TL-FLR: blue, dotted; Agg TL-
FLR: red, solid.

whose eigenspaces are misaligned with the eigenspace of the
target data. In the most challenging case, i.e., Model (IV), as
expected, both “Naive TL-FLR” and “A;, TL-FLR” perform
worse than the “FLR”, since the eigenspaces in all source
samples are different from the eigenspace of the target data.
Even the contrast between b(t) and w(!)(t) for I € Ay, is
relatively small, the FPCA based estimation fails because
of the inaccurate estimation of the leading eigenspace of
the target data. In contrast, the adaptive method “Agg TL-
FLR” still performs decently in this extremely challenging
scenario, comparable to or a bit worse than the “FLR”.

In summary, the proposed algorithm “Agg TL-FLR”
adaptively selects the truly informative source samples for
estimation, effectively alleviating negative transfer even in
the case where all source samples are not informative at all.

6 Real Data

We demonstrate the performance of the proposed method us-
ing stock price data from the period 05/01/2021-09/30/2021
(Lin and Reimherr 2024). The dataset consists of 60, 58,
31, 30, 104, 55, 70, 68, 46, 103, 41 stocks from 11 sec-
tors, including basic industries (BI), capital goods (CG),
consumer durable (CD), consumer non-durable (CND), con-
sumer services (CS), energy (En), finance (Fin), health care
(HC), public utility (PU), technology (Tech) and transporta-
tion (Trans), respectively.

We aim to predict the monthly return of the second month
using the monthly cumulative return of the first month for
a specific sector, leveraging information from other sectors
via transfer learning. For a given stock, the daily prices
are {v(to),v(t1),...,v(t7)} in the first month and are
{v'(to),v'(t1), ..., v (t7)} in the second month. Therefore,

17357

Aug to Sep Aug to Sep

R
[ [
5 5
@°-5II|I|||III|I|I||| | f‘c’“III|II||||I||I|I|I||||

0.0
RREIARERG

0.0
VRGOS Qzﬁ S

0.0
RREIARERG

Aug to Sep Aug to Sep

0.0
Q’é’cbe%%‘? %sz &

Figure 3: Average relative prediction errors of different
methods for each target sector over 500 repetitions.

the covariates and responses are defined as

—v(to)

v'(tr) — v'(to)
v(to)

v’ (to)

We treat the data from each sector as a target sample, with
all other sectors serving as source samples. The target data is
randomly split into 80% training data and 20% testing data.
The prediction errors are evaluated on the testing data over
500 independent repetitions. We compare the performance
of “Naive TL-FLR”, “Agg TL-FLR” and “FLR” by report-
ing the average relative prediction errors, i.e., the prediction
errors of “Naive TL-FLR” or “Agg TL-FLR” divided by the
prediction errors of “FLR”. As illustrated in Figure 3, the
“Agg TL-FLR” consistently outperforms the “FLR” in terms
of prediction accuracy, with relative prediction errors signif-
icantly below 1 in almost all cases. In contrast, the “Naive
TL-FLR” often results in much poorer performance com-
pared to the “FLR”. These observations support our claim
that the adaptive algorithm “Agg TL-FLR” effectively alle-
viates negative transfer.

Y =

7 Conclusion

In this work, we focus on slope estimation in functional lin-
ear regression under transfer learning. When the covariate
distributions share an aligned eigenspace, we propose an al-
gorithm that avoids negative transfer even when the contrast
is large. Our algorithm enhances the learning of the target
model, provided that the sample size of the source data is
sufficiently large and the contrast between the source and
target models is sufficiently small. To mitigate performance
degradation when the aligned eigenspace condition is vio-
lated, we introduce an adaptive algorithm via constructing
potential candidate estimators and performing sparse aggre-
gation. The adaptive algorithm performs well in both syn-
thetic and real data examples.
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